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By the use of the Klein method instead of the theta-function method of Jacobi we are able to relate a conformal quantum theory
on Riemann surfaces to the corresponding flat-space field theory and its Virasoro algebra. Physical positivity holds on a distin-
guished real subset in the manifold with nontrivial Hausdorff dimension which in the general case g> | cannot be shifted by a
hamiltonian. Our picture of obtaining curved two-dimensional quantum field theories by applying a special diffeomorphism to

flat ones resembles that of the Hawking-Unruh effect.

The modern covariant formulation [1] of relativ-
istic strings is based on perturbative Feynman in-
tegrals. The g-loop order requires the study of special
two-dimensional conformal quantum field theories
on Riemann surfaces of genus g and their depen-
dence on Teichmiiller parameters. Using the method
of Jacobi, physicists have learned *' how to calculate
free-field genus-g correlation functions of arbitrary
spin in terms of Jacobi theta functions. The price to
be payed for this formal elegance was very high (up
to now). There is no simple natural relation of this
approach to the flat-space conformal invariant field
theory with its circular diffeomorphism group and
the Virasoro algebra. From experience with the g=1

compact formulas, nevertheless has the elegance of
a field theoretic method. Let us first revisit the g=1
case. Consider first the special case of an s=1 field
(a current) on a rectangular torus. By averaging over
the lattice points (n,mf), I define a new field on the
u light-cone:
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For positive m this 1s the action of the semigroup of

the light-cone hamiltonian on a free field. The sum

in (1) ranges over N lattice points with N—co. The

two-point function

case and its temperature formalism, one knows that I (W) =_1_. __1_’ (2)
there exists a one-dimensional “‘real” submanifold 271 (u~u' —~ie)?
on which the free-field correlation functions for spin . .
s#0 fields are positive definite in the sense of implies
Wightman, 1.e., have positive-definite Killen- TPTH ) y = Y (T gy (1)
Lehmann spectral functions. Using the @-function nom )
representation it becomes however quite cumber- 1 )
some to derive this unitarity statement, even in the =-— - -
case g=1. In the g> 1 case I have not beeen able 10 27 "Z”,(u—u +ntifm)?
see a generalization of this unitarity structure by just 1 1
studying the explicit #-function representation *. T miu—u —ie
There exists however an alternative method which,
although not leading (up to now) to such elegant -1— ¥ ( ! .
271 (2 0y \(u—u' +n+ifm)?
#! See ref. [2] for a recent account.
#2 ] am indebted to R. Schrader for informing me that D. Friedan _ 1 ) . (3)
is working on this problem. (n+ifm)?
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The last expression has been obtained by symmetric
summation in m and represents the Weierstrass p-
function restricted to the real light-cone variable z=u.

The positivity follows either directly from (1) by
smearing with an (anti)analytic test function or from
the form of the Kéillen~-Lehmann spectral function
(the Fourier transform of (3)):

pPP(P)=0(p)p*?8per (D)
X Y, [exp(Bnp) +exp(—pBnp)] . (4)
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Three comments are in order:

(1) Spinors have nontrivial transformation law
under global conformal transformations: they live on
a two-fold covering of Minkowski space. Appropri-
ate signs in the sum (1) can easily be attached, which
account for the different spin structures on the torus.

(2) The correlation functions of J* for T complex
is not positive definite. However, if one adds the
conjugate situations — ¥, positivity is restored. For
string theoretic purpose this is sufficient for getting
positivity after integration over the Teichmiiller pa-
rameter 7.

(3) The resulting torus correlation function has
the remaining H-symmetry. The existence of an abe-
lian symmetry implies the positivity on each real line
parallel to the light-cone line. This means that the
(thermal) reference state, which is obtained via the
Gel’fand-Segal reconstruction of the Hilbert space
from the set of positive expectation values, is not a
lowest weight state of the symmetry generator. To be
more precise, there are two operators H. One is ob-
tained by integrating the hamiltonian density. This
operator is bounded below, but the thermal refer-
ence state i1s not an eigenstate. The symmetry gen-
erator on the other hand cannot be obtained in the
field algebra. Its construction requires the additional
use of the nontrivial commutant of the field algebra,
which turns out to be (anti)isomorphic to the field
algebra [3]. These two copies exist also for the total
Virasoro algebra.

