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A rigorous path integral treatment for the d-dimensional pseudosphere A¢~ !, a Riemannian
manifold of constant negative curvature, is presented. The path integral formulation is based
on a canonical approach using Weyl-ordering and the Hamiltonian path integral defined on
midpoints. The time-dependent and energy-dependent Feynman kernels obtain different
expressions in the even- and odd-dimensional cases, respectively. The special case of the three-
dimensional pseudosphere, which is analytically equivalent to the Poincaré upper half plane,
the Poincaré disc, and the hyperbolic strip, is discussed in detail including the energy
spectrum and the normalised wave-functions. < 1988 Academic Press, Inc.

I. INTRODUCTION

Ever since Feynman’s fundamental paper [13] there were attempts to calculate
path integrals explicitly. Unfortunately, there are essentially only two examples
which allow a direct solution: the harmonic oscillator (including, of course, the free
particle motion) and the rigid rotator. All other quantum mechanical systems
require more sophisticated methods which have been invented only recently. The
key to all known solutions is to find a symmetry, often “hidden,” which allows a
coordinate transformation, which may be non-linear or must be accompanied by a
time transformation, to bring the path integral into a manageable form, such that
one of the fundamental solutions can be applied (for recent reviews see [ 18, 26]).

With this paper we continue our previous work [18,19], where we have
formulated a canonical approach to calculate path integrals on curved manifolds.
Let us consider the generic case (see [ 18] and references therein for further details),
where the classical Lagrangian is given by

m .
yCl(q: ‘?J=‘2‘ gubqaqb_ V((]) (1)
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PATH INTEGRAL ON THE PSEUDOSPHERE 121

with metric g, and line element ds> = g, dq* dq’. The quantum Hamiltonian reads
(h=1)'
1

H=—2—m-ALB+ V(g), (2)

where 4, is the Laplace-Beltrami operator

ALB=ﬁaug""J§ab 3)

(g is the determinant of the metric tensor). In order to express H by position and
momentum operators, one constructs the momenta
1/o I dIn
( > PRI 4)
q

pa=7 —_— =

oq° 2 “ 0

which are hermitian with respect to the scalar product
(fir f)= | f2 f2 /& da. (5)

In terms of the momentum operators (4) the Weyl-ordered form of the Hamiltonian
(2) reads

1
H=¢ (8°PuPr+2P.8Po+ Pups8”)+ V(g) + 4V(q) (6)

with the well-defined quantum correction (of order #?%)

AV = (g R =g [T 1,4 A8 ) 8% 0] ()
(R is the scalar curvature; g*° is the inverse of g,; I'%, are the Christoffel symbols).

Using the Trotter formula e~ ;=¢ "+ 8 =5 —_1lim, , (e " e " M)¥ and
the short-time approximation to the matrix element {(g”|e ‘|q’>, one obtains
the Hamiltonian path integral (3 := (g + ¢~ "), e=T/N, T=1t"— ', d = dimen-
sion of the Riemannian manifold),

Sy (9 dp
" . _ ’ " 1/4 1)y, .. (N—1)y T
Kg'.q T)=a(q) 2(g")] " lim [dg'-.. [ag 0 [ 2 |

N
xexp {i ) [pf,f’(q‘f’ — g\ ) =5 g (@) pl Py — eV (G — 2 4 V(q‘f')]},
. m
j=1
(8)

!We only consider systems with such a simple structure; see [30] for a discussion of more
complicated systems.



122 GROSCHE AND STEINER

and the Lagrangian path integral (the momentum integrations can be carried out),

K(g",q'; T)

Ndj2 /N—1 N
=Lty g1 tim () (11 [a”) 11 Ve@)

N oo \27iE =1

X exp {i [% 8a(@)(g — g DYa(g — U V) _ e(GD) — g4 V(q‘-”)]}.
(9)

Note that it is crucial that all coordinate-dependent expressions be taken at the
midpoints §. This prescription follows in an unambiguous way from the Weyl-
ordering rule (see, e.g., [27, p. 479, 30]). For the correct form of the normalisation
C=1[gl(q') g(g")] " see, e.g., [32]

In [18] we have calculated the path integral for the d-dimensional rotator, i.e.,
for the quantum mechanical motion on the sphere S '. In addition, we have dis-
cussed some path integral calculations, which have become important in recent
years, ie, the Coulomb problem (see [7,23-25,38]), the Morse potential
(see [6]), the Langer transformation in a semiclassical treatment in radial path
integrals (see [15]), and general space-time transformations in radial path integrals
(see [36-38]). A further application of the Weyl-ordering rule has been presented
in [19], where we have explicitly calculated the path integrals for the Poincaré
upper half plane and Liouville quantum mechanics, respectively.

In this paper we present the path integral formulation for the pseudosphere 497"
Our work was motivated by the observation that the quantum motion on the
pseudosphere 49! is formally similar to the quantum motion on the sphere 59~ ',
but, of course, very different in its character. To our knowledge, no consistent and
complete path integral treatment for the pseudosphere exists up to now.

Recently, there have been two path integral treatments of the pseudosphere. The
first is a semiclassical calculation for 42 and 4> due to Gutzwiller [21]. He noticed
in the case of 4% a “mysterious phase factor” ¢ = 1/2mR? in the Feynman kernel
K(T) which is due to the zero-momentum energy-shift: E, = 1/2mR? This shift did
not arise in the semiclassical calculation, but it appears very naturally in deriving
K(T) directly from the Schrodinger equation.

A second work on this subject is due to Bohm and Junker [4], who discuss path
integrals over compact and non-compact rotation groups. However, these authors
missed the essential point leading to the quantum correction (7), and so they got an
incorrect energy spectrum for A~ E0 = (1/2mR*)(p* + 1/4) (p>0,d=2,3, ...).

Our paper is organized as follows. In Section II we discuss and calculate the
path integral for the d-dimensional pseudosphere. We show that the correct energy
spectrum reads

pom [ 24 (23] (p>0,4=2,3.4,..) (10)
7 2mR? 2 Y
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In Sections III and IV we discuss in some detail the even- and odd-dimensional
cases. On the one hand, it is possible in even dimensions to express the Feynman
kernel K(T) in closed form, yielding simple expressions for d=2, 4 and finite sums
for d=6, 8, ... On the other hand, one can express in all dimensions the Green’s
function G(E) by associated Legendre functions of the second kind.

In Section V we discuss the pseudosphere 42 A? is of special interest, because it
is analytically equivalent to three further Riemannian spaces: (1) the Poincaré
upper half plane U, (2) the Poincaré disc D, and (3) the hyperbolic strip S. These
spaces play an important role in the Polyakov approach to string theory (see
[10, 11,17, 31, 35]) and in the theory of quantum chaos (see [1, 21, 39, 40]). In
string perturbation theory one considers open or closed Riemannian surfaces of
genus g. The order of the perturbation expansion corresponds to g. For a closed
Riemannian surface one has, e.g., for g=1 the torus and for g=2 the double
doughnut. By the uniformisation theorem of Klein, Fricke, and Koebe (see, e.g.,
[37) these surfaces are conformally equivalent to compact domains (polygons) with
4g edges and vertices in these Riemannian spaces (e.g., for g=2 an octagon in D,
say). Furthermore, these compact domains are fundamental domains of discrete
subgroups of PSL(2, R). The action of the group elements are for, e.g., z€ D,

az+b

eHm (lal*—|b]*=1) (11)

which are isometries in D. Under the action of the generators of the group the
polygons tessalate D, say. These features have been extensively studied by Poincaré
[34] and Fricke and Klein [9]. A more recent discussion is, e.g., due to Fenn [8].
All these spaces have constant negative curvature. This hyperbolic structure is
responsibie for the fact that classical and quantum motion in the polygons is
chaotic.

