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Abstract. We calculate one loop corrections to heavy
quark production in proton antiproton collisions. We
cancel ultraviolet and infrared singularities and give
the cross sections on the partonic level.

1. Introduction

The calculation of strong corrections to parton par-
ton scattering process was begun scveral years ago.
Two groups [8, 12] calculated gluon corrections to
the scattering of two non-identical quarks in order
al. It was found that the inclusion of O(«3) terms
substantially modifies the O («2) tree level results.

At the energies of the present pp collider gluons
cannot be neglected. At supercollider cnergies they
will even play a pre-eminent role. This increases the
number of diagrams to be considered in O(«?). Calcu-
lating the heavy quark production means that we re-
strict ourselves to diagrams with a specific final state.

We are interested in charm production at the col-
lider. Heavy quark production at the ISR-FNAL en-
ergies is not under the quantitative control of pertur-
bative QCD. The reason is that a large fraction of
the cross section at the small ISR energies is diffrac-
tive.

However, the present UA1/UA2 triggers are not
sensitive to such a component. Thus it is reasonable
to calculate QCD corrections to the diagrams in
Fig. 1 in order to see whether perturbative QCD de-
scribes the “high p,” data at the collider correctly
[1]. The diagrams in Fig. 1 and their corrections are
probably the dominant source of heavy flavour pro-
duction. Weak production mechanisms such as
pp — Z — c¢ etc. have much smaller cross sections.

In our calculation all particles are massless. So
“heavy” quarks means quarks that can be identified,
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such as ¢ and b, whose masses are still small compared
to the energy involved at the collider.

Furthermore we work in the Feynman gauge and
regularize ultraviolet and infrared singularities by go-
ing to n=4—2 ¢ dimensions.

In this paper we fully work on the parton level.
No folding with the distribution functions is under-
taken. The aim is to prove that all infrared singulari-
ties cancel and to obtain all finite contributions for
the cross sections of the parton processes qq — Q0
and gg — Q0 in order o.

The paper is organized as follows: In Sect. 2 we
revisit the tree level contributions and the virtual cor-
rections. In Sect. 3 the real corrections are discussed
and in Sect.4 I present the results cancelling all
singularities and going to ¢=0. An Appendix is devot-
ed to the calculation of a complicated phase space
integral.

2. Born Graphs and Virtual Corrections

Consider the processes

q(p)+q(p2) > Qps)+ 0 (pa) 2.1)
g(p1)+g(p2)— Q(ps)+Q(pa). 2.2

Define as usual s=2p, p,=2p;p,, t=—2p,pa
=—2p;ps, U= —2p, ps=—2p, p; with s+t+u=0.
g*=s is the energy squared of the process (on the
parton level). From ¢ and u one can construct the
scattering angle 0:

ty,=—t/s=%(l—cos ) (2.3)
ug=—ufs=1—t,. (2.4)

The tree level contributions for the above pro-
cesses have been calculated some time ago [2], virtual
corrections to them have only just been published

(3]
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do—;gt:g(? g (Ilz) s(uz)
dt, _( 2n ) {N4 00+ 27

-[Nn(4n#2)£ IA+eT*(1—¢)

I'(1—2¢)
4 6 8 t
.Rn (c.l__—___= n-=
qu—)QQ(CF< 2 ¢ 81 us)
N,
+—f@Ing—2In us)) +N, F,WQQ]} (2.5)
where
85 11 2

—2C2(12—u)(12, + 0>t +1n%u,)
+1 N Cr(18(,+2In%t,+1n u,—2¢, In ug+4u,Inty)
+AC(t, Inu,—u, In1,) (2.6)

The renormalization has been done here already. u
is the (arbitrary) mass parameter which has been in-
troduced to keep the coupling constant dimensionless

in n dimensions. Cr,=4/3, N,=3 are the invariants
2

.. s
We have used the abbreviation {,=—

of SU,. 3
~1.6449.
B®_, 0p="Cp(t2 +ul—¢) 2.7

is the n-dimensional Born level contribution and

3 £
AT ey 8(4““) 28)

N,sI'(1—¢)

N,=
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contains mainly the two particle phase space

4mut\e 1
s 8nl'(1—g)

