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We presentarigorouspathintegraltreatmentoffreemotionon thePoincar~upperhalfplane.ThePoincaréupperhalfplane,
asariemdnnianmanifold,hasrecentlybecomeimportantin stringtheoryandin thetheoryofquantumchaos.Thecalculationis
doneby atime-transformationandtheuseof thecanonicalmethodfor determiningquantumcorrectionstotheclassicallagran-
gian.Furthermore,weshall showthat thesamemethodalsoworksfor Liouville quantummechanics.In both cases,theenergy
spectrumandthenormalizedwavefunctionsaredetermined.

In thispaperwepresentacompletepathintegraltreatmentfor aparticlemovingfreelyonthePoincaréupper
halfplaneUra{z=x+ iy I y>0}. Recently,this model for a non-euclideangeometryhasbecomeimportantin
the theory of strings,in particularin the Polyakovapproachfor the bosonicstring — seee.g.ref. [1], andin
the theoryof 4luantumchaos— seee.g.ref. [2—4].In both casesoneconsidersboundeddomainsin the upper
halfplane,whjcharefundamentalregionsof discretesubgroupsof PSL(2,R).We shallnotconsiderthemotion
in boundeddomains;ourpaperwill dealwith the free motion on the entireupperhalf plane.

ThePoincai~éupperhalfplaneis analyticallyequivalentto threefurtherriemannianspaces:thepseudosphere
A2, the PoincarédiscD andthehyperbolicstripS. Fora reviewof classicalandquantummechanicalmotion
(in bounded~ndunboundeddomains)in thesefour riemannianspaces,seee.g.ref. [4J.

The study~f Liouville quantummechanicsandquantumfield theoryarisesin manyareasof mathematics
andphysics,recentlyalsoin string models— seee.g. refs. [5,6].

Classicalmechanicson the Poincaréupperhalfplaneis describedby the classicallagrangianandhamilton-
ian, respectively:

(1)

with p,~=m~/y2, p, = mj’iy2 andthe metric g
0,,=(1/y

2)öab The Laplace—Beltramioperatoror quantumham-

iltonianreads(h= 1)
H=—(y2/2m)(82/8x2+82/t3y2). (2)

Noticethatanecessaryconditionforwavefunctions~eL2(U) r~D(H) is ~(x, y) = 0 fory=0 (xeR).Thesca-

lar productfor two functionsJ g definedon U is given by

(jg)=fdxJ~f*(x,y)g(x,y).

In orderto constructthepathintegralon U, we follow the canonicalapproachas describedin ourprevious
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paper[7]. Wewanttoexpressthehamiltonian(2) by hermitianmomentaPa= —1( ‘9a+ ~a /2) (a=x, y),where
ra = ôa(In ~J~)andg denotesthedeterminantofthe metric tensor.Thequantumcorrectioni~V tothe classical
lagrangian2’~~follows theneasilyfrom the prescriptiongiven in ref. [7]. We have

~ r,=o, i-’~=—~, p~=
4~, ~

~~LB a~gdh!~fgo~ =y~(~+~)~ ~ ~ +28~(gabr~)+g°~1’b] ~ (3)

andthe hamiltonian(2) reads

H(x,p~,y,p~) (gabp~p~+ 2p~g’~”p~+papbg~) +~—. (4)

Notice that the hamiltonian (4) is Weyl-ordered which implies the midpoint prescription (i.e.
z(J)=2(z(j)+z(J_l)), allj) in the lattice definitionof the pathintegral [8] $~.

Now we canwrite down thehamiltonianpathintegral (x( t’) =x’, x( t”) =x”, y(t’) =y’, y(t”) = I”, T= t” — t’)

K(x’~,y”,x’,y’;T)=C(g’,g”) J Dx(t)Dy(t)Dp~(t)Dp~(t) exp(i J ~ dt), (5)

with

N-I N

Dx(t)Dy(t)Dp~(t)Dp~(t)—~’ fl dx
0~dy~1~xfl(2~)

2dpX~)dpV~)(N—~ao),
j=I j~l

where .*‘ coincideswith the classicalversionof the hamiltonian(4). HereC denotesthe normalization(see
alsoref. [8])

C(g’, g”) = (g’g”) 1/4 =y’y” , (6)

whereg’ andg” are the determinantsof themetric tensorat initial andfinal points,respectively.Performing
the momentumintegrationswe get (e=T/N):