In our path integral treatment we shall show that the Feynman kernels K(7T) on
A? and U can be transformed into each other. Further, having the path integral for
A? it is quite simple to express it in terms of the variables on the Poincaré disc D.
This enables us to write down the path integral solution for the disc. We shall
briefly mention the path integral formulation for the strip S, but a detailed treat-
ment for S will be given in a forthcoming paper.

Section VI summarizes our results.

The appendices contain further details and some important but tedious
calculations. They concern Legendre functions (Appendix A) and the proof of an
important path integral equivalence (Appendix B), and the Appendices C and D
contain detailed proofs for deriving the Schrodinger equation from the short-time
kernels corresponding to the different path integral representations for A4~ .
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II. THE PATH INTEGRAL ON THE d-DIMENSIONAL PSEUDOSPHERE

We are considering the Schrédinger equation

1
1_"1/_ (d)'p (1)

in d-dimensional pseudospherical polar coordinates (see [41]),

=Rcosht
x,=Rsinhtcos b, ,
x3=Rsinhtsind, ,cos8,_;

(2)
Xy_,=Rsinhtsin8, ,---sinf,cos b,

x;=Rsinhtsin§, ,---sinf,sin b,

where 0<t<o0, 00, <1 (v=2,..,d—2), 0<6,<2n. The metric in x-space
reads as (G,)=diag(—1,1,.,1) (a,b=1,..,d) such that x’= —R?’=
—x2+3¥4_,x? with R fixed (4" has constant negative Gaussian curvature,
K = —(d—1)(d—2)/2R?* we will often also use 0, , =t and 0, = ¢). The
metric in pseudospherical polar coordinates reads (g.,) = R’diag(l,sinh?7,
sinh® 7 sin” 8,_,, .., sinh? ¢ ---sin’0,)(a, b =1, ..,d — 1). K2, is the Legendre
operator in the space 49"

K, = o (d—2) coth 6‘+ : o +(d—3)cotd g ]4—
=37t ot 5 | T sinh?z |62, 255
i 2 2 i %
S v 3
*sinhIr - sin’0 [692+00t %25 :|+sinhzr~--sin202 e (3)
The Hamiltonian reads
1
H= _WK(Zd)‘ (4)

The solutions of the eigenvalue problem (see [2])
Hy = Ey (5)

are the zonal spherical harmonics H(?) (u) with the spectrum (1.10) (u is a unit

vector on A9~ !: u=x/R). The H},")u(u) can be written as

H) (w)=2Z,[(t)-Si% "(Q), (6)
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where the S{%~"(Q2) are the usual orthonormal spherical harmonics for the 4=

sphere and 2 denotes a (d— 1)-dimensional unit vector on $*~ 2 The Z, (1) read

_Tlip+1+(d-2))2)
I'(ip)

[p>0,leNg, u=1,2, . M, M=Q2/+d-3)I+d—4)/(I(d-3)),d=4,5, ...; for
d=2,3 see (48) and (49)]. The Z,, are orthonormal

Z,(7) (sinh £)©~47? PG - D2 !(cosh 1) (7)

[ Z,40) Z3 A1) sinh?~ > dr=53(p — p) (®)
0
and form a complete set
[ Z,40) Z2v') dp = (sinh = sinh 7')*~ 925z — ') (9)
0

(for details see Appendix A). Therefore the HY,
complete set on 447",

In order to construct the path integral on A¢~' we start with the momentum
operators which are given by (see (1.4))

1(6 d-2 )
p.=-|—+——cotht

are orthonormal and form a

i\ot 2
1/0 v—1
=— ——cot @ 1
pG\ 1(69‘,_*_ 2 CcO v) ( 0)
10

and are hermitian with respect to the scalar product

d—2

(. g)=j: sinh?~2¢ de [ [ sin*=10, b, j: b f*g. (11)

v=2"0

Rewriting the Hamiltonian (4) with the help of (1.6) and (1.7) yields (in H no
ordering ambiguity arises, because of the special form of g, for the pseudosphere)

R
H({8},{ps})= [pr+sinhzrp8d‘2+ e ¥

] 2
2mR2 202 p¢]+AV({9})

sinh?t .. -sin
(12)
with

AV({8}) = ! [(d—2)2 __1__ ___1___] (13)

8mR* sinh’t sinh?t ---sin’6,
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({-} denotes a collection of variables). We thus infer that the Hamiltonian path
integral on the pseudosphere reads (see (1.8))

K9({0"}, {07): T)

T N- {dp§} {dpi™}
—C}\}Eljle{de(l]}"'j{de( ”}_[(27[)2171"' (zn)ed—l

N d—1
cexp (i 3| 'S 05 -0y ) —e ({010, 001 rrn ]} s

j=1bLv=1

C is the normalisation (see (1.8)),
d—2 —1/2
C = (sinh v’ sinh 7))@~ 472 [ I sin*~ '8, sin”lﬁé’] , (15)
v=2

and # denotes the effective classical Hamiltonian on the lattice,

A0, 091, {p))

_ 1
" 2mR?

(j) 2 ..
sinh ) sinh ¢/~ V) Lpe) 17+

. 1
sinh 1 sinh 1V~ 1 ... sin 8¢ sin 5 !
2 2

{pp

) [p,‘,f’]z}-kAV({B‘f’, 9(/‘71)}) (16)

with 4V given by
AV({@‘”, gyv- 1)})=

. 1
8mR2[(d—2) T sinht@sinhtV D

1 (17)
sinh 1 sinh /=" ... sin 8y sin 8y~ |’

Here some remarks are in order. As mentioned already in the Introduction, the
consistent lattice definition of the path integral requires one to take all coordinates
{6} at the midpoints 6% = 1(6)+ 8~ V). However, in our case it is legitimate to
make the replacement sin’6¢” — sin 8 sin 8~ ete. (“product form™). This follows
from the fact that the relevant terms of O(g) arising from the above replacement are
exactly cancelling each other. A general discussion of path integrals based on the
“product form” definition will be given elsewhere.

The momentum integrations in (14) are of Gaussian form and we get the follow-
ing Lagrangian path integral on the pseudosphere,

k(o). 0 1= [ (00)nexp fi [ L2at(0. 8- aviopral, )
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where the classical Lagrangian and the integration measure are given by (with the
“product form” to be used on the lattice)

Za({6, (9})=%R2[f2 +sinh2t02_,+ --- + (sinh?t---sin8,) ¢*], (19)

MRI\NE =12 N - | _ , _
{DB}(:)—»(z ) [T sinh¢= 2t gz 4@, (20)
e

j=1
Here dQ'” denotes the (d — 2)-dimensional surface element on the unit sphere S9!

d-2
dQ = T (sin 6)* ' doy. (21)

k=1

It is worthwhile to note that the normalisation C together with the determinant
expressions (see (1.9)) has been exactly cancelled, and that the path integral (18)
has the standard canonical measure (20), which can be directly derived by a trans-
formation from Minkowskian to pscudospherical polar coordinates.

