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A b s t r a c t .  Instead of the quark confining string model 
(QCS) used in [43, a bag model approach to the inter- 
mediate states in hadronic transitions in heavy QQ 
systems is studied. The calculation is based on a 
spherical bag model with Born-Oppenheimer approx- 
imation. It is shown that the spectra of intermediate 
states in this approach are quite different from those 
obtained in the QCS model, while normalized by the 
experimental data of F ( ~ ' ~  ~ n n) the two approaches 
give very similar results for most of the hadronic tran- 
sition rates in the bb-system. This shows that the 
results in [4] are not sensitive to the models of the 
intermediate states. The present approach can also 
be applied to the study of intermediate states includ- 
ing light quarks. 

Hadronic transitions play important roles in heavy 
quarkonium physics. They are dominant decay modes 
of ~' and Y', and most promising processes for reach- 
ing the interesting 1p~ states of cg and bb-are related 
to hadronic transitions [1]. In most hadronic transi- 
tion processes, the emitted light hadrons are soft, so 
that perturbative QCD does not work. Due to the 
smallness of the sizes of heavy quarkonium states, 
multipole expansion in QCD has proved to be useful 
[2]. A general formalism of multipole expansion in 
QCD describing hadronic transitions has been given 
by Yan [3]. For  example, the E 1 - - E l  transition am- 
plitude for 4~ i--* ~s + n + n is [3] 

MEIEX = i (g2 /6  ) ( l~ f  7"/" 7~ I 

�9 x .  o ~ ( E i -  H 8 - - i D o ) - i x  �9 ~ I~,) (1) 

�9 Work supported by the Science Fund of the Chinese Academy 
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where 4~ i and 4~f are, respectively, the initial and final 
quarkonium states, x is the separation between the 
heavy quark Q and antiquark (~, ~ is the colour elec- 
tric field, Ei is the energy of 4~, H 8 is the Hamiltonian 
of the colour octet QQ system, and the covariant de- 
rivative Do is 

Do = •o-- g A0. (2) 

The diagram for this process is dipicted in Fig. 1. 
There are two fundamental difficulties in the eval- 

uation of (1), namely: 
i) Lack of the information about the intermediate 

states. The intermediate state contains a soft gluon 
and a colour-octet QQ pair. It is difficult to treat 
this QQg system from the first principle of QCD, 
n o r  can the knowledge of it be obtained from the 
known static potential for colour-singlet Q(~ pair. 

ii) The mechanism for the conversion of gluons 
into light hadrons (hadronization) is not known�9 

lighl 
hadron$ ? 

Fig. i.  Amplitude for hadronic transition between heavy quarkon- 
ium states q5 i and ~s 
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In [4], quark confining string (QCS) model [5] 
is adopted to describe the intermediate states, and 
therein the gluon degree of freedom resides in the 
vibration of the string. Spectrum and wave functions 
of the intermediate states are obtained by solving the 
Schr6dinger equation for QQ system with an effective 
static potential given by the first vibrational mode 
of the string. In this approach (1) is factorized into 
a heavy quark factor and a hadronization factor 

ME,el = i(g2/6) (Of[ Xk(Ei-- Hv) -1 x z [Oi) 

�9 <nnl gkPgz 10) (3) 

where H~ and P are the effective Q(~ Hamiltonian 
and the projection operator  for the sector of the first 
vibrational mode of the string, respectively�9 The heavy 
quark factor in (3) is completely calculable and the 
hadronization factor can be treated with the soft pion 
technique. Using the experimental data of 
F ( t p ' ~ n n )  as input to determine the overall un- 
known constant in (3) one can predict E 1 - -E 1 transi- 
tion rates between various bb-states. Similar treat- 
ment can be applied to calculate q-transitions like 
r ' ~  r + q .  In [4] many predictions are made in this 
way and they are in good agreement with experiments 
[1, 4]. 