K(x”, y”, x’, y’; T) JDx(t)Dy(t) exp(~J ~ (~2+~2) dt)

=lim(_~_)”T jJdx(I)dy(I) ... JJdX(N_L)dY(NI) exp[~ ~ (x(J)_x~_,))2+(y(j)_y~j_
1))

2]
N-.oo 27t1e YU) Y(N—1) 2e

1, YWYU—I)
—=0 —=0

(7)

In eq. (7) we replacedthe midpoint expressiony~j~by Y0)Y(j_~ whichyields additional termsof 0(e),but
which cancelsexactly~ Vof eq. (3). Eq. (7) is the correctpathintegralon U. Thiscanbe verifiedby deriving
the Schrödingerequationfrom the short time kernelof (7), seethe appendix.

In orderto makethe path integralmanageablewe perform a time-transformation(seeref. [71):

s(t)=j~f~))da, s” =s(t”), s(t’) =0, (8)

We wish to thankN.K. Falckfor drawingourattentionto ref. [81.
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withf(y) = 1/y
2. Thevariablesx andy are transformedinto

x(t)—+~(s) with ~~(s(t))=x(l) , y(t)—+,1(s) with ,7(s(t))=y(t) (9)

with ~(0)=x’, ~(s”) =x”, ~(0)=y’ and,~(s”)=y”. Let us assumethat the constraint

S,,
2S_T (10)

hasfor all admissiblepathsauniquesolution s” >0. Of course,since T is fixed, the “time” 5” will be path-

dependent.To incorporatethe constraint(10) we usethe identity
ds” o(f ,72(5)_T)=~,,2 J~e_1TE J ds” exp(i Jds2~) (11)

in the pathintegral (7). The only differenceto the prescriptiongivenin ref. [7] is that wehavenow only a
time- andnot a space—time-transformation.This hasthe consequencethat the additional factorin equation
(IV.6) of ref. [7] is absentin the presentcase.Defining theenergy-dependentFeynmankernelG(E) via the
Fouriertransformation

K(x”, y”, x’, y’; T)=~ J e_1TEG(x~~,y”, x’, y’; E) dE, (12)

we obtainthe transformationformula

G(x”, y”, x’, y’; E) =i j’ R(~”,~ ~ ii’; s”) ds” (13)

wherethe transformedpathintegralis given by

R(~”,,~“, ~‘, ,~‘;s”) =J D~(s)IzA[?1]D,7(s)exp(!~!J (~2+~2)ds)

N ~

=~(~~)J~~ d~(NI)d~(NI)

x~A[~u)1exP(~~E(~(i)_~u_I))2+(~u)_~u_I))2]), (14)

with d=s”/N artd ..% = .J 1/4— 2mE. The functionalmeasureis given by

Nr /2rcm / m \ /m Vi
(15)

‘A denotesamds.lified Besselfunction.Following ourgeneraltheory [7], we haveused

gah=ôah, \/~=i, r~=o,r~=o,~V=0. (16)

Thepathintegralin (14) factorisesinto apathintegralfora freeparticlein ~ andinto aradialpathintegral

with “angularmomentum”~.in the variable iefJ~~ Using the well-known pathintegral identity
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$ /LA[r]Dr(t) exp(~!J ,~dt)=~J?~-~exp(~.(r’2 ~ (17)

(seeref. [9]) we canimmediatelywrite down the solution of (14):

~ ~ exp(_~, ~ ~‘~“). (18)

Inserting(18) intoeq.(13), thes” -integrationcanbecarriedoutby first performinga Feynman—Wickrotation
(s” —~— it, r eR ~), and then introducing the integration variable z= my’y” It and the Poincarédistance
coshd(z”, z’)~[(x”—x’)2+y’2+y”2]/2y’y”. we then obtain (seep. 712 of ref. [10]):

~ (19)

wherewehaveintroducedthe momentump—=~,/2mE—1/4. Eq. (19) givesa closedexpressionfor the energy-
dependentGreenfunction(resolventkernel) in termsof the Legendrefunction of the secondkine ~ *2~This
result agreeswith the oneobtainedby solvingdirectly the Schrodingerequation(seee.g.ref. [2]). Usingthe
integrals (seeref. [10] pp. 819, 732):

