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Abstract. Results on the fragmentation of heavy 
quarks from analyses of inclusive lepton production 
in e + e-  annihilation are studied. The use of various 
fragmentation variables is closely examined and their 
differences resolved, providing a common basis for 
comparison of experimental results. The mean value 
of the fraction of available energy-momentum carried 
by the primary heavy hadron, defined as 

(E + Pll)hadron Z--  
(E +P)quark ' 

is determined to be ( z ) c=0 .67+0 .02+0 .02  and 
( z ) b = 0 . 8 3 _ 0 . 0 1 _ 0 . 0 2  for an unknown mixture of 
charmed and bot tom flavoured hadrons respectively. 
The corresponding values of the parameter eQ of the 
Peterson fragmentation function are 

-- 0.01 - 0.01 -- 0.001 -- 0.002 
ec = 0.06 + 0.02 + 0.02 and eb = 0.006 + 0.001 + 0.002" 

The ratio e~/e b can be approximately related to 

MZ/M 2 giving a value of 10 + 4 + 5 in agreement with 
- 2 - 4 '  

an expectation of ~ 10. Measurements of the charged 
multiplicity of hadronic events containing heavy 
quark jets are investigated in terms of the mean value 
of z. 

Introduction 

A number of experiments in e + e-  annihilation have 
now reported results on the fragmentation of heavy 
quarks using a variety of methods. Despite the wealth 
of information available, comparisons of the results 
are hindered by the many different formulations of 
the fragmentation variable. A complete evaluation of 

the available data cannot thus be made, until the diffe- 
rences between these formulations are unravelled. 
Such an attempt is presented in this paper with parti- 
cular emphasis on the results arising from analyses 
of inclusive lepton production. 

The Peterson fragmentation function 

The fragmentation of heavy quarks into heavy ha- 
drons is of both theoretical and experimental interest. 
An understanding of the underlying process provides 
knowledge of the inclusive hadron spectrum and its 
energy dependence in e + e-  annihilation. The frag- 
mentation of quarks (and gluons) into hadrons occurs 
at large distances where perturbative Quantum Chro- 
modynamics (QCD) [1] no longer applies. To this 
effect, non-perturbative models, such as the indepen- 
dent jet [-2] and the colour string models [3], are 
introduced to describe the hadronisation process. The 
development of the longitudinal fragmentation pro- 
cess in these models, is parametrised by a scaling func- 
tion f(z), where z is the fraction of available energy- 
momentum, (E +p), carried by the primary hadron. 
The actual form of this function has been, and still 
is, the subject of theoretical and experimental endea- 
vour. Originally it was assumed that f(z) for heavy 
quarks, Q, was similar to that for light quarks, q, 
which fragment principally into pions and kaons, with 
a distribution of z which steeply falls as z increases 
[4]. However, kinematic considerations [-5] for a 
heavy quark fragmenting into a hadron (Q c~ or Q q q) 
suggest that the momentum of the heavy quark is 
retained by the hadron containing Q, leading to a 
'harder '  distribution in z (i.e. peaked towards higher 
values of z) than for the light quarks, q. Pursuing 
these arguments and calculating the transition proba- 
bility for the process Q ~ Q ~ + q, Peterson et al. deve- 
loped the following fragmentation function [-6] : 
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1 
f ( z )  c~ (1) [ 1 ~Q]2 

z l  
z ( l - z )  

where z is defined as 

(E + p II )hadron z = �9 (2) 
(E+p)quark ' 

( E - t - p  II)hadron is the sum of the energy and momentum 
component parallel to the fragmentation direction 
carried by the primary hadron. ( E + p ) q u a r  k is the 
energy-momentum of the quark after accounting for 
initial state radiation, gluon bremsstrahlung and pho- 
ton radiation in the final state. The parameter ee, 
is, for each heavy quark, Q, expected to have a value 
approximately equal to 

eQ ~ M~ (3) 

i.e. the ratio of the squares of the masses of the light 
and heavy quarks forming the primary (or leading) 
meson. 