In Appendix C we show that from the short-time kernel of Eq.(18) the
Schrodinger equation (1) can be deduced, so that the path integral (18) is indeed
the correct path integral on 4~ '. Some details concerning the equivalence of our
lattice formulation to the midpoint procedure can be found in Appendix B. We
emphasize that this equivalence is a special feature of the pseudosphere (and, of
course, the sphere, too; see [ 18]).

The path integral (18) with the Lagrangian given by (19) is too complicated for
explicit calculations. We therefore try to replace (19) by the following expression
(this replacement is motivated by the fact that an analogous trick has been
successfully employed in the case of the sphere S*~' [18]),

. ~ . m .

,EFC]({B,G})-»YCI({B,H});_—_—2-R2 Z“Vc({e}), (22)

where V', must be determined and u denotes the d-dimensional unit vector on the
A9 1 sphere. With = —1 (497" is a space of constant negative curvature!),

(' —u?)? = —2(1 ~cosh ['"'?), (23)

We note that /?) is nothing but the hyperbolic distance between the points {61}
and {6”'} measured in units of R. Using the addition theorem

cosh ' = cosh 1) cosh /¥’ — sinh 7! sinh 7'?
d—-3 d—2
x <cos 84, cos 0 ,+ Y cos @ cos 82 [] sin 6¢ sin 6
m=1 n=m+1
d—2
+ 7 sin 6 sin 95}») (24)
n=1

595/182/1-9



128 GROSCHE AND STEINER

we can show (see Appendix B) that the following identity holds:?

exp{ie ¥ ({0V}, {6V ')] = exp {—1; R*(1 —cosh /Y7 =) — isVC({()“"})}.

(25)
Here
L&{0V}, {8V
MR =102y ik 20 i 2 D) () (j—1)y2
=32 (V-1 ) +sinh " sinh £ D0 , — 040 + ...
+ (sinh t/). .. sin Bgf/")(¢‘f’—¢‘f‘”)2] (26)
denotes the “classical Lagrangian” (19) on the lattice and
V({0)) = oy | — 1 b e 2
¢ " 8mR? sinh’t sinh’t..-sin26, | (27)
From (13) and (27) we obtain the important relation
d—1)(d-3
VC+AV=£——8—’11—(P——). (28)

With (22) and (28) the path integral (18) can be rewritten as

KO({6"}, (8} T)= | Du(r) exp {f [ [; R—ﬂis—fn)—‘lj—‘ﬁ] d,}. 29)

Equation (29) is our final expression for the path integral on the pseudosphere A¢~".
Its lattice definition is given by

K9({6"}, {6'}: T)

. X MmRAME-12 N1
= o~ T~ 1)(d—3)/8mR? [ip . J 1 du?
N oo \ 2Tie iy

imR?

1

N
xexp{- Y [1—cosh 1”""“]} (30)
j=1
(du'? = sinh¥ =214 gt ) dQ). The path integral (29) is, of course, equivalent to
the path integral (18), but (29) is much simpler. In Appendix D it is shown that
from its short-time kernel the Schrédinger equation (1) can be derived.

2 We use the symbol = (following DeWitt [5]) to denote “equivalence as far as use in the path
integral is concerned.”
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In order to evaluate the path integral (30) we need an expansion for e =", We
have (Re(z) >0, Re(d)>1)

e —7coshl _2_ (_, sinh l)(3ad)/2 jx
ne 0

where 2% denotes the associated Legendre function of the first kind (see Appen-
dix A) and K, a modified Bessel function. Equation (31) can be derived from the
integral representation ([20, p. 8047, Re(z) >0, Re(u) < 1)

o0 - - - 2
L ey —1) "/29’54/2()’)(1)/:\/;2‘11("(2) (32)

2

I'(ip+ (d—-2)/2
T DD s - i2(cosh 1) K, )

I'(ip)

(31)

2

and the completeness relation (see also Egs. (9) and (A.11))
TI'ip—u+1/2)
T t@f};uz(x)g’fiﬁl/z(ﬁdp:‘s(x‘}’)- (33)

L‘” I'(ip)

Next we must expand (31) into the spherical harmonics on A9 ', This is done with
the help of the relation [2]

2

I'(j d—2
(ip +( )/2) P D03(cosh [1:2))

sinh {(1:2)B - 472 ,
( ) I(ip)

= (2m) 42 S H ) Y, ) (34)

Ly

Inserting (34) into (31) yields (Re(z) >0, d=2, 3, ...)

— zcosh(12) 2\ @722 e (@) (1,20 )% (,, (1)
e ~2(= [ doKz) T H, ) HEr 6. (35)
Ly

For the functions H}?, we have the orthogonality relation (see Eq. (8))
Ld_l du H, () HOX(u) = 8(p— p') 8,1 8,0 (36)

Therefore we get for the jth term (j=1, .., N) in the path integral (30) (for a direct
use of Eq. (35) we first must perform a Feynman-Wick rotation (¢ » — j¢))

2\ (d—1)2
MR e*i(mkz/s)(l —cosh/UJ— 1)y
2mie

2mRA\'? . C mR? . ,

- ~ i(mRY/ ) (d)% (j—1 () (

= - e HmRe) J dP(] Kool — Z H,,m,[m,u(fl(u =1y Hpm,m um(“ M.
Tie 0 { ULt T

(37)
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Using (37) and the orthogonality relation (36) the integrations in (30) can be easily
carried out with the result

KO({0"}, {0} 1)

. .
=exp (— s (0= 1d=3) ) [ o (1) T Hg20) Bt ) (38)

2 2N\ 1/2 2 2 N
up(T) := lim m'R exp (mR K, (mR . (39)
N nig ie P\ e

To perform the limit we use the asymptotic expansion of the K,—Bessel function
[20, p. 9631,

2_1/4 3
Kv(z):\/%exp(—z—#v 22/> <|z|—>oo, |arg(z)|<—25>, (40)

with

and get

(41)

p -+ 1/4)
2mR? )’

u,(T)=exp (—lT

We thus infer that the Feynman kernel for the d-dimensional psuedosphere A“~!
reads [we set K'(r; T)= K'9({0"}, {6'}; T), because the Feynman kernel at fixed
time 7 is only a function of the hyperbolic distance /") =r]

oc ' _ 92
k)= [ dp S exp (= (e | 71+ | o G @)
Ly

2mR? 4
1 %60 [ —_
=5 (2n sinh r)3 972 fo dp ‘W P =% (coshr)

iT d-2)
xexp<—<2';R2)[p2+( 3 )]) (43)

We immediately read off the normalised wavefunctions

B I'lip+1+(d-2)/2)
H) (u)= 815, 1(2) (i) (sinh 1)~ 92 23 -2 (cosh 1) (44)

and the energy spectrum

E == I:p2+(d—2)2:| (p>0) (45)

P 2mR? 4
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with largest lower bound

s =2

0 8mR? -~ (46)

These results coincide, of course, with the one obtained from the operator
approach; see, e.g., [2].

It is a very interesting feature that E{® increases with increasing dimension.
Gutzwiller [21] noted this for E{"=1/2mR*> in a semiclassical path integral
calculation. In Ref. [4] this increasing lower bound does not appear. There the
largest lower bound is constant for all d reading E{ = 1/8mR> However, in our
caleulation this energy shift arises very naturally. Note that it is indispensible in the
derivation of the Schrddinger equation from the short-time kernel of the path
integral (30).

