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Abstract. A convergence theorem is proved, which states sufficient conditions
for the existence of the continuum limit for a wide class of Feynman integrals on
a space-time lattice. A new kind of a UV-divergence degree is introcduced,
which allows the formulation of the theorem in terms of power counting
conditions.

1. Introduction

Feynman integrals on a cubic, four-dimensional lattice have a very specific
structure. In momentum space the integration domain is the Brillouin zone (BZ),
hence compact for every non-vanishing lattice spacing a. Instead of being rational
the integrand is a periodic function. If none of the propagators has vanishing mass,
and so we will assume throughout this paper, a Feynman integral is absolutely
convergent for every finite lattice spacing. We want to discuss the behaviour of such
inegrals if the cutoff is removed, i.e., if the lattice spacing a tends to zero.
There exists the well known power counting theorem of Hahn and Zimmermann
[1] which states sufficient conditions for the absolute convergence of ordinary
Feynman integrals. Convergence depends on the behavior of the integrand in
various sections of the integration domain where some or all integration momenta
get large. This behavior is described by use of UV-divergence degrees of the
integrand with respect to so-called Zimmermann subspaces, i.e., special classes of
affine subspaces of the integration momenta. If the divergence degrees with respect
to all these subspaces are smaller than zero, the Feynman integral will be absolutely
convergent. Unfortunately, this power counting theorem assumes a rational
structure of the integrand and hence does not apply to diagrams with a lattice cutoff.
Similar problems occur in connection with Weinberg’s power counting theorem [2].
In fact, it is meaningless to discuss naively large momenta on the lattice, the
integrand of a Feynman integral being periodic. Actually, if convergence holds,
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only a neighborhood of zero momentum in the Brillouin zone should contribute to
the continuum limit. Other contributions should vanish.

At first sight it seems reasonable to assume existence of the continuum limit of a
lattice Feynman integral if the naive g—0-limit of the integrand is integrable. A
simple counter-example shows that this is not so. Consider the one-dimensional

integral
u t 2 . ta\? 2. 2
nla <§ sin t—;) [cos2 112_a —C08? Ea} + (; sin 7[’) cos? %‘3 (; sin qz_a>
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The formal continuum limit is given by
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which is absolutely convergent, whereas expanding cos?(ga/2) yields

n
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for small a, i.e., Tis (linearly) divergent. This example shows that “continuum UV-
degrees” do not suffice to control continuum limit behavior of Feynman integrals
on the lattice. This means we have to take into account the lattice structure more
carefully. This can be done by introducing a new kind of UV-degrees which we shall
call “lattice UV-degrees.” It will be shown that they are suited to describe correctly
the leading term in a small a expansion of Feynman integrals. In some sense, these
degrees describe the behavior of Feynman integrals at large momenta and small
lattice spacing simultaneously. Using them, we formulate a power counting
theorem on the lattice which states existence of the continuum limit if all lattice UV-
degrees are smaller than zero. In a forthcoming paper this theorem will be used to
construct a general renormalization procedure for lattice field theories.

This article is essentially divided into two parts. The first part is devoted to the
lattice power counting theorem. In Sect. 2 we introduce the notion of a lattice UV-
degree for functions containing a wide class of Feynman integrands on the lattice.
We show that almost all properties one does expect of a degree are satisfied. In
Sect. 3 the power counting theorem is formulated, and the first steps of the proof are
donein Sect. 4. As will be seen the numerator of the integrand causes some technical
problems, but the integral is always bounded by a sum of generalized continuum
Feynman integrals. These are integrals which have a structure similar to Feynman
integrals in the continuum, but with a sharp cutoff and a more complicated
numerator. Hence it is necessary to have a theorem which states the cutoff
dependence of such integrals. Such an auxiliary power counting theorem is
formulated in Sect. 5, and in Sect. 6 it is shown that the numerator of a lattice
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Feynman integrand admits an estimate which allows application of this auxiliary
theorem to complete the proof of the power counting theorem in Sect. 7. The second
part of this paper is devoted to the proof of the auxiliary power counting theorem.
Section 8 contains technical lemmas, and in Sect. 9 the proof is given by induction
on the number of loops.

2. UV-Degrees on the Lattice

We shall consider momentum space-integrals of the general form

n/a

Iq;ma)= j d*k, ...d%*,,

—nja

(4
C(k,q;u,a)=ﬂ(m(za)+u?> . w>0,
i=1

Vik,q;u,a)

ML EY ks 2.1
Ck,q;p,a) ° @1

where

a

Zi(kaQ)zKi(k)'{'Qi(Q):‘;l Ciki+Qilg , i=1,....n,

and the Q; are linear (g represents the external momenta and k the loop momenta).
V and # are functions to be specified below. As explained in the introduction, to
discuss the behavior of the integral when the cutoff is removed, it does not suffice
to consider the continuum limit of the integrand only. We will now define special
classes of functions and for them a generalized notion of a UV-degree. These
degrees allow a generalization of the old power counting theorem [1] which can be
applied to diagrams with a lattice cutoff.

We shall consider functions of the lattice spacing a > 0, of “external” momenta w
and “internal” momenta u.

Definition 2.1. For arbitrary m e Z, we define %,, to be the set of functions ¥ in real
variables (u, w)=(uy, ..., up), (wy,...,w,) and a>0 of the form

1. Vu,wi;a)={(1/a™) F(ua, wa) ,

2. FeC” .
% is defined as the set of functions which are finite sums of functions in some %,,.

2.2)

C* is the set of infinitely often differentiable functions. To simplify the notation, we
shall use multi-indices. Set No=Nu{0}={0,1,2,...}. For be N§ and u e R" define

bl=bi!..b,), w=ult..ulr, b= b;.
i=1
The well known definition of a UV-degree of polynomials is given in Appendix C.

We now define the lattice version of a UV-degree of a function V € €, with respect to
internal momenta u.
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Definition 2.2. Let Ve €, be of the form (2.2) and r,, the largest non-negative integer
such that

b
(8_ F(u,w)) =0 forall beN§, |bl<r,. 2.3)

awb w=0
Then the UV-degree of ¥ with respect to () is defined by
degrpVe=m-—r, .

The UV-degree of a function Ve%,, with respect to internal momenta u is
determined by the asymptotic behavior of V for small external momenta w. Note

that always degrp;V <m. With respect to all variables, degf@ V=m, the set of
complementary variables being empty. If for all &

OV F(u, w)
awb w=0

we set degral'= —co. Note that, contrary to the definition of a polynomial degree,
we never fix external momenta.

This form of a degree will be useful later in many circumstances, e.g. in prov-
ing convergence of renormalized Feynman integrals. An equivalent, even
simpler definition is the following. Let Ve %,, for some meZ. Then §,=degr,V if
and only if

V<lu,w;%a>=A(u,w;a)/la"+0(l‘$""1) , A—-o0 , 2.4

where A(u,w;a)=£0 (4 is a polynomial in w and C® in w).

As can be seen from (2.4), the UV-degree of V' with respect to u is determined by
the behavior of V for large # and small ¢ simultaneously. There may be high powers
in A not occurring in the large u behavior of the leading term of a small @ expansion
of V. For example, let

2 4 2 2 2 2
Vit,q;a)= (Z sin %1) [cos2 %‘—l —cos? _t;] + (5 sin E;) cos? % (E sin _q;) ,

as in the introduction. Then degrsV =4, but lim V(it, ¢; a)=/42t*¢*. The leading
a-0

term does not show the correct asymptotic behaviour of ¥if  and 1/a tend to infinity

simultaneously.

If Fin Definition 2.2 is 2 homogeneous polynomial in #, w of degree m,, then
Vu,w;a)=a’F(u,w) and degr,F=my—r,=d+degrsV ,

where d=my —m. In this case the lattice degree reproduces the old polynomial
degree up to a constant which counts inverse powers of the lattice spacing. Every
additional factor a in ¥ decreases the lattice degree by one, i.e., improves the
continuum limit behavior.

We now generalize Definition 2.2 to functions in %.



A Power Counting Theorem for Feynman Integrals on the Lattice 85

Definition2.3. Let Ve4, V=3 V;, V;€ %y, for some m;e Z, m;=my for i+k. Then
we define fel

degraV =max degryV; . 2.5)
iel
By Definition 2.3, the UV-degree is uniquely defined for every V'e®%. Again,

o,=degr, V if and only if V shows a behavior (2.4). The lattice degree defined in
this way has quite similar properties as the usual degree of a polynomial. Using
(2.4), we get

Lemma 2.1. Let V, Vy,..., V,e% be functions in variables (u, w) and a>0. Then

. P
1. degry Y Vi< max degrylV; 2.6)
i=1 i=1,..., r
P [ A
2 degry [1 Vi< Y, degrV @7
i=1 i=1
3. » <degraV — .
degr; pw: V<degraV —lc| , (2.8)
4 degry o V<degrpV 2.9
* g 13 awg fod g u - N

Note that the second statement is an inequality, whereas the analogous property
of polynomial degrees is an equality.

We further restrict the function classes %, and %. Until now we have not made
any assumption about the behavior of functions in % for small lattice spacing a. We
now assume existence of the continuum limit,

Definition 2.4. €¢, is the set of functions V defined by

a) Ve¥,, .
b) lim V(u,w;a) exists.
a—0

%° consists of all finite sums of functions in some %5,.

This roughly defines the class of functions to which numerators and de-
nominators of Feynman integrals belong. In particular, they are assumed to be
infinitely often differentiable, and their continuum limit exists. Before defining the
exact form of Feynman integrals to which the power counting theorem will be
applicable we state some important properties of the class 4. If Ve®%;, is
independent of momenta u, then

degraV(u,w;a)<0 .

If in addition lim V' (u, w;a)%0, we have

a—-0

Efé%?,;V(u,w;a)=0 .
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Every Ve®;, has an expansion for small lattice spacing a of the form

Vu, w;a)=2;,; F(ua,wa)=P(u,w)+R(@u,w;a) . (2.10)

The continuum limit P of ¥ is a homogeneous polynomial of order m. In general,

degr, P<degr;V . @11)

As shown by the example considered above, degr, P < degr;V cannot be excluded.
However, with respect to all momenta u, w,

degr,,,P=degripV if Pu,w)Z0 .

In this special case the lattice degree is determined by the continuum limit. In
general, “lattice effects” are described by the remainder R(u, w; a). As can easily be
seen, R admits an estimate

R, w;a)<a” ), 1Qim, W), p21, (2.12)
iel

where [ is a finite set and Q; are polynomials satisfying degr, Q; <degr;¥V +p. This
means every additional power of u in Q; (with respect to degrsV) is accompanied by
a power of a. Unfortunately, (2.12) depends on the partition of (1, w) into internal
and external momenta. Later we will derive a much more general inequality which
allows determination of the cutoff dependence of Feynman integrals having such a

V as the numerator of the integrand.
We now define a class of Feynman integrands on the lattice. To this end we
choose momentum variables (uy, ..., u,) and (wy, ..., w,), where u; and w; are four-
momenta. The following considerations can easily be extended to other dimensions.