~ (a2+b2+c2’\ 1d ,p’tanhxp’ ~ (a2+b2+c2
v—I/2~ 2ab )J ~° ~2+~~2 ~p’—I/2~ 2ab

~Pi/2(~b)=~Ycosi’x JdkKu(ak)K~(bk)cosck, (20)

eq. (19) canbe rewritten as

G(x”, y”, x’, y’; E)=~ J dk dp’ (p~~E ~ exp[ik(x” —x’)]

(21)

(K~denotesa modified Besselfunction). Therepresentation(21) showsclearly that G(E) has a cut on the
positiverealaxis in thecomplexenergyplanewith a branchpointat E= lI8m.We thusinfer thatthequantum
mechanicalmotion on the Poincaréupperhalf planeU hasa continuousenergyspectrum.From (21) we
immediatelyreadoff the normalizedwavefunctions

WP.k(x~Y)=[
3e’~fYKiP(IkIY) (xeR,y>0); E~=~(p2+~) (22)

withp>0 andkeR\ {0}. thesearethe correctwavefunctions(seeref. [11]). Thespectrumhasa largestlower
boundE0= 1 /8m. A statewith p = 0 andE0= 1/8m doesnotexist, because~IIo,kvanishesidentically. Onealso
hasto excludethe casek=0, which is obvious from the asymptoticbehaviourof the K~function for z—~0:
K~(z)—~~[r(ip)(2/z)~“+I( — ip)( 2/z) — IP] It is neverthelesspossibleto defmea function Ø~(y):=y’P~

2 which
isaneigenstateofH, HØ~=E~Ø~,butthis functionis notnormalizablein U. Ø~is only normalizablein a bounded
domain.

~I2We use.~(z), .~j(z) for zeC\[ — I, 1] andP~(x),Q~(x)for xc (—1, 1) for theLegendrefunctionsof thefirst andsecondkind,
respectively.
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As alreadymentionedin the introduction,U is equivalentto the pseudospereA2 wherethe wavefunctions
are givenby (p>0, keZ\0):

WP.k(r, ~) ~,JPSiflh ~‘ r(ip+k+ ~).9~i,,
2(cosh r)e~’~ (23)

in termsof the pseudosphericalpolar coordinatesr ~ 0 and q~e[0, 2x] with x=y sinhr cos0, y= (coshr +
sinh r sin0) —‘[5,6,12,13]. Thecorrespondingpathintegralexpressionson U andA

2 canbe transformedinto
eachotheraswill be shownin our forthcomingpaper [14].

Finally, we performa Fouriertransformationin (21) to get the time-dependentFeynmankernel

K(x”,y”,x’,y’; T)=~-!~ $ dkj’ dppsinhxpexp[—iT(p2+~)/2m]

x,,,/~7K~(IkIy’)K
1~(IkIy”)exp[ik(x”—x’)] . (24)

The ~ forth an orthonormalbasis,

N~ dx $ ~ wp*.k(x, y)w~k(X, y)=ô(k—k’)d(p—p’). (25)

Proof InsertingWp.k from eq. (22) andperformingthex-integrationyields

N=ô(k—k’) 2~Jpp’sinhxpsinhp’ $1 K1~(y)K~(y)dy. (26)

We now usethe integral (ref. [10] p. 693):

7 aA_~~bv
y- K~(ay)K~(by)dY22+Ar(12)

xr(1 _2±/s+v)i(l _~_~u+v)r(1 _2±au_v)r(l _A_ii_v

)

F(12~~+3) 1—2—4u+vX ~ 2 ‘ 2 . (27)

Let a=b=1, 1=1—2�,u=ip andz’=ip+2iq, q=(p’ —p)/2,then

I 2~-‘K r(e+ip+iq)r(e+iq)r(e—iq)r(e—i~—iq)j Y ip(y)Kjp+21q(y) dy= r(2e)2
3—2~ . (28)

The “good” termsyield in the limit e—~0:

1j~r(E-l-i~~+iq)r(e_iP_iq)jri ~ ~ 29
232~ _~ ~j’ ~j,, 8(p+q)sinh[it(p+q)]’

wherewe haveuseda well-known propertyof the r-function. The remainingtermsyield

r(e+19)r(e—iq) . C

(30)
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andeq. (25) is proved.
Vice versa,the Wp,k form a completeset, i.e.

