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Abstract. A general framework for treating path
integrals on curved manifolds is presented. We also
show how to perform general coordinate and space-
time transformations in path integrals. The main result
is that one has to subtract a quantum correction
AV ~h? from the classical Lagrangian %, ie. the
correct effective Lagrangian to be used in the path
integral is £ = % — AV. A general prescription for
calculating the quantum correction AV is given. It is
based on a canonical approach using Weyl-ordering
and the Hamiltonian path integral defined by the
midpoint prescription. The general framework is
illustrated by several examples: The d-dimensional
rotator, i.e. the motion on the sphere $?7*, the path
integral in d-dimensional polar coordinates, the exact
treatment of the hydrogen atom in R? and R® by
performing a Kustaanheimo-Stiefel transformation,
the Langer transformation and the path integral for
the Morse potential.

I Introduction

A lot of problems in theoretical physics make it
desirable to have a precise formulation of path
integrals on curved manifolds. Approaches towards a
general theory exist due to DeWitt [4], McLaughlin
and Schulman [28], Dowker and Mayes [8], Mizrahi
[29], Gervais and Jevicki [11], Omote [30], Marinov
and Terentyev [27], Marinov [26] and Lee [24]. The
main result of these discussions is that one has to
subtract from the original Lagrangian % some
quantum correction A4V ~ h2:

Lag=L—AV 6y)

where & is the correct expression to be used in path
integrals on curved manifolds. Unfortunately, the
expressions for AV derived by the above authors
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apparently do not agree. This confusion arises mainly
because different lattice definitions for the path integral
are used; e.g. DeWitt prefers a prepoint formulation,
whereas Mizrahi and Lee use midpoints.

For special coordinate-transformations it is possible
to calculate AV by expanding (Ax)*— f(Aq) up to
forth order in Aq (e.g. x-cartesian coordinates, g-new
(curved) coordinates), where Ax, Aq denote coordi-
nate differences in a discrete version of the path
integral. Examples have been discussed by Gerry and
Inomata [10], Inomata [18] and Steiner [39].

Quantum corrections are also known for the rotator
in three dimensions (motion on the S2-sphere). They
were observed first by Gutzwiller [15] and then by
Patrascioiu [34]; the latter discusses this problem in
the connection with lattice gauge theories.

In this paper we apply the general theory to the
rotator in d dimensions (motion on the §?~*-sphere),
polar coordinates in d dimensions, the Kustaanheimo-
Stiefel transformation in R? [19] and R* [7] and some
further examples of one dimensional path integral
problems which have become important in recent
years, i.e. the Langer-transformation in a radial path
integral for a semiclassical treatment of the hydrogen
atom [10], the Morse-potential [6], the Coulomb
problem in polar coordinates [17,407 and general
space-time transformations in radial path integrals
[39]. Whereas the path integral in d-dimensional polar
coordinates can be directly derived by a coordinate
transformation from cartesian coordinates to polar
coordinates, this is not so easy in the case of the rotator.
Usually one constructs its path integral from the
d-dimensional radial path integral and takes the
constraint x? = R? (R-radius of the $¢~ !-sphere) into
account by delta-functions (see e.g. [2,37]). But this
approach does not respect the Riemannian structure
of the $? !.sphere. The S¢ !-sphere has constant
positive curvature R® =(d — 1)(d — 2)/R?, whereas
Euclidian space remains flat in whatever coordinates
expressed (e.g. polar coordinates). It is quite astonish-
ing that no correct path integral formulation for the
rotator has been given up to now. The rotator is one
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of the simplest examples of a curved manifold, and,
furthermore, its solution is exactly known.

Our general prescription for obtaining the correct
path integral is the following. Let us consider the
generic case, where the classical Lagrangian has the
following form

£(0.4) =5 9(@°P ~ V(a). @

Here g,, is the metric tensor corresponding to the line

element ds?=g,dq°dgq. Then the quantum
Hamiltonian reads:

1
H= —ﬁALB + V(g 3

where the Laplacian (Laplace-Beltrami operator) is
given by (h =1, g:=det(g,)):

1
Arg =_“aa\/§gabab~ @)

J9

In order to write down the Hamiltonian path integral,
we first have to construct momentum operators [26]

Pa= _i(aa+ra/2)a Fa=5a1ﬂ\/§ (5)
which are hermitian with respect to the scalar product
(fi. )= [t 123/9d4. (6)

In terms of the momentum operators (5) we define a
hermitian Hamiltonian by using the Weyl-ordering
prescription [24,297]:

1
H=§#¢%wﬁim¢%ﬁmwmﬁ

+A4V(9) + V(g) ™
In (7) appears a well-defined quantum correction
which is given by

1
A V=%(g"”1"$cfia-R)

1
=5 [Tl + 26T 4 + g% ®
(R-scalar curvature; I -Christoffel symbols, see
Appendix A). Using the Trotter formula

e—itH — e—it(A +B) _ s— lim (e-—itA/Ne—itB/N)N (9)

N—-w

(see, e.g. [38]) and the short time approximation to
the matrix element (q”|e”*¥|q’> one obtains the
Hamiltonian path integral (v:=t" —t')

K(q". q’57)
= C{24) {20 exp{{tg [pd— #, q)]dt} (10)

where the normalisation C is given by (see e.g. [30])

C=1[9(q)9(g"1"1*. (1)

Here the path integral is defined on a lattice using the
midpoint prescription: ¢V:= 3(g" + U™ 1), ¢V = ¢(1)),
t;=t'+je,e=(t"—1t)/N, N — oo. With this prescription
the “classical” Hamiltonian to be used in the path
integral (10) is on the lattice

N o
H(pD, D) = — g®(GD)p p
Y, 3" 2mg(q)mpb
+ V(@G + AV (GY). (12)

Clearly, other lattice definitions of (10), like prepoint,
postpoint or something in between, can be formulated.
General considerations connecting these lattices with
the appropriate quantum corrections can be found e.g.
in [8,16,23]. A rigorous approach, but with the focal
point on the stochastic nature of diffusion processes
can be found in {5]. Finally, the role of operator
ordering in quantum field theory is duscussed in [42].
The Weyl-ordering and midpoint prescription, how-
ever, express most clearly all the symmetries of the
classical Lagrangian. This can be seen by an analysis
of equation (7), which has been done e.g. by Leschke
and Schmutz [25] and Omote and Sato [31].

Our paper is organised as follows:

In Sect. IT we present the calculation for the rotator
in d dimensions. We calculate A V, but use instead
of midpoints a “product form” on the lattice, i.e. we
set sin?f—sin 8P sin Y~V etc. instead of sin?H—
sin? #Y, These two lattice formulations turn out to be
equivalent with the same A V. Our lattice definition
makes the Lagrangian path integral simpler, but the
choice of the lattice remains nevertheless a matter of
taste. We then use an identity under the path integral
to obtain an equivalent, but even simpler Lagrangian
path integral for the rotator.

In Sect. Il we shall discuss the path integral in
d-dimensional polar coordinates, and in Sect. IV we
shall treat the other transformations which we already
noted. In Sect. V we shall discuss our results.

In Appendix A we list the various quantum
corrections derived by previous authors. Appendices
B-D contain the detailed proofs for deriving the
Schrodinger equation from the short time kernels
corresponding to different path integral represen-
tations.