Definition 2.5. F is the set of functions F in momentum variables (i, ..., u),
(wy,...,wy), masses u=(l, iz, ...) and a>0 of the form

F= (2.13)

and the following properties:
1. Ve¥* is of the form V(u,w; p, @)=Y Pi(u)Vi(u,w;a), I a finite set and
iel
V,e¥,,, meZ. For every iel, P, is a polynomial in the masses p.!
2. Cis a product

C=T1 leli;a)+ ] .
i=1

where ne Ny ={0,1,2,...}. The “line momenta™ /;=0 are of the form

h s
Li(u,w)= Z Ciju;+ Z AWy,
=1 K=1

! The mass dependence of the numerator is important if Feynman integrals containing massless
propagators are to be renormalized. Then it will be necessary to introduce auxiliary masses
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where ¢;;, dy, are real constants, and

1
ge¥bs ei(li;a)=;2— n(ha) ,

where
n;(ba+0)>0 for le[—n/a,n/al* ,

n; 2m-periodic in every component of La ,
and
lim ei(l,' M a) =ll2 .

a—0

With respect to addition and multiplication, the set of functions Z is closed.
Furthermore, & is invariant under differentiation. We always assume that every
e;(l;; a) is periodic in /; with the BZ, and ¢, should have only one zero in the BZ,
located at vanishing momentum. Especially, naive fermions are excluded, their
propagators having more than one pole. If we would drop this condition, our
general assumptions about the form of the numerator would not be sufficient to get
convergence of a Feynman integral in the continuum limit,

For F=V/Ce % we define

degraF=degrpV —degr,C . 2.14)
Note that

2 if (cil""acin):':() »

degrye;(li; @)+ Jutz) = {0 otherwise

hence for F=V/Ce F

degrpF=degra¥V —2n, ,

wheren, is the number of linemomenta/;, ie { 1,...,n}, whichare dependent onu. In
particular

n n

degry T [ei(lhs ) +pf]= ). degrilei(h;a)+ 4] (2.15)
i=1 i=1

In this special case Lemma 2.1.2 is an equality, i.e.,, the UV-degree of the

denominator is already given by the polynomial degree of its continuum limit, As a

consequence, for every Fe &

degr, lim F(u, w; p, a)y SdegrpF(u, w; u, a) . 2.16)
a—=0

The UV-degrees of functions Fe # have “typical” degree properties. They are
direct consequences of Definition 2.5 and of Lemma 2.1, and are listed below,
although we do not make use of them in this paper. Nevertheless, they are of
importance, especially in proving convergence of renormalization schemes [4].

Lemma 2.2. Let F F,,...,F,e #. Then

— b4 - .
1. degr; ) F;< max degryF, , (217
= i=1

i=1 =l »
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b4 r
2. degry [T F;£ ), degryF; , (2.18)
i=1 i=1
P _
3. degry P F<degryF—|c| (2.19)
e _
4. degry p F<£degrpF . (2.20)

For instance, to prove 3, let Fe #. Then
ov oC
o ‘v

Ou c? ’
hence

av
ou

— F _
P A
degr, s max (degru C £

| dograV ﬁﬁ)—zaéaz:c

<degryV —degrpC —1=degryF—1 .

The assertion now follows by induction on the number of derivatives.

3. The Power Counting Theorem

We consider Feynman integrals

N Tia
g, pay= | d*%,..d*%k,Flk,q;pa) , (3.9

—xja
where
Flk,q;m,a)=Vk,q;1,0)/Clk,q;p,a)e F .

We assume periodicity of the numerator ¥ e ¢ with the Brillouin zone [ —n/a, n/a]*
in all infernal momenta k4, ..., k,,. An important notion is given by the following

Definition 3.1. Let & be a set of four-vectors /;,

Lk, )=KK)+Qiq)= )Y Cyk;+0Qiq) , i=1,...,N, Cj;eR.
i=1

% is called natural with respect to k, if the following conditions hold:

1.
CjeZ forall i=1,...,N; j=1,....,m,

rank(C;j)=m ,
(Ci19"'>Cim)4:0 fOI' aﬂ i-_-l,...,N .

2. If the four-momenta
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are linearly independent, then
kj= Z Ajlkl, with AﬂEZ .
I=1

This condition is natural in the sense that arbitrary independent /;e & could be
chosen as integration momenta, the coefficients C;; always being integer-valued.
For a Feynman integral this condition is ensured if all loop momenta k4, ...,k,,
coincide with momenta of lines up to external momenta [3]. Also, using periodi-
city of the integrand, the integration domain could always be chosen to be
[—n/a, n/a}*™. Asexample of the importance of line momenta to be natural consider

nia
j d*k,d*k,

—zja

1 1 1 i

——, e e, (P+E2)6 -
B2 +12 B3+ (=K +12° (G T2+

Here k%= Z (4/a®)sin®(k,a/2) and p?>0. All criteria of the power counting

theorem below are satisfied except that the set {ky,ky,k; —ky, ky+k,} is not
natural. In fact, if 0 < ¢ < 1/2 and e=(1,0,0,0), the integral is divergent in the sector

kl +k2 —— €

(A T s
a a

e, ||k~ k2H<— €

4
as a—0 where ||/|= \/ > 17 for I=(,...,l)eR* As will be seen below,
i=1

naturalness means that line momenta in neighborhoods of poles® of propagators in
higher BZs can be transformed simultaneously into neighborhoods of the poles in
the first BZ by translation with reciprocal lattice vectors. Under such a transfor-
mation the numerator of a Feynman integrand is invariant. This would not be the
case by other translations. They would produce explicit negative powers in the
lattice spacing destroying convergence.

Before defining UV-divergence degrees of Feynman integrals in Zimmermann
subspaces, we have to introduce the notion of a basis of a set of line momenta. Given

variables k=(k,, ..., k,,) (loop momenta) and g=(g,, ..., ¢y} (external momenta),
ki,q;€R?, let L denote the space of all linear mappings /: R*" x R*¥ ->R* of the
form

Ik, )=K(k)+Q(q) , (32
K(k)=z aiki N aiER N i=1,...,m N (3.3)

i=1

M
Q(p=) byg; ; bjeR, j=1,... .M 3.4

j=1

inthe four-momentaky,...,k,andg,,..., . Kand Qissaidto belinearinkand g,
respectively.

ntka)

2 A “pole” of a propagator 1 / ( 2 + H2> denotes a zero of the n-function
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Let .# < L be an arbitrary subset. Elements /;, ..., /e 4,

m

M
l:(k,4)= Z aijkj+ Z bijqj s i=1a'”ss s (3'5)
j=1

ji=1
are called linearly independent with respect to k if their homogeneous parts in & are

linearly independent. Furthermore, {/;,...,L}S.# is called a basis of .# with
respect to k if [, ..., [ are linearly independent and every /e # can be written as

It.9)= . alll.g)+0(@) (36)

where ¢;eR, i=1,...,s and @ is linear. In this case we define rank, # =s.
We now define UV-divergence degrees with respect to Zimmermann subspaces.
Let % be a natural set of four-momenta® and
Uy =Ii1’ ,ud=li

a> (3.7)

v1=lj17"'3vm—d=ljm—d

be an arbitrary basis of . with respect to k, 1 £d<m. By fixing vy, ...,v,,—4 We
define a class H of affine subspaces in the space of integration momenta R*™. H is
called a Zimmermann subspace, (u) =(uy, ..., uy) is called the parametrization of H,
and (v)=(vq, ..., v, —4) are the complementary parameters of H. For Fe # we define

degr(g; p, a)=4d+degr;F(k(u, v, q), 45 p, @) (3.8)

(v,q represent the “external momenta” of H). The set of all Zimmermann
subspaces, for all bases (3.7), will be denoted by 5. Note that # depends on the set
% of four-momenta. Now we state

Theorem 1. Power Counting Theorem. Lert

N nla
Hg;pay= | d*,...d*k,F(k,q;u,a) 3.1
—Tja
and Fe & of the form
Vik,q;ud)
Fk,q;p,a)=———— ,
" h D=ty )

where Ve€° is (2n/a)-periodic in every component of ky,...,ky, and

Cle,q;pa)=T1 le;(litk, q);a)+ui] ,  pi>0 .

i=1
Let & be a natural set of four-momenta and {I,,...,1,} < &. If for every He #,

degral(g;u,0)<0 , 39
3 Actually, property 1 in the definition of naturalness would be sufficient to define UV-degree of

Feynman integrals. However it is convenient here to assume % to be natural, this being an
important assumption of the power counting theorem
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the continuum limit of 1(q; u, a) exists and is given by

fed

lim I(g; p, @)= J a*k, ... d*k,
a0

—w

Pk,q, 1)

Etk,q, 1)’ (3-10)

where
Plk,q. p)=lim Vik,q;u,a) ,
a—0

E(k,q, =1im C(k,q; p,a) .
a—0

If P+0, theset &' ={l;, ..., I,} contains a basis of ¥ withrespect to k [otherwise
w(H) =0 for some He s }. Hence, if % is natural so is £. In this case the theorem
can be formulated using %' instead of .. The continuum limit (3.10) is absolutely
convergent according to (2.16) and the power counting theorem of Y. Hahnand W.
Zimmermann [1] (or by Theorem 2 below).

As anexample for the importance of (3.9), let uslook at (1.1) in the introduction
again. Only one subspace must be considered, and the corresponding divergence
degree is equal to one. Hence the theorem cannot be applied, and as we have seen,
(1.1) is in fact divergent in the limit of vanishing lattice spacing a.

To prove the theorem, using Definition 2.3, it does suffice to assume Ve €y, for
some mg € Z. Hence let us consider

nja

Ig; wa)= J Ky .. A% Vf;‘i;“) -
- %/a I_I [—E—a_é__,_ﬂ%]

(3.11)

i=1

Ve %y, mo € Z. Without loss of generality we assume ¥ = {11, ..., Iy}, N aninteger
greater or equal to », and that k4, ..., k,, are contained in .#. By naturalness of .&,
this is always possible to arrange by a linear transformation.

4. Proof of the Power Counting Theorem : First Steps

The proofidea is as follows : The integral (3.11) will be written as a sum of integrals
over various sections in momentum space. The division of the integration domain
will be done in dependence on the configuration of line momenta J;. For every
propagator we distinguish line momentum in neighborhoods of the poles and
outside of them. As will be seen, a propagator can then be estimated by its
continuum limit or by some powers of the lattice spacing a, respectively.

For [eR* define

0 if |I—Qn/a)z|<(n/a)e for some ze Z*

1 otherwise , @.1)

@s(l)={

where ¢ is a small positive constant which will be chosen below. Using Heavisides
@-function, @(x)=1 if x<0 and O(x)=0if x<0,
) . 4.2)

1=@E(1)+29(§e—’ 27

[——z
a
zeZ*
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Doing so for every propagator, (3.11) can be written as
f(g;ﬂ, a): Z Z f.fz(g;#n a) > (4'3)
Je{t,.,n} 2
where for every “sector” J,z={(z;|ieJ), we have

nfa

I, (qg; p,0)= J Ak ... A%y — V(Zi;a)
e I (—"'a—éwil)
( @< 8’“(1__ ) 6.(h) 4.4
ieJ 1;;[

and for every J the sum )’ runs over finitely many configurations z. We have to

z
estimate the contributions of all integrals (4.4) for small lattice spacing a. To this
end, we make an appropriate transformation for each integral (4.4). As a
consequence of naturalness of the set . of four-momenta, for small enough ¢>0
and for every J, z, there exists a translation

2
kj_>k1+‘£‘5j 5 51-EZ4 . j=1,...,m ,
so that
2n .
zi—ng"}"“‘“ Z; forall ieJ . (4.5)
a
This is shown in Appendix D. By (4.5), all line momenta at poles of propagators in

higher BZs are shifted into neighborhoods of the origin in the first BZ, leaving
V(k,q;a) and all %; invariant. Consequently

o I ( : m)
(ﬂ@ (" 2|k HD H@ @ “46)
ied ted

where
UJz{(k1,---,km)€R4m|—(1+2(5j)i)75/a§(kj)i§(1 *2(51)1')7?/61 »
J=1...m; i=1,...,4} .

Now, in every integral (4.6) the propagators can easily be estimated, using their
properties listed in Definition 2.5. Again, for small enough ¢, there is a constant o,
so that

@.7)

1 < @38
ni(lia)+“zzzi2+ll% ’ 8)
2 i
a
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whenever |/;|| <(n/a)s. This can be seen by an expansion of #; at vanishing
momentum. Furthermore, there is a constant y>0 such that, if |}, —(2n/a)z|
>(n/a)e for all zeZ*, then

1

——=ya’ . (4.9)
ﬂi(lia) 9
I

Hence, the denominator in every integral (4-6) is bounded by a product of
continuum propagators and explicit powers of the lattice spacing a. If it would be
possible to estimate the numerator V(k, ¢; ) by its continuum limit, (4.6) would be
bounded by a rational function to which the power counting theorem of Hahn and
Zimmermann could be applied (in a somewhat generalized form to determine the
cutoff behaviour). Unfortunately, this will not be possible, as we have seen in the
introduction. Another possibility would be to expand ¥ at small lattice spacing a,

Vik,q;a)=Pk,q)+R(k,q;a) ,

P being the continuum limit of V" and R a Taylor remainder, and to estimate R by a
polynomial. But this estimate is too rough, the conditions (3.9) will not be sufficient
for convergence of this estimate. This is because we have a lot of Zimmermann
subspaces and for every such space a corresponding lattice degree of the numerator
V. For a fixed space we will get an estimate of the form (2.12), but now we need such
an inequality which respects degree properties of ¢/l Zimmermann subspaces
simultaneously. This is not possible in general.