PS®@ — ( dtt;*(1—t)7° (29)

dogimsty _(a,) )
i, ( 27 ) {N Boot =5 = Ce N

drnp*\e T(14e) (1 —¢)
|

) 2 3 2 11\ 4T
(etcof (o ) -n(G+5)+52)

N, N,
+ fi9 - (2 (CF - 7) In(t,u)+ N.(uInt, 412 In us)))

+ Ny (Fpg - 0o+ (1 <—>ts)>]} (2.10)
where
Feg-00

ng_,QQ( ;CF+—16£ In (—'us—z> NC—§ In (?) TR)

N, 1 1
N (Cr— ) 42 I s NN Co) =31

RRN
8 (g0 1)

-2 e
(o3 (el

3 5 1 N)\?
N [T L PP

45771, 74 )
(e et
B 00=Cp fiP—N.S" 2.12)
fz‘”’=(—zis Lt’ ut)(1~e) 2.13)
£ (2 412 —g)(1—o). (2.14)

3. Real Corrections

The infrared singularities present in (2.5) and (2.10)
can be cancelled by contributions from the processes
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q(p)+3(p2) = Q(ps)+Q(pa) +2(ps) (3.1)
g(p)+2(p) = 0(p3)+0(pa)+2(ps). (3.2)

There is also a third and a fourth process producing
heavy quarks, namely gqg—0Qq and gg— Q004
These, however, give only finite contributions —up to
initial state singularities which can be absorbed into
the distribution functions. As they have been de-
scribed in detail in [4], we will not consider them
any further.

The singularities of (3.1) and (3.2) come from the
collinear regions ps || p;, i=1, 2, 3, 4 and from the
infrared region |ps|— 0. Introducing an angle cut &
and an energy cut 4, we will integrate over these re-
gions analytically. Then we do the cancellations of
singularities with (2.5) and (2.10). The result will de-
pend on 6 and A. Integrating numerically over the
rest of three particle phase space and adding this to
the analytical result will give a §- and A-independent
cross section.

In contrast to jet calculations the cuts 8, A here
are only technical devices. So they may be choosen very
small numerically (A< 1073, 6§ <10™%). Therefore in the
analytical calculation terms of order 6 or A may be
neglected.

For the 2 — 3 processes we use the following vari-
ables

Sij’ZZPi Pj/2P1 Da- (3.3)

First we give the four-dimensional matrix elements
squared for the processes (3.1) and (3.2) [5]:

2
’M,qt?—’QQg

2 2 2 2
S13F854+874+553

S12 534815525 535545

=—0yCr

{CF (514 522)

(513824512534 514523)+514(513 512524 534)
N,

+5,3(513 S3a+ 512 S24)]+ (CF—‘2’>

(5134 524)(S13 524 =812 534 — 14 523)
+2515 534(S14+523)— 254 523(512+534)]}~ (3.4

(IMZ, . 0p, can be deduced from this by the inter-
change (5 —2))

,Mlgg—'Qng — 0Oy
513 514573 +570) + 523 $24(53+ 534) + 835 545(F5 +535)

8513 53 835 514 $24 45

N;\? N,
oo enlo)

525
1
1834 ——— (513524514 823) —— (523 S45+ 535 524)
S12 825
———(S35514 1513 545):|
S1s

S13 514
(513 S24+ 514 S23)+ p

2
N; [535 S45

25815

S153825 12515

523824
“ ($23 845+ 535 524) + (35 514+ 513 845){p. (3.5)
S12 825

The absolute normalization 8y of (3.4) and (3.5) can
be read off the cancellation of the singularities (see
below). (3.4) and (3.5) can then be integrated numeri-
cally over the finite regions.

We define

(=1(1—cos X(3,5), n=}(1—cos X (1,5))

and x to be the fraction of energy carried away by
the outgoing gluon. Then we can do the numerical
integration with the following phase space

s x(l-x)
@t 1-x0?
A<x<1, 6sn, (S1-5, 0S$<2r.

dPS® dxdndid¢

(3.6)

Here ¢ is the azimuthal angle between the 125-plane
and the 345-plane.