IT The path integral for the d-dimensional rotator

We are considering the time-dependent Schrédinger
equation:

0 1

i V= =g Lyt 0

(L%, is the Legendre operator in d dimensions) in
d-dimensional polar coordinates (see Erdelyi et al. [9]):

x; =Rcosf,
X, =Rsin 0, cos 0,



X3 =Rsin8,sinh,cos b, (2)

X;_1=Rsinf,sinb,---sinf,_,cos¢p
Xx;=Rsinf, sinf, --sinf,_,sin @

where 0<6,<n(v=1,...,d=2), 05¢<2mn, R=

(i x2)12 fixed. (We shall often also use 6,_, =¢.)

v=1
Then with H = —(1/2mR?*)L};:

2 - 2cots
~omr? )| 2@ T2 150

1 2 é
+—= 0 +(d—3)cotfy— |+ -
08,

sin?6, | 002
! > +cotf L
sin? 0, ---sin?6,_, | 062_, =220,_,
1 0*
s 2 ) A2 (" (3)
sin“f;---sin“0,_, 0¢

The time-independent Schrédinger equation reads

— 5 LWt = Et. @

For the eigenvalues E, one obtains:

E, = (+d—2), (1=0,1,2,..), )

2mR?
whereas the eigenfunctions are given by
=SiQ2) (6)

where S}(2) are the real hyperspherical harmonics
of degree [ with unit vector 2 and leN,, u=1,
2,.... M, M=02I+d-2)(I+d—-3)!/I\(d —2)\.

For later purposes let us consider for a moment the
case where R is not fixed, R =r, in which case the
Hamiltonian is proportional to the d-dimensional
Laplacian A4,

# d-19 1 ,
T or t Lia- @)

Rewriting the Hamiltonian (3) yields:*

A(d) =

1 1
H({py, 0}) = e [peﬁrmp%ﬁ
i

1 2
sin291~-sin20d_2p¢]+4V({O}) ®)
with
1
AV({Q})_“ SmR I:(d— 2)% + T 4.
1
1
Sinz 61 --.Sinz 0d—2:| (9)

* In H no ordering ambiguity arises, because of the special nature of
g for the rotator
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and the hermitian momenta

1/¢ d—1
”r=?<5+ 2r )
p0v=%<aigv+4d_;_th0“> (10)
10
P¢=€'a”$-

With the correct Hamiltonian (8) we can consider the
Hamiltonian path integral for the Feynman kernel K:

K({8'}, {0~ 1)

= clatny (o) exe 11| 5 - H(ipno |

(11)
with

@{9}_, Z (dg(J) 9(1) s

D{po} ~ Hl @) ~dpyp---

in the lattice formulation (N — c0). Notice that the
pe-integrations are N-fold, whereas the 6-integrations
are only (N — 1)-fold, and, furthermore that the path
integration measure 2{0}%2{p,} is in general not
invariant under canonical transformations. In the
following we shall use Feynman’s lattice definition,
ie. 009 —0Y~Y)/e etc, supplemented by the
prescription sin? 8, — sin 0% sin 0V~ 1. Below we shall
justify this prescription by showing that it leads to the
correct Schrodinger equation, This lattice definition is
equivalent to the midpoint prescription. This can be
seen by the identity (following DeWitt [4], we use the
symbol =to denote “equivalence as far as use in the
path integral is concerned™):

iﬂ1\/ﬁ-exp{is ZN: L ({69, 9(1—1)})}
79" 1/41’]\/gTexp{le$ ({09} (12)

APy, )
d—1

where
Y09, {9~ 1Y) = S [(gm 0y~
+ sin 69 sin 69~ 1)(0‘2’) — 07y +

+ (sin 09 ---sin 6~ D) (¢ — pU~ )] (13)

denotes a “classical Lagrangian” on the lattice.
ZY{{0Y}) is again defined by (13), except that one

has to take all trigonometrics at midpoints. C is given
by (I.11):

C=C({0},{0}) = [dff sin* 0, sin® ez] T e

The integrals over p, are of Gaussian form and we get
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the following Lagrangian path integral:
K({GI’}’ {0/}; t// . t/)
t” .
= joaw e {iTL2a((0.6) - AV((o)1 |

(15)
where the classical Lagrangian and the integration
measure are given by:

Za(16,6}) =%R2[0'§ +5in20,02 + .-

+ (sin2 0, ---sin2 8,_,)?], (16)
2\N{d—1)/2 N—1
@Q(t)—)(mR, > d.Q(j),
2mie j=1
t” _ t/
— 17
e=—y (17

Here d2Y denotes the (d — 1)-dimensional surface
element on the unit sphere §7~*

d—1
dQV = ] (sin 69y~ 1~*doP. (18)
k=1

It is worthwhile to notice that the normalisation C
has been exactly cancelled, and that the path integral
(15) has the standard measure (18), which can be
directly derived by a transformation from Cartesian
to polar coordinates.

As a final check we have to show that (15) leads
to the correct Schrodinger equation. With our lattice
definition we obtain from (15-17) and (9) the following
short-time kernel:

K({09), {89~ 1}; )

R2\E-12 o
=<Zzia> exp{ieiﬂ&({em, gu=1})

ie
LA [P T )Y S T
T emR2 [( ) +sin9(1”sin0(1’_”+

N 1
sin 09 sin Y~V ...sin 69 ,sin 6~ ||°

19)
Using the time-evolution equation
Y({09 V)t +e)
— [dQOK({89* D}, {09} ) ({69}, 1 (20)

it is straightforward but tedious to derive the correct
Schrodinger equation (1). The details are given in
Appendix B. Note that the constant

d-2’

8mR?>
in & =%cq— AV is crucial in order to obtain the
correct Schrddinger equation.

The path integral (15) with the Lagrangian given
by (16) is too complicated for explicit calculations. We

(21)

therefore try to replace (16) under the path integral
(15) by the following expression:

Lal(8,6) Zal{0.6)= TR —V({6) ()

where V, has to be determined and 2 denotes the
d-dimensional unit vector on the $¢~!-sphere. The
hope, of course, is that V,+ AV is simple enough so
that the path integral (15) can be explicitly computed.
We have

QY —02@)2 =2(1 —cosyy'*:2) (23)
with the well-known addition theorem:

cos 12 = cos 6V cos 6

d=2 m
+ Y cos8y) cos0P,, [] sin 6 sin 6P
m=1

n=1

d—1
+ [] sin 6" sin 62, 24)

n=1
We shall use (24) to justify the replacement (22)
and thereby derive an expression for V,. We start with
the kinetic term (x¥ —xU~1)? expressed in the
polar coordinates (2), R=r (not fixed), and expand
it in terms of Ar and A6,. In this procedure we
follow the reasoning of Pak and Sokmen [32]*. If
one has an expression like A fY=f@u{ - -ud)—
F@§™D.--u§ ™), one gets for the expansion about the
midpoint #9:= (1/2) @? +uV V).