The generalization of this construction to g>1 is
conceptually simple but computationally involved.
Take a fuchsian group G, i.¢. a discrete subgroup of
SL(2,R) generating the particular compact Rie-
mann surface [4]. Such a group is generated by a fi-
nite number of elements. These elements correspond
to the fundamental domain which has a hyperbolic
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polygon as its boundary. Such a polygon can always
be choosen to touch the light-cone. A polygon side
which lies on the light-cone (i.e. the real axis) is called
a free side and the others are inner sides. Inner sides
are pairwise equivalent by the generators of the fuch-
sian group but free sides remain distinguished. Let
us again consider an s=1 free field 7(») which has
a trivial transformation law under the covering
SL(2,R). In analogy to the previous case we define

N
JSw=lim —= ¥ UJIWU (). (5)
Novoo o/ N gieG
Now the U are true unitary operators in the Fock
space. The Nth approximant clearly leads to a po-
sitive-definite two-point function and this state of
affairs cannot change in the limit N—oco. The re-
sulting two-point function
Ty = Z(‘<J(u)U(g,)J(u’)>o (6)
giels
depends on the particular fuchsian group. The free
side of the polygon lying on the original light-cone is
the real submanifold on which one has Wightman
positivity. It is distinguished and unlike the torus case
there exists no hamiltonian which shifts it to other
places. The free line represents points which in the
hyperbolic metric are at infinity, i.e. such a situation
describes a noncompact surface. For a compact Rie-
mann surface a point on the light-cone line can be
represented by a sequence of points on the surface,
i.e., the distinguished set is not a smooth one-di-
mensional submanifold but rather a quite compli-
cated topological subset of Hausdorff dimension
larger than one. The field theoretic generation of the
Teichmiiller parameters proceeds as follows. Con-
sider special non-MGbius diffeomorphisms of
Diff(R) ~ Diff(S') generated by the subgroups be-
longing to the infinitesimal generators Ly, L,, L_,.
These transformations have the form

u—fo(u)=(h; " eA-h,)(u) . (7)

h is a covering transformation which in the compact
(S') language corresponds to

hizoz",
whereas

A= (au+b)/ (cu+d) . (8)
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The result of all three transformations is a bona fide
(non-covering) transformation from Diff(R). In ad-
dition to demanding f{ +co0) = +co we normalize the
fat two finite points, say f{0) =0 and f(1)=1. For
odd # the only normalized maps of the form (7) are
the identity. For n=4m+ 2, the Mbius part consists
of just the translation, whereas for n=4m one ob-
tains all affine Mébius transformations. A straight-
forward calculation reveals that for u,>0

1 <f(u1 +uy) —flu)
c, Sy —fluy —uy)

where ¢, depends on # but not on u,. Diffeomorph-
isms with this property are called (normalized)
‘“‘quasisymmetric” transformations. They form a
subgroup of Diff(R) and possess a deep relation to
the Beltramie form and ‘‘quasiconformal” transfor-
mations [4]. They form the points of the universal
infinite-dimensional Teichmiiller space used by Bers
[5]. The smallest ¢, is a measure from the distance
to a M&6bius transformation which in the case of our
normalization must be the identity. The finite-di-
mensional Teichmiiller spaces of compact Riemann
surfaces are subspaces of a quasisymmetric diffeo-
morphism fullfilling

<c, , (9)

(fGf~")(u) =Mobius transformation , (10)

where G represents the previously introduced Fuchs
group. If the set of Mobius transformations on the
right-hand side form again the group G, i.e., for au-
tomorphisms f of G one obtains the so-called mod-
ular transformation. Dividing out this discrete group
of diffeomorphisms one descends from the Teich-
miiller space of all “G-covariant” diffeomorphisms
(10) to the Riemann moduli space. It is fairly easy
to see that the level-n quasisymmetric transforma-
tion of form (7) can never have property (10); one
needs infinite products
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The ansatz (11) may be converted into a Virasoro
algebra relation by using the fact that the £, lic on one
parametric subgroup. The only finite transforma-
tions with such a relation in the Virasoro algebra are
the unitary representations of the fuchsian group G.
We hope to return to some explicit algebraic calcu-
lation identifying elements of the Virasoro algebra
(involving infinite high level elements) with the tan-
gent vectors to the origin of Teichmiiller space. Our
main purpose in this note was to point out that there
exists a thoroughly quantum field theoretical ap-
proach to Riemann surfaces and Teichmiiller spaces
in which the link with the flat-space conformal field
theory with its Virasoro generators is essentially used.

In some sense our approach resembles the
Hawking-Unruh [5] construction of generating new
correlation functions with horizons and a Hawking
temperature ( —Teichmiiller parameters?) by doing
just (acceleration) transformations on flat-space
correlation functions. Related mathematical topics
are the determination of the commutant algebra for
the J“ and the connection with possible modular
properties of the local algebras of quantum field the-
ory [6].
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