The invariants s;; can be expressed by the integra-
tion variables of the phase space (3.6):

81,=1 (3.7a)
1—
S1a =1y =0+ L(1—n)
~2)/n(1—mE—0) cos ¢) (3.7b)
Sia=1—xn—5;3 3.7¢)
S15=X1 (3.74d)
o |
=1y =1 =D)
+2)/n(1=mEA=0) cos ¢) (37¢)
Spa=1—x(1—1)—5,3 (3.79)
s2s=x(1—1) (378
S3a=1—x (3.7h)
Ssszfgl—_:c%é (3.74)
x(1-0)

Ses="{ 37" (37)



526

We now come to the collinear integrations. Because
of the singularitics we have to generalize (3.6) to n
dimensions

s 4 u?

dpS®= @n)*I'*(1—e) (

2e
) (1_x€)—2+28

N
(A =x)' T2 (I -m A - dxdndld¢.  (3.8)

Let us begin with the g§ — Q0 g-case and consider
P; I ps, ie. { <. We define effective particles with mo-
menta py=p;, pn=Pz, Pm=P3+Ps, Piv=p4. This
means one can identify s,, as the effective 2 — 2 vari-
able u, and 2p, p, as the 2 — 2-energy s. This is physi-
cally intuitive, but can also be derived from (3.7) for
{ — 0. Furthermore one has

S23 =(1 _x)u.w
S45=x. (3.9)

8132(1—X)t5, 515=xts3

534 =1L,  S35= XUy,

In the numerator one can put s;5=0, in the denomi-
nator one must use s3s={x(1 —x). Inserting this into
the matrix element (3.4) and keeping only the pole
in { one finds

fm 1M - oy = iy Cr B3 o0 B (1 —)/(x(1 —9)
(3.10)

At all stages only simple poles in {(s35) appear. This
is the reason why one can use the simple approxima-
tion (3.9) to (3.7).

(3.10) shows that in the collinear limit the matrix
element factorizes into a Born type expression (with
variables the effective 2 — 2 variables) and the n-di-
mensional Altarelli-Parisi function (AP-function)

1;(;)(0)=1—2_va +(1—g)(1—v). 3.11)

The Born type expression can be left as it is. Only
the AP-function must be integrated. The variable of
the AP-functions will always be v=1—x.

With the approximations (3.9) the three particle
phase space (3.8) factorizes into an effective two parti-
cle phase space times some integrations to be carried
out:

2\¢
PS(), =PS® (4’”‘ ) ’

s ] 1672 (1—e)

5 1

. deC‘gjdx(x(l—x))l_“. (3.12)
0 4

The ¢-integration is trivial for (3.10). The region x < 4

is excluded here, because it will be considered in con-

nection with the infrared limit. The result of the inte-

gration is
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. o (B3 (dmpP\e
ngtan( = ) ( : )B;gqgézr(l—s)cF

3 2 13
N - o _ 2
[28+81nA+2 4¢,—21n? 4

3
—Elné—ZlnélnA].

(3.13)
A factor of 2 has been added to account for the case

PaliPs.
We now come to the case, where the outgoing

gluon is collinear with one of the incoming quarks.
For p, || p; it is appropriate to identify

(3.14a)
(3.14b)

s=2p; pa-(1—x)
u;=(1-0/(1—x{)

as the effective 2—2 variables. Then for # -0 one
finds (s;;:=2p; pj/s)

t U 1—x
S = Y = S =
13 1___x5 14 l_x: 15 X1 E]
X
S33 = U, 824=ts’ 835= l_xa (315)
xts XUg
S3a=1, S3s=—", Sy5=
34 ] 35 l_xs 45 1_

A remark is in order: In the case under consideration
we can define effective momenta p;=p, +ps, Pu=0:,
Pm=P3> Prv=DPs- Therefore the relation s,;=u, is
physically intuitive. This leads to (3.14).