. 4 [OfP
Aflu) = z Au;'J‘)(auﬁ,{) >a(n

AuP AuY Au}f’(

0 fP
(25)

24 mnk=1

Here fP=x¥, (I=1,...,d), u,={u;=r, u,=
0,m=1,...,d—1)}. In a similar manner like in [32]
we can state after tedious calculations the following
identity

exp [ieL& ({09}, {097 V})]
= exp {i?mRz(l —cos Ui~y — ich({B‘f)})} (26)

with

. 1
V(D= g, [1 t oD smay v
; L ]
sin 09 sin Y~V .--sin 09 ,sin 0= |
(V, is the same whether or not Ar? =0; so we have
set ¥ = R in V,). In the final equations the midpoints

@7

* This method goes back to DeWitt [4], McLaughlin and Schulman
[28] and Gervais and Jevicki [11]; we prefer the formulation [32]
because it seems more explicit to us in the rotator case



don’t appear; they are used as a tool in the expansions
in order to derive (26) and (27). From (9) and (27) we
obtain:

1

Vot AV= -
T4V 8mR>

(d—1(d-3) (28)
and thus obtain our final form of the path integral for
the d-dimensional rotator:

K({0"}, {0}t —1)
= [20(t)exp {ij[%{Rzgz + %ﬁ]dt}.

(29)

Equation (29) is our main result in this section. Let
us make some comments:

1) In Appendix C we show that one obtains the
correct Schrodinger equation from the short-time
kernel of (29).

2) The usual way to construct the path integral for
the rotator has been to start with the free particle
Euclidean path integral in d dimensions, to introduce
the polar coordinates (2) (but r not fixed) and to
implement in the path integral in polar coordinates
the rotator-constraint by §(r"? — R) (all j)—see [37].
But that works only for d = 3, otherwise it is wrong
and the quantum correction Vg = (d — 1)(d — 3)/8mR?
is missing. The right result in [37] for d = 3 is just an
accident. The naive implementation of the rotator
constraint by dJ-distributions does not take into
account the huge difference between d-dimensional
Cartesian space which remains a flat manifold in
whatever coordinate system expressed and the d-
dimensional rotator which corresponds to a curved
manifold. The term V7 is due to that curvilinear nature
of the rotator.

3) The missing of Vy in the naive calculation was
first observed by Marinov and Terentyev. Instead of
Vg they have Vp = [(d — 2)* + 2/3]/8mR? for the path
integral (29). They got Vi by starting with the known
solution of the rotator (see below equation (40)) and
deriving the short-time kernel from it. This was done
by an asymptotic expansion of the modified Bessel-
function I, for large v. But ¥; is not the correct
quantum correction.

4) Junker and Inomata [21] have deduced V;
by expanding cosy (see equations (23) and (24)),
cosy ~1—?/2, and by stating that this expansion is
effectively correct up to Of(e?). With A2xY~
2(1 —cosyi™ D 4 [y~ D74/41) they derived V.
Well, the validity of the expansion is a consequence
once Vy is known, but this is not a proof, respectively
a rigorous path integral treatment.

Starting from (29) we can calculate the path integral
for the rotator. For that purpose we need the following
formula [12, p. 9807:

o7 — G)—V () 120 I+, (2)Cl(cos ) (30)
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for v=(d—2)/2. The C’s are Gegenbauer poly-
nomials and I, modified Bessel functions. Equation
(30) is a generalisation of the well-known expansion

in three dimensions where v=1/2, C}/?=P;:
T 0

eV = 12, Y. Q1+ DIy )(2)Py(cos ) (31)
Z =90

[12, p.980].

Note. It is possible to include the case d =2, i.e.
v=0 if one uses [lim,.,I" (v). C](cosy)=z¢ cosly
(g=1for =0, =2 for I=1,2,... [12, p.1030]),
yielding [12, p. 973]:

eV =3 L (z)e™. (32)
k=-o
The addition theorem for the surface (or hyper-
spherical) harmonics S¥ on the $?~*-sphere (see [9])
reads

M
Y, SH@™W)sHQ®)
u=1
1 214+d-2
- @-2)y2 (1,2) 3
Q@ d-2 G (cosy-%)), (33)
(2(d) =2n%?/I"(d/2)). The orthonormality relation is
§dQ SHQ)SE (Q) =010, (34)

Combining (30) and (33) we get the expansion formula

ez(.Q(l)-.Q(z)) — ezcosd/(l’z)

2p\@-2/2 © M . 5
=27t(—> Y Y SHOD)SHQP) 4 4 5)2(2)-
)

z =0 pu=1
(35)

Using (35) in each j-integration, the angular integra-
tions can be easily carried out (t:=¢"—1t):

K@)
= [2Q()exp {i}'[gmgz +W} dt}

t 8mR2

2\N-@-1)2
_ pitd= 1)@= 3)/8mR? [ mR
Nooo \ 270iE

.j‘dg(l)...j'dg(N—l)

. 2 N
.exp[sz 3 (1—cos l/,(j.j—n)]
=1

L

1 ®2+d—-2
— it(d—1)(d— 3)/8mR?2 (d—2)/2 (")
o] e l=§ a2 Ci (cosyt™ )

#P[R] (36)
with

) 2nm ) m i
#P[R] = lim [ [——R? elMR2/511+(d—2)/2<fR2>] .
N-w 24 1&
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Notice that the expression (37) is just the functional
weight needed in the radial path integral (evaluated
for paths satisfying the constraint r(t) = R = fixed for
all t) which we have already introduced in our earlier
work [41]*. Using the asymptotic expansion [,(z) ~
(Qnz)~V2eF~ 0?7122 for the modified Bessel
functions**, the above limit is easily performed result-
ing in

l+d-2 1/4)d—1)(d -3
ug"’[R]=exp[_i I+ ) + 2(m/R)2( )( )]
(38)
We thus obtain our final result
KW= 5 3 SHOISHE)
{ T RZ } (39)
1 & +d 2
) 1;o o ClE=DI2(cog "))
-exp{—ﬁl(l+d—2)}. (40)

This is the correct result, from which one easily reads
off the wave functions and energyvalues, see (5) and (6).

Concluding the discussion of the rotator we
summarise our procedure:

1) We started with the
—(1/2mR?* LY,

2) obtained from the Hamiltonian

1 d-1
i o, O Op +AV(E) (D)

the quantum correction
1 4d-2 2u—pu?
Y 2
8mR? v; g (“ T 9,
1 1
= — 2|:(d_2)2+ . 4.