Although other forms of the fragmentation func- 
tion have been proposed [2 3; 7], the Peterson func- 
tion has been widely adopted in analyses determining 
the 'hardness '  of heavy quark fragmentation func- 
tions; its biggest attraction being that it has only one 
free parameter, eQ, which is to be determined experi- 
mentally for each heavy quark, Q. The first experi- 
mental results to indicate a hard fragmentation for 
heavy quarks were those obtained from analyses of 
the momentum spectra of charmed hadrons [8]. 

Heavy quark fragmentation 
from charmed hadron production 

In the continuum of e+e - annihilation, the heavy 
c quarks are plentifully produced and their fragmen- 
tation into the charmed particles, D, D*, 
D~(F), D*(F*), Ac, has been directly observed. In par- 
ticular, much is known of the c ~ D* process through 
the successful reconstruction of the hadronic decays 
of the D*. The inclusive D* cross section is, however, 
usually determined as a function of the fragmentation 
variable, xE (4) or Xp (5) rather than z (2), as these 
variables, unlike z, are experimentally accessible on 
an event by event basis. 

Ehadron 

X E -  Ebea m (4) 

Phadron 
2 2 --" 

Xp = ] / E b e a m  __ m h a d r o n  (5 )  

Clearly, xe or Xp is not the same as z when the effects 
of initial state radiation and gluon bremsstrahlung 
are considered. (The effect of final state radiation is 
relatively insignificant.) These processes result in a 
quark energy which is less than the energy of the 
incoming beam of electrons or positrons, E b . . . .  and 
therefore, by definition, xE, xp < z. Despite this signifi- 
cant difference between the variables, the xe or xp 
distribution is, nonetheless, fitted directly to the Peter- 
son form of the fragmentation function (with xE, xp 
replacing z in (1)) and the mean value of the variable 
xE, xp and equivalently e(xE), ~(xp) are quoted. Cor- 
rections therefore have to be applied to relate the 
measured distributions of f ( x )  to the theoretical di- 
stributions of f(z) .  This has been done in [8] which 
shows that of the energy of the primary c quark (after 
allowing for the effects of initial state radiation and 
gluon bremsstrahlung), the resulting D* retains a frac- 
tion of ( z ) = 0 . 7 0 + 0 . 0 1 + 0 . 0 3 .  It is also illustrated 
in [8] that the Peterson functional form does not pro- 
vide an adequate description of the measured xE 
spectrum, but is well suited to parametrising the un- 
derlying z spectrum. 

Heavy quark fragmentation 
from inclusive lepton production 

The fragmentation of b quarks into b flavoured me- 
sons and baryons in the e + e-  annihilation continuum 
is, on the other hand, far less well explored due to 
the small b quark cross section and the very inefficient 
reconstruction of the b flavoured hadrons. However, 
significant contributions towards an understanding of 
both the b and c fragmentation have been made from 
studies of inclusive lepton production in c6 and bb- 
events. Such processes are described by the fragmen- 
tation of the heavy quark into a heavy hadron which 

Ebeam / 

Fig. 1. The fragmentation and semileptonic decay of a b quark. 
A b quark is produced with energy Eb by the reaction e+e - 
---,b6(g)(g). The b fragments into a B meson of energy Es= zE  b 
with probability f(z). The B meson subsequently decays semilepton- 
ically, B---,lviX, with the lepton momenta reflecting the z of the 
primary B 
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subsequently undergoes a semi-leptonic decay. This 
is depicted in Fig. 1 for a B meson. The lepton mo- 
mentum, p(/), being dependent upon the momentum 
of the parent hadron, contains information on the 
fragmentation of the heavy quark. The transverse 
component of the lepton momentum relative to the 
jet axis, p• facilitates separation of the quark fla- 
vours. This separation may be aided by using an event 
shape variable. Typical analyses thus proceed by de- 
ducing the p(1), p• spectra of the quark flavours* 
according to the Peterson fragmentation function (for 
various values of co), and fitting these to the corre- 
sponding spectra of the data. Such statistical analyses 
do not however restrict the choice of fragmentation 
variable; although (2) is theoretically preferred, other 
variables in addition to (2), and (4), have been used 
in analyses of inclusive leptons: 