In the limit # >0 the matrix elements and the
three particle phase space again factorize:

. 1—x
1im 11 M -+ o0, = On Cr B3 g0 B (1)~ (316)
rI—P
47 pt\e s

PS® — pS@
S’ =PS ( s )16n2F(1——8)

P 1

fdny=2 f-dxx'"?*(1—x)"1*e (3.17)

] A

There is again a factor of 2 for the case p, | ps. Doing
the integrations one finds

. o (W03 (AmpP\e
C?§=M( = ) L B 0020 (1=5)C
3 _lna 11 )
N ["2;+27+—I+2§2—21n A

-—%lné—ZInélnA]. (3.18)
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The same analysis can be made for the collinear
limits of the process (3.2). The analogues of (3.10),
(3.13), (3.16) and (3.18) read

gin(l)clM Iz?g—'QQg

=0y N.C3 B 00 B(1-) (1 - (3.19)
lim nIMlgg*QQg
r’—‘)
2 @ 1—x
=0y N’ Cp By, pp B, (1—X) (3.20)
The AP-function
P()—2+ 2 44+20(1 (3.21
ggU—v E— +U( —U) . )
is independent of the space time dimension.
o (1?)\ (Amp?\e
CE, = N( 5 ) ; ) B®, 002T(1—8) N, C2
3 2 13 N
. [78+EIHA+7—4C2—21H A
3
—3 Iné—2Indn A] (3.22)

o (WN3 (dmp\e
cisnzan( )( - )B<LQ92F(1 & N2 C,

2x

11 2 2 11
l—+—-Ind+—InT——1né
3e ¢ e 3

—2IAlé—2ImThdé-21n%4

5| (3.23)

+In2 T—2C2+g]

In the last formula a cut T has been introduced
to avoid the limit of the two heavy quarks being col-
linear (1 —x—0). This is a physical cut which has
to be put on experimentally anyhow.

One should note that the factorization properties
of (3.10), (3.16), (3.19) and (3.20) could have been fore-
cast from more general considerations. In the infrared
(IR) limit we shall also find factorization (however
without AP-functions, see below).

Before turning to the IR limit I want to discuss
an additional type of collinear singularities. These
must be absorbed into the distribution functions of
the quarks and gluons. They are proportional to EM
for the g4 —> QQ case and to P, for the gg — QQ case
(cf. [3] and the discussion at the end of Sect. 5). P
are AP-functions modified in such a way that charge
conservation

527

fdv q(0)=0 (3.24)
and momentum conservation hold [6]:
~ 3
EB,(0)=2———+1—0+55(1—v) (3.25)

(1- ) 2
B, ()= 2 4+20(1
gg(l))-—-m_ + U( —U)

11 2 T;
(F IN ) o(1—v). (3.26)

Here (1—v);! is the regular version of (1—v)"! in
the usual sense [6]. As we calculate an integrated
cross section we can use (3.24) to prove that the
qq4 — QQ case gets no contribution from these consid-
erations. This is even true if one absorbs certain finite
higher order contributions of deep inelastic scattering
into the distribution functions [7, 8].
For the gg — QQ case we have

1—-4

[ dvB,()=2[—In T—— Tp/(12N)
T

te(—41In? T+2¢,—$D]. (3.27)

A term proportional to (3.27) is indeed needed to
get a finite answer namely

22 3 AN
e _ _ n (BBOV (Amp
sub N( 27_[ S
gg_,QQZF(I g) N? Cp
T
(_E) | dxB,(1—x).
a4

Now we come to the infrared limit x < A. We cannot
work any more with the phase space (3.8) in the infra-
red limit, because parton 5 being infrared defines no
z-direction any more. Therefore we have chosen an-
other description of three particle phase space [9]:

(3.28)

2\g
APS® = dPs<2><4””) 5

s ) 167*T'(1—¢)
(534 545 535) " ds3adsys(1—s45) 71 7%
1
'5(1—534_545—335)V sin~*>* gpdo

¢

0<s834, S35<1, O<@p<m. (3.29)

Here ¢ is the azimuthal angle of ps with respect to
ps- (We have chosen p; to define the z-direction.) N,
is the normalization of the ¢-integration, N,=TI'(}
—e) I (BT (12

One can calculate s;,, s45 and s35 in terms of
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our old variables x and (. s3;,=1—x, s35=x(1
—x){/(1—x{), s45=x(1—0/(1—x{). In the small x
limit one receives

4 p? s
(3) — (2) ~2¢
PSH=PS ( . ) 16721 (=9 | jdxx

1
-ij(C(1~C))‘8N~ f sin”** @d o (3.30)
0 ® 0
7 is no longer a simple quantitiy in this system
n=_Cus+ (1=t +2 cos o)/ {1 —ugt,. (3.31)

Therefore expressions with s,5~# in the dominator
are not easy to integrate (see below).