8mR sin? 0,
! - :I 42)

+—
(sin®9, ---sin%6,_,)

3) This quantum correction was used to define the
correct Lagrangian path integral with an effective
Lagrangian % 4= %o — AV

K({07}, {0} ¢ =)

=§@Q(t)exp{i1[%({9,é})—AV({H})Jdr} @)

Hamiltonian H =

H({paae})=

AV({6}) = —

* See also Sect. II1

** This asymptotic expansion is valid for |z| - o0, |argz| < 7/2. In
order to apply it in (37) we perform a Wick rotation, i.e., analytically
continue to purely (negative) imaginary time, ¢ > —i3(6 > 0). For
more details see [41]

4) Finally we used the identity (26) to cast the path
integral (15) into the simple form

K({o"}, {0} 0 —v

A O o )
=[20( —R2Q24— 7
f <>exp{t;[2 o}
. Co (44)
III The path integral in d-dimensional
polar coordinates

We consider the Schrodinger equation in d dimensions
with a potential V(]xl) = V()

(r{6}0= [ oy At V(r)]l//(r {09 M

with A(,,, as defined in (I1.7). The Hamiltonian is just
H =~ (1/2m)A 4 + V(r). H rewritten with (1.10) yields:

1 1 1

H—z—"—lpr P [pol 2Glpoz+
2

sin201---sin20,,_2p¢]+V(r)

+AV(r, {0}) 2
with:
AV = | 14—

P 8mr? sin?0,

1
+sin291~-sin26d_2 ®)

We now repeat the reasoning of Sect. IT. We start with
a Hamiltonian path integral similar to (II.11) and get
after the integration over all momenta:

K(d)(r”, r/’ {0”}, {0/}, t” . t/)

= [Dr() 2 Q1) exp {z[j [ZL(r,7,{0,6})

_ave {9})]dt}, @

with classical Lagrangian and measure, respectively:
ga(": f’ {93 é})

=E[f2+r20f+r251n2610§+

+r?(sin 6, ---sin? 0,_,)$*] — V() ©)
m \N@IN1
Dr)2Q(t) - (ﬁ) j; ey drpd€d;,
t’l _— t/
e=—rs (6)

(N — o). Next we try to replace %, by a simpler
expression and hope that the resulting path integral
is simple enough so that the angular integrations can
be exactly carried out. We therefore repeat the steps
from (I11.23) to (IL25) with the only difference that r;,



is not restricted to r; =R. The result is that the
potential V, (see (I.25)) generated by these steps
cancells exactly 4 V(r, {9})' Therefore we get:

KOG, (67, (0%t —
= [2r()2Q(t) exp {i { [55& - V(r)]dt}, (7)

where %2 has to be expressed in polar coordinates. In
the lattice formulation x> reads

2FF -1, COS Y - 1)1/E% 8

To carry out the angular integrations we use (I1.35) in
each j-integration:

KOG, v, (0}, {0 ¢/ 1)
=j9r(t)9.()(t)exp{ztj' [—x ——V(r] }

m \Nd2 e
= lim <%> £r€1)1d7(1)jd9(1)"‘

N—-w

-2 2 2
=[G +1G-9—

o0
'i"?x?—lnd”m—nfdg(x—l)
N im
2 2
“I] exp {2— (G +1G-1 = 2rprG-1
i=1 &

w M
=) EIRY Y SHQ)SHQ")
‘ I=0u=1
Nw
o (m
- 1lim (;) jrmdr(l)...

N—-ow

m
j"uv ndr- 1>HeXP{ 2y +18-1)

. m
- ’EV(WJ'))}IH(d—zvz (; TorG- 1))- ©)
Thus we can separate the radial part of the path
integral (partial wave expansion):
K(d)(r”, 7", {0//} {0:‘}

~ 04 z 2l+d 2Hd =2 2205 y ) KOG, s 1)

(10)
with the radial kernel given by (z;):= (m/ie)r;r;-1,)
K&, ;1)

% {d—1)/2 1 m N2 e d
m Fegye:
=) 2mie i M

N—w

N
[ Hl v 2“(1')e_z“’IH(d—z)/z(Z(j))]
=
Y m )
‘exp{i ), 2—(%‘)‘7(]'—1)) —eVlrg) oo (A1)
i=1 &

e8]
jd’(zv—l)
0
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This is the correct path integral in d-dimensional polar
coordinates as presented in a previous paper [41].
Thus we obtain our final form for the radial path
integral in d dimensions

K, 7)
t
=(r'r") "4V [ gr(tydLr] exp{ j|:—r — V(r)}dt}
t
(12)
with the functional measure
N
#gd)["] - 1_[1 [\/ 2nzge” "0, o 2)/2(Z(j))] (13)
i=
and the one-dimensional measure defined by
m \Y/2N-1
@r(t)—>(—2ni8> le dr. (14)

Notice that the radial path integral (12) contains only
the S-wave (I =0) part of the classical Lagrangian

I
v, 1)

Lalr,P=+
ie. it does not explicitly contain the centrifugal
potential. Instead the [-dependence of (12) is deter-
mined by the functional measure (13) (for more details,
see [41]).

IV Other examples of path integrals on curved
manifolds

The program stated in the introduction and illustrated
in Sect. II and III in the cases of the d-dimensional
rotator and d-dimensional polar coordinates, chal-
lenges to be applied to other examples which have
become important in recent path integral calculations.
These calculations include not only a coordinate- but
also a time-transformation dt=fds with a new
“time” ds.

The method goes as follows (see also [39]): One
starts with the path integral

x(t"y=x m
K(x",x';1)= . )j Qx(t) exp { if [Ex - V(x)}dt}
(1)

where it is assumed that the potential V(x) is so
complicated, that a direct evaluation of (1) is not
possible. One then defines a new “time” s together
with a coordinate transformation x(t) — g(s)

t do
0= 7

with some well-defined positive functions f and F (we
shall restrict to the case* f(F(q))=[F{g)]% F' >0).

and x=F(g) (2)

* For a d-dimensional path integral, F’ has to be interpreted as the
Jacobian
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Let us assume that the constraint (s(t") = s”)

g dsf[F(g(s))]1=r €)
has for all admissible paths a unique solution s” = 0.
Of course, since t is fixed, the “time” s” will be

path-dependent. In order to incorporate the constraint
(3) we use the identity

1=f (") T ds"é(sg ds f[F(q(s))] r)
0 d L w
—fo0) § L g fas

‘CXP{i(f)de[F(q(S))]E} @
under the path integral (1). Defining the energy-

dependent Feynman kernel G(x”", x’; E) via the Fourier
transformation

1
K", x;1)==— [ e "*G(x",x;E)dE (5)
27i o
one obtains finally the transformation formula
G(x",x; E) =il f(x") f(x')]*"* g R(q".q;5")ds" (6)
which gives the energy-dependent kernel G as a time

integral over the transformed Feynman path integral
K:

K(q".q;5")
= q((sO:Eq' 2q(s)exp {i g [%qz — fF@)V(F(@)
+EE@) -4V |as)] -

(G=dq(s)/ds, ¢ =F (x), ¢"=F~*x")). Here the
measure ZDq(s) is defined in the same way as Zx(t) in
the path integral (1). The crucial point is now the
calculation of the correct quantum correction A V(g)*.
Our program to calculate AV will be as follows;
i) Consider  the  “Legendre  transformed”
Hamiltonian

1
Hy(0,,x)= — 2—mALB +V(x)—E

* The transformation formulae (6) and (7) were originally derived in
[39] for radial path integrals using the lattice definition of the various
path integrals. Although the resulting transformation formula could
easily be shown to be exact by inserting it directly into the
corresponding Schrédinger equations for the kernels, the lattice
derivation is far from being trivial and not without problems from a
rigorous mathematical point of view. (An attempt to justify the lattice
derivation can be found in {20] and [22]). We therefore rather prefer
to define the transformation formulae by (6) and (7), which reduces
the problem to the determination of the correct quantum correction
AV

ii) transform it to the Hamiltonian H £(0,, q) via the
transformation x = F(g),

iii) make a time-transformation dt=f(F(qg))ds
which yields the new Hamiltonian

1v) construct hermitian momentum operators

_1fd T(g _dlnJ
q—i(dq+ 2 ) T@="g ®)
with a measure Jdq with respect to the scalar product
(f.9)={f*gJdq. ©

In the generic case, the new Hamiltonian H will be
proportional to the d-dimensional Laplace—Beltrami
operator (see (L4)).

v) Finally we get the quantum correction from the
formula:

~ 1 )
HOp @)= —5 - Aus +f(F(@)LV(F(9)) - E]
1
= 5y 0" PaPs + 209" Py + PaP1g™) (10)
+f(F@)V(g) —E]+AV(g)
= H 4¢(pg> 9)
(g® = 6% in the one-dimensional case) and AV as in

(L8).