By a Fourier transformation we obtain the energy-dependent Feynmann kernel
G(E) (Green’s function):

- 1
d . _ ” X(,.'
p )(r,E)—.[O dp(1/2mR2)[p2+(d_2)2/4]_E%:HL‘f,f#(u YHOXwW).,  (47)

G(E) has a cut in the complex E-plane with branch point at the value (46)—in
agreement with the continuous spectrum (45).

We close this section by explicitly stating the normalised wavefunctions and the
energy spectrum for dimensions d=2,3,4 (for d=2 see, e.g, [20, p.1008]:
P2 ,(cosh 1) =/2/n sinh 7 cosh v; for d=4 see Section III):

1 ipt pZ
HP()= [5-¢7  EY=3 72 (peR) (48)

sinh 1 _ 1 .
H;’?/)(.t’ ¢) = \/bT—Tp' F(lp +1+ —2-) 'Wz;i 1/2(COSh ‘L') e11¢,

(49)
E<3‘=—1— pZ+l (p>0,leZ)
?  2mR? 4 ’
QI+ DY(I+p) I'ip=1) . d' cos pt .
HY (1,0, 4)= Ir]—— 2 | pu ing
%0, 9) dn(l—p)! T(p+1) [d(coshr)’] Pi(cos 0) %,
(50)

1
B =sms (PP 41),  (p>0,1eNg,p= 1.0, 1)
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ITII. THE FEYNMAN KERNEL IN EVEN DIMENSIONS

In even dimensions it is possible to express Eq. (IL43) in closed form, yielding
simple expressions for d=2, 4 and finite sums for d=6, 8, .... We start with

K9 T)= -1— (21: sinh r)©3—472

d—2)2)?
J dp l zp+( A Py @2 (cosh r)

ip)

xexp(—(2;22>[p2+(d;2)2:|). (1)

We first rewrite the Legendre functions in terms of Gegenbauer functions. With (see
[28, p-200])

I+ V) I'(v—a+1/2)

(sinh r)=*2 %, y(cosh r) =3 Y+ ) ITv+at12)

A 1/2(C05h r) (2)

and using properties of the /-function we get for d even

( 1)(11 2)/2r((d 2)/2) _(,T/stZ)(d 2)?

K(d)(r; T) 2nd/2

XL dp pB¢=Y,,(cosh r) e~ (TN (3)

We can now reduce the d-dimensional problem to the case d = 2. This is done with
the help of the following property of the Gegenbauer functions:

2% [ d* cos pr
K = . 4
€, ul(coshr) ipl"(k)[d(coshr)"] )

This relation can be deduced from [20, p. 1030]

I}y  dgz)

Adk(n) =
€@ 2Xr(A+k) d*

and lim; _ o I'(A) ¥%(cosh r)=(2/v) cosh vr. Inserting (4) into (3) we obtain

1 d (d—2)/2
K(d)(r T)=—c¢e — (iT/8mR2)(d—2)? 2 J etpre~(xT/2mR2)p2 dp
2n " 2ndcoshr e

(d—2)2
mR — (iT/8mR2)d — 2)? [ ___1_ d ] e(imR2/2T}r2 (6)

- 2niTe 2ndcoshr
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which yields the recursion formula

1 iT d
G+ TV = e—(d— — KT
KU 1) ZnCXP( ImR? d 1)>afcoshrK (r: T)

- mR? r ‘__z'T—'_ B i w7 ;
_<2m'T)(sinhr)exp< 2mR2(d 1))de (r; T) (7)

(z=i(mR?*/2T) r*). For the first three cases we explicitly obtain

2N\ 172
23 ... — mR (imR%/2T) 2 8)
K2 1) <2m‘T) ¢ (
2N\ 32 . R2 iT
Ao T mR r im 2 ) 9
K5 1) -(Zm‘T smhr P\\27 )" TR ©)

. 2 » .
sir i (MRENY? 2 imR 2_21T){1_ T oth }
K T)—(Zm'T simhr P\\727 )" T mR? mRer[ reothr]
(10)

These are the Feynman kernels of the “hyperbolic circle,” the A°-pseudosphere (see
Gutzwiller [217) and the A°-pseudosphere, respectively. It is remarkable that the
kernel for d=2 is identical to the free particle kernel in R, if the euclidean distance
is replaced by the hyperbolic distance R - r. This is quite different from the euclidean
circle where the Feynman kernel can be expressed in terms of a Jacobi 8,-function,
which is an infinite sum over free particle kernels.

We can also calculate the Fourier transform of K'“Y(T), the Green’s function

G'“(E). We get
1 d (d—2y2
|: " 2n dcosh r]

o« . 2
G“”(r; E) :zij K(d)(r; T) eiTE dT = ”;f
0 V

(RY2 2
T _mRr 1 e ld=2)r T
xfo exp{ 57 +1[E - d1

=mR’[2mR’E — (d—2)%/4] 1/ RN
2n dcosh r

X ﬁ;‘: K\ lir /2mR%E — (d— 2)/4)

mR? 1 4 d-2
- [2mRE—(d-2)Ya [—ﬂ d cosh r]

X exp ( —ir /2mR*E — (d— 2)2/4))

2 in (d—3)2
=T£(_e_ ) 9ld=3)2

i \2nsinhr ’Zi,/szRL(d‘z)%/ 1/2(COSh r)' (1 1)
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The last equation is proved in Appendix A. Further we have used the integral
[20, p. 340]

- v/2
'( x”"e/’/"‘y"dx=2<€)/ KV(2\/ﬂ—}’) (12)
0

and K, ,(z)=+/n/2z e~*. The first three cases read

R*
GIZ)('.; E)= _’nz_E_‘_eflr,/ZmREE (13)
G(4)(r. E)= imRz e—ir‘/ZmRIE~l (14)
’ 2r sinh r
G (r: E) = _mRz‘./ZmRzE—4—icoth I ir/IREA, (15)
47’ sinh?r

I1V. THE FEYNMAN KERNEL IN ODD DIMENSIONS

Unfortunately there is no explicit expression for the Legendre functions 2* in
terms of elementary functions when p is an integer. However, we can express the
Green’s function G{E) in a simple way in terms of Legendre functions of the second
kind. Using the property (A.5) of the Legendre functions we get for 4 odd

Iip+(d=2)/2)

I'(ip)
Inserting into the Feynman kernel yields with 27(z) = (z* — 1) d"#(z)/dz"™

I'(ip+ (d—2)/2)
I'(ip)

2

P ~ ¢} (cosh r)=(—1)""¥)p tanh Py~ $h(cosh r). (1)

2

1 Pl
K9r; T) =3 (2m sinh r)C— 972 j dp ‘ P34 (cosh r)
0

iT [, (d-2)
XexP("szz[p+ 3 D

1 —1 (d=3)/2 0
=5 (m) L p tanh np2 = })*(cosh r)

iT (d—2)?
xexp(—szz[p2+ 3 ])dp

1 1 d 1949w
=Z[-ﬂdcoshr] L ptanh np#, |, (coshr)

] d—2)?
woxp (~ g | P+ | )b 2)
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We now perform a Fourier transformation,

G(d)(r; E)

=i[" K, T) dT
4]

; 1 d d-3)2 p,
[ :' J dp p tanh npZ,, | 5(cosh r)
0

“2n| “2ndcoshr
o . 1 \ (d_z)z
- : —E
xfo dTexp( zT{sz2 [p + 2 :l })
mR? . R p tanh np
T [ 21 d cosh r] j dpp2_[2mR2E_(d_2)2/4] ip—1/2 (COS r)
(3)
mR? 1 d d-3)2
—_— [—27[ d cosh r] 2, /amERT =@ —27a—12{cosh r), (4)
where we have used the integral [20, p.819]
« x tanh nx
L _aT—i-.x—z%’“ i2(cosh y)dx =2, ,,(cosh y). (5)

Differentiating 2, (d— 3)/2 times and using 27(z) = (z> — 1)™*(d™2,(z)/dz™) we get
for the Green’s function on the d-dimensional pseudosphere

(@ mR? LN e
G B)=— <§n—sum> 2 pamerr—ia=ava—p(COSh 7). (6)

A comparison of Eq.(6) with Eq. (IIL.11) shows that the representation (6) is

generally true—up to a phase factor—irrespective whether the dimension is even or
odd.