At present, no string vibrational states have been 
observed. One may ask if the existence of such vibra- 
tional states is crucial for the success in [4]. Further- 
more, when coupled channel effect is considered, light 
quark pair qc7 can be created in the intermediate 
states and therefore states like Q~g are relevant to 
hadronic transitions. It is difficult to deal with such 
Q~g states in the framework of QCS model. In view 
of all these, alternative approaches to the intermediate 
states are worth investigating. In this paper, we use 
the MIT bag model to calculate the QQg states as 
an alternative approach to the intermediate states. 
We shall see that the spectra of intermediate states 
for c g and b b- systems in bag model approach are 
quite different from those obtained from the QCS 
model, while normalized by the data of F(O'--, O nn) 
the two approaches give very similar results for most 
of the hadronic transition rates in the bb-system. (The 
only exception is F(F"-~ Fnn) which depends strong- 
ly on the shape of the bag and should be treated 
more carefully.) This means that the success of [4] 
does not depend strongly on the specific spectrum 
of the intermediate states. Since in MIT bag model 
QClg states are also calculable, this approach gives 
the possibility of studying the details of coupled chan- 
nel effect in hadronic transitions. 

In bag model, the first emitted gloun (colour-octet) 
is put in a bag together with the colour-octet QQ 
pair to form a colour-singlet system. This kind of 

"hybr id"  has been studied by several authors [6-8]�9 
The calculation is based on the Born-Oppenheimer 
approximation which contains two steps�9 In the first 
step, the heavy Q and Q are treated as fixed sources 
with separation r =  ]x]; the gluon field inside the bag 
is obtained by solving the classical field equations 
with the bag boundary condition; and the shape of 
the bag is determined by minimizing the total static 
energy of the system with respect to the variation 
of the shape�9 This determines the shape as a function 
of r. The second step is to solve the non-relativistic 
Schr6dinger equation for QQ with the total static en- 
ergy (as a function of r) as the effective static potential, 
and this will give the spectrum and wave functions 
of the intermediate states�9 With this treatment, the 
transition amplitude (1) is also factorized 

Melel = i(g2/6) <%1Xk(Ei--Hn) -1 Xl IOi) 

�9 ( ~ 1  ~ ;  10). (4) 

where H B is the above mentioned effective QQ Hamil- 
tonian in bag model approach. The hadronization 
factor can again be treated with the soft pion tech- 
nique and so the only thing is to calculate the heavy 
quark factor. Let IKL) 8 be the intermediate state cal- 
culated from bag model with principle quantum 
number K and angular momentum L. Equation (4) 
may be written as 

M~IE 1 = i(g2/6 ) ~ (%1Xk [KL)BB (KL[ x z [Oi) 
K,L  Ei--E~L 

with E[L the eigenvalue of HB. MElm can be evalu- 
ated once E~L and [KL)B are known. 

For  simplicity, we consider here only the simplest 
spherical bag with radios R. This is good for small 
Q(~ separations. In most of the interesting transition 
processes, the first few low lying IKL)B states domi- 
nate in (5). So that the spherical bag model is a good 
approach. The only problemable process is 
F"--~ Y+ n + n in which there is a delicate cancellation 
between various terms in (5) and higher ]KL)~ states 
give significant contributions. Thus bag shape defor- 
mation may be important  in this process and the sim- 
ple spherical bag result cannot be taken seriously. 

It has been shown that from the phenomenologi- 
cal point of view the surface energy of the bag can 
be ignored [6]. Thus in Coulomb gauge the Hamil- 
tonian of the system with Q and Q at rest is [9] 

H = 2 m e + (4 n/3) R 3 B 

t l  f d 3 x ( ~ .  ~ q_ ~ .  �9 ~_~_ ~a .  ~a) (6) ~J 

where B is the volume energy density required to 
create the bag phase and the transverse and longitudi- 



nal components of o ~ are defined by 

V. 8~.= 0, V x o~ = 0. (7) 

To determine B, let us consider the colour-singlet 
QQ system. In general, when r becomes large com- 
pared with B -1/4, the spherical bag should deform 
into cylinderlike shape like a string. The string tension 
2 is related to B through [6] 

2-- [(32/3) rc ~s B] 1/2, (8) 

where ~s=gZ~/4~ is the fine structure constant of 
QCD. In this paper we take the Cornell Coulomb 
plus linear potential model for the colour-singlet Q(~ 
system 

V(r) = -- ~c/r + 2 r 
2 = 1/a 2, a = 2.34 GeV - 1 

f0.52, c 
to-- (4/3) cq = ~.0.48, b b-' (9) 

m~ = 1.84 GeV, m b = 5.17 GeV. 