Ehadron 
- -  ~ z ( 6 )  

ZE-  Equark 

2 Ehadron 
x , - ~  (7) 

where ~ is the energy of the virtual photon 
produced in the e + e- collision after accounting for 
initial state radiation (and therefore xE < x~ < z, zE). 

The existence of many fragmentation variables 
has, not surprisingly, led to confusion in the past**. 
There are however further complications. All frag- 
mentation variables described so far are - in analyses 
of inclusive leptons - reconstructed from the Monte 
Carlo model used; i.e. once an event has been genera- 
ted, the quantities Eha d . . . .  Equark, Ebeam etc. are acces- 
sed and the fractions z, zE, xE are calculated. In one 
exception Eli] however, the fraction, z is not recon- 
structed from the generated Monte Carlo event, but 
is taken directly from that allocated by the primordial 
fragmentation function. At this point it is necessary 

* The p(/), p• distributions of the quark flavours are obtained 
from a Monte  Carlo simulation model. The distributions are mainly 
governed by the mass  of the quark. There are, however, other in- 
fluences. For a given value of z, the p(/) distribution depends slightly 
on the identity of the parent hadron. A primary D*, for instance, 
decays into the two-body state D, n or D, 7. The lepton resulting 
from the subsequent weak decay of the D meson will thus have 
a softer m o m e n t u m  spectrum than had the D meson been formed 
in the primary hadronisation. The differences are, however, relati- 
vely small. The value of the strong coupling constant  and the pertur- 
bative QCD cut-off parameter employed in the Monte Carlo simula- 
tion have a more significant effect. The uncertainty in their values 
is not, however, always considered as a source of systematic error 
** Early fits of the D* cross section as a function of xE (4) to 
the Peterson function found good agreement for e(xE)=0.25. Una-  
ware of the ' subt le '  differences in fragmentation variables, some 
experiments wrongly interpreted this value of e(xE) to be a valid 
representation of the charm fragmentation spectrum in ze (6) [9] 
and in z (2) [10] 

to distinguish between the two, as their values differ 
for reasons dependent upon the technicalities of 
Monte Carlo models; z(rec) and z(pri) thus refer to 
the reconstructed and primordial values of z respecti- 
vely. 

There is an inherent problem within independent 
jet models that stems from the creation of massive 
jets of hadrons from massless quarks, and leads to 
the non-conservation of energy and momentum du- 
ring the process. To rectify this, certain technical mo- 
difications are applied in order to provide final states 
that are balanced in energy and momentum. These 
amendments consist of a rescaling in the particle mo- 
menta and energies after completion of the fragmenta- 
tion process, leading to an inequality between the va- 
lues of z(pri) and z(rec) which is particularly signifi- 
cant in events in which a hard gluon is emitted. In 
string models, fragmentation proceeds along the co- 
lour-flux lines connecting the partons rather than 
along the actual parton direction (as in independent 
jet models). By construction, energy and momentum 
are conserved locally at each step of the particle gene- 
ration process. The recipe required to achieve this 
however, constrains the energy-momentum of the 
produced hadron, leading to a slight difference bet- 
ween the values of z(pri) and z(rec). In addition, the 
sum of the energy and momentum available for the 
formation of the primary hadron is not strictly inter- 
preted as the energy-momentum of the primary quark 
(as in (2)), but rather as the energy-momentum com- 
ponent of the remaining, unfragmented system. The 
consequence of this different definition of 'available 
energy' in the string model, is that in some cases of 
hard gluon emission, the produced hadron can have 
a larger energy-momentum than the primary quark, 
leading to a value of z(rec), as defined by (2), which 
is greater than unity. Whatever the fragmentation mo- 
del however, the value of z of the primary hadron 
given by the primordial fragmentation function is not, 
in general, identical to that which is reconstructed 
from the parton and hadron final state momenta and 
energies. The value of z(rec) for a given event, is gene- 
rally larger than z(pri), with the magnitude of the 
difference depending on the respective strength of the 
gluon coupling constant (~) and upon the definition 
(and value) of the cut-off parameter used to resolve 
between partons. The resulting shift in the overall 
mean value of z, from (z(pri)) to (z(rec)) does not 
differ greatly between the two types of fragmentation 
model, after allowing for the different values of ~s 
required by the two models to describe the data. 