It is simple to define an effective two particle phase
space in the infrared limit, because parton 5 is not
involved in the definition of effective partons: I=1,
II=2,1I=3,IV=4.80 t=—2p; pm= —2p, P3 €tc.

Inserting the small x approximations of the s;;
into the transition probabilities one gets their IR-
limit. One finds at most poles of second order in x
(despite the appearance of s;5 5,5 535 S4s~x* in the
denominator of (3.4)). In fact

lim x? |M|qq_,QQg

x>0

= N 55 + )

+(C _& %+i+_2_+_2__+ 4us
! 2)& 1"y =g " (1=0n

LA 4 _iti)}
{(t—=n) (A-0(—-n) n{

(3.32)

: 2 2
lim x M ge- 00¢

x—>0

gl
- e
el or]
'Quim+nuia)
o]

| (%m—_zi—l_m)}-

+2(Co

(3.33)
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Note that (3.32) and (3.33) also show factorization
properties, however, without AP-functions. The fac-
tors in front of the Born expressions are always inde-
pendent of ¢. This is in accordance with general con-
siderations [10].

Integrating (3.32) and (3.33) with the measure
(3.30) one gets

. og(u)\? (4 p?\e A%
IR =N (")_.
R "( 2n ) s ) Baimee T3,

N,
-{2NC J_ +(CF—7‘) [4J,+4J,+8J_ —8J+]}

(3.34)

2\ 3 2\e A—2¢
IRgg=Nn<fxs(u )) (47w ) 4

2n s —~2& Cr N

%NJ&N)ﬂ%

e Bffer B
+2J. [(CF——%> ">+ f<">]
f(m]} (3.35)

+2J+Nc[(CF_‘>f2(")+

Here we introduced

1 I'(—¢grl({l-—
e LR R i e B X
1> T 1
J=\dl{{7*1-0"*= \|d 28 3.37
”§CC(C)N§¢8m 4 (3.37)
1 n
Jo=[di{ (1=~ ‘N—jdq) sin ~2¢ —ts— (3.38)
0 ?0
—jldCC_s(l-—C)—s—l—fd sin~2¢ Us
_-0 Nrp() ¢ ¢(1_ﬂ)c
=J, (tyouy (3:39)

and have made use of symmetry properties of # and
1—# under exchanges t,«<>u, and {«1—{. We have
devoted an appendix to the calculation of J, and J, .
Here we only quote the results

1

==+ (3.40)

2
Jo=—"+2 Int,+e(2L,(t)+2 Int, Inu,~1In?t).

(3.41)
In (3.41) L, means the Spence function.
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Finally we receive

o (D (AP
et =, () () B0

4 1
. {? CF+E[—8CF In4—4N,In¢,

+8CrInt,+2N, Inu,—8Cy Inuy]

t
+CF[—4C2+8 In?4—16In41ln—=—41n%t,

s

+41n*u,+8L,(t)—8L, (us)]

+N[2{,+8InAInt,—4IndInu,+2 In? i
—In?u,—21Int Inu,—4L, (ts)+2L2(uS)]}

(3.42)

22\ 3 4 2\s A—ZE
IRggzN,,(“S(” )) ( nu) Cu N,

27 s —2¢
2 (1}
. {% [ch (zfz(") -+ 4ff")—£~)

Ut

HAC N~ —4CE 17| +00

N2 Int (=2 /2P +2 1t )
+ N2 Inu (=21 -2 f+2 f /)

+4 £ Cp N, In (u, ts)} (3.43)

G=0o(f N2 =2(f+ f{") Ce N+ 217 CP)
AN In? ((F+ =PI 2N, ¢, £ I,
+4N, Cp fi? Int; In ug

(n)

+N?IntgInu, (t lu —2f2‘")—2f1(")>

+4f{7 N, Cr L (t)+ 2 N2 Ly (t)(f{/

ts— 2(n) —fl(n)) + (tsH us)' (344)