J dkJ dp wpk(x”, y”)W~k(X’,y’) =y’y”ô(x” —x’)ô(y” —y’) (31)

(the factor C_—y’y” = (g’g”)”4 hasto be included,seeeq. (5), due to the riemannianstructureof U).
Proof Considerthe integral ([10] p. 772):

J~Kix(a)Kix(b)cosb[(x_O)x1Ko(~a2+b22abcosO). (32)

Differentiationwith respectto 0 gives on the left-handside

—~fdxKi~(a)K
1~(b)cosh[(x—O)x]=Jdxxsinh[(7t_O)x]KiX(a)KL~(b), (33)

while the right-handside yields

~ (34)

Herewe haveusedsomepropertiesof the Kr-function (seee.g. ref. [10], p. 510). Therefore we have in the
limit Ø-+ø andfor y’ ~y”:

Jdppsinh7tPKp(IkIy’)Kip(IkIy”)=O. (35)

It remains to consider the casey’ ~y”. Let us set y=y’, y” =y+o with oI’cz<l and cos 0= 1_02/2 for IØI<<1.
Using K0= —ln(z/2) (z-+0) we get for the right-handside of eq. (31):

~ (IôI, I0I<<1), (36)

from which weget in the limit 0-40:

~ (37)

Togetherwith the well-known equation

i— $ dkexp[ik(x”—x’)]=ô(x”—x’)

the completenessrelation (31) is proven
Thesametechniqueas for the pathintegralon the Poincaréupperhalf planeis alsoapplicableto Liouville

quantummechanics.Let us considerthe hamiltonianof Liouville quantummechanics(xeR) [5,6,131:

i ,42 iz2
H— __+__2~ 2x (38)

2mdx
2 2m

The path integral reads (T=t”—t’):
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K(x”,x’; T)=$ Dx(t) ex~(i$ [~,n~2_(V~I2m)e2x] dt). (39)

In ordertomak~ethepathintegralmanageable,weperforma space—timetransformation.Followingthegeneral
theoryof sectidnIV in ref. [7] we haveto startwith the LegendretransformedhamiltonianH

1~:

1 .12 sf2

H— L ~ 2x E (40)E-~T~~2 2me —

We considerthe transformationq=e’ andget a transformedhamiltonianR~(d/dq,q). With uI(dldq, q)
(l/q2)R~(d/dq, q) we obtain

R(d/dq,q)= —~ ~ ~-)+~_-~. (41)

The relevantexpressionsfor calculatingthe quantumcorrection~ Vare

r=!, ~ L~V(Q)=_grnq2~ (42)

Thuswe arriveat the effectivehamiltonian

Hetr(pq,q)Lp~+f2~
2r~.

Noticethat in thiscaseonehasa non-vanishingquantumcorrection.Thepathintegralfor Liouville quantum

mechanicscannow be calculatedvia the equations

K(x”,x’; T)=~-
1 J e_iTEG(xl~,x~E)dE, (44)

where

G(x”, x’; E) _—~, $ R(q”, q’; s”) di”, (45)

and

K(q”, q’; s”) =exp(—is”V~/2m)$ Dq(s)p~,/~~[q]exp(!~!J ~2 di). (46)

Thefunctionaltheasureis givenby (15). With eq. (17) forradialpathintegralswecanwrite downthesolution
of (46) immediately,yielding

R(q”, q’; s”)=~, ~i~? exp(~,(q’
2 +q”2)—i ~ q’q”). (47)

For G(E) we get

G(x”, x’; E)—2mI,~jr~(Voe”)K
1,j5j~g(V0e~’), (48)

wherewe haveusedthe integral (ref. [10] p. 719):
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Jexp(_a/x_bx)J~(cx)~ (49)

Wehaveassumedwithout lossofgeneralitythatx” > x’. Otherwiseonehasto interchangex” andx’. We now
usethe integrals(20a) and (seeref. [15] p. 194):

1 7 /a2+b2+t2\
(ax)K~(bx)=~,,,—~jdt~~_

112~2ab )COSX1~

____ I /a
2+b2+t2\Kv(ax)Kv(bx)=~J_bjdt g1~_

1/2(\ 2ab )COSXt~ (50)

to obtain

G(x”, x’; E) =—~ $ dp p
2/2rn EK~(Voex )K

1~(Voex”). (51)

Theresolventkernel (51) hasa cut on the positivereal axisin thecomplexE-plane,andweimmediatelycan

readoff the wavefunctionsandthe energyspectrum:

Wp(x)=(l/it)~.J2psinhitpKip(Voe1 (p>0,xeR) ; E~=p
2/2m (p>O) . (52)