V. THE PSEUDOSPHERE A°

The pseudosphere A? has some special properties which make it the most
interesting one among all the others.?) 47 is analytically equivalent to three further
Riemannian spaces:

(1) The Poincaré disc D := {z=x, +ix,=re®|r<1,¢e[0,2n]},
(2) the Poincaré upper half plane U:={{=x+iy|xeR, y>0}, and
(3) the hyperbolic strip S:= {n=X+iY|XeR, Ye(—n/2, n/2)}.

? Throughout this section we put R = 1; i.e., we consider the pseudosphere A2 with Gaussian curvature
K= —1
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The study of compact domains in these spaces is of great interest in string
theories and quantum chaos (as already mentioned in the Introduction).

1. The Poincaré Disc

Let us consider the stereographic projection of A* onto the (x,, x,)-plane with
projection center y = (0,0, —1) (yo,=cosh 1, y, =sinh 7 sinh ¢, y, =sinh 7 cos ¢):

z=x1+ix2=rei¢=—}—}f%&=tanh%(sin¢+icos¢). (1)

Yo

The boundary r =1 of the disc D corresponds to the points at infinity of the hyper-
boloid (i.e., the pseudosphere A%). The pseudosphere itself is represented by the
interior of the disc. The classical Lagrangian and Hamiltonian are, respectively,

i+ r’g? (1—r?)? 1
fcn=2ma—_—rz?» c1=—m—<ﬁf+;5pﬁ>, (2)
and the quantum Hamiltonian reads (see Eqgs. (I1.3 and 11.4))
(1—=r¥)270* 1o 1 62>
= —=t-—=+=s== 3
H 8m 6r2+r6r+r28¢2 (3)

The geodesic distance d between two points z and z' is given by
2dz—z?

(1= {2} =121%Y

The metric reads g, = [2/(1 —r*)]? diag (1, r?).

Let us construct the path integral on D. Following our prescription outlined in
the Introduction, we get

coshd(z,z)=1+ (4)

1 4r
Fr:ar(ln\/§)=;+1_r2

ry=d,(n/g)=0

1 0+1+ 2r
LA VPR PR P

10
P¢—l.5$

and the quantum correction AV reads

(1—r2)2] 3 1 3, )

1 2
AV(’)_B—;Z[H’_ 7 |TT6m 32mr  32m
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Therefore we get for the path integral on D (see (1.9))

KD(r”, r/’ ¢!I’ ¢l, T)

16r'r” -z m - N AR,
=[U—4“VU—4”V] JTL(E%) [1[ WUJ“MmI](l_

(1))
X eXp [2”” (rjy—ry—n)*+ ’-Ezj)(‘ﬁz(j) —4y-n)’
& (1=
This path integral looks rather complicated, but nevertheless it can be explicitly

computed as will be shown in a forthcoming publication. Here we go back to the
solution derived in Section II. From Egs. (I11.42) and (I1.49) we obtain

—ig AV(F, j,)]. (7)

K(})(T//, 1:/, ¢u, ¢r, T)

1 & oo Lpi+1/4
=5 ZJWL dpexp[—z}‘" P ]

sinh &
xg——n—g IFG+ip+D12e™ =22}, (cosht') 2}, (cosht”). (8)

Using for the Legendre functions the representation [20, p. 1010, |(z—~1)/(z + 1)]

<1)
1 z— I\ (7241 z~—1
)= —— | —— -V, —V—u,
'@v(z) F(l—u)(z+l> < 2 ) ZFI( v, v #91 “’ +1> (9)

and introducing, following Helgason [22],

D, (r)=(1-r |11 I(1/2 + ip)

G +ip, [+ 3+ips 11+ 1507, (10)

we can express Eq. (7) with the help of (1) and (10) in terms of the variables of the
Poincaré disc D:

Ko, 7, ¢, 43 T)

®© s . p2+1/4 p tanh np oA
d " * (p'Y 4" — ")
—L ip _2 exp[—z] 3 3 D, [(r )dip,,(r )e . (11)

/= -

Thus the wavefunctions and the energy spectrum on the Poincaré disc are given by

p tanh ;
nrd)= [FL o, (r) e

(12)
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(p>0, le Z) satisfying the orthogonality relation

jdrj A = VR DVUEH G 9) =60 B0 = 1) (13)

2. The Poincaré Upper Half Plane

The Poincaré disc D can be mapped onto the Poincaré upper half plane U by the
transformation

. —iz+i —C+i
=x+iy=—, = —. 14
¢ Y z+1 {+i (14)
The classical Lagrangian and Hamiltonian read, respectively,
1 1 2¢ 2 2
S’cn*——(x + 3%, Ha=5—yi(pi+pr}) (15)

2y° 2m

The metric is g, =(1/y?)d,. The Laplace-Beltrami operator or quantum
Hamiltonian reads

1 FLIPY.
= ——— 1
H= =357 (a 0y ) (16)

In a previous paper we have presented a complete path integral treatment on U
[19], including its connection to Liouville quantum mechanics. So we state just the
result for the path integral on U:*

KU(xr/, yu’ xr’ y/’ T)

Dx(t) Dy(t) im ot 1 s ]
i A R -1 = dt
f e exp 2 L 7 (x*+ y*)
m \Y N rw oo gy gyt
= 1li i :
e (2m’s> jl;ll J_m L B
X exp [56-1.; yPyT=D :I
1

=_3ro dk[ dp p sinh mp

/A

. +14 o ’ " ik(x" — x'
xexp(—zT” s )\/yy K (K] ) Ky([K] y7) e =0 (17)

4 Application of the Weyl-correspondence yields AV =1/4m. But using the “product rule”
j? ¥, 1, in the lattice formulation of the path integral cancels 4V, such that Eq. (17) is obtained.
in > YinYu-n
From its short-time kernel the correct Schrodinger equation can be deduced; see [19] for details.
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The wavefunctions and the energy spectrum on U read

G )= [P g [ KK ) (xR, y>0)
1 1 (18)
Bz 43)
(p>0, ke R\{0}) satisfying the orthogonality relation
J© [T B et n=sk- kY 50— p) (19)

The spectral representations (8) and (17) can be transformed into each other. In
order to achieve this we use the integral [20, p. 732]

72 a+b*+ ¢
e e () @
4 . /abcosvn 2ab

Eq. (I1.33) for the case d=3, and the addition theorem for the associated Legendre
functions [20, p. 10147,

’ 2 72 - i A —l+1 I 1,
Plzz' ~ /22— 1 /2 —lcos¢)=lz (—1)’e’¢%—[+—1—;9‘v(z)9v(2). (21)