The situation is thus somewhat confused. Experi- 
ments unfold the p(1) distribution as a function of 
one of a number of fragmentation variables, z(pri), 
z(rec) or xe, and quote the corresponding values of 
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e, denoted here by e(z(pri)), e(z(rec)), e(xE). (Although 
note that in [12] eq(z(rec)) is determined but (z(pri))  
is quoted!) In order to make a comparison between 
the various experimental results, the effects of the dif- 
ferent definitions of the fragmentation variable need 
to be examined and accounted for. These effects are 
depicted in Fig. 2 which shows the mean values of 
z(pri), z(rec) and xE as a function of the value of 
used in (1), for (a) c--*lvzX and (b) b--*lvlX events 
at Er = 29 GeV, as determined from the Lund Monte 
Carlo model employing a value for the strong coup- 
ling constant of ~=0 .165  and a value for the pertur- 
bative QCD cut-off parameter of, Ymi, = mZj/s = 0.015, 
where m u is the minimum invariant mass between 
resolvable partons i and j. 

This figure (and others at different centre of mass 
energies) is used to extract (z(rec)) from measure- 
ments employing other fragmentation variables. 
Where this is done a systematic error is included to 
allow for the uncertainty in relating (z(pri))  and (x~)  
to (z(rec)). This uncertainty stems from the omission 
in publications of the values of ct, and y ~ ,  used in 
the various fitting procedures (this mainly affects the 
relation between (x~)  and (z(rec))), and from the 
imprecise experimental determination of the value of 
ct,, knowledge of which is required to correct the re- 
sults of (xE)  and (z(pri))  to (z(rec)). The systematic 
error was estimated by studying the effects of changes 
in the value of e~ and Ym~, of --+20% and a factor 
of three respectively. The effects of using different frag- 
mentation models were also included in the systema- 
tic error. 

The experimental results, together with the extrac- 
ted values of (z(rec)) e, are summarised in Table 1. 
The latter are consistent with scaling between the dif- 
ferent centre of mass energies, and are thus combined 
to give an overall mean value of (z(rec)) e of 

{z (rec))~ = 0.67 4- 0.02 ___ 0.02 

(z(rec))b = 0.83 _+ 0.01 + 0.02. 

The results correspond to the following values of 

- 0 . 0 1 - 0 . 0 1  
er (rec)) = 0.06 + 0.02 + 0.02 

--0.001 --0.002 
eb (Z (rec)) = 0.006 + 0.001 + 0.002" 

The ratio e~/e b can be interpreted (from (3)) as a mea- 
sure of the ratio of the squares of the masses of the 
b and c quarks: 

M~ 1 0 + 4 + 5  
M~- -2 -4"  
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Fig. 2a, b. The relation of  (z(pr i ) )  and ( x~ )  to <z(rec)) as a function 
of aQ for a c ~ lynX and b b ~ l v i X  events at Ecru = 29 GeV;  calculat- 
ed using the Lund  5.2 Monte  Carlo p rog ram with c~,=0.165 and 
Ymin = m:~/s  = 0.015, where m u is the invariant mass  between par tons  
i and j. In the Monte  Carlo, the pr imary  c and b quarks  mostly 
form the lightest vector hadron  state 

This is in good agreement with an expectation of ab- 
out 10 (using constituent quark masses of Mc 
= 1.5 GeV and M o = 4.8 GeV). 