A way out is the following. A simultaneous estimate which respects degree
properties can be done for ordered subspace Hy , ..., H,, i.¢e., H;is a subspace of H;if
i<j. This means that for every such sequence we get an estimate

lR(usW;aNéap Z lQb(un W)l H (410)

beB

where p is a natural number, B a finite set, and the polynomials Q, satisfy
degr, Qp<degry V+p , j=1,..,s, .11

(u;) being the internal parameters of H;. Doing so for every ordered sequence of
Zimmermann subspaces, we get

IR(k, ¢; 4)| S min a™ Y 10wk, q)l (4.12)

beB;

so that for every ordered sequence there exists an /e such that

degruQibg@g V+p;, forall beB , (4.13)

(u) being the parameters of an arbitrary Zimmermann subspace in the sequence.
Using this and the above estimates for propagators in the integral (4.6), we get
generalized continuum Feynman integrals, i.e., integrals which look like Feynman
integrals in the continuum with a sharp cutoff, the right-hand side of (4.12) being the
numerator. In the next section we will state a theorem which controls the cutoff
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dependence of integrals having this form. Furthermore, we will prove the validity of
an inequality (4.12). Using these two statements it will be possible to complete the
proof of the power counting theorem under the conditions (3.9).

5. A Power Counting Theorem for Generalized Continuum Feynman Integrals

In the present section we state an auxiliary theorem which will be used to complete
the proof of the power counting theorem. Set k=(k4, ..., k,,) (loop-momenta) and ¢
=(¢1,-.-,qum) (external momenta), k;, g;e R*. L again denotes the space of linear
mappings /: R*" x R*¥ - R* of the form (3.2)—(3.4) in the four-momenta k4, ..., k,,
and ¢y, ...,qy. The notion of a basis of a set of line momenta is defined in
(3.5)-(3.6).

Let <L be a finite subset

j=
where
rank(C;;)=m ,
(Cilw--aCim):’:O for all izl,...,N, (Slb)
PP if i%j,

so that rank, ¥ =m [cf. (3.6), especially N=m)]. Furthermore, let /"<.% be an
arbitrary subset. We consider integrals of the form
i min 4%|Py(k, g)]

I(q, ,LL)=J d*ky ... d*hy, -<L p;=0 integer . (5.2)

E(k,q, 0 ’

Iis afinite set, P; are polynomials in the components of the four-momentak,, ..., &k,
and ¢y, ..., qy, and

E(,q)=T1 Fk,q)+py" , p>0, meN={1,2,.}. (53)
ra

[T means product over /;e.4". Hence 4" is the set of all /;e # appearing in the

N
denominator of the integrand of .# ;. We always have rank, 4" <m. All propagators
are assumed to be massive.

For a finite subset .# < L satisfying rank, .# =m, we define

A, M
[ d*k,...d%, f(k) (5.9
as the integral over all (k,,...,k,,) € R*™ subject to the constraints
P(k,q)<4* forall led . (5.5

, is convergent for every finite 1. We examine the behaviour of .#, for large 1. The
cutoff dependence can be described with the help of divergence degrees with respect
to Zimmermann subspaces of the integration momenta. First we make the notions
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more precise. Let
ulzlil,...,ud=lid ) (56)

2 "_"lil’ 9vm-d=ljm-d

be an arbitrary basis of & with respect to k, so that k=k{(u,v,q), 1 £d<m. Asin
Sect. 3, by fixing vy, ..., v,,—4, we define a class H of affine subspaces in the space of
integration momenta k called Zimmermann subspace. ()= (u;, ..., u,) is called the
parametrization of H. (v, ..., v, ;) are said to be the complementary parameters of
H. The set of all H, for all bases (5.6) of .Z, is denoted by #. 5 is the set of all
possible Zimmermann subspaces, and it depends on the set Z.

Definition 5.1. Let
uV, . u™ (5.7a)

be an arbitrary basis of & and Hy,..., H,, s=1, a sequence of classes of affine
subspaces in # having the following properties:
1. H,is parametrized by (u;) = (u;y, ..., #;q,) = {u®, ..., 4"}, the remaining u"”s
in the basis being the complementary parameters of H;. (5.7b)
2. (u;) are contained in (i) if j<k.
Then the sequence H, ..., H,is called an ordered sequence with respect to the basis
(5.7a).

With respect to the set of polynomials {P;|ie} in the numerator of (5.2) we
define

Definition 5.2. The set {8(H)|He #} is called an ultraviolet-set (UV-set), if

1. 6(H)€eZ for every He H#.

2. For every basis (u™, ..., u"™) of & and every sequence Hy,..., H; which is
ordered with respect to this basis, there exists an /e such that (cf. Appendix C)

degr, i, Pitk, @) —p;<5(H;) forall j=1,...,s . (5.8)

Here (u;) denotes the parameters of H; and (u;, v)) =@, ..., u"™).

The number of possible bases of ¥ and ordered sequences of subspaces in J# is
finite. Hence UV-sets do always exist. If /= {1} consists of one element only, the set
of

S(H)=degr,, Py (k(u,0,9),9) —ps

for every He s, where (u) is the parametrization of H and (v) are the
complementary variables, is a UV-set. In this case the notion of ordered subspacesis
superfluous. Note that UV-sets as defined in (5.8) are dependent on the external
momenta g, which we have kept fixed. However, for every UV-set {5(H WHe A}
one can find a UV-set {§'(H)|He#}, which is independent of g, where
O'(H)Yzd(H) for all He #.

We now define UV-divergence degrees for integrals of the form (5.2). UV-
degrees of polynomials are defined in Appendix C. Let {§(H)|He #} be a UV-set.
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Given an arbitrary basis (5.6) of &, we define for He#, parametrized by
W)=y, ..., uy),

wo(H)=degryg #, =4d+5(H) —degr,;, E(k(4,v,9), ¢, 1) . (5.9

This definition depends on a given UV-set. The following theorem states the cutoff
behavior of integrals (5.2) for large 4 if a UV-set is given.

Theorem 2. Auxiliary Power Counting Theorem. Let {5(H)|H € # } be a UV-set and
{w(H)|He #'} the corresponding set of UV-divergence degrees. Then there exist
K(p,q)>0 and c{p, 9)> 0, so that for all 2> K(u, q),

1 if max w(H)<0
Hed#
Foq, w<cu,q) -4 A Hog™a if max w(H)<0 and p;=1 for all iel
Hed
Amaxeligem ) if max w(H)=0 . (5.10)
Hest

If the momenta q are bounded and the UV -set is independent of such q, then K and ¢ can
be chosen to be independent of q.

The estimate (5.10) can be strenghened if a UV-set is given having max w{H)

minimal. However, we do not need this in our application, where a UV set w111 be
given in a natural way. The theorem is an extension of the power counting theorem
of Hahn and Zimmermann [1]. In general, the numerator is not a polynomial,
instead it is a minimum of a collection of polynomials, and we include the cutoff
behavior of divergent integrals (for A— o0). Below we will apply the theorem (for A
~1/a)in two special cases. If /= {1} and p, =0, the statement of [1]is reproduced. If
all p; =1 and the limit exists, it is zero. If p;=0 for all i€ ] and max w(H) <0, then
J (g, W) converges to Hes#

K min |P;(k, g)|
Ay dey, S
_{ ! E(k,q, 1)

The proof of Theorem 2 will be given in Sect. 8,9.

6. Bounds on the Numerator of a Lattice Feynman Integrand

Having introduced appropriate notions and an auxiliary power counting theorem
being at our disposal, we will now show that the numerator of a Feynman integrand
can be estimated as proposed at the end of Sect. 4. This statement is contained in the
following theorem. It is a consequence of the definition of UV-degrees on the lattice.
Remember we are using multi-index notation. We shall write k=(k,, ..., k,) and ¢
=(qy,...,qx) as in the power counting theorem.
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Theorem 3. Let V{k, q;a) €%, for some mge Z, £ a natural set of four-vectors with
respect to k*, and let (ka, qa) be bounded. Then V admits an estimate of the form

[Vik,q;a)— Pk, plsa® min Qg (k. ) (6.1)
beB i€
where I, B are finite sets, pe N, and
1. P(k,q)=lim V(k,q;a). For every He 5, parametrized by (u)
a0

degr, P<degryV . (6.2)
2. Qy, are polynomials. For every basis

WW=[ .. um™=]

im

(6.3)

of & withrespect to k and every sequence H,, ... , H, of classes of affine subspaces in
H which is ordered with respect to the basis (6.3), there exists an i€, so that

degr, Qy <degr; V+p forall j=1,...,s andall beB , (6.4)
where (u;) denotes the set of parameters of H;.

The statement means that, for every b € B, the set of all 5(H)=degr; V, where (2)
is the parametrization of He#, is a UV-set for the polynomials Q;,, which is
independent of ¢. This allows us to apply the cutoff theorem to the integrals (4.6) in
Sect. 4 to determine their cutoff dependence, as will be seen in the next section. Note
that always p=1. If P(k,q)=0, then p can be chosen to be 1. If V{(k, g;4) is the
numerator of a Feynman integral, the variables (ka,qga) are always bounded,
because k;, ..., k, range over the BZ, and external momenta g are fixed.

Tn the remaining part of this section Theorem 3 is proved. First of all we note an
extended version of Taylor’s theorem.

Lemma 6.1. Let F be a C®-function of the form F(vy,...,v,), v;€R™. Let 6;e Ny
={0,1,2,...} for every i=1,....,n, and 6; 28 if i<k. If

Fy, ..., 01,04, ...,A0,)=00%) , i-0; s=1,...,n, 6.5)

then there exist C*-functions F,, be Ng", 1b|=4,, satisfying

Fyy, ..y 01, Mgy, o) =0(%7%) | 10 (6.6)
forall s=1,...,n—1, so that
Fog,...,v0)=Y thFy(vy,...,0,) . (6.7)
7

This lemma is an extension of Taylor’s formula in the sense that it states the
coefficient functions F, being C* if this already holds for F. This allows successive
application of (6.7).

4 It would be sufficient to assume property 1 in the definition of naturalness (existence of a basis).
However, in application of Theorem 3 below, % will be natural
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Proof. By induction on m,,. If m,=1, let b=4,e N, and

F(vy,...,v,)
Fb(vl,...,vn)z-——-l—ub——"—.

By Taylor’s formula, F, e C*, and (6.6) is satisfied. Assume the statement holds for
all m, <M, where MeN. Let v,=(w;, w,), w; e R, w,eR. For I=0,...,5,—1 set

o
Av1s .. Vg, W)= [ ;F(Uu Un~1»W1,W2)] s

hwz =0

and define a function G by
Sn 1

G, sV g, Wi, W) =F(0g, ..., 0ymq, Wy, Wy) — Z Ay, Opmg,Wy) .
1=0
The hypothesis of induction can be applied to G and 4,. For, as 4—0 we have
A(V1, e Oge1, W) =0T
AO1, . Vg gy Wy vy Mg, AW)=0(A%7Y) 5 1Zs5Zn—1,
Gys.mn s Uy, Wy, AW)=0(1%) ,
GUgs ey Uty Mgy evn s Ap_q, AWy, AWy)=0(A%) ; 1ZsZn—1 .