This leads to 

( 2 . 5 5 x 1 0 - 3 G e V  4, cC 
B =  1 (10) 2.76 • 10- 3 GeV 4, b b-. 

Next we consider the gluon field energy 
1 f d 3 x ( ~ . . ~ . + ~ . ~ - )  for the QQg system�9 In bag g J  
model, perturbative QCD is assumed to be applicable 
inside the bag. To zeroth order, quark-gluon and 
gluon-gluon interactions are neglected and this field 
energy can be obtained by solving the Maxwell equa- 
tions in the spherical bag with bag boundary condi- 
tions. It has been shown that [6] 

1 f d 3 x ( ~ . . ~ + ~ a . ~ . ) = z / R .  (11) ~ J  

The value of Z depends on the eigen modes of the 
fields. For the lowest TE and TM modes, 

f2.744, lowest TE mode ( j e =  l+) 
Z=(4.493, lowest TM mode (je= 1 -). (12) 

In E 1 -  E1 transitions, the gluon in the intermediate 
states should have the quantum number j r = l - .  
Therefore we should take the lowest TM mode with 
Z=4.493. 

Finally, the Green's function satisfying the spheri- 
cal bag boundary condition is [-6, 9] 

1 1 0~ l + l  {Ixl Ix']y 
ix-x'l 

/ X . X ' \  
(131 
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With the help of this Green's function, the longitudi- 
nal colour electric field energy 1 f d3x~[,  o~ can be 2 J  
written as 

= (g2/2) ~ d 3 x d 3 x' [ ,pa (X) +fabc ~P~ (X)" A c (x)] 

�9 G (x, x') [p~ (x') +Lbc o~r b (x'). A c (x')] (14) 

where s is the colour SU(3) structure constant, p"(x) 
is the colour charge density of the heavy quarks. For 
simplicity, we can approximately take the gluon col- 
our charge density fabc~Pr(X)'AC(x) to be uniform in- 
side the bag. It has be been shown that this approxi- 
mation is adequate within a few MeV [-7]. With ele- 
mentary calculations (14) can be written as [-6, 7] 

�89 ~ d 3 x o~[ - ~ = (1/6) (~Jr) 

F 

+ (a JR) [ -  6 + (3/8) (r/R) 24 

[ 

3) 
r 4 

1 - - - -  
16R 4 

7 4 R 2 -+- r 2 ( r )  1 
+ 1 2 1 n 4 R  2 _ r  2 (3/4) 1n 1 -  . 

The Hamiltonian (6) for the QQg system is then 

H (r, R) = 2 m e + (47r/3) R 3 B + z/R + (1/6) (es/r) 

+("s/R) 

_ { 7 [ r ~  2 3 
\24 \R] + 2) 

6 + (3/8) (r/R) 2 -[ r4 

1 -  16R~ 

(3/4)1n(1- r l ~ ) l .  
7 4R2+r 2 

+ ~ l n 4 R 2  r2 

(15) 

(16) 

In Born-Oppenheimer approximation, the bag ra- 
dius R is determined by the stationary condition 

~?H (r, R) 
0. (17) 

OR 

Equation (17) can be solved numerically to get R 
= R (r) and the function R (r) is shown in Fig. 2. The 
effective static potential between Q and (~ in the inter- 
mediate states is then 

V~(r) = H (r, R (r)). (18) 

The shape of VB(r) is shown in Fig. 3. For large r, 
VB(r) increases more rapidly than a linear potential 
does as r increases. 
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Fig. 2. The function R=R(r) obtained from (18) 
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Fig. 3. The effective static potential V~(r) for intermediate states in 
the c 5 and b b systems. The constant  term 2 m e is not  included 

Table 1. Comparison of the spectra of intermediate states obtained 
from the bag model and the QCS model for the c ~ and b ~ systems 

E~L (GeV) 

i S  1P 2P  3P 

C5 BAG 4.83 5.48 5.83 6.21 
QCS 4.03 4.30 4.64 4.95 

bb BAG 11.92 12.00 12.19 12.40 
QCS 10.46 10.75 10.98 11.19 

The next step is to solve the Schr6dinger equation 
numerically with the static potential VB(r) and get all 
E~L and IKL)B needed in (5). The values of various 
E~L's are listed in Table 1. We see that they are all 
much higher than the corresponding values in the 
QCS model [4]. 