Note that the fragmentation effect of shifting the 
primordial z values, z(pri), to higher values of z(rec) 
(as illustrated in Fig. 2), should be considered when 
generating Monte Carlo model events [20]. For  
example, in order to reproduce the above determined 
values of (z(rec))e ,  the values of e e required in the 
Lund Monte Carlo generation program (using the 
parameters given in Fig. 2), at various centre of mass 
energies, would be: 

Ecm = 29 GeV : ec (z (pri)) = 0.10, 

Ecru = 35  GeV: ec(z(pri)) =0.09, 

Ecru = 45 GeV: ec (z (pri)) = 0.08, 

eb(z(pri)) = 0.015 

eb (z (pri)) = 0.012 

eb (Z (pri)) = 0.010. 

Thus, whilst z(rec) remains constant with energy, 
the value of z(pri) is seen to increase slightly with 
energy (as eQ decreases). This behaviour is a conse- 
quence of keeping the value of Ymin constant with 
energy, resulting in a different value of the minimum 



168 

invariant mass, m~, between the resolvable partons 
i, j at the various energy points. 

Heavy quark fragmentation 
from charged multiplicity measurements 

Experimental results on the mean charged multipli- 
city of multihadronic events containing heavy quarks 
jets, (n)Q, can be used to provide information on 
heavy quark fragmentation [21]. By distinguishing 
between the contribution to (n)Q from the decay of 
the two primary hadrons (i.e. leading multiplicity, 
(nt)Q) and from the remainder of the fragmentation 
process (i.e. non-leading multiplicity, (n,z)), the latter 
can be related to a corresponding average nonleading 
energy, (E , t ) ,  by utilising the measured variation of 
the mean charged multiplicity in e+e - -~q~(g)(g) 
events, ~n), as a function of centre of mass energy, 
Ecm*.  The mean of the fragmentation variable, xE, 
can then be obtained from the simple relation ( x e )  
: 1 - ~ E . z ) / E o m .  

The leading multiplicity in b b-events is taken di- 
rectly from [22] which measures 10.99+0.06_+0.29 
for the multiplicity of B/~ events. In calculating the 
leading multiplicity in c6 events, the procedure used 
in [23] is adopted. The D*, D production ratio is 
taken as 3:1 [24], and, in accordance with isospin 
symmetry, the charged and neutral mesons are assu- 
med to occur with equal probability. The branching 
ratio for the decay D *+ --,D~ § is taken as 50% 
[25] and the 7~ + included in the leading multiplicity 
count. Then, using the measured D +, D O charged mul- 
tiplicities of 2.16_+0.11_+0.12 and 2.47_+0.10_+0.09 
respectively [26], the total leading multiplicity of c6 
events obtained is 5.11 _+ 0.21 _+ 0.20. (Multiplicity dif- 
ferences due to other c and b flavoured hadrons are 
not considered). 

Recent results on the charged multiplicity of ha- 
dronic events containing heavy quark jets are summa- 
rised in Table 2. Included in the table are the non- 
leading multiplicity contributions ( ( n , z ) = ( n ) Q  
--~nl)Q), the corresponding non-leading energies, 

* The mean charged multiplicity in e+e - --, qq(g)(g) events, ~n), 
arises from u, d, s, c and b production, depending on E~m, whilst 
the non-leading multiplicity, (n. l ) ,  is due to u, d and s fragmentation 
only. The relation between ~n,l) and (E , l )  is similar to that between 
(n )  and E~m only if multiplicity is independent of flavour content. 
This is, however, not  the case. Corrections have to be applied in 
order to obtain the mean charged multipicity due to the light u, d, s 
quarks, (n)q,  as a function of energy. Above the b b-threshold, ~n)q 
is taken to be 90% of (n) .  (This is based on the measurements  
of [28; 31] which find ( n ) q = l l . 6  and ( n ) = 1 2 . 8 7  at 27.3 GeV.) 
In the energy region between the c~ and bb-thresholds,  ~n)q is 
estimated to be 95% of (n) .  Below the c6 threshold, (n)q= (n) 
is taken. These corrections have a significant effect on the determina- 
tion of the non-leading energy 