Hence, there exist g(vy, ..., Up—1, W1, W)€ C® and by, (vy, ..., 0,-1, W)€ C* for all
beN¥, |b|=6,—1, so that

Ay, 0, W)= Zwlhlb(vlw'- Un—1,W1) »

hl,b(vl’---:Us—laivsa---7’1011—17/1“}1):0(/1&9_6") > A=0 > 1§S§n_1 >

and
)0
G(Uls'-"Un—th:WZ)"‘Wan(Uls---avn“-lawlaWZ) ’

g(Ul,...,Us_l,z.vs,...,A«Un_l,lwl,AWZ):O(ias-a") N A—0 N 1§S___<_n—1 .
Writing F in terms of G and A4, the assertion follows. O
We shall use the following notation: For seN, 6=(8,,...,8,)eNg~**! and
multi-indices ;e N§¥, i=s, ..., n let

. b+ ... +1by|=d, and
hé}s(bsa~">bxz)= }bsl+"'+lbil§53"'éi+l for aﬂ i:S,...,n—l
0 otherwise .

By iteration of Lemma 6.1 we get

Lemma 6.2. Let F be a C*™-function of the form F(vy, ..., v,), v;€ R™, and 6, N, for
every i=1,...,n, 0;=06, if i<k. If as A0

F(vl,...,v,_l,iv,,...,/11),,)=0(25’) , t=1,...,n, (6.8)
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then for arbitrary s=1,...,n there exist functions F,_ ; € C®, so that

Foy,...,v))= Y hssbs, ..., bYv% ... thrFy 5, (015000 ,00) (6.9)
e

Fbs...bn(vla'--,Utﬂlaivtv"-alvn)zo(j'&t—as) ] /1_>0 5 1§Z<S . (610)
Proof. If s=n, this is the statement of Lemma 6.1. Assume it holds for some s=2.
Application of Lemma 6.1 to £, 4, in (6.9) yields

— Cs—
Fbs...bn(vls---:vn)—“ Z USS—11"‘Uflans...bn,Cs—j...C"(vl’"'7””) 5
lcs-—lf""..'f'kn!z(ssvl—as

Fbs,..bn,cs_x‘..cn(vla'“avtvlﬁlvn---slvn)zo(’lét_és_l) s )'_)0 . 1§I<S’—1 .

Inserting this into (6.9) and collecting indices of Fy_ 5 .. _,. .., We obtain

F(vla-uavn)= Z ‘kéls-l(bs-la~‘~=bn)v¥sjs——13 '"Uanb,_;...ﬁn(Ula---svn) s

Bs—1...bn
Foy s @1y Opm g, AU, Aoy =007 %) | jo0 ;. 151<s—1 . 0O
Lemma 6.3. Let
uP= . u™=I (6.11)

be an arbitrary basis of & with respect to k, and H,, ..., H, an arbitrary sequence of
Zimmermann subspaces which is ordered with respect to (6.11). Furthermore, let
Vik,q;a)e €y, Mo Z, and (ka, qa) be bounded. Then V admits an estimate of the
form

[Vk,q;a0)—Pk,@l|<a” } 10s(k,q)l , (6.12)

beB

where B is a finite set. pe N is independent of the basis (6.11) and the sequence of
subspaces. The homogeneous polynomial P is given by P(k, q)=lim V(k, q; a), and Q,
are homogeneous polynomials of order p+my such that a=0

—
degr, P<degry V , 6.13)
degrﬁj Qb ép +degr12, V b4
where (u;) is the parametrization of H;, for all j=1,...,s and all be B.
If P(k,q)#£0, p can be chosen to be 1. If P(k,q)=0, p is the largest natural
number such that lim V{k, ¢; a)/a? £0 exists.
a—0

Proof. 1. We define new sets of variables v,,...,v,,, as follows:

(u)=(@y) ,

(u)=(v1,02) ,

(us)z(vl"'-avs) H

(u(l)y'-' 3u(m)9q)=(vl,--' :Us+1)E(U) .
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Let Vik,q; a)=F(ka,qa)/a™ e¥;,, and F'(v)=F(k, q). For every H; in the given
ordered sequence we make a partition (v) = (u;, w;), where (i;) = (vy, ..., v;) are the
“internal” momenta and (w;)=(v;+1,...,0s+1) are the “external” momenta of H;.
Set r;=mg —degry V. Thenr; = ... 27, and

F,(Dl,...,Uj,il)j.@.l,...,lvs+1)=0(lrj) . A0 M j=1,...,s .
2. For 6eZ define

. F'(Avy, ..., Av
P&’(Ula'-->vs+l)=hm ( : }'5 S+1) ’
A0
and set
G(vla sevy Us+1):F’(vl 3o ,1}3.1.1) _P;xo(vla caey vs+1) .
Let ro€ Ny be the largest integer number such that P, (v;, ..., v541)F0 exists. Set

. 7o if my<ry
ro= .
7'0‘|'1 if Mo =Ty

and 7;=r; for j=1. Then
G(1yee s Uy AVjits ey A1) =0(AF) 5 A=0, 0Zj<s,
and fo=F, 2 ... 2F,. Applying Lemma 6.2 to G yields
G(Ula“-avs+1)= Z hﬂl(bla'-wbs-{-l)vll”-*-Ugf!fl‘Fb;..‘bsH(vly"'svs-f-l) s
b
where

1 if {bll+"‘+lbs+11=fﬁ and
by (Bys oo bgsy) = bil+ ... b |Sh —F; forall j=1,...,s
0 otherwise ,

and Fy, ;.,,€C®. For bounded va we get

G (118, ..., 05010) S0 Y 105y, ... 0511)] (6.14)

beB

where @ are (finitely many) homogeneous polynomials of order #, satisfying
degrm._‘,,ij’gfo—sz(fo —mo)+degrpV,  j=1,....,s,

for all be B. Finally, let
.1
Plk, @) =lim —2 V(k,4;0)=Pro(01, .- 541
a—0

Ok, )=0i(vy,...,0,4,) forall beB .

Setting p=~#, —m, e N, (6.13) follows, and as a consequence of (6.14)

1
IV(k,q;a)—P(k,q)I=ﬁ IGva, ..., v @) Sa? Y 1Ok, g)l . O

leL
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Proof of Theorem 3. Let the set of all ordered sequences of subspaces in J# be
indexed by a finite set I. Using Lemma 6.3, V'€ %}, admits for every i €  an estimate
of the form

Vik,q;a)—P(k, )| <a” bZB’ 10wk, )|

where B; is a finite set and p € N is independent of i€ I. P is equal to the continuum
limit of ¥, hence is independent of all sequences, and satisfies for every He #,
parametrized by (u),

degr, P < degryV/
For every H;, parametrized by (u;), in the ordered sequence,
degr, Q,<p-+degry ¥, forall beB .
In summary, using the inequality and notations of Appendix B, V obeys an
inequality

[V(k,q;a)—P(k,g)|<a” min ) [Qy(k,g)|<a” }, min |Qy(k,q)l ,

iel peB; beB iel
where B= @ B;, and for b=(b,);.;€ B, Qi = Oy, Point 2 in Theorem 3 is satisfied by
icl
construction. [

7. Completion of the Proof of the Power Counting Theorem

Having shown that the numerator of a lattice Feynman integrand admits an
estimate as supposed at the end of Sect. 4, and a theorem being at our disposal which
states the cutoff dependence of generalized continuum Feynman integrals, it is not
hard to complete the proof of Theorem 1. Our starting point is (4.6). Using Theorem
3 we write Vi(k,q;a)=P(k,q)+ Rk, q;q), so that

+ %0 +R
I.Iz ‘I.Iz +IJ2 kS

where
i}’z=fd4k1...d4km _ :gcae)z) (ﬂ@<—8—”l “)) ﬂ@ “.
b I ( ’ ) y
- (7.1)
and
Ijz: J‘d‘;kl...dAkm P Rn(k(:iiia) (n@( _”1111))1_—1@8(1;) )
(% ].—.[ ( : i) ieJ i¢J
- (1.2)

P is the continuum limit of ¥, and R(k, ¢;a) admits an estimate

IR(k,g;a)|Sa? ), min [Qu(k,q)| - (7.3)

beB iel
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By Theorem 3, for every fixed be B, the set of all 6(H)=degr;V, (u) being the
parametrization of He #, is a UV-set for the polynomials Q.
Using the bounds (4.8), (4.9) on the propagators, we get the estimates

119,043 1, D S T, (g, 1, ) = Gy~ Jd‘*kl e % o
and Ky icd
g mal2 Y IP(g,pa) , (7.52)
where b
. R . . Iflel? @ 10wk, q)|
IY(q, u, a)=o"(ya*) Jd ky...d km—m . (7.5b)
Ky ied

h is the number of elements of J, i.e., it is the number of propagators having a
momentum near a pole,

ky={(ky,....kn) eR*™| ;|| £d/a forall Le%;}, (7.6)
$J={l'|jeJ}u{k1,...,k,,,}gg , (1.7)

and
5_ max (7:8,47r(1+“(3 /2 (7.8)

.....

is a constant. To every mtegral in (7.4) and (7.5) we can now apply the auxiliary
power counting theorem to discuss the small a behavior. All integrals are of the form
needed, where A is replaced by é/a and # by #;. The corresponding set #; of
Zimmermann subspaces of £ is defined by bases of &, with respect to k. By (7.7)
Hy<o#. Hence for every J={1,...,n} the set of 5(H)=degr;V, (1) being the
parametrization of H, for all He 5, is a UV-set for the family of polynomials Q,,,
for every fixed be B. It is independent of the external momenta g4.

We first consider the integrals I}2. As a consequence of (3.9), for arbitrary
He #;, parametrized by () =(uy, ..., u4;) say, we get

degry If2(g, 1, @) =4d+5(H) —degr, [T (7 +pf)

ieJ
= [4d+degr,V —degryCl +degr, [T (77 +47)
i¢gJ
<degr, [T 7 +uh)s2(m—h) , (7.9)
i¢J
where we have used (2.15). Hence
degryIP(q, m,a)S2(n—h)—1 forall Heds; . (7.10)

By the auxiliary power counting theorem, there exist positive constants K and ¢, so
that for all a< K%,

a) if n—h>0, I®(q pua)Lc@) ta~Pe P log"g=calog™a . (7.11)
b) if n—h=0, I®(q,p a)<Lcalog"a (because of p=1) . (7.12)
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Thus, the remainder IX does not contribute in the continuum limit.

Next, we turn to the integrals I, . If P(k, ¢) =0, all I}, vanish and the proof of the
power counting theorem is complete. Thus, let us assume that P(k, g) £0. For every
He 5, parametrized by (u)=(u,, ..., u;),

degr, P<degryV . (7.13)

The sct of 6{H)=degr, P(k(u,v,q),q), He 5#;, is a UV-set. Consequently, using
{7.13) and (3.9), we have

degryI3.(q, p, a) =4d-+degr, P(k, g) —degr, TT (7 +uf)

iedJ
<[4d+degryV —degrpCl+degr, [T (P + ) <2(n—h) ,
i¢J
(7.14)
and hence
degry I}, (¢, 1, 0) £2(n—h)—1 , (7.15)

for every He #,;. Using again the auxiliary power counting theorem, there exist
K>0 and ¢>0, so that for all a< K™%,

a)y if n—h>0, IN(qgua)<c(a®) t a Bo=W-Uogmg=calog™a , (7.16)
b) if n—h=0, I}(q,pa)<c. (7.17)

This shows that in the continuum limit only sectors (Jy, z) where Jo={1,...,n},
contribute to (4.3), i.e., when the momenta of all propagators are located near the
poles. In fact, for appropriate small > 0, there is exactly one such sector. For, if
P30, the set {Zl ,---» I} of line momenta contains a basis of & with respect to k. Let
z=(2y, ..., 2,) € Z*" and ke R*™ satisfying

Kl(k)= Z C‘Jk1=.2aﬂ Zi i=1,...,l’l . (7.18)
j=1

By rank (C;;) =m, this system has a unique solution. By naturalness of .Z, it is of the

2
form k =7ﬂ 4, Ae Z*™ (Appendix D). For k € [ —n/a, n/a]*™ this is possible only if

A=0,1.¢e., z=0. Hence, having chosen &> 0 according to Lgmma D.1, for J, only z
=0 appears in (4.3). The integrand of I}, and hence of I}, is bounded by

o P&
I1 (k. )+ 1)

, (7.19)

and the integral

o Jd“kl...d"'km _ 1Pk, gl (7.20)

_1‘[1 @ &, q)+ )

is convergent by (7.15) and the power counting theorem of [1] (or by the auxiliary
power counting theorem). Using Lebesgue’s “theorem of dominated convergence”,
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we get © Pk
lim F(g; u, a)=Tim 120 (g; 4, @)= J d*ky ... d%,, — (k. 9)
0 e e T1 (k) +1)
i=1

. (7.21)

This completely proves the power counting theorem.