= — o

fx K. (ax} K,(bx) cos ¢x dx =
0

This enables us to derive the identity,

1

x © 241/4
—3f dkf dp p sinh np exp B +1
T 0

2m

) T Ko (1Kl 3) K, (K] 3) e

_ 1 X ) ) P2+1/4 . . ) 5
=52 Y L dpexp{—zT o ]psmhnpl]"(5+zp——lj(

I "o + ’
Xel((ﬁ ¢ )';?/—. 1/2+ip(COSh T )'07171/2+ip (COSh T"), (22)

I= — %

where use has been made of the identity

y/IZ + }’/2 + (xu _x,)z

[

2y'y

IO < 22—z
2Im@)Im@) (A= 2T)

=cosh d(z", z') = cosh 1" cosh ©' — sinh 7" sinh 7’ cos(¢” — ¢'). (23)

3. The Hyperbolic Strip
With the help of the transformation

n=X+iY= —In(—i) (=2artanh z) (24)
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we can transform the Poincaré upper half plane (the Poincaré disc) onto the hyper-
bolic strip S. The classical Lagrangian and Hamiltonian read

mX?+ Y? cos?Y
A= sy %FTn"(Pi»Jr Py) (25)
respectively. The quantum Hamiltonian reads
cos’Y [ o* @°
"= ‘W(W#a‘ﬁ)- (26)

The metric is g, = (1/cos*Y) 8,,. Therefore we get the quantum correction AV,

1
AV =—, (27)

and the effective Lagrangian to be used in the path integral defined on midpoints
reads

mX*+Y? 1

p =T
T2 cos’Y 4dm

(28)

In a forthcoming paper we shall give a detailed path integral treatment on S,
yielding the wavefunctions and the energy spectrum

p sinh p
4n(sinh’np + cosh’ k)

1 i
s (2.1
B =om (” +4>

1/2
SxlX, Y)=[ } cos Y P (sin Y)e*¥

(29)

(peR, keR).

VI. SUMMARY

In this paper we have presented a complete path integral treatment on the
pseudosphere 49—, The correct treatment of this Riemannian space is based on the
Weyl-ordering rule for the quantum Hamiltonian which yields the well-defined
quantum correction

) =ge| @2 ] O

mR’? sinh?t sinh?t ---sin’0,
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to be used in the (Hamiltonian or Lagrangian) path integral. A crucial point in
using the Weyl-ordering rule is that it leads in an unambiguous way to the prescrip-
tion that all coordinate-dependent expressions in the path integrals must be taken
at the midpoints. However, in our path integral formulation, we use a product form
instead of the midpoints, because it simplifies our formulas considerably. Having
the correct path integral on the pseudosphere, it turns out, however, that it is too
complicated for explicit calculations. We can use, however, an identity in the
path integral to cast it in a much simpler form, yielding the (constant!) quantum
correction

(d—1)(d—-3)

8mR? (2)

Vo+dV=

The resulting path integral can be exactly calculated yielding the spectral represen-
tation of the Feynman kernel K(T). From K(T) we have obtained the normalised
wavefunctions and the energy spectrum

Fao—_L | 2 (422 i (p>0,d=2,3,4,..) (3)
P _szz D 2 p y U= &y Iy Ty e )y

showing a characteristic dependence on the dimension d.

We have discussed in some detail the even- and odd-dimensional cases. In even
dimensions the Feynman kernel could be expressed in closed form, yielding simple
expressions for d=2, 4 and finite sums for d=6, 8§, ...,

1 d

mR?
2n dcosh r

KN D= 27

; 2 2 @22 2 2
e‘(lT/ng Wd—2Y l:_ :l e(tmR /2T)r. (4)

This, of course, is quite similar to the d-dimensional rotator, where in even dimen-
sions the Feynman kernel can be expressed in terms of a 0,-function and its
derivatives.

To establish the connection of the exact expression (4) with the semiclassical
approximation to the path integral, we reinsert # to obtain

2\ (d—1)72 . 1Y
KD(r; T) = (;:gT) /DY exp [é (S—fﬂ (‘;m;) T)] [1+0H)].  (5)

Here S denotes the “classical action” S=mR%r?*2T and D the van
Vleck-Pauli-Morette determinant which in our case is explicitly given by
(r/sinh r}*=2. Note again the additional time-dependent phase factor which is due
to the quantum correction (2). We have thus derived Gutzwiller’s “mysterious
phase factor” [21].
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The Green’s function G(E) can be expressed in terms of an associated Legendre
function of the second kind in all dimensions,

@ mRZ em {d—3y/2 @32
G (’?E)=H<m> 2. /ameRt—(a—27a - 12(C0sh 1) (6)

(yg=1; d,odd; y,=1i, d, even).

The hyperboloid A2 is of special interest, because it is analytically equivalent to
three further Riemannian spaces, the Poincaré disc D, the Poincaré upper half
plane U, and the hyperbolic strip S. The path integral solution on D can be found,
once the solution for A2 is known. One has only to perform a transformation of the
variables 7, ¢ of A4° to r, ¢ of D. The path integral solution on U has been presented
in an earlier paper [19]. We have shown that the Feynman kernels on 4 and U can
be transformed into each other. In all these cases the energy spectrum reads

t 1
B=gm(77+3) (750 )

We have thus added further examples to the short list of exactly solvable path
integrals. The examples demonstrate once more the consistency as well as the
universal utility and feasibility of our general method developed in [18].

APPENDIX A: THE ASSOCIATED LEGENDRE FUNCTIONS 2% AND 2

The functions 2#* and 2 are linearly independent solutions of the differential
equation

(1 —z2)d;”z(f)-2z d’:;zz)+[v(v+ - i?] u(z)=0 (1)
and are defined by means of the hypergeometric function ,F:
@(,‘(z)'—-r(ll_”)(h;—i-i—y/z 2F|<—v,v+l;1——y;1——;——z—> 2)
arte) =IO D oy
X2F1<v+g+2,v+g+1;v+%;%>. (3)

They are called associated Legendre functions (or spherical functions) of the first
and second kind, respectively.’ They are uniquely defined in the intervals {1 —z| <2

5 We use 2#(z), 2#(z) for z€ C\[ —1, 1] and P#(x), 0%(x) for xe (—1, 1) for the Legendre functions of
the first and second kind, respectively.
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and |z| > 1, respectively. They can be extended to the entire z-plane where a cut
along the real axis from —oo to +1 must be made.