(E,z),  (corrected to allow for u, d, s production only 
in the hadronisation) and the resulting mean of the 
fragmentation variables x~ and z(rec). The value of 
(z(rec)) is obtained from (xE) in the same manner 
as for the inclusive lepton analyses (Fig. 2). 

It is seen from Table 2b that the results of the 
multiplicity of b b- events give a very hard fragmenta- 
tion for the b quark, with the mean value of z being 

z rec 0 94 + 0.02 + 0.04 ( ) )b= " --0.02--0.04" This is in apparent dis- 

agreement with the determination from inclusive lep- 
ton production. The multiplicity results, however, suf- 
fer from the following systematic uncertainties. The 
analysis procedure used was to study hadronic events 
tagged by a lepton with high transverse momentum 
relative to the jet axis. The b contribution in this b 
enriched sample was determined from a fit to the p, p• 
spectra of inclusive leptons, performed in terms of 
the semi-leptonic branching ratios and fragmentation 
functions of heavy quarks. However, as demonstrated 
in [15], when such fits are performed in terms of the 
fragmentation variable xE (4), the results of the semi- 
leptonic branching ratio measurements are highly af- 
fected by systematic uncertainties in the fragmenta- 
tion process and QCD calculation leading to an 
overestimation of the semi-leptonic branching ratio 
of the b quark*. In such cases, the actual b content 
of the b enriched sample is lower than that estimated 
from the fit. Consequently, the correction for the 
background contribution in the b enriched sample 
is underestimated, leading to an underestimated mul- 
tiplicity measurement of b jets. This in turn results 
in an overestimation of the mean of the fragmentation 
variables xE and z(rec)! 

Such systematic errors are present in the determi- 
nations of (n)b of [23; 29]. The corresponding effect 
in the determination of the flavour content in the 
c enriched sample [23] (tagged by a lepton with low 
transverse momentum relative to the jet axis) is an 
underestimation of the c content, leading to an over- 
estimation in (n)c and consequently an underestima- 
tion in (xE)c and (z(rec))c. In [21], the flavour con- 
tent in the c and b enriched regions was determined 
from a fit to the inclusive lepton sample employing 
the fragmentation variable z~ (6). However, e,~ was 
fixed to 0.25, which although considered at the time 
to be a good representation of the charm fragmenta- 
tion in terms of xE, is not a valid representation in 
z. This directly effects the determination of both the 
c and b semi-leptonic branching ratios. 

* This is further supported by the observation that analyses using 
the variable xE and varying both fragmentation parameters ec and 
eb of the Peterson function, give the highest values for the b semi- 
leptonic branching fraction ( ~  25% higher than the world average) 
[15] 
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Table 2a, b. Results on a charm and b bottom fragmentation from charged multiplicity measurements. Eem(ef 0 is the effective centre 
of mass energy after accounting for the effect of initial state radiation. The method column indicates the procedure used to identify 
the heavy quark jet (i.e. identification of D* or inclusive lepton). The jet opposite to that containing the D* or lepton is then studied 
(apart from [21] which determines the multiplicity of the entire event and then allows for the bias of the lepton). The systematic error 
given in brackets in the final column refers to the uncertainty in extracting (z(rec)) from (x~) 

II 

Expt. Re[ E~m(eff) Method (n)c (n,,t)c (E,~)c (x~)~ (%) (z(rec))c (%) 