Let 0,,h(r), ~,,sl~(r) and 0~L(r) be the radial wave 
functions of the initial quarkonium state, final quar- 
konium state and the intermediate state, respectively. 
Define 

2 s&.,,, 
K 

_ x~ <6,,,tz[ r I~L> <6~cl r [6,n,,> 
(19) Z. 

K M i -  E~L 

With the soft pion treatment of the hadronization 
factor in (5), the transitions rates for various initial 
and final quarkonium states are [43: 

F(n~SI_~n}S ,  +~§  1 2 Glf. ,o, . ,ol  (20) 

U13D~-~13S~+rc+rO=(4/15)lCzl2Hlfl2,~ol 2 (21) 

r ( . ,  ~ eo --. n} Po + ~ + ~) 

=(1/9) Lc112 GIf~  + 2f~,.~112 (22) 

F(n~ Po -* n} P2 + ~ + ~) 

=(10/27) IC2l 2 U l f ~  + (1/5)fza,.eal 2 (23) 

r(n2 Po -* n} P, + ~ + ~) 

= F(n~ P~ --, n} Po + ~ + ~) = 0 (24) 

r(n 3 Px -* n)  P~ + ~ + ~) = r(n 2 Po -* n} Po + 7r § ~) 

+ (1/4) r(n2 Po -~ n} Pz + ~ + 70 (25) 

r(n~ P--, . }  5 + . + . )  

= (3/4) F(n~ Po ~ n} P: + ~ + re) (26) 

r(n3i P2 -* n} Po + rc + ~) 

= (1/5) r(n~ Po ~ n} P2 + ~ + ~) (27) 

r(n~ P2 -* n) 1:'1 + ~ + ~) 

= (9/20) r(n2 Po ~ n} P2 + 7c + To) (28) 

r(n2 P~ -.  n} P2 + ~z + ~) = r(n~ Po -* n~r Po + TC + ~) 

+ (7/20) F(n~ Po ~ n} P2 + ~z + ~) (29) 

F(H 3 5 1 ~ " ~  $1 § ~) 

=(8/27)(Mf/Mi)(uZ/m~) 2 1 2 3 IC~l I f ,  o,.,ol q. (30) 

where G and H are phase-space integrals 

G = (3/4)(MI/Mi) ~r 3 S dM2~ 

4rn~1/2 
�9 K 1 - ~  ( i L - 2 m ~ )  2 

M~,]  
(31) 



H = (1/20) (Mg/Mi) n 3 S dM2,~ 

�9 K ( 1  --M~z'~)4m2\l/2F[(M~--2 4m2)2 (1 + 3 M~2~)2 K 2 \  

+ ( 8 / 1 5 )  4 2 2 (M== + 2m= M~= + 6m~) (32) 

with 

K - (1/2 Mi) [ (M i + M r )  2 - -  M ~ J  1/2 

2 2 1/2 �9 [ ( M , - - M y )  - M ~ J  , (33) 

q, is the m o m e n t u m  of t/, C1, [C2[=3[C1[ and C3 
are u n k n o w n  constants.  Equat ions  (24) (29) are de- 
rived f rom the general proper ty  of  mult ipole expan- 
sion. 

The u n k n o w n  constants  IC d and FC3[ can be de- 
termined by using the known  results 

F ( O ' ~ n n ) = B R ( O ' - - r ~ k n n  ) �9 Ftot(~k' ) 

F(O'-- .  ~9 q) = B R ( 0 ' ~  ~ q) .  Fto,(0') 

F, ot (~') = 215 _+ 40 keV (34) 

BR(O'--+O n n ) = ( 5 0  + 4)% 

BR (0 '-+ 0 t/) = (2.7 _+ 0.4)% 

as inputs. The so calculated transit ion rates (20)-(30) 
and the cor responding  branching ratios are listed in 
Table 2. The total widths of  various q u a r k o n i u m  
states needed for calculating the branching ratios are 
obta ined by adding the hadronic  transi t ion rates to 
the partial widths given in Table 3 of  [4]. We also 
list in Table 2 the cor responding  results obta ined 
from the QCS  model  [4] and  some k n o w n  experimen- 
tal da ta  for comparison.  We see that  except for the 