The so-called conical functions #* , ,  ,, have the special property

9”—1/2+ip(2):~u7{1/24p(3) (4)
which is due to the general property #4=2* | W pu=mel,

r'b+m+1)

PMNz)=—————P ")
PrE = Ty 2 (5)
The functions 2* | , , ,, form a complete set; that means a function g can be expan-
ded (see [28, p. 2027),

)= S0 P2 (0 dp (6)
with

psinhp /1 i 1 . -
Ap)=—— F(E—u + 1p> F(T - tp> L 8NP py)dy. (7)

Also,

£P)=[ S0P 0 (8)
with

P> 1 . 1 .
f(y)=—f psmhnpf(-—ﬂ+lp>F(——u—lp) g(p) P 1 h. (¥)dp. (9)
Yo 2 2

These properties follow from the orthogonality relation (p, p’eR*, ueR)

‘F(1/2+ip—u)
I'(ip)

and, vice versa, from the completeness relation
T(12+ip— )

-[: I{ip)

These two relations are well known as generalised Mehler transformations.
The proof of the orthogonality relation is relatively easy. We use the general
integral theorem (see [28, p. 191]),

2 XX
j] P D) Py (Vdy=3(p—p)  (10)

2
9{1/2+ip(3)9’1x/2+.‘p()’)dp:é(z_}’)~ (11)

b 2,2
J [(v—a)(v+a+l)+p]_i]w’;(z) we(z) dz

a

= {12 [w"H(2) wi(z) = wh(z) w,* 2(2) ]+ (n — p) 2wi(z) wi(2) }15,  (12)

595/182/1-10
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where w* denotes any of the associated Legendre functions. Let us set u=p,
v=ip—4 0= —ip’—3 a=1+¢ and b=1/e. Then we get

1/¢
?;7 1/2(7-') gu—ip’f 1/2(3) dz

14+¢
J1=2?

=m[ wh2(2) PR o 12(2) = P, 12z )P :p-l/z(z)]lll/ie-(w)

With the expansion for z — 1
2#/2

7O =y ey

(14)

we find, at z=14+¢and u#0, 1, 2, 3 in the limit ¢ - 0,

\/1__2

—7——[9’}; 1/2(2)9’ 1p-1/2() g’f},l/z(z)? 1p—1/2( z)lci4e

p —r
N T |
= z — O(&)=0() -0
A0 (mmrres ma ) tow=ow
(15)
At z = 1/¢ we have the expansion [20, p. 1011]
> e+l 1 Pev-lR)
z)—\/—rl_}_v_uz 2V+1\/_1"—v- z (z—>o0). (16)
Inserting into Eqs. (13) yields
Vlﬁ 2’ y 1+
m[r@m Halz) P, 1/2(2)—‘@:':;-|/2(Z)W—ip}’l—l/z(z):”::l/e
{(2/8)"” r
VT
x[ Iip) I'(—ip") _ I'(ip) I'(—ip') ]
Lip=12—p) [(—ip" +1)2~p) T(ip+1/2—p) I'(—ip"—1/2—p)
t(p+p)
pho+ G
p-—pr
[ Iip) Iip') _ Iip) Iip) J#ned
[ip—12—w) I'p'+1/2—p) I'ip+1/2—p) Iip'—1/2—p) )

(17)
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The term (2/e)?~#7/(p— p’) yields, in the limit e = 0,

ilp—pr) —p' P Qi —p'
o 26V cosTp— ) o)) +isinl(p— PV M2D] _ sy
-0 p—PD e—0 p—p
(18)
So we can conclude
1 2 {p—p’)
2n(p' - p)p' + p) (E>
x[ I'Gp) I'(~ip’) B Ip) I'(—ip') ]
T(ip—12—p) T(—ip +12—p) T(p+ 12— p) I{(—ip' - 12— p)

L )P
21HGp + 172 = )]

50(p" - p) (19)

and similarly for the term proportional to (2/¢)"”*#” and the h.c. terms. The con-
tributions proportional to d(p + p’) actually are of the form (p+ p')6(p+ p’) and
therefore vanish. Thus the orthogonality relation is proved. For the completeness
relation see, e.g., [2].

In Section I1I we have used the relation (v= \/ZmRzE —((d=2)2)%, r>0)

. n in n—1/2
Z[ 1_4 ]w‘vr:( ¢ ) 07~} (cosh ) (20)

v| 2ndcoshr 2n sinh r

for n=(d—2)/2=0, 1, 2, ... Equation (20) states that the function Q#%, where uis a
half integer and A€ C, can be expressed by combinations of hyperbolics and an
exponential, i.c., by elementary functions. We want to prove Eq. (20) by induction.

() Let n=0_ With the help of [12, p.150] Q;(z)= —i(1/(24+ 1))
S22 (22 =1)" Y [z 4 (22— 1)Y*] 747 /2 we see immediately that Eq. (20) holds for
n=0.

(i1) Let neN, such that Eq. (20) is true. We consider the right-hand side of
(20) for n—>n+ 1. In order to reduce the upper index of Q7*Y/% by one unit we
combine the relations (z°— 1)(d/dz) Q%(z)=(A—u+1) Q% (2)— (A+1)zQ%(2)

and (A+p+1)204(z)+ /22— 1 Q4 (z) =(A—pu+ 1) Q% ,(z) [28, p. 1005] to get

— d0;
01 1(2)= /2 —1%?##*—1@5&). 1)

595/182/1-10*
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This gives

ein n+1/2
- +1/2
( - ) 2t {A(coshr)

2w sinh r
n+1/2 n~ 1/2 COSh r 1
[SIIlh ——”‘—/2(——-2 — (n —§> coth r Q7,~ /% (cosh r)]

(27z sinh r dcoshr

n—1/2
n—1/2
<21z sinh r){ [(27: sinh r) Q7 Y(cosh r):,
n—1/2
(n —_)<2n sinh r) coth r Q7,~ \{%(cosh r)}
n+ 172
- <n - 2)(5%_5?1?}17) coth r Q7,~ (% (cosh r)

1 d P n—1/2 0
= [ " 2n dcosh r](Zn sinh r> Q4 _Y%(cosh r)

in 1 d T
== ———-———] e, (22)

v 2n dcoshr
where we have used in the last step Eq. (20).

APPENDIX B: Proor oF Eq. (I1.25)

We shall derive the identity
exp{ie L ({6}, {8V "})} = exp {—f; R?*(1—cosh [V~ V) — ich({H‘f’})}.

(1)

N denotes the Lagrangian defined in Eq. (IL.25). We start with the kinetic term
(x'—xU~1D)? expressed in the pseudospherical polar coordinates (II.2) and
expand it in terms of 4r” and 48 (v=1, .., d—1). In this procedure we follow
the reasoning of Pak and Sokmen [33]):° If one has an expression like
AfVD = fiul) - ulP) — fluy =V - uf 1)), one gets the following for the expansion
about the midpoint &' := {(u +u"~ ")

() S () o L ) AuUY Au'D) S7
J) — __ R
afi —mgl Au; <a m) T Y Au) Au) Auy <aum ou 5u(n>u ol

munk=1

(2)
Here f{'=x? (I=1, .., d), u,={us=r,u, =0, (k=1,..,d— 1)}. Calculating the
various derivatives and inserting into Eq.(2) yield [G, is the metric tensor

¢ This method goes back to DeWitt [5], McLaughlin and Schulman [29], and Gervais and Jevicki
[161; we prefer the formulation of Ref. [33] because it seems more explicit to us.
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in x-space, g.,=diag(l,r? r?sinh®1, .., r?---sin’0,) the metric tensor for the
pseudospherical polar coordinates ]

(Ax(j))z

d 4 0 ox 2 W Ox)
= Z G”[ z: Aum <_ﬁu‘f’>u(/>] 12 Z G”[ z Au (6u“’),;m]

=1 m=1

O3xth
AuD Au) A | ——— )+
[ Z ou 3u'D ouP )

mmnk =1

262 o | . r .
=_m_g)gl(,m, ‘CU), {0‘,)})_ZA(r{J)’T(I)’ {9(1)})_ 3 B(r(j),t(l)’ {g(;)}H_
. (3)
with