TASSO [27] 34.4 GeV D* 15.0T 1.0 T 0.6 9.9T- 1.0-T- 0.6 

HRS [28] 27.3 GeV O* 13.2-T- 0.4-T- 0.5 8.1 -T 0.4 T- 0.5 

MARK II [21] 29 GeV 1 13.2T0.5T0.9 8.1T-0.5T-0.9 

TPC [23] 29 GeV l 13.5 T-0.9-T-0.9 8.4T0.9 T0.9 

--3 --2 + 9+ 6 + 9+ 6 
20 +4 +3 4 2 - 1 2 -  9 5 4 - 1 2 -  9 (+3) 

--1.6--2.0 + 6+ 8 + 6+ 8 
14.4+1.0+1.3 47__ 3-- 5 59__ 3 5 (+3) 

--2.0--3.2 + 7+11 + 7+11 
14.4+1.3+3.0 5 0  4--10 64__ 4__10(• 

--3.0--3.0 +11+11 +11+11 
15.0+3.2+3.2 48__11__11 61__11__11 (• 

b 

Expt. Ref. Ecm(eff ) Method (n)b (n,l)b (E,l)b (x~)b (%) (z(rec))b (%) 

MARKII  [21] 29GeV 1 16.1 T-0.5 T1.0 5.1T0.5T-1.0 

TPC [23] 29GeV 1 16.7 T1.0 T-1.0 5.7T-1.0T1.0 

DELCO [29] 29 GeV l 15.22~0.92-T-0.94 4.2-T-0.9-T- 1.0 

- -0 .8 - -1 .8  + 3 + 6  + 3 + 6  
5"7+0.9+1.8 80__3__ 6 93__3__6(• 

--1.7 1.7 + 6 + 6  + 6 + 6  
6.7+2.2+2.2 77 8 8 90 - -8 - -8 ( •  

--1.7--1.9 + 6 + 7  + 6 + 7  
4"0+1.7+1.8 86__6__ 6 100__6__ 6 

For  these reasons, in determining (z(rec)),  only 
the results of multiplicity measurements of heavy 
quark jets tagged by a D* are used. This yields 

(z  (rec))c = 0.58 + 0.05 + 0.05 
- 0.03 - 0.04" 

Summary and outlook 

The use of various fragmentation variables in inclu- 
sive lepton production in e + e annihilation has been 
investigated. Their differences have been resolved, 
providing a common basis for comparison of experi- 
mental results. This basis is the fraction of the sum 
of the energy and momentum of the primary quark 
(after allowing for the effects of initial state radiation 
and gluon bremsstrahlung) retained by the primary 
hadron. The value of this fraction, as reconstructed 
from the parton and hadron final state momenta  and 
energies, z(rec), tends to be larger than that allocated 
by the primordial fragmentation function, z(pri). The 
effect is particularly significant in events in which a 
hard gluon is emitted. The overall combined mean 
value of (z(rec)) e and the corresponding value of 
ee(z(rec) ) is determined to be 

(z (rec))~ = 0.67 _+ 0.02 _+ 0.02, 

- 0 . 0 1 - 0 . 0 1  
e~ (z (rec)) = 0.06 + 0.02 + 0.02 

(z  (rec))b = 0.83 _+ 0.01 _+ 0.02, 

- 0.001 - 0.002 
eb (z (rec)) = 0.006 + 0.001 + 0.002 

for an unknown mixture of c and b flavoured hadrons 
respectively. These results lead to an estimate for the 
ratio of the squares of the masses of the b and c 

M 2 + 4 + 5  
quarks of ~-,2 = 10 - 4 '  in good agreement with 

Mc --2 
an expectation of about 10. 