8. Some Technical Lemmas

We now start to prove the auxiliary power counting theorem. The proof idea is
similar to that of the convergence theorem of Hahn and Zimmermann [1].
However, to discuss the cutoff behavior, we need some deeper statements (e.g.
Lemma 8.6). In this and the next section we shall use the notations of Sect. 5.
Especially, & is a set as given in (5.1). In addition, throughout the sequel we shall
use the shorthand notation

e min A™%|P; (k)|
LAPHa w=| &%ky. . d*hy e 8.1
).({ H‘I D) j 1 Ek,q. 1) 8.1

Here, [ is a finite set, and {P;} represents a set of polynomials P;, ie I. For 1> 0 we
define

Do ={(ky,..., k) eR*"|2(k,q)=7* forall Le¥}, (8.2)
and for X< R*"
L min 47| P;(k)|
LPHauw X)= | dy..d¥he, &
2({Pi}la, . X) j 1 E(k,q, 1)
X
e min A7 %[ Py(k)|
= d*ky ... d%%, yx(k el R 8.3
f v Pt B g &9
where yx is the characteristic function
1, keX
x;:(k)—{o . kéX . ®9

The present section contains a series of lemmas which will be used to prove the
auxiliary power counting theorem by induction on the number of (four-
dimensional) integrations.

Lemma 8.1. Let I be a finite set andr e Ny = {0, 1,2,...}. Foreveryiellet Pi(x,z)bea
JSunction of x eR? and a polynomial in variables z;,j=1, ..., n of degree smaller or
equal to r:

Pix,2)=Y ... 3 a9 0z ...z . (8.53)

J1=0  ja=0
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Let yy, ..., y,€R be r+1 different points, Y={(zy, ... szzie{yos . 10} for all i
=1,...,n} and Q<= RP?. If the integrals

| dx min |P;(x, y¥)|

0 iel

are convergent for all Y9 e Y, then so are the integrals

[ dxmin|a®, ;. ,
0 iel

forarbitrary jiy, ... jim€ {O, ..., '}, and there exists ¢ > 0, depending only on y,, ..., ¥y,
such that

[ dx min |a? _; (0)|Sc- Y | dx min |P;(x, y?)| . (8.5b)
2 iel y®eY for all ie] @ tel

The number c¢ is independent of the integration domain .

Proof. For every iel there exist constants ¢{)_; (») such that

a =73, ) .00 Plxy) .

yeY

Using the inequality of Appendix B, (8.5b) follows, where

c=  max ) .. O
Jiseees Jn,yeY,iel

The following lemma is a direct consequence of Lemma 8.1.

Lemma 8.2. Let I be afinite set andr e No={0,1,2, ...}. Every polynomial P; of degree

smaller or equal to r in the components of ky, ..., k,, can be written as
Pi(k)= Z P(k)y, iel, (8.6)
a=0

where P, is a homogeneous polynomial of order «. Let vy, ..., 7, € R be r + 1 different
points and Y={yo, ..., y,}. Then there exists ¢>0, depending only on y,, ..., 7, (but
not on the polynomials P;), such that

4L min l—pilpiai(k)l
dk, ... d*k,, <t
1 E(k,q, 1)

" min 47| Py{(g; k)|
. d4k ,..d4km iel s 8.7
Z j‘ t Etk,q, 1) ¢

;€Y for all iel

IIA

for arbitrary sequences (Py,,)ier-

Proof. Since rank, ¥ =m, the integral

A%

min A 7#
J d*ky ... d*k,,

ief

Y m(k)]
=0

E(k,q, 1)




106 T. Reisz

is convergent for every finite A and all g;eR, el Since y,, ..., 7y, €R are different
points and Y={yo, ..., 7}, Lemma 8.1 implies that

d*k, ... d*k,, <

2,2 min A7 P| Py, (k)|
| e

L min A7 Y (Qi)aPiu(k)‘
d*k, ... d*k,, <! 2=0
¢ Z j ! E(k,q, 1)

o;€Y for all iel
rZ i i 2
ml;'l AP Py(@ik)l
le

—c 2 Jd“kl...d“k,,, Eea (8.8)

;Y for all iel

lIA

for some constant ¢ depending on yg,...,7, only. [

Next we quote

Lemma 8.3 [1]. Let k,IecR* and p>0. Then
k+1P2+u? K2+ 2
Wé(‘(l) and

where c(D)=1+||I/u+12/p2.

4
Recall that we are using the Euclidean norm [/| = \/ Y 17 for [eR* As a
corollary, we have i=1

méc(l) s (8.9

Lemma 8.4. If the momenta q are bounded, then there exists c¢(u) >0 such that

min 4”7 P;(k)\

A%
éC(ﬂ) J d4k1d4kmilf(k—(—)——”-)— .

(8.10)

d*k, ... d%k,, <L

- min AP, (k)|
f E(k,q, 1)

Excluding small neighborhoods of the poles of the propagators, i.e., regions
where some line momenta vanish, the masses may be set to zero without affecting
the large cutoff behavior:

Lemma 8.5. For >0
1. Ji({P}g, p, D) ST, ({P;}g,0,D%7) . (8.11)

2. There exists a c(u,1)>0 such that

J}.({Pl}‘q’ 09 Dq,r) éc(”a T)JA({Pl}Iq: K, Dq’r) . (812)

This can be seen from /2/(2 + y?)<1 and (12 + p2)/I2 <1+ (12/7%). We will now
show that the cutoff dependence of J, does not change if the poles of propagators
are excluded from the integration domain (Lemma 8.8). This lemma will be used in
Lemma 8.9 to get homogeneous denominators in J;. As a preliminary, we state
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Lemma 8.6. Let I be a finite set, re Ny={0,1,2,...} and ©>0. Set

Lk, @) <75 j=1,....s
1|k, )| £4; j=s+1,...,N

DY ={(ky,....k)eR*™ <[k, )| 245 j=1,...,N} . (8.14)

Xll,r:{(klan'akm)eR‘tml } H (813)

Suppose {11,...,13} contains a basis of ¥ with respect to k. Then there exist
a(C,7)>0 and co(C, i, r,7) >0 such that for all polynomials P; of degree r;, con-
strained by Y r;<r, we have

iel
min A% P;(k)|

J d*ky ... d*p == —

IT Gk, @)+ p5)"
X;,” N

min A™F|P;(k)|
<co(C, 1, 7) jd“k o dth, ==L - (8.15)
° ' T (3 (k,q)+ )"
* ra

DY
where A=A+a(C, 7).

Note that ¢y and @ are independent of external momenta g.
Proof. The set & is given in (5.1). First of all assume
Cij=06;, 0;=0 forevery i=1,...,m . (8.16)
Then X¥* is the set of all (k,, ..., k,,) e R*" satisfying |

ki||§'c fori=1,...,mand

Z Cijkj+Qi é‘f s i=m+1,...,s ,
= (8.17)
Té Z C”kJ+Q,‘§i, i=s+1,...,N 5
i=1
and D" is the set of k satisfying t< |[k;|| <1 for i=1,...,m and
ji=1

To prove Lemma 8.6 we use the following lemma proved in Appendix A.

Lemma A.1. Let I be afinite set, r € Ny and 6., 6, compact cubes in R*™, 6, containing
an open set. Then there exists a constant ¢(6,, 65, C, u,r)>0 such that

min |P;(k)|

fd4k1...d4k,,, e —
I} (7 (k, @)+ )™

[}

min |P;(k)|
<c(oy,04,Cou,r) Jd“kl o de, —L (8.19)
az

IT @k, @)+ i)™

va
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for arbitrary polynomials P; of degree r;, constrained by Y r;<r, and for all mo-
menta q. iel

To apply this lemma we have to find @> 0 and cubes oy, 6, having the desired
properties and satisfying

X#*co, and og,=D¥’ (8.20)

where A=A -+d. At first, Lemma 8.6 is trivial if X7*=#. Furthermore, if N=m, X7*
and D¥* are independent of ¢, and D} " for 1= 27 contains an open subset of R*"
which is independent of 1. Hence Lemma A.1 is applicable, and for =27, Lemma
8.6 follows.

Let Nzm+1 and X¥* 0. We now proceed to construct appropriate cubes o,

0, in several steps.
m
i) XPcay, where ;=11 [—1,1]"

i=1
if) There exists R(C,7)>0 such that |Q;|SA+R(C,1) for every i=m
+1,..., N. For, setting C=max |C;;|, R=Cmnr, and (ky, ..., k,) € X3, we obtain
iJ

ZA+R(C,7) ; i=m+1,...,N .
(8.21)

lo:]l=

Y, Cikij+Q;— Y, Cik;
=1 i=1

Next, we define
4={0=Qn+1.... O ER** ™0, <2
+R(C,7) , i=m+1,..,N}. (8.22)

If A grows, Q is not bounded, hence a cube g, contained in D" for all values of Q
does not exist. Instead, we construct d(C, ) > 0 and a finite set of cubes, so that for
every Qe 4 one of them is contained in D¥", where A=A+a4.

iii) To this end, we construct numbers by (C, 1), ..., by—m+1(C, 7) as follows. Set
bo(C,1)=0. If by,...,b,—, are given for an integer r, 1<r<N—m+1, choose
b,(C,7)>0 such that the set of (ky,...,k,)eR*™, satisfying

Ténkt’ s i=1,...,m .

(8.23)

b (Com, 1) +2t=5 <b(C,1), i=m+1,...,N

)

=1

contains a compact cube Q, which itself contains an open set. Such numbers

bos...,by—m+y do always exist, Y C;;k;=0 being a hyperplane in R*™.
j=1
iv) Consider the following subsets of 4:

a) Ay-m+1 <S4 such that |Q;]| <by-p+7 for all i=m+1,..., N.
b) For r,1Zr<N—m, let 4,54 such that for every i=m+1,...,N

10| <b,-1+7 or |Qizb+7 . (8.24)

Obviously, 4 is the union of these sets. For every r let K,{C, 1) be a number such
that ||k;| SK.(C,7) for all (ky,...,k,)€Q,. Set a,(C,1)=max(K,(C,1), b,(C,7)
+R(C,7)) and Z=A4+a,. Then for Qe A,, using (8.24), we easily get Q, < DE".
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v) Let @ be the finite set of cubes constructed in iv), and @(C, 7)=max a,.

r
We have just shown that for every Q € 4 there exists a cube ¢ € 2 which is contained
in D°. By Lemma A.1, for every o there is a constant c¢(oy, o, C, r,7) > 0 such that

min A7) Py (k)|

fd“kl...d"'k,,, = o
Tk, )+ p)™
ra

o
min A7 P, (k)

< | d*k, ... d*k, —=<* (by i))
j ! 1 3k, q)+12)™
N

oy

min A~ %|P;(k)|

<c(oy,0,C ur) | d*ky ... d*%, —2 by Lemma A.1

= “)j ! 0GE iy )
A

ag

min A7 7| P(k)|
4 iel .
<e(Copr,7) j d*k, ... d*,, I} Gl i)y (by iv)) , (8.25)

D%J
where ¢ (C, u, r, 7) =max c(oy, 0, C, i, ¥) and 1=A+d. This proves Lemma 8.6, if

celd
(8.16) holds. )
In the general case, we make a non-singular transformation

ki=hk,q)=3. Cyk;+0:(g)
i=1
(8.26)

kn=1,(k,q)= Y C, k;j+0.(q) .
j=1

J

This is always possible because {/,, .../} contains a basis {/;,, ..., ;, } of & (with
respect to k). Under such a transformation, the form of (8.15) does not change.
Every /;e & has the form

Lk, qy=3 Cyuki+Qdq) ., i=1,..,N,
j=1

and C satisfies (5.1b) and (8.16). This reduces the general case to the above situation,
and the lemma is proved. O

We now generalize Lemma 8.6 to arbitrary “sectors” X%. For any ¥ < %, X5
denotes the set of ke R*™ satisfying

B,z for Lie¥ ,
Bk,q)st* for Le L\ .