We shall illustrate our program with
A) the Kustaanheimo-Stiefel transformation in R? and
R3, and
B) coordinate transformations in a general one dimen-
sional Hamiltonian.

A1) The Kustaanheimo—Stiefel Transformation in R?.
In [19] Inomata calculated the path integral for the
two dimensional “Coulomb”-problem. The calculation
was carried out without any quantum correction. Here
we start with:

eZ

1

—-
The transformation is: x = &2 — 2, y = 2¢n. The trans-
formed Laplacian is:

N Y L +ﬁ 12)
a2 oy " a2\oe o
with v? = &2 + 52 The appropriate new Hamiltonian

reads [ = 4v* H, (ie. f(x, y) = 4r with g, = 4, J = 1,
I,=0,p;=—ids; p,=—10,)

1
Heff(péa prp éa 11) = %(P% + p%) - 462 - 4E(€2 + ’72)
(13)

Thus the quantum correction vanishes, AV =0, as it
should be.



A2) The Kustaanheimo—Stiefel transformation in R>.
We consider the Hamiltonian for the Coulomb pro-
blem in R*:

1 e?
m Az — ~—E (14)

The path integral for the Coulomb problem has been
first calculated by Duru and Kleinert [7], followed by
several discussions concerning the details about
simultaneous coordinate and time-transformations
[17,39-41]. Let us write Hg in the coordinates [3]:

HE= -

g, =qcosacosf

g, =qcosasinf (g=|gl=/ra=5,f1y=9¢)
0=0=<n,0<¢=2n)

NIQD

(15)
q;=¢qsinocosy

4, =qsinasiny

Then we get for Hy in the coordinates geR*:
~ . 1
=4q2HE = _EA4—462 _4Eq2
and with J = \[= 1, I,=0 and pq, = —id/0q,:

quk

No quantum correction appears! This is the reason
why the calculation in [7] was correct. Note that in
both cases, A1) and A2), the Coulomb problem has
been transformed into a simple harmonic oscillator
problem.

Heff pqa q) 462 - 4Eq2 (16)

B) The general one-dimensional Hamiltonian. Let us
consider the space-time transformations:

x=F(y), dt=f(x)ds (17
and the Hamiltonian:

L 4 V E 18)
HE=_ dx 2+h(x) + (X)— ’ (

which is hermitian with respect to the inner product

(fi. f2) = [ FE) (0 (x)dx, J(x)=e@™ (19)
Let G(y) = h(F(y)), then:

. 1 1 [ a F"(y)
o= | g (G0r 050 )

+V(F(y))—E. (20)
With f(F(y) = F"(y) we get for H = fHy:

i 2 PG4
H=-5 [dz (G(Y’F“_F'(w)dy]

+fFGIVEQR) - E]
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1[ a2 d 21)
=5y T3 (
+f(F)V(F(») — E]
with
I'(y)=G)F'(y)— F"(y)/F'(y). (22)

It is easy to see that the Hamiltonian (21) is of the
generic type (see (I.7) and (10) with

V9= T(y) = bW (23)
d Iy
py= (d—y+ > ) 24)

and we thus obtain the space-time transformed
Hamiltonian

Heff(pys y)

1
=305 TEOIVEY) - E1+AV() (25)

with the quantum correction

CALLFON )
AV(”_%HF'@)) ~YFG)

+(GWIF ) +2G()F ’(y)] (26)

(Pak and Sokmen [33] have got the same result for
h(x)=0.)

We shall now apply this general space-time trans-
formation to four examples.

B1) The coulomb problem in polar coordinates. Let
us rewrite H of example A2) in coordinates g, a, §,7.
One gets:

1 ( 0> 30 4K?

H=——( - +> = V_4¢2 _4Eg?
H Im\og +qaq = ) de q @n
where K? is defined in [3] and has eigenvalue I(I + 1).
The Hamiltonian (27) has the form (21) if we make

the following identifications:

3
y=q9 F=_a f(Q)=4q, F(q)=q2’
(1+1 2
Vig)= ;,;;q) = 28)

We thus obtain:

1 6 3 3

8myg
(29)

which yields the effective Lagrangian

m - 4+ +32
21

Leea,9) =~ g’ +4e* +4Eq*>  (30)
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to be used in the transformed path integral (7) (see
[18], [41]). Equation (30) describes the radial motion
of a three dimensional harmonic oscillator with

frequency w=./—8E/m and effective angular
momentum L., =21+ 1/2.

B2) The Langer transformation. Gerry and Inomata
[10] used the Langer transformation r = e* to perform
a semiclassical calculation for the hydrogen atom. We
start with:

1 (& 24\ I(+1) &
L (i _¢ _E 1
Hy 2m(dr2+rdr>+ 2mr*  r E 3h

With r = ¢* = F(x) we obtain

. 1 _,(d d ol +1)
He=—om® GF*H)” “om

—e "¢’ —E. (32)
Now the natural choice for f(x) is f(x) = x? yielding
N N R AN (S N
H—_E(_Cl_;i+a>+ m —e*e*— Ee**. (33)

A comparison with (21) gives
y=x, I'=1l, Jg=Jx)=¢,
= —i(d/dx + 1/2),
1

AV = (34)

Thus we end up with the Hamiltonian
1, (4127
2mPx + 2m

which is hcrmitian with respect to the inner product

H(p,, x) = —e*e’—e¥™E,  (35)

(f,9)= j f*ge*dx. In this case the quantum

correctlon is well-known as the Langer modification
and the result coincides with the one given by Gerry
and Inomata.

B3) The Morse potential. Duru [6] has calculated
the path integral for the Morse potential. He has used
the transformation x= —(2/a)lny and got by a
heuristic argument concerning initial- and final points
in the path integral the quantum correction

AV =—1/8my>.
Consider the Hamiltonian
1 42
Hy=—5 -5+ V()—E (36)
with V(x) = Vy(e™2%* — 2¢~*). With the transforma-

~(a/2)x

tion x = — (2/a)lny=F(y), iec. y=e , we get:

. a? a2 1d
= — + - V+WV(FO)—E 37
He 8m <dy ydy) FG) 37

which can be brought to the generic form (21) if we

choose f(x)=

JI=I»=y, p,=

1
8my?

(4/a*)e*™*. We then obtain

—i(d/dy +1/2y),

AV = — (38)

which finally leads to the effective Hamiltonian

1 8mE +1
2my 4

4V,
+=—7 072, (39)

1
Heff(pys y) = ﬁpi

which is hermitian with respect to the scalar product
(f,9)= g yf*gdy.