Table 2. Hadronic transition rates and branching ratios in the bb 
systems. The total widths needed for computing branching ratios 
are obtained by adding hadronic transition rates in the table to 
the partial widths given in Table 3 of [4] 

BAG QCS 

F BR F BR 
(keV) (%) (keV) (%) 

Experi- 
ment 
BR (%) 

r ' ~  Yn n 8 30 7 27 
r " ~  Fn+n - 0.2 1 0.4 2 
F"~ Fn + n- 4 16 0.2 1 
F"~ Yr/ 0.006 0.03 0.009 0.04 
2 3po ~ 1 aP 0 n n 0.4 0.06 0.4 0.06 
2 3P o ~ 13Pz n n 0.04 0 .006 0 . 0 4  0.006 
2 3P 1 ~ 13P1 n n 0.4 0.3 0.4 0.3 
2 3P1 ~ 1 aP2 n n 0�9 0.02 0.03 0.03 
23p2--+13PoTzn 0.01 0.004 0.01 0.004 
2 3p2---~ 13P1 7r 7c 0.02 0.01 0.02 0.01 
2 3P2 ~ 13P2 n n 0.4 0.2 0.4 0.2 
1 3D1~ Inn 22 24 

27.3-t-2.1 
3 +2 
4.5+0.8 
0.2 
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Table 3. Values of f~,,Ill  for F'~ Fnn, F"~ F'nn and F"-~ Inn 

Intermediate states 

1P 2P 3P 4P 5P 6P 

fzK~ lO 0.730 0.076 -0.051 0.045 
fKoa. 2 o 3.01 --0.46 0.08 --0.02 
f~o 1,1o --0.783 0 .852  0.122 --0.021 0.032 --0.020 

special process Y " ~ F n n ,  the two different ap- 
proaches  give very similar results. This means  that  
the results obta ined are not  sensitive to the change 
of  the models  for the intermediate states (spectra of  
intermediate states)�9 Thus  the success of  [4] does not  
depend on the existence of  the specific string vibra- 
t ional states�9 It is interesting to note  that  all E~L'S 
for the b b system lie beyond  the scanned region in 
present experiments�9 

The calculated B R ( F " ~ F n + n  - )  is larger than  
the experimental  value by roughly  a factor  of  four. 
This process is relatively complicated�9 Because F" and 
F a r e  not  ne ighbour ing  states, there are delicate can- 
cellations between various Q:o 1, 1o'S in (19) and the 
summat ion  converges ra ther  slowly, so that  contr ibu-  
t ions of  large K states are relatively impor tant .  This 
can be seen f rom the first six f ro  1, 1 o 's listed in Table 3. 
In states with large K, the separat ion between Q and 
Q are large and so the spherical bag approach  is not  
g o o d  for such states. Therefore bag shape deforma-  
t ion should be considered in this process and  the 
problem is rather  subtle�9 In  general, when r becomes 
large, the spherical bag is supposed  to deform into 
a cylinder-like one and the effective static potential  
will deform into a linear-like potent ial  which increases 
more  slowly than the present VR(r) does as r increases. 
Therefore E~L'S of  higher K states will be smaller than  
those obta ined f rom the simple spherical bag. Thus  
we expect a more  serious cancellat ion in (19) when 
bag shape deformat ion  is taken into account  and this 
will make  F ( F " ~  r n  n) smaller�9 Quant i ta t ive  discus- 
sion on the bag shape deformat ion  effect will be pre- 
sented elsewhere�9 

The present approach  can be applied to intermedi- 
ate states including light qua rk  q, say Q ~g, which 
will appear  when coupled channel  effect is taken into 
account�9 The coupled channel  effect in hadron ic  t ran-  
sition processes is more  complicated than it is in 
s tudying the static propert ies of  the colour-singlet  Q(~ 
systems�9 Detailed investigations of  coupled channel  
effect in hadronic  transit ions will be presented in a 
separate paper�9 
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