Lemma 8.7. Let I be a finite set, re Ng={0,1,2,...} and ©1>0. Then there exist
K(1)>0 and c(u,r,7)>0, so that for arbitrary polynomials P; of degree r; in the

(8.27)
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components of ky, ..., ky, constrained by Yy r;<r, in every sector Xj and for all
A> K(7), the bound tel

Jl({Pz}]qa 22 .t?) éc(ﬂa r, t)J}:({Pa}Iqs 22 Dq’t) (828)
holds, where 1= A+ K(7).

The set D%*is defined in (8.2). The constants K and ¢ are independent of external
momenta ¢. In general we suppress the dependence on the incidence matrix C. On
the contrary, mass dependence will be written explicitly, since non-vanishing masses
are important to avoid IR-singularities.

Proof. Let & < & be an arbitrary subset and X3 the corresponding sector. If ¥ = &,
the statement is trivial. Hence let &< %. By an appropriate renumbering, X3 is the
set of ke R*™ satisfying

Blk,gyz7* for j=1,..,a,
Fk,)<7* for j=a+1,...,N,

8.29)

where o€ No. Let us write [;(k, g) = K;(k)+ Q;(q) for every j=1,..., N. Renumber-
ing again, one can find b=a+1 and a,y,1Za<y=<a, so that the following
conditions hold.

1. K={K,41,...,K;} is a basis of {K,{,..., Ky}.

2. It can be completed by K={K,, ..., K,} to a basis of {Kj, ..., Ky}.

3. Forevery f=1,...,7,

a
KﬁzKﬂ(K)= Z CﬁiK;* CﬁiGR s
i=1
and y is maximal.
Then, for f=y+1,..., N,

K,j:K,,(K,I?);_i dﬁiKi+§: fKi 3 @pasry s dp)F0 . dy, freR .
Define o o
Zi*={K=(Ky,...,K)eR*|PS(Ky(K)+ Q)P <A* 5 j=1,....7},
and for any K let X% be the set of all K=(K,4, ..., K,)eR*®~® such that
(K;(B)+ Q) =7 j=a+1,...,N,

PS(K(K K +QP<A? ;  j=y+1,..,a.

Using K, K as new integration variables in J,({P;}|g, u, X5), we get

min A~ 7| P,(k(K, K))|

T 1 o iel
J,({PMg, , X2)=d AR ———=—— | dk —
«({Pilla. u. X5)=dy j E (k(K),q. ) J E,(k(K, B), g, 1)
zz Xok
where (830)
E (k(K),q, )=TT (; (k(K), q)+ )" ; N =N n{leLlj=1,...,7} ,
Wy

E, k(B K),q.w)=T1 (}(k(KK),q)+13) ; No=Nn{;eZL|j=y+1,...,N} .
N2
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dy is the Jacobian of (k,, ..., k,,) with respect to (K, K). We can now apply Lemma
8.6 to the inner integral in (8.30). For, the set of momenta

Lk(R.K),q)=K(KK)+0;(¢) , Jj=a+1,..,N (8.31)

contains a basis of {/, ., ..., Iy} with respect to K. Hence there exist K,(7) >0 and
cy(u,r,7)>0, so that

_min A7%|Py(k(K, K))| _min A~ #|P(k(K, K))|

j gl <cg(p,r,7) de L B —
EZ (k(Ks K)a ‘1; !’L) _ EZ(k(K> K)a qa #)
D%

2 h
X‘S’K

(8.32)
for all polynomials P; of degree r;, Y, r;<r, where A=A+ K, (7) and

iel
D3t={R=(Kys1,.... K;) eR*O™9|2
é(K](Kaf)+QJ)2§IZ 5 ]='}’+1,,N} .

Consequently
_ min 77| Py(k(K, K))|
JA({Pin,#, })écy(ﬂar,f)dy J‘ dK J dK =

) )T Bk B

Zg: Dgx
b min A™P{P,(k)|

=cy(u,r,7) | dky...d*%k, = (8.33)

E(k,q, )
D

Setting K(r)=max K (t) and using
S CE
A_Pié(z)_lh'.zpi ,
for A> K(t) and =1+ K(7), one can find ¢(u,r,7)>0, so that
e min (1) | Py(k)|
J(PHg, w X5 ey, r, d*ky ... d*%,, -<L

Do
=c(ur,0Jx({P}lg,n,D*7) . O (8.34)

As a corollary, we get

Lemma 8.8. Let I be a finite set, re No={0,1,2,...} and t>0. Then

1. J.({P} g, n, DT, ({PHa, ) - (8.35)

2. There exist K(1)>0 and c(u,r,7)>0, so that for all A>K(t) and all
polynomials P;, iel, of a degree r; in the components of ky, ..., Kk, constrained by
Y <r, we have

iel

Jl({Pz}lqa N)éc(#a r, r)J;({P,}}q, H Dq’r) s (836)
where 7= A+ K(1).
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Proof. The first statement is trivial. To prove 2, wirte R*"= U X%. If ¥+,
LN X% is a set of measure zero, hence

JA({Pt}Iq: j,{,)zz Jl({Pl}{q9 “, ;’) .
&
Using Lemma 8.7, there exist K(t) >0 and ¢y(y, r, 1) >0, so that for 4> K(r) and
every S =&,

J/I({Pl}!q7 i, Xf?) écﬂ(”a r, T)JZ({PI}]% H, Dq,r) ’

where A=A+ K(1). The right-hand side is independent of . Summation over &%
then proves the assertion. I

Using Lemma 8.8, we state the important

Lemma 8.9. Let I be a finite set, re Ng=1{0,1,2,...} and ©>0. Then
1. There exists ¢, (u, 7) >0 such that

J({P:}lg=0,u=0,D")<ci (1, ) 2({Pi}lg=0, 1) . (8.37)

2. One canfind K(t)>0and c;(u, v, 7) >0, so that for all polynomials P; of degree
r;, constrained by Z r;<r, and for all 2> K(t), we have

iel
Jl({Plquoa u)—§62(ﬂ7 7, T)J/T({Pl}lq205 ﬂzoa DOJ) ’ (838)

where =+ K(1).
3. Let q be bounded. Then there exist R>0 and ¢;3(u)> 0, so that for all A>R

Li({Pilg, W Scs (I ({PiHlg=0,p) , (8.39)
where 1=+ R.

Note D%*=D?%%,_,, and D?" is defined in (8.2). If all masses are positive,
external momenta do not have any influence on the cutoff dependence of J;.

Proof. 1.
J}.({Pt}lq = 03 u= 0: DO,t) é 4] (.u’ T)Jl({Pqu: 0> H, DOJ) (by Lemma 85)
<o, O L({Pilg=0, w) (by Lemma 8.8) .

2. Using Lemma 8.8, there exist K(7)>0 and c,(p,r,7)>0, so that for all
A>K(7),

Jl({P!}}qzi:)) ﬂ)écz(ll» ¥, T).}I({P;}'Q‘ZO, 4“) DOJ)
écz(ﬂ; r, T)Jf({P!}|q=0: #zo’Do,c) ’

where =21+ K(7), and we have used Lemma 8.5 again.
3. For g in a bounded region we get by Lemma 8.4

4,z min A "7 P; (k)|
oL 4 4 el
Ji({PHa, w=c'(w) J d'ky...d%, E(k,0, )
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& is given in (5.1). Choose R max | 0:(9)|| independent of g and I=A+R.

Then for every j=1,..., N and all k in the integration domain we have
Hlj(k’ 0= |5k 9+l @] <1 -
Furthermore, for 1> R the estimate
min A~7|P,(0)| Sd-min (1)~ 7| P,(6)
holds, where d is a constant. Hence, setting £={[(k,0)li=1,...,N} and
cs(wy=c'(@)d, we get

e min (1) 7| P,(k)|
TP S f &y .. d*h, A<

E(k,0, 1)

=cs(WJ5({P}lg=0,p) . O
Finally, we state the following elementary

Lemma 8.10. Let P be a polynomial in variables (uy=(uy,... ,u,),{0)=(vy, ..., Vp)
and q9 and let W(U’ C]) = (I/VI (U, q)’ evs I/Va(U, Q)), R(U, q) = (Rl (U, (I)a LR Rb(Uﬂ Q)) be
linear functions, and 9>0. Then

degrulvp(gu + W(U:- q)s R(U, q)} Q) é degrulvP(aa v, Q) . (840)
Proof. Write

Pou+W(v,q),R(v,9), 9) =Y. S.(R(v,9),q) T,(eu+W(,q) ,

T, being linearly independent homogeneous polynomials and S, in v not identically
vanishing polynomials. Then

degr,, Plou+ W(v,q), R(v, q), g) S max degr, T, (u) <degr,, P(u,v,q) . 0O

9. Proof of the Auxiliary Power Counting Theorem
Consider now the integral

= min 47| Py(k, g)]

fl(Q’ :u‘): J‘ d4k1 ‘“d4km el E(k q Il) ’ (9-1)

where the external momenta g are fixed or at least bounded, and E(k, g, u) is given
in (5.3). We prove the auxiliary power counting theorem by induction on m. For
m=0 nothing has to be shown. Given some natural number m,, we assume the
theorem is valid for m < m, and proceed to show that it then also holds for m=my.
Let r=) r;, where r, is the degree of P; in k.

iel
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The proofidea is as follows (cf. [1]). The integral (9.1) will be divided into a sum
of integrals over appropriate subsections. These integrals will be splitted into a
four-dimensional “outer” and a 4(m,; —1)-dimensional “inner” integration, and
the denominator will be made homogeneous by use of Lemma 8.9. The idea is to
apply the hypothesis of induction to the inner integrals in such a way that the
remaining integrations show the desired cutoff dependence. To this end, the
numerator is decomposed into homogeneous components. This allows an appro-
priate scaling of inner momenta by the outer one (here homogeneity of the
denominator is important). After scaling, the inner integrals can be brought to a
form similar to the original one. These results are summarized in Lemma 9.1.
Lemma 9.2 states that the hypothesis of induction can be applied to these integrals,
and combining both lemmas, a simple calculation leads to the desired cutoff
dependence of (9.1), i.e., the auxiliary power counting theorem holds for m=m,.

In the following we identify m with a given natural number m,. We again use the
shorthand notation K;(k)=I;(k, 0). At first, for every £=1, ..., N we define a non-
singular linear transformation

t5= Z (A'f)ljk} N (Aé)ijER ; i,j=1,...,m (9.23)
j=1
such that

=K (k) . (9.2b)

Then k(r)=A; 't. Without loss of generality we assume det(4,)=1. Furthermore,
we introduce the following notations.

i) Let #°° be the set of all He # which are parametrized by a basis of £ 5. Set
A= max O0(H). Then we define w, by [cf. (5.3)]

Hex¥

wo=4m+A4-2% n;=max o(H) . 9.3)
7

He#°

i) Letée {1, ..., N}. For every sequence H, , ..., H, of Zimmermann subspaces
which is ordered with respect to a basis of £ containing [, and satisfying

a) H,_ has [,=const , (9.4)

b) H; has all line momenta of a basis variable

El

there exists an i €/, so that (5.8) holds. The set of all these i1 is denoted by I(&).
iii) For given ¢ define &, ={/;(4;"1,0)|,-0lje{1,.... N\{¢}}.

Lemma 9.1. There exist K> 0 and R >0 such that the following statement holds. For
all b> R one can find c(u,r, b)>0, s0 that

Fam=Sclurb) 3 Y | du|u]™* Ly, 9 ©.59)

=1 ye¥(§) WA

5 This means that all momenta of a basis are variable on H
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for all i>K, where W(A)={t, eR*1<|t;| <2+ K}, Y(1),..., Y(N) are finite
sets, and

M. Ze min (1) "%| Py, (45, q)|
Loy, )= d*t, ... d*1, =@ ) )
eyt q) J Lo dily ECATTL0, s (9.5b)

Here )'=b(A+d)/||t,| +e, and

Piy(A: 't q)=Pi(4: [F,(D)9) (9.6)
where

[Ey(t)] :(ciw Qiyt27 eny Qiytm) -
d, e and c;, 9;,> 0 are appropriate constants.