B4) General space-time transformations in radial path
integrals. Steiner [39, 41] performed in a general
radial path integral the simultaneous space-time trans-
formations defined by

r=R*=F(R), dt=f(r)ds (40)
with f(r) = u%r*, u=2/(2 — v), where v is an arbitrary
real parameter with v < 2. He got a quantum correction

v(d—v)
8mR2(2 —v)?’
which leads to a modification of the centrifugal barrier.

The lattice definition reads: R —» R, R;-;,. We start
with the Hamiltonian:

1 (d® 24\ I(+1)
HE____<4—1r_2+rdr>+2 +V(E)—E (4

Performing the transformation (40) we arrive at a
Hamiltonian H which has the generic form (21) with

AV(R)= 41)

1 s
r=-t fg=I®-r""
1/d 1+4+upu
(L k £
Pr i(dR+ 2R ) “3)

AV(R) as in (41). For the space-time transformed
effective Hamiltonian we obtain

1 LL,+1)
Heff(pR’ R) =Ep12{+—'—

2mR?
4 __R¥e- v)[V(RZ/(Z V)) E]
(2— @-v?

(44)

with an effective angular momentum

41+v

L,=——:. 45
v 2(2 _ V) ( )

(Notice that L, will not be in general an integer or
half integer). From (44) we obtain the effective



Lagrangian
Z (R R):TRZ — 4 R2VCI[V(RYZ-V) E]
eff \: % > (2 — v)2
L(L,+1)
_onev T 46
2mR? (46)

which has the generic form (IT1.15). From Section II
we know, that the corresponding radial path integral
will only involve the S-wave part of (46), ie. the
part with L, =0, while the dependence on L, will
be determined by the functional measure (II1.13)
evaluated at /= L,. We thus obtain from (6) and (7)
the transformation formula for radial path integrals
d=3,v<2)

2i © o
Gr", 3 E) = 5" [ R (RR3sNds" (@)

with the transformed radial path integral

R(")=R

[ 2ROUSIR]
R(O)=R’

Isz(R”, Rl, S”) -
_ sj- Mmp2_ 4 R2IQ—M{(RUC=V) _ E} |ds
XY 2T T -

(48)

(R'=r@ "2 R"=r"2"%2) For applications see
[40, 41].

V Discussion

In this paper we have presented several examples of
path integrals on curved spaces. The examples have
been the d-dimensional rotator, d-dimensional polar
coordinates, the exact treatment of the H-atom in R?
and R® by performing a Kustaanheimo-Stiefel trans-
formation and some one-dimensional path integral
problems, i.e. the Langer-transformation, the Morse-
potential, the Coulomb problem in polar coordinates
and general space-time transformations in radial path
integrals. Except the rotator, all the examples have
been treated recently by other means, but never under
the aspect of an application of a path integral on a
curved manifold. The d-dimensional rotator has been
discussed by Marinov and Terentyev, Inomata and
Junker and B6hm and Junker. But these authors never
calculated the path integral within the framework of
a general theory which is necessary to handle a path
integral correctly on a curved manifold.*

It is interesting that another approach, i.e. defining
the quantum Hamiltonian by

1 1
H=-—pg"py+-—[9" T, T, +2(¢g"°I,),]1 (1)
2m 8m

* The only exception known to us is Arthurs [1], who discussed two
dimensional polar coordinates by rewriting the Hamiltonian in a
similar manner like (I11.2)
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which is mentioned by Marinov [26], gives in all our
examples the correct result. A detailed analysis shows,
however, that this corresponds to the symmetrisation
rule

'%(p’ q”a ‘1') = %[’%eff(p’ q”) + ‘yfeff(p> ql)] (2)

and a quantum correction
~ 1
A V= -8.711— [(gabrarb + 2(gabra),b + 2ga,bab . (3)

This has been discussed e.g. by Dowker and Mayes [8].

In a forthcoming paper we shall show that the Weyl
prescription yields the correct path integral formula-
tion for the pseudosphere A¢~! [14] and for three
further Riemannian manifolds which are analytically
equivalent to A2, i.e. the Poincaré upper half plane U
[13], the Poincaré disc D and the hyperbolic strip
S [14]. The pseudosphere A?~! has also been dis-
cussed recently by Béhm and Junker, but in their
treatment the question of quantum corrections due to
the Riemannian structure is not discussed with the
consequence that the energy spectrum comes out to
be wrong.

In summary: we have presented a complete and
consistent treatment of path integrals on curved
manifolds based on Weyl correspondence and the
midpoint lattice definition. Within our framework
there exists a closed expression for the quantum
correction AV which has to be subtracted from the
original Lagrangian. We hope that our paper will
contribute to a clarification of the apparent confusion
in the existing path integral literature.

Acknowledgement. We want to thank N.K. Falck for discussions
on the operator ordering problem.

Appendix A

The quantum corrections to the classical Lagrangian
£ proposed by the authors cited in the introduction
read:*

R@
AVa="Tom

1
=1_2'7n_gab(ra,b - sz,c + rgcrid - fzbrc)a (Al)

1
A I/[28] = - M(gab,cd - 2gmnrabmrcdn)

R@
_(gabgcd + gacgbd + gadgbc) + E’ (A2)

* We do not claim to present a complete list. Be careful with the
signs in the definition of R, the scalar curvature. We use R
=gl — Ty + Tl —THTY
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1

AVize1=AV3g) =8—m(g“”1"$cl”2.:—R“”) (A3)

—_ 1 abF d c

_%g ( a,b ™ abc+2-rac rabrc)

1 ab ab ab

=@(g LTy + 29 T0) 0 + 9% )

AVig —_[(gabr Iy+2(g™T,) 5+ 29”41, (Ad)

1 [0 o'\ & oq
AV = ——| —— _ .
247 8m <6q’ 6xv>(6q‘ axv> (AS)

Let us make some comments:

1) DeWitt [4] uses a prepoint lattice definition.
2) McLaughlin and Schulman [28] derive their quan-
tum correction by evaluating g,, in the Lagrangian

at midpoints, but the measure term \/E at pre-
points, which is at first sight rather puzzling We do
not express their result in Christoffels %, because
AV,,s; is rather complicated.

3) The quantum corrections corresponding to the
Weyl-ordering rule lead to a lattice-prescription
where all metric expressions — except the normalis-
ation C — have to be evaluated at midpoints. The
appropriate Hamiltonian to start with reads then

-1/4

1 1
H=——g "p,g"?g®p,g~ 1= —ﬁALB (A6)

2m

and p,= —i(0, + I',/2) (see e.g. [24,29,30] for de-

tails). We have stated different formulations for

AV)36,30; to simplify a comparison with the other
quantum corrections.

4) Dowker and Mayes [8] derive their result by the
symmetrisation rule:

H D, q',q)=3[H xc(P.q") + #e:(p,4)] (A7)

(## denotes the Hamilton function to be used in the
lattice version of the Hamilton path integral and
H . denotes the effective Hamilton function).

5) Lee’s [24] very compact form is also based on Weyl-
ordering (x,q denote cartesian and curvilinear co-
ordinates, respectively). It is for dimensions d > 1
equivalent to our A V. But for one dimensional cases
difficulties arise, which can be seen e.g. in the case
of the Morse-potential, where the sign in AV, is
wrong.