_(fgl(f(j>’ f(j)’ {9(_1’)})
=.2rn_2 {_Azr(j)+ [’—.(j)];’ A2T(j)+ e+ [r—.(j) Sillh ‘f(j)"’Siﬂ 95]]]2 A2¢(j)] (4)

A(FD, 5D, {6DY)
= A% A1) 4 sinh2 5D A% 4204 , +
+ [sinh £ ...sin §7]? 4% A%
+ [F9]?2 4% 4204 , + [# sinh 1]2 43¢ 409, +
+ [7sinh 77 .. .5in 8] 4% 479 4
+ [V sinh ... 5in 8972 4204 429D (%)
B(FV), #0), {§})
— [,—.(j)]l A% W) + [f(j) sinh f(j)]z A“g((ijlz +
+ [7'7 sinh 77 .. .sin )72 A4%p0), (6)
In the next step we must change the integration measure. We get

{7}, [¥))]
dx dx};

j=1

- q' o0 Y ) A
IT & de g} T Ve

j=1 j=1

= [gWgM]- 1 (Nﬁl ' dr”’~--d¢”’>

j=1
N - . - .
x {H [rrt = D= sinh ¢ sinh 1/ =D =272 . . [sin 8¢ sin 8y - “]‘/2}
-7

. (7)
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(g%, g™, and g’ denote the determinant of the metric tensor taken at j=0, j= N,

j=1, .., N—1, respectively). Furthermore we have

Lo ) d—1 4%V
[PUNpU =11 W= 12 o [§]4=1 (1 - .__[r_(:]Jz) (8)
. - . . i d—2 A%
[sinh t sinh £/~ @~ 22) &~ ginh9— 270 (1 5 m> (9)

. . _ v—1 A%
[sinh 6% sin QU 27~ ! ~5in* 10U | —— . 52—
! S Y 8 sin’*fY

(v=2,..,d—2). (10)

Combining Eqgs. (7) to (10) we get for the measure

N-—1 N—1 N
I—I dx(l“ . -de,j’ — (g/ r/) 1/4 < 1_[ dr(j)df(j) .. d¢(})>< l—l /g‘(f) e¥C> (11)
j=1 J=1

J=1

with

1 A4 A2 29(1)
=§[(d D=5 [F7]? +({d- 2)‘s—inh-2r’”’+ +sm29‘“] (12)

g, g", and g denote the determinant of the metric tensor taken at the points
j=0, N and the midpoint values for j=1, .., N, respectively. Therefore we get for
the jth (j=1, .., N) integrand in the path integral (I1.18) (without 4})

(/ exp{w[g (,(/) ‘c“) {9(1)}) V(;(j)’ {9(/‘)})]}, (13)

where

(r(_l) {9(1)}) 8212 [A(,:(j), f(j)’ {9(1’)})_’_%3(;(/'!’ ‘f(j), {5(])})]+% C(f(j), r—(j), {9(/‘)}).
(14)

We want to transform the various 4%u‘/-terms into potential-like terms. Follow-
ing the general approach (see Feynman and Hibbs [14], McLaughlin and
Schulman [297], or Pak and S6kmen [33]) we get the equivalence relations:

) € . ie
2,() = & 2.0) =
Ar e 4%t pETNE
AZBf/’ . ic A2p = ie

27 m[FPsinh ] m{FY) .- .sin 6%
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A% = 3 e ’
- m[f(j)]l

. ie 2 . g g
4%, =3 (m) s A =3 (m[;(ﬂ...sin 9(21)]2) :
Inserting into (14) yields
VR, (§9})

R -1 d-2 2
T 8m[F7)? sinh’ " sinh? sin?0() sinh*t .. .sin?fY)

(15)

d—2 d—3 1
sinh*t"”  sinh?7" sinh*0{) , sinh*t")...sin? @)

+d—1)-

1 1 1
LS B 4 b e
8m[F“)]2[ +smh2f‘”+smh2f‘f’ 51n20f{12+ +s1nh2f‘/7...sng<2ﬂ]
(16)
which leads for [#]2= R? to

V(R AOVY) = V({89)). (17)

We emphasize that ¥ is the same whether or not Ar''=0.
In order to prove Eq. (1) we consider now on one hand

1 7.0 £ 200 )

g'g") ' ﬂ JED -exp{ieLX(R, TV, {§D1)), (18)

On the other hand we have with Egs. (3), (13), and (17)
N—-1 ,
n /g(j) -exp {_
i=1

g'g")y ﬁ \/_“— explie[L(R, T, {6V}) + V( ({0171}

2 N

(1 —cosh l”’j‘”)}

Finally putting (18) and (19) together (the change from midpoints to postpoints
in V. does not matter, because it is of O(¢?) in the action) we get

exp{ieL ({0}, {8V -"1)} = exp {—%’1 R*(1 —cosh l”'f““)—ich({B‘”})}

(20)
and Eq. (1) is proved.
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APPENDIX C: DERIVATION OF THE SCHRODINGER EQUATION FROM Eq. (I1.18)

The derivation given below is similar to the d-dimensional rotator case which can
be found in [18].
We want to prove that from the short-time kernel

K@({gU+ 1 190} )

mRH\ 12 im . ) . ) .
=<2 - exp 2—R2 [(zU* D —1U)2 4 sinh ¢V * Y sinh 1
e &

X 84+ =04 )2+ - + (sinh TU+ D ..sin BY)($U+ D — )2

e ) 1 1
= _d-2y— _ = : : 1
8mR* l:(d 2) sinh ¥+ ! sinh ¢ sinh T+ ...5in 8‘2-”]} M

and the time-evolution equation
Y({eu+ Y, H_g):j du DK D((BU DY (0 ) ({09}, 1) 2)
Ad-1
the Schrodinger equation

Lk 3)

.0
ETA T

can be derived. For this purpose, a Taylor expansion must be performed in (2)
yielding (0 :=0{" and 87 := 6+ 1)

({07}
p((6)): 1)+« LATED

(d-1)2 "
(mR> e —ieAV(]6”} { {9//} t Bo+ z 61//({9 } t ( GV_H(;,BO)

2mie N
1 a! 82 8” ; t ” " 14 "
Y _%0}__ (Bo,o.— 0By, — 07 By, + 0. BvBO)}. @)
)1 =1 H v
wzy

We have used the abbreviations

, e 2mig\4- V2 .
Bozjdu,e,,;:f’g,({o WO~ (? pie Vi)
m

By [ ditesstm g,

| ic
sinh?z” - --sin20% mR?

By = J du'¢'%e %0 ~ §"? B, +
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o N
B, = | du'0 et

I d—v—1
~6/By+z cotdr

B
2sinh’t] ---sin’g) _, mR?"° (5)

N
Bég\, - J- durq}/g;elafm

1 d—v—1 i€
> ¢"0'By+ = —— - "cot@! —= B
¢"0, °+2smh't”--~sm2 :*lqi mR?"°

el
Bo, = [ du'0:0,e74 ~ 076, B,

—v—1 d—p—1 ;
+1[ d—v cot 07 + # cota;;] £ B,

2| sinh?t”..-sin?%6; _, sinh’t" ---sin?8, _ mR?

l+(d—v—1)cot8) ic

. N
B 2=Jdu'0’2e“’fm:9”23 +— -
o ” » %7 sinh%1”..sin*07_, mR?

Bo.

Here the equations are valid up to terms of O(e*“*""?), and
L0}, {0'})
mR2 ’ Hy2 : ’or " : oL ” ’ ny2