Thisis the correctresult — seerefs. [5,13]. Fromeqs.(25) and(31) we infer that the wavefunctionshavethe
correctnormalizationandform a completeset.The FeynmankernelK( T) is givenby

K(x”, x’; T)=-~J dppsinhitp exp(—iTp2/2m)K~~(Voex’)Kj~(Voex”). (53)

In this letter we havepresenteda completepath integraltreatmentof free motion on the entirePoincaré
upperhalf plane.The calculationwasbasedon the canonicalmethodfor calculatingthe quantumcorrection
LWto the classicallagrangiananda time transformationin the lagrangianpath integral.

The canonicalmethodalso works for Liouville quantummechanics,wherethe path integralcould be cal-
culatedvia a space—timetransformation.

In a forthcomingpaper[14] weshallpresentapathintegraltreatmentfor thepseudosphereA2, thePoincaré
discD andthe hyperbolicstrip S. Of specialimportanceis alsothe d-dimensionalpseudosphere~dI, where
againthe canonicalmethodworksvery well, yieldingthe energyspectrum

E~=(l/2mR2)[p2+~(d—2)2] (p>O) (54)

with largestlower bound

EW’~=(d—2)2I8mR2. (55)

A recentpath integralformulation due to Böhm andJunker[12] for the d-dimensionalpseudospheregives
unfortunatelya wrong result,becausetheseauthorsmissedthe quantumcorrectioni~V, which is crucial and
which is causedby the curvilinearnatureof A”1. In our forthcomingpaperweshall alsoshowthat the “mys-
teriousphasefactors” in Gutzwiller’ssemiclassicalcalculation[2] ariseverynaturally.

Thesenewexamplesin pathintegraltechniquesshowveryclearly thegreatadvantageof thecanonicalmethod
[7] overotherapproaches,giving in a simpleway the correctquantumcorrectionsandtherebythe correct
pathintegrals.
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Appendix

We wantto prove thatwith the short time kernelof eq. (7):

m fim (~—x)2+(,~—y)2
2xie ) (A.1)K(C,r,e)=I——exp

andthe time e’~~-olutionequation
00 00

w(C,t+e)= J dx$~4K(C,ze)w(z,t) (A.2)
—= 0

the Schrodingerequationfollows:

.aw(C,t) ~2 fô2~(C,t) 82w(C,t)’\ (A.3)
1 2m’s,. a~2 + 8,12 )

(We haveused the abbreviationsZ=Z(J), C=Zu+,), with z=x+iy, ~ X=XU), I~=X(j+I), j’j’~~~and
‘1=Yu-~-I)’) One hasto performa Taylor expansionin (A.2). We get ~ C

2=’i):

______ m / a
ôt 2xie~. w(C,t) (B~—C~B0)j= 1,2

8
2~(~,t)~ (A.4)

ij=I,2
i2’j

with
00 00 1/2

B
0= $ dx$~exp[ie2~ f2ltiC) emh1~Kl/2( 2xie(C,z)]=2(— —

~ m m
—00 0

00 00

B~=J xdf~exp[ic.~”(C,z)J=~Bo,
—00 0

00 00 1/2

B~=$ dx$~exp[ie221v flue

m) em~K,,2(m/ie) =,1B0(~,z)] =2~i(——00 000 00B~,,=$ ~00 000 00

B~2=$ x
2 dx$~exp[ie.~f’~’(C,z)]=(~2 +~

—00 0

00 00

B~
2=$ dxfdyexp[ie2~t~’(C,z)]=72(1+~!)Bo. (A.5)

—00 0
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Here

(~—x)
2+(~—y)2 (A.6)

2e

denotesthelagrangianonthelattice.Weshall onlycalculatetheintegralB
0. Theremainingintegralsaresimilar.

We get

Bo=$~$~exP(~! (~_x)
2+(11_Y)2)

(~1tie)I/2f’nhl~ ~ v312 exP(_~,1y—~-~.!~)dy

1/2

2(27ue) e’~KI,2(m/ie)=~-~~. (A.7)

In the laststepwe haveusedthe integral ([101 p. 340):

JX~

1 exp(—fllx—yx)dx=2(fl/y)~2K~(2~/~)

andthe expressionK÷
112(z) = e- ~. Insertingthe expressions(A. 5) into (A.4) yieldsthe Schrodinger

equation(A.3).
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