Appendix B
We want to prove that with the short-time kernel

K({64* DY, {69); ¢)

27ie

R2 d—-1)/2 . .
(G5 s

1
* 8m R2 |:(d 2 smt’)‘f’“’sin@‘lﬂ+

T on 6Y*Vsin 69 -%sin 0§+ sin 64 , ]} B1)
and the time-evolution equation
Y({697 1}, ¢+ )
= [dQUK({09* D}, {09};e)y ({09}, 1) (B2)
the Schrodinger equation
U=y Ll ®3)

can be derived.* For this purpose, a Taylor expansion
has to be performed in (B2) yielding (identify 8,_, = ¢,
0= 0D and 0":= 9U* V)

l//({e"}§t)+aw

RZ d—1)/2 . ,
=<m : ) e—zeAV({H }){I//({GH},t)BO

27ig
—1g 0"t "
+ Z !l/({ ”} )(BG‘,_OVBO)
v=1 60
1421 azlﬁ({ﬂ”};t) "
+§u,vz=1 W(Beuev = OBy
uzv
— G'V'Beu + 029530)} (B4)

where we have used the abbreviations
s \(d—1)/2
r e Non1e 2mie AV ({0
B0=j‘dQ eegcl({ hi }):<mR2> eeAV({ h
B,=[dQ'¢'chi~ 4B,
B¢2 — j‘dg/ d);zeie.?@, ~ ¢”2B0
+ 1 ig
sin?#.--sin%0;_, mR?

B, = [d€2' 0,

B,

1 d—v—1 ie
~ A" - t 9" B
_0”30+2sin29'{---sin29’v’_1co "mR?"°
B, = [dQ /8,70 = §" 0B, (BS)
1 d—v—1

"

” " ia
2 sin20 ---sin? ¢ cotdy mR? Bo

* A similar calculation for d =3 was done by Patrascioiu and
Richard [35]



By, = [d00,0,6°%6 ~ 070, B,
+1|: d—v'—l cot@)
2| sin67.--sin%0;_, v
d—pu—1
sin®07 ---sin?6;,_;
B =[dQ 072"t~ ¢,B,
14+ (d—v—1)cotl, ic
sin?@---sin?0,_, mR?

.| e
cot Gﬂ}mRz B;

Here the equations are valid up to terms of O(¢“*1?),
and

Za({0"} {03
R A

sin0;_,sin8;_, ¢’ — ¢")*]
(B6)

+ (sin @) sin B ---

denotes a “classical Lagrangian” on the lattice. In
order to make the calculation manageable, we have
taken the AV-term at the argument {#"} and have
factored out this term in (B4). This is legitimate,
because changing sin 8(f, is an integration variable)
to sin 6, in A V gives a correction of O(g), hence of order
£? in the short time-kernel and, therefore, can be
omitted.

We shall only illustrate how to calculate the integral
B, in (BS). All other integrals containing powers of
#, are of similar type because they are of Gaussian
form. For simplification we use the abbreviations
v=1,...,d—1):

imR?
E(6,)=exp {7[(93 —07)* +

+(sin® sin@ ---sin6,_, sin0”_ )(0, — 0;’)2)}

(B7)
and o =mR?)2ie. :
We consider now the integral

T T 2z
B, ={d0,sin’"26}--[d6;_,sin8,_, | d¢’E(0,_,)

0 0 0

:gd@’l sin?~ 2@, ---(j)d@;_zsinOZ,‘zE(Bd_z)
. ](') dxe—oc(sin(?'l-usinf?:;_z)xz (BS)

where we have set x:= ¢’ — ¢” which varies from — o
to + oo, and “~” denotes that this is correct in the
limit ¢ — 0. The x-integration is of Gaussian form, and
we get

2mig \M2n sin? 29"
()
mR o ./sinf)sind

11

sin Hd 2 g

de; E@0,;-5)

ki3

4% |

(2n18>1/2" siI;"_ZO’1
mR? /sin®, sinf

Sin?0is g,y

e i 1 17
sinfy_5sinf;_

° x? 1
. 1 "o —— {14+ —
‘j'wdx[1+zcot9d_2 X— < +sin295,’_2)]
,e—a(sinea-»-sin93_3)x2 (B9)

where we have performed a Taylor expansion around
0;_, in the last step. The integral is again Gaussian,
the term linear in x vanishes* and we get

2mie \ ™ sin?~ 26
By x| —5 |}d0\ —F%——F,
0 (mR2>£ Lsin 6 sin

d6;5
0

sin? @ _
dgl_ *—3——E9 -
1735ing,_,sin6;_, 6s-5)

{_ e 1 1+ 1
8mR? sinf;---sin@;_, sin?0;_,

|

1]

2mie f sin? =26,
mR? /3 sm(?’ sin 0]
|

)

sin®0,_,
* dgr_ —*‘—E 9 _
4=45in@,_,sin0;_, (6s-a)

) 2
-__f dx(l +cot9{,’_3-x—%>

.o —osind} <esinbly_ g)x*

ie (2mig\™ sin? 26,
B 2 2 jde,l 0 an 02
8mR*\mR* Jy " (sinf sinf7)

. 3
f sin"0;_,

(B.10)

I

d0_,— .
4=%(sin@,_,sin0;_,)

0
i i
: !
sin’ 9;;_3< T sz 0;;_2>

« g gt 2
. j’ dxe—a(sm81-~~sxn9d_4)x

—®

2 E(gd—tt)

2mig \¥?  sin?T20

W) i (sin@, sin 0]
sin®6;_,

(51110’ 45in8j_

)3/2 E(Gd—4)

‘jdb
1 1
8mR2 sin@, ---sin0}_,

1 1 -
{44 +- . ,
( sin?85_, s1n20§_351n231;_2):|

* It will become important in the calculation of the other integrals,
e.g. in By , where it generates the term proportional to cot §,
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and so on up to the kth step:

2rie \2= sini~28,
~l — /__._—_— der_ )
B0_<mR2> fd() ! (sin @ sin 072 f d-1-k
sin* @, _, _
o E(od—l—k)

(sin 8-y —Sin 07— ; -2

ie 1
. — . k_12
{1 8mR? sin@) ---sinf;_, _ k[( )
1 1
- ; ) Bil
+sin29;’_k+sm20{;_k---s1n29;’_2]} (BL1)

and finally after d—1 steps:

2mig \@™ 12 ie
> —— 1——
Bo <mR2> +{ 8mR?

i 1
.. B12
tomze; T T snZer —sinZ0), B (B12)

which gives in the required approximation the resuit
quoted in (B5). Substituting the expressions (B5) in the
Taylor expansion (B4), one obtains in the limit ¢—0
the correct Schrodinger equation (B3).