As will be seen below, the hypothesis of induction can be applied to (9.5b) if b is
large enough. Remember that g is fixed or at least bounded.

Proof. 1. Applying Lemma 8.9.3 and Lemma 8.9.2 to (9.1), one can find X >0 and
¢y (u, ) >0 such that for 1> K,

Lz min (1) "%|P,(k, 9)|
< 4 4 iel
Signsalnn | &k dln ——ppGo—

©.7)

DD.l
where 1=1+K, Z={K,(k)li=1,...,N} and D! is defined in (8.2). The de-
nominator in (9.7) is homogencous, and the poles are excluded from the integration
range. For every £=1, ..., N we define a sector X, < R*" in the integration domain
by

K2(k)zK:(k)z1 forall i=1,...,N . ©.8)

N
Using D%'= ] X,, we get
£t

N
FilgwEe(ur) Y Hilg, Xy , (9.92)
=1
where o
e min (D)% Pi(k, 9)
- — 4 4. ie
fl(qué)'— J’ d k1 ...d km E(k, 0, 0) " (9v9b)
Xe

In the following let £ {1, ..., N} be arbitrary. We apply the transformation (9.2) to
Hi(q, X:). Then

min (1) "%|Py(4: ¢, q)|
. _ 4 . 4 !’61
Hi(g, Xe) = J A -7 X

0] V(4,8

(9.10)

where
UQ={t,eR*1< |0, ||21},

VA, O={(t,....t)eR* " VP22 K} A ' )21} forall ie{l,...,N\{¢}} .
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2. For every iel the polynomial P;is decomposed according to

PAT =Y Tuldiltq) , iel, ©.11)

a=0

where T}, are homogeneous polynomials in the components of ¢, ..., £, of degree a.
Further,

Tu(4: 't q)= Tup(Ag 't q) .12)
4 Biseens Ba
where ) B;<r;—o and T, are homogeneous in the components of #, i.e.,
j=1
Tip(A7 6, =8 .. (105 Siap(tas .., tms @) (9.13)
Using the notation of Appendix B and writing (xf)= (o, B;);c1, We get
A7 (q, X¢)§ Z f}?(uﬂ)(qz Xg) , 9.14)

%, (B1s .. (B), for all ie]
“.“i}‘ (D) 7P| T, (A5 1, )
- 4., ie
fﬂ.(aﬂ)(é[: X§)= J d t1 d4t2...d4lm E(Ac_lt’ (), 0)

U() V(4,8 (9.15)

Substituting
(t29=tm)=(t2/aatr:1).“t1” (916)

in the inner integral and writing t1’=t1/Ht1{| and I=b/T/Ht1 H, where b=1 (to be
chosen below), we get

Fiapy) (g, X)=c'(b) f d4t1Ht1Hw°-4'f%[(l;ﬁ)(tuang) s (8.17a)
v

where ¢’(b) is some power of b, w, is defined in (9.3), and

min (I)_pilfriaiﬁi(Aé_l t’a q)l

in ’ y iel(é)
fl(;ﬁ)(tlaq7 Xf): J‘ d4t2 d4tm E(Aglt" 0, 0) B (917b)
V(4,8
VA E={(s,.... 1) eR*™ VT2 2K (A7 ) 21; forall ie{l,...,NM{¢}} .
(9.18)

Here we have used that, by definition of I(¢) and 4, for every i e I(¢) the inequalities
4
%+ Y, (B:);<r;and r;—p;<4 hold, i.e., for ||t;| =1 and all ieI(¢),
i=1

4
(ai+ Y (ﬁi)j) -4

O A N S@)7rec®) 9.19)
From Lemma 8.5 and (9.13), we get
| 2 min (7)"P1Sup, (1 - 1)
int ! ¢t L€
fz(uﬂ)(tlaqa Xé)é(;Z(H) J‘ d4t2"-d4tm E(Aglt/, 0’ ﬂ) s

9.20)
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where Z,={K;(4; 't)je{l,..., N\{E}}. ¢{ is bounded. Using Lemma 8.9.3, there
exist R>0 and ¢;(1) >0, so that for b>R(=1>R)

R : n—p; l 7
s min (’l) szSiaiﬁi(ZZ'r'- :tm:v q)l

o = d*ey...d*t), 1O
fl((zﬁ)([l’qD le)_cﬁ‘(ﬂ) j‘ 2 m E(Ag_lt’, 07 H)!t’1=0 s

9.21)

where A'=b7/|t;|| + R and &/ ={K;(A;*ty=olic{l,.... N\{&}}.

3. So far we have re-introduced masses in the denominators, and the whole #;-
dependence of the inner integral is contained in 1'. The last step in proving Lemma
9.1 is to re-introduce the polynomials P;. Let Ff=max r; and choose 7+ 1 different

iel

points vy, ..., yy€R and set
={(Zl,...,Z4)‘Zi€{y0,...,y,7} forall Z=1,,4} .

According to Lemma 8.1, there exists ¢, (u)>0 such that

Fiiap (1,0 X2) S calp) Y
y;€X for all iel

ALk vnﬁig) (l')_”‘lﬂai(Aglt’, Dhvi =y
d*ty ... d, = —
’ ECA; "0, Blimo

(9.22)

Similar, let yp,...,77>0 be 7+1 different points and Z={y,,...,7;}. Using
Lemma 8.2, one can find ¢s(y) >0 such that

int
/I(aﬂ)(luq, X:)=cs(w) Z
vieX, g;eZ for all iel
gk min (1) 77| Pi(Ag [T,). 9)l
d*ty ... d*e, <19 ,

E(Agl t,’a 0» au)lti =0
where
[ }’:Q;] (yb QiIZ" cers Qitrix) . (923)
Collecting indices and using the notation (9.6), we get Lemma 9.1. ]

We now show that the hypothesis of induction can be applied to the integrals
(9.5b).

Lemma 9.2. There exist Ko(u, ) > 0 and co (11, ) >0, so that for b> Ky(u, q) for all &
and all y€ Y (&) we have
1 if o(&)<0
Ligy(tr, ) Sco(p @) W) Hog" P A7 if @(8)<0 and p;21 for all ie I(£)

(AN*Ologm™ 14" if ®(£)=20 , (9.24)

where @(&)=max w(H). A" is defined in Lemma 9.1. HycH is the set of
He# &
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Zimmermann subspaces, defined by bases of & containing I, withrespect to k., ...,k
and having ;= const. If q is bounded and { S(H)|H € # +} is independent of ¢, Ky and ¢,
can be chosen to be independent of q.

Proof. Let £e{1,..., N} be arbitrary and
Wayeeey Wy (9.252)
ba an arbitrary basis of %, with respect to (#,, ..., #,) of the form

Uy =li1, ud_lld > (925b)

111’ U1~ d—l.lm 1-a

where [j=1;(A4; 't,0)|;,-o. The variables (i) and constants () define a Zimmer-
mann subspace Hof (t,,... ,,,) The set of these H, for arbitrary basis (9.25), is
denoted by %g With every He #, we associate He # as follows. Let a basis
{9.25b) be given. Take the basis

Zz,...,Zm,l§ (926)
of & with respect to (kq, ..., k,) of the form
u,=h (k,q) , w=1,...d,
v=hL (k,q), w=1,...m—-1-d, 9.27)
Upp—g= lé(ka ‘]) ’
and let k=4;'T, where T=(x,1,,...,1,). Then
w,=t,+U,(x,q) , w=1,...,d,
v,=0,+V,(x.q) , w=1,....m—1-d,
Um—d=x+Q§(q) »
where U, V,,, Q; are linear functions. Then the He # associated with He J?é is
defined by variables (u)=(u, ..., u,) and constants (¥)=(vy, ..., V,-4). We define
8(H)=0(H). The set of these H € is identical to J#, in the lemma.

By this construction, to every sequence H,, ..., H, of Zimmermann subspaces in
., which is ordered with respect to a basis (9. 25) corresponds an ordered sequence
H,,...,Hy of Zimmermann subspaces in J#, with respect to the corresponding
basis (9.26). Adding H; ., € #', parametrized by the whole basis (9.26), we again get
an ordered sequence. Let (i) be the parameters of H; and (&) the complement
variables, i.e., (i, ) = (w,, ..., w,,), and correspondingly (u’) the parameters of H
(W, v)=(z3, ..., 2y, ), for every j=1, ..., s. By construction of I(£), using Lemma
8.10 [and inequality (C.4) of Appendix C], there exists an ie I(£) such that

degryz Piy(Ag 11, q) —piSdegriss Pi(Ag H Fy(D], @) —ps
é degruj[vfpi(k(ujs vj’ ‘Z): Q) —Pi (928)
SO(H)) ,
for all j=1,...,s. This means the set {5(1?)|FI € ,7?5} is a UV-set of the numerator
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of (9.5b). For every H e #,;, parametrized by (9.25b), and corresponding H e #,
w(H)=4d+0(H) —degryE(A; 1,0, W, =0
=4d+6(H)—degr,E(k(u,v,q9), q)=w(H) . 9.29)

Thus, all the conditions are met for the auxiliary power counting to apply to the
inner integrals I.,,(#,;,q). According to the hypothesis of induction, we get
Lemma 9.2. O

We now proceed to complete the proof of the main Theorem 2. All that re-
mains to do is to insert the cutoff estimates of Lemma 9.2 into the inequality of
Lemma 9.1. Then, re-expressing A’ by 4, the remaining integration can be done
without problems. Choose a fixed b according to Lemma 9.1 and Lemma 9.2. Then
there exist constants ¢(u, g) >0 and K(u, q) >0 such that for all A>K(u,q),

N
Fug, w=e(p,q) é;

1 if wy<0 and @&(&)<0
<A log™A if wo<0 and @(&)<0 and p;=1 forall iel
Amax (@0 ogm ] if @20 or @(£)=0
=c(u.q)
1 if max w(H)<0
Hedt
XA og"A if Hmea;;w(H)<0 and p;21 forall iel
Araxnerloljgomy  if max w(H)=0 , (9.30)

where we have used
max (wg, ®(£)) < max (max w(H’),w(H))gmax w(H) .
He#g \H' eH© He#

K and ¢ can be chosen to be independent of g if ¢ is bounded and if {5(H NHe #},
and hence {w(H)|H e # } are independent of . This completely proves the auxiliary
power counting theorem.

Conclusion

We have proved a convergence theorem for Feynman integrals with a lattice cutoff.
Under very general conditions, it states existence of the continuum limit as well as its
coincidence with the formal limit, i.¢., the Feynman integral, which results from
taking the continuum limit in the integrand. If convergence holds, only a
neighborhood of zero momentum in the Brillouin zone contributes to the limit.



120 T. Reisz

An important convergence condition is the naturalness of line momenta. This
means that their homogeneous parts in the integration momenta &,

Cl]k] s

i

i

satisfy C;; € Z for the given representation (3.1) and for every choice of independent
line momenta as integration variables k4, ..., k,,. For a lattice Feynman integral it is
always possible to choose the loop momenta in such a way that this condition is
satisfied, e.g. if the loop momenta %, ..., %, coincide with momenta of lines.
However, in the case of renormalizations one must be very careful in order to ensure
that the subtracted integrand still satisfies this condition. Note that in the power
counting theorem of Hahn and Zimmermann [1] the condition of naturalness is
unnecessary. However, this theorem can only be applied to integrals having a
rational integrand. On the lattice, in connection with the periodicity of the
integrand, naturalness makes sure that only one Brillouin zone contributes in the
continuum limit.

Furthermore, the theorem assumes that the propagators have only one pole in
the Brillouin zone, located at vanishing line momenta. This means that the
denominators of the propagators

.
la
11512)+u2

satisfy #(la=0)> 0 in the Brillouin zone. If this condition would be violated, the
assumed periodicity of the integrand would not be sufficient for convergence. In
particular, the theorem does not apply to lattice fermions with propagators having
poles on the boundary of the Brillouin zone. In general, the pole condition implies
that only a small neighborhood of zero momentum contributes as the lattice spacing
tends to zero, and that the continuum limit of a lattice Feynman integral is equal to
the formal limit.