In optimising the Lund Monte  Carlo simulation 
model, the values of eQ(z(pri)) required by the primor- 
dial fragmentatioin functions to produce the above 
determined values of (z(rec))Q depend on the value 
of 7~ and the value of Ymln used at a given centre 
of mass energy; e.g. using c~s=0.165, and ymi,=0.015 
the optimum values at PEP and P ETRA  energies are 
respectively: 

Ecru=29 GeV: ec(z(pri))=0.10, eb(z(pri))=0.015 

Ecru=35 GeV: e~(z(pri))=0.09, zb(z(pri))=0.012. 
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A further independen t  me thod  of extracting infor- 
ma t ion  on  the heavy quark  f ragmentat ion,  arises from 
measurements  of the charged mult ipl ic i ty  of hadron ic  
events con ta in ing  heavy qua rk  jets. Had ron i c  events 

tagged by a D* yield (z( rec) ) r  +0"05+0"05 
- 0.03 - 0.04 

which is consis tent  with the de te rmina t ion  from inclu- 
sive lep ton  product ion .  Charged mult ipl ic i ty  measure-  
ments  of hadron ic  events tagged by an inclusive lep- 

ton  yield (z(rec))b = 0.94 + 0.02 + 0.04 - 0.02 - 0.04" However,  the 

present  measurements  suffer from significant systema- 
tic errors arising from the incorrect  de te rmina t ion  of 
the f lavour conten t  of the inclusive lepton sample. 

The results of the charm f ragmenta t ion  can be 
compared  with the de te rmina t ion  from D* measure-  
ments  which gives (z(rec))c = 0.70__+ 0.01 + 0.03 [8]. In  
mak ing  such a compar ison ,  it is no ted  that  the value 
of (z(rec))~ result ing from inclusive lep ton  analyses 
and  charged mult ipl ici ty measurements ,  is expected 
to be slightly softer than  that  arising from D* measu-  
rements,  as the former is an  average of an  u n k n o w n  
mixture  of p r imary  mesons  and  baryons.  (Recall from 
(3) that  a D~ (or D*) meson,  for instance, gives a larger 
value for e~, and  therefore a softer f ragmentat ion,  than  
a D (or D*) meson.) 

Final ly,  despite the popu la r  use of the Peterson 
form of f ( z )  to determine the ( z )  of heavy hadrons,  
it is stressed that  its der ivat ion is relatively naive and  
it would  indeed be surpris ing if it were to provide 
the ul t imate  descript ion of the data. Wi th in  the limi- 
ted statistics however, the d is t r ibut ion  of the D* cross 
sections is found to be in accordance with the Peter- 
son f ragmenta t ion  funct ion,  when  fitted as a funct ion 
of z ra ther  than  xe [8]. The J A D E  col labora t ion  [15] 
recently showed that  the Peterson form also gives a 
good representa t ion  of bo th  the charm and  b o t t o m  
fragmentat ion.  A fit was performed to the p, P_t spec- 
tra of inclusive m u o n s  by dividing the z(rec) region 
of the L u n d  Mon te  Carlo  model  into several intervals, 
and  weighting these intervals  wi thout  assuming  any 
funct ional  form for z(rec). The mean  and  rms  values 
of z(rec) as de termined from the 'free fit '  are in good 
agreement  with those de termined from a fit to the 
Peterson func t ion '  

free fit 

(z(rec))c +__ A z(rec)c = 0.74 _+ 0.20 

(z  (rec))b _+ A z (rec)b = 0.88 _+ 0.07 

Peterson 

0.77-t-0.16 

0.86-t-0.12. 

The statistical significance of this result is still limi- 
ted however. More  da ta  are required to achieve any  
reasonable  sensitivity to the detailed shape of the frag- 
m e n t a t i o n  function.  However,  with P E T R A  experi- 
ments  having accumula ted  a further ~ 90 p b -  t of lu- 

minos i ty  at ] ~  = 35 GeV in 1986 (more than  doub l ing  
the previous statistics at this energy), and  PEP experi- 
ments  total l ing over 200 p b - 1 ,  a more  precise deter- 
m i n a t i o n  of the funct ional  form of the f ragmenta t ion  
function,  enabl ing  more  s t r ingent  tests of f ragmenta-  
t ion models  to be performed, is awaited. 
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