[(d -2y

Appendix C

In deriving the Schrodinger equation (I1.1) from (I1.8)
with the help of the short-time kernel of (I1.27) one
has to perform a Taylor expansion in (I1.18) yielding
(z =mR?/e-identify 0,_, = ¢):

iy + 220000

7 \@-112
— iz + i182)d— 1)(d~3)
2mi

6//
{uyion,+ g P

L P

(By, — 67 Bo)

2,52 00,007
B2y
'(Be,ﬁv —0,B, — 0’539,‘ + HZOQ’BO)}. (C1)

We have used the abbreviations (cos ¢ as in (I.22)):*

. 2mi \@- 22 .
Bo=jdﬂ'e_‘”"s'”=27t<*z—> I(g=2)2(2/1)

— J‘dgrd)/e—izcosw — d)”BO
B¢2 = jd[)’(ﬁlze_izcosw ~ ¢”2BO

1 2mi \4?
- Iy- z/i
+sin20’{---sin29g_2( Z ) @-12(2/9)

* The abbreviations (C2) should not be mixed up with the abbrevi-

ations used in (B5)

= j‘dglolve—izcoslll ~ OIV/BO

1 d—v—1 cot9”<%7_T_i>d/21(d—2)/2(2/i)
"\ z

Nain2 2 nr
2sin“f7---sin“0;_,

(€2

¢0 _j‘dQ¢ 0/ —izcosy

1 d—v—1
2sin207]---sin? 0 _,

, i d/2 ]
'COt0v<7> I(d_z)/z(z/l)

= [dQ0,0,e7= ~ 070" B,
+ . d—v-1 cot 0
2| sin28]---sin?60;_, v

d—p—1 (2w |
+(Sin29’1’~-sin29” 1)0 otf }( ) I(d—z)/z(Z/l)
B = [dQ'0}e = ~ 0;?B,

1+@d—v—1coth)
sin?@---sin?9"_,

2mi \4? .
<‘Z—> I(d—Z)/Z (z/i)

where the equations are valid up to terms of O(g*1/2),
The integrals are now more complicated than in
Appendix B. Nevertheless, (C2a) is relatively easy to
prove. With the use of [12, p. 488]

2n
j‘ epcosx+qsinx<cos mx)

~ ¢l/0/IB0 +

¢/!

0 smmx
= C)n(p2 +4) " L(/P* + )
-[(p+ iq)'"+(f1>(p—iq)'"} (©3)

one gets for the ¢-integration in By(f, =sin0]
.sinf7---sinf,_, sinf;_):

2n ,
| eam1es@" =g = 2mJ (2, 1), (C4)
0

so one has to consider in the next steps the iterated
integrals:

By = 27 d0), sini ™20, e~
1]

n . 9 !
. j‘ dO:i 5 sin 9:1 2e~zzfd_2cosf)d_2cosﬂd_2
0

Jo(zfy—2sinb;_,sinbz_,). (C5)

These integrals can be calculated using the formulas



(see [12, pp. 1031, 830, 938], respectively):
J1j2-2 (zsinasin f)(zsinasin f)/2~*e~* cos acos f
J2Iy & _
= k+ A)yi~*
TG+ 172 & Y
Jy+4(2) Ci(cos #) Cx(cos B)

ZCH1) ()
" ri+1
] Cifeosa)sin®adc= % T%é“” C7)
rex =2 rrx+1/2) (C8)

Nz
in each step, yielding finally:
@-2)2
(27T)m< ) I(d—2)/2(z/i)' (C9)
The integrals (C2b,¢) are calculated by expanding (C3)

on both sides about m =0 and using the asymtotic
form of the modified Bessel functions

exp{z k- 1/4} (z]»>1)  (C10)

1
I,(z) ~
k( ) F—znz 2Z

together with the completeness relation

Z U UE(y) = 8(x — y)(1 —x?)12 74 (C11)

for the orthonormal Gegenbauer polynomials:

_ [TOYk+4) Ciw
Uix) = N VALG+172) Ci(Y)’ (€12)

The integrals in (C2) containing powers of 8, are
calculated in the same manner up to the vth integration.
There one has to use the approximation

L (@) = L[ + k(k+24)/z] (z|»1) (C13)

and the defining differential equation for the Gegen-
bauer polynomials

F/(x)+ 5 —1 @i+ DF ()

1

k(k+24)F(x)=0 (C14)
in order to perform the summation:
Z k(k + ZA)U;?(X) Ui (y)

= (x* +1) [5(x (1 —=x2)H274]

+(24A+ 1);1;[5(x—y)(1 — x2)12=4], (C15)

With these means the equations (C2) are easily derived
and the Schrédinger equation is proved.
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Appendix D

In this appendix we shall derive the Schrodinger
equation from the short-time kernel of the radial path
integral (IIL.11). For the time evolution from tto ¢ + ¢
we have:

Wt +6) = (m) M2=d)j2 plim/2)r"2 ~ieV (")
ie

. g M2 I a2y ((mfigyrr" Y2y (r,t) dr. (D1)

Taylor expansion yields:

Y, t)+e lﬁ(r” ).|. .
23
v s M0 5,
%azgr(rz D1, - 2B, + rHZBo]} D)

with (n =0, 1, 2):
T nta2 Mo\, —m2ien?
B,= [ 2L oy o e MEO dr
o ic

j-+d2- 1)( <231>n/2+d/4r(("+d+l)/2)
mr J\ m r(+4dp2)

g~ imr2jde pf imr?
e m2+ai4, D020\ "o |

. \n/2+d/4
B = & 2ie o imri4z i1 —dj2=n
" Amr" J\m

imr"?
) (a2
{Wn/2+d/4,(1/2)(l+d/2—1)( % >+l a+diz)

T((+d+mn)2)
Ir'((l—n)y2)

( imr” )}
~ ls 1@=2)/2 4 n o= imr"?[2e
m

{1 ,,z[l(l+d 2)—nn+d— 2)]}

ntdj2 /g
+{ == - l—l+n+lr—n—d/z—leimr”2/2£
mi m

-{1+§%[1(l+d—2)—n(n+d+2)—2d]}

—(n/2)—(d/4)(1/2)(1+(d/2) - 1)

(D3)
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where we have used the integral formula

0

| x*e™*J,(Bx)dx
0

2
_ 1;(:(5;;(: +1)1/)2)e_pz/sa MWW(% ) (DY)
and some properties of the Whittaker functions:
M, (2 =TQ2u+1)e =
.I:ein(u+ Dy, (2 W_, . (—2) ] D5)
Tu+i+1/2) Ip—21+1/2)

W, u(2) = zhe ™52

'{1 T i i UL 1/2)2)}.

kiz*

(Do)

Here the last equation is valid for |z| > 1, |arg(z)| <=
(see [12, pp. 716, 1062, 1061], respectively). In (D3) we
have to take into account only the terms Of(e). This
implies that only the first term in (D3) is relevant:
B, ~ <E>r//n+(d—2)/2e~—imr”2/28

m

.{1 _%[l(l+d—2)—n(n—l—d—2)]}- (D7)

2m
In particular:

e\ i/ 2ewr? ie
BOE<;">T “ 2)/26( /2¢) [l—ml(l+d—2):|
. ie
BlzBOr I:l—W(d—l)jl

Y ig
B2 EBOT 2|:1 —WZd:|

These equations inserted in the Taylor expansion (D2)
yield in the limit ¢ —O0:

oV [ 10 d-13
ot 2m\ or? r or

Jitd=2 V(r):|l//(r, t)

(D8)

2mr? (D9)

which is the correct Schrodinger equation.
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