4. Results

In the sum (2.5)+(3.13)+(3.18)+(3.42) and (2.10)
+(3.22) +(3.23)+-(3.28) + (3.43) the singularities drop
out. For e=0 one gets

dogi’s g0 % (u?)\? os(p1?)
TT4amee A 4y L TSAE
dt, N4( 2z ) {B‘”_'QQ+ 2n

37
’ { EI‘;)_’QQ [CF(7—8C2*4 In? ts+4 In? Ug

529

—6In6—8mmdlnA—16InAdIn"

Uy

+8L2<ts)—8L2(us>)

+N.Q{+21In% 6,2 Int, Inu,—1In? u,
+8Indlnt,—4InAdnu—4L,(t)

+2L, (us))] +Elq_,QQ}} 4.1)

do_é,d_. Q0 as(.uz) 2 as(/—‘2)
iigts =N4( 2n ) {B;‘;)—’QQ+ Cr 2n

13
[Bao(2n4 5 c-sCrt

—2(N4+Cy)InéInA—2N.InéInT

N, 3C N,
( : F) ln5)+F;:g—>QQ+€2Nc<CF_7> 954)

3 2

—4N,Cy A In6+ N, Cp £ (In? t,—2 Int, In u,
+4Int, In H+N2(fP+1 ) Int, Inug+4 2 1n )

u
+1n? y, (—fl(4)+us2—2—s) N?
ts

t
—Indn ts(4u§+2;s) N2

S,

2 4
+Int, [ch(—2u§——) + N, CF<——4)]
uS uS tS

1
+L2(ts)(—1+2us2+—u—> N?

2 N.Cp L (ts)+(rs«+us)]}. 42)

5. Conclusions

We have calculated QCD-corrections to partonic
processes important for collider experiments. How-
ever, not all possible QCD-corrections were consid-
ered, because we restricted ourselves to a specific final
state. For example, the corrections to the process
gg—gg which is important for the full collider jet
cross section have not been calculated, though in
principle our method is also applicable to them.

We have given analytical expressions only for
those regions of phase space where the collinear and
infrared singularities lie. In those regions three parti-
cle kinematics effectively reduces to two particle kine-
matics, if the cuts 6 and 4 are chosen small enough.
In this limit our analytical expressions become exact.
The integration over the rest of phase space can be
done numerically. If, for example, one would be inter-
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ested in jet cross sections, one would have to intro-
duce physical jet cuts 4, and J;,, and add to (4.1)
and (4.2) the results of a numerical integration of (3.4)
and (3.5) in the regions 4<x<4;, and 6<{, 1,
7, 1—=1<0dje-

The partonic cross sections calculated in this way
have to be folded with quark and gluon distribution
functions. (Decay functions are not needed, because
we assume the heavy quarks to be directly measured.)
This is to be done in a future publication.
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He also put my attention to [10].

Appendix

Here we calculate J, and J . as needed in the infrared
limit. First one can do the ¢ integration [11]

dosin™?¢ ¢

1 k4
ij Cuy+(1=0) t,—2)/ L1 =) t, 1, c0s @

2e
=(142&%¢y) (%—) pm2e

2 [Lz (1 —Z;) 10" In (1 —z—')] +0()(A)

S4

where

re=lu+(1-0t, (A2)
ro=[{—t (A3)
Sy=ritr_. (A.4)
So

5_2+_= {5?1 -0 f>>tc (A3
Because of

1 _j_;= 2 _:_ (A.6)

the singularity for r_ —0 is removed in the second
term of (A.1). That term gives only a contribution,
when a pole in { is present and only for { — 0. Because
of

B. Lampe: Heavy Quark Production in Order o2
(A7)

one gets a {, from the Dilogarithm and a — 1/¢ from
the {-integration.

From the first term in (A.1) one typically en-
counters the following (-integral

K,=[d{{ =2 (1= {{u 0 —t)((—t) 1 7%
0
+(L=0)% 2" 0(t,— O)(t,— ) %)

One needs K, for J,, and K, for J .. K, can be calcu-
lated by expanding ({—t,) !~ 2® around the appro-
priate point. K, can be reduced to K, (modulo some
simpler integral) by partial fractioning

(A8)

1 1 ( 1 1) (A9)
C(C_ts)—ts C_ts C ) '
Here we only quote the result for K,

r(—2gra-
k,=2 129008 0@, (A.10)

rad—3e)

The final formulae for J, and J, can be found in
the main text.
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