For simplicity, we have always assumed the numerator and denominator of the
integrand to be C®. Actually, the denominator needs to be differentiable only in a
small neighbourhood of vanishing line momenta, and globally continuous. In the
case of renormalization, the whole integrand has to be differentiable to a degree
depending on the divergence degrees.

The main point of the convergence theorem is that it is a power counting
theorem. This means that convergence of Feynman integrals in the continuum limit
is described by ultraviolet divergence degrees with respect to special subspaces of the
integration momenta, called Zimmermann subspaces. In order to get convergence
in the continuum limit, the divergence degrees with respect to all these subspaces
should be smaller than zero. Due to the structure of diagrams with a lattice cutoff,
we have a new kind of degrees to be dinstinguished from UV-degrees of rational
functions [1]. A lattice degree describes the behavior of a Feynman integrand for
large internal momenta of a Zimmermann subspace and small lattice spacing «
simultaneously. To discuss naively large momenta for fixed @ would be meaningless
because of the periodicity of the integrand.
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To every Zimmermann subspace there corresponds a (sub-)diagram. Hence,
loosely speaking, negative UV-divergence degrees mean that all subdiagrams are
convergent. Usually, a Feynman diagram must be renormalized. In terms of a
power counting theorem this means that counterterms have to be arranged in such a
way that divergence degrees of all subspaces are negative. In a following paper [4],
this correspondence will be used to conmstruct a renormalization scheme for
Feynman integrals on the lattice, which is analogous to the BPHZ finite part
prescription for continuum Feynman integrals. It will be seen that counterterms
instead of being polynomials are periodic functions. From the fact that negative
lattice divergence degrees insure not only the existence of the continuum limit but
also its coincidence with the formal limit, it will follow that renormalized
perturbation theory is universal, which means that the continuum limit does not
depend on a specific choice of the lattice action.

The power counting theorem applies to a wide class of lattice field theories. In
this investigation we have been concerned solely with the problem of ultraviolet
divergencies. We have assumed all fields to be massive in order to avoid infrared
singularities. In the given form the power counting theorem does not apply to lattice
field theories with massless propagators. Whereas the lattice provides a UV-cutoff,
IR-singularities are expected to be the same as in the continuum. This suggests that
one should supplement the UV-power counting conditions by IR-power counting
conditions, which describe the behavior of a Feynman integrand for small internal
momenta and state IR-convergence at non-exceptional external momenta. By this
modification, the power counting theorem should apply also to massless field
theories on the lattice. In a forthcoming paper we will show that this is indeed the
case, and that the ideas presented here will go through.

Appendix A. Proof of Lemma A.1

We first show that the propagators of (8.19) are of no importance for the validity of
Lemma A.1. Recall that the line momenta /;e.4" are of the form

k)= Y. Ciky+0ia)

J

Given compact cubes o, , 05 and ¢, containing an open set, let ¢ = o, U 0, and choose
K(C, 6)> 0 such that for all /e 4,

Y Cik;|SK(C,0) forall keo , (A1)
i=1
and define ’
1
ga(Q)zlj(K(c, o)+ |Gl i “

Using the triangle inequality and Lemma 8.3 one can find a constant d(C, g, ) >0,
so that for all ke,

1

AQS————————=<d(C,0,1)9,(Q) . A3
9.(Q) l;/l(l?(k,q)w?) (C,0,11)9,(Q) (A.3)
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Now Lemma A.1 is a direct consequence of

Lemma A.2. Let we N, re€ Ny and 64, 6, compact cubes in R", g, containing an open
set. Then there is a constant ¢(6,,06,,7)>0, so that

[ dx,..dx, min [|Pi(x)|Sc(oy,02,7) [ dx;...dx, min [Pi(x)] (A4)

a1 i=1,..., o2 i=1,...,
w
for arbitrary polynomials P; of degree r; in xy, ..., x,, with Y r,<r.
i=1

Proof. By complete induction on the number n of integrations.
A. n=1.Byinduction onr. The case r = 01is trivial. Assume for somer € N, there
exists a constant ¢(gy,a,,r)>0, so that

[ dx min [|P(x)|ZLc(oy,03,7) [ dx min |Py(x)| (A.5)
i=1 w w

o1 i=1,..., o2 i=1,...,

for all polynomials P; of a degree r;, ) r;<r. Now let P; of degree r; and
i=1

M=

ri=r+1. Suppose every P; has the form

i=1

ri

Pi(x)=a; T1 (X—Zij) >

j=1

where a;,z;;€ C; a;40. Choose R(g) >0, so large, that for all zeC, |z| > R(o),

1 3
5_3_1—; gz for all xeo . (A.6)
Let z=(z1,...,2»)eC"Y, a=(ay,...,a,)eC” and for (ry,...,r,)eNY,
Y ri=r+1,
= [ dx min |P(x)|
¢ i=1,..., w
r Fw z,a)= ! . .
Sri..ru(2,0) [ min [P0
o2 i=1,..., w
All f,, . ., arecontinuous and non-negative. If |z;;| < R(o) for all i, j, then there exists

a constant B(a,,0,)>0, so that

ﬁ1...rw(z, a)éB(O-l ] 0-2) .

On the other hand, if |z; ;| > R(o) for some j,, iy, set

0Jjo
Pilo(x)=aigziojo IT "Zioj)
i(*jo)

such that

5P, () Z|P;,(x)|£3|Piy(x)| forall xeo
by (A.6), and set

Pi’=P,- fOr all l=|=10 .

Then, by induction hypothesis

f;l__rw(Z,a)§3C(0'1,O'2,r) -
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Choosing c¢{(oy,6,,r+1)=max(B(o,,0,), 3c(6y,0,,7r)) the assertion follows
for n=1.

B. Let n>1. Assume the lemma holds for all natural numbers v<n. Without
loss of generality set 6, =[a, b]" and 6, = [d, b]". By induction hypothesis, there exist
¢,(abab)>0 and c,_(abab)> 0, so that for all polynomials P; of degree smaller or

equal to r; in x4, ..., X,, where 2 r;<r, using Fubini’s theorem

=1
b b b
fdx, [dxy...fdx, min [Pi(x;,...,x,)
a a a i=1,..., w
b b b
Scuoq [dxy [dxy. [ dx, min [Pxi,...,x,)
a a a i=1,..., w
b b
<eiCp-y {dxy . fdx, min  [P(xg,...,x,) .
7 7

i=1,,..,w

This proves Lemma A.2. [

Appendix B. A Useful Inequality
We state a simple but useful inequality.

Lemma B.1. Let ne N be a natural number, I = {1, ..., n}, and L; a finite set for every
iel Foralliel and all Ie L;, let x;20. Then

min Y x< Y ... ) minx, .
iel jel; lieLy hel, iel

This inequality can be written in a more concise form. For I={i,, ..., i,} and sets
L;,...,L; define

L= ® Li=(Li1>"'7Lin) 5

iel
i.e., every /e L is of the form
l:(li)iezl:(liun-alin) >

el

where
i k=i,...,n .
Using this notation, Lemma B.1 can be written as follows.

Lemma B.2. Let I and L; for every i I be finite sets. Let x,=0 for allle L;and ie I.
Then

min Z Xlé Z min Xit 5

iel leL; leL iel

where L= ® L;, and for every |={l))je1’ Xy=Xy,.

iel
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Appendix C. UV-Degrees of Polynomials

Let P be a polynomial of u, v and gq. The UV-degree degr,,P(u, v, g) is defined as
follows. P can be written as

Pu,v,9)=3, Q.M. () , Qu(v,9)%0 in v(gfixed) ,  (C.1)

where M, are linearly independent homogeneous polynomials in u, and Q, are
polynomials. Then we define

degr,,P=maxdegrM, , (C2)

degr M, being the homogeneity degree of M,. Usually, all parameters which are

considered as variables are written in the argument of degr. In (C.2), ¢ is fixed. If all
momenta are variables we will sometimes use the shorthand notation

degr, P(u,v, g)=degr,,, P(u,v,q) . (C3)
In general,
degruluP(us v, q) é degrup(u’ v, ‘]) . (C4)

A useful characterization is the following. degr,, P(,v,q)=4¢ if and only if
PUu,v,q)=A@w,v,q)-2°+0(1°™ Y, Ai-o0, (C.5)
Au,v,q)=0 in u,v(q fixed!).

Appendix D. Naturalness of Line Momenta

We state an important property of a natural set of line momenta. This property is
needed when the integration domain of a Feynman integral on the lattice is divided
into various sections to determine the continuum limit behavior. It happens that line
momenta have values in neighborhoods of poles of propagators in higher BZ’s. The
following two lemmas show that, if the neighborhoods are chosen sufficiently small,
it is possible to shift the line momenta into the first BZ simultaneously by a
translation of the integration momenta by reciprocal lattice vectors. Under such a
transformation, the periodic numerator of a Feynman integrand does not change.
We shall use the notation of Definition 3.1.

Lemma D.1. Givena set & = {11 + -« s Iy} Of four-momenta, there exist ¢ > 0 and ay > 0,
so that for all a<a, the following statement holds :

Let J={1,...,N} and z={z;e Z*|ie J} such that
My (e,a)={(ky, ..., k,) e[ —nja, n/al*"| | ik, 9) —2n/a)z: | < (]@)s
forall iel} 0.1

is not empty. Then there exists a momentum configuration k € [ —n/a, n/al*™ such that

2
K,~(k)=7nz,- forall ield . (D.2)
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If the statement holds for some &> 0, then so for &', 0 <&’ Z¢e. The lemma states
that neighborhoods of the poles can always be chosen so small that their intersection
(D.1) with the integration domain is non-empty only if the “internal” momenta K;,
for some k, satisfy (D.2).

Proof. Let J={1,..., N} be an arbitrary subset and Z={zeZ*||z|| <1+2m|C|},
where ICizn}gx ICy;l (cf. Definition 3.1).
I Setay= min (| Q) and & =1/2. Then My (e.a)=0 if e<er, a<a,

i,...,
and z;¢ Z for some ieJ. For, a simple calculation shows

.>__§- @z -—(4mlC}+1))>§ g .

27
lfi(ka q) ——a‘ Z;

2. Let M, (5, a)+0. If there exists no ke[ —mn/a, n/a]*™ satisfying (D.2), then
there exist jeJ and 6> 0 such that

Kj(k)—zgzj gg—é for all ke[—n/a, nfal*™ .

This means

2
b)) == 2 2% -0y > 200,2)

ifa<a,(J,z)=nd/(2|Q;|) and e < &, = /4, in contradiction to M_(¢, a) 0. Taking
the minimum of all &,¢,(J,z) and of all a,(/J, ), a,, respectively, the assertion
follows. O

The importance of Lemma D.1 rests on the following

Lemma D.2. Let the set £={l,,...,1ly} be natural and J={1,..., N} an arbitrary
subset. If ke R*™ exists, satisfying

2

Ki(k)=77t z; for some z;eZ* andall ieJ , (D.3)

then there exist reciprocal lattice vectors

2
Al,...,Ame{-a—nrlreZ“} , D4
so that for A=(4,,...,4,,)
2 .

Ki(A)=~{;— z; forall ied . (D.5)

The translation alluded to in the introduction to this appendix thus consists in

k}")k‘]"f‘AJ » jxl,...,m .
so that for all ieJ

l{"’li"}'z—n Z; .
a



126 T. Reisz
Proof. Let J={1,..., N} and ke R*™, satisfying
2
Ki(k)=§ z, zeZ* forall iel .

Choose linearly independent K,
{KilieJ}. According to Definition 3.1

Z, c; s AjleZ >

K, .sothat K, ,...,K,,, d<m, is a basis of

H
for every j=1,...,m, and

d
Kizz DyK, forall ieJ ; DyeZ .
=1

Define for j=1,...,m

d
27
4
lZc E
a lg '

and A=(44,..., 4,,). Then, for every ieJ

d d 27'5
Ki(d):z; Dichl(A)=lZ DiiKcz(k)zKi(k)=—:{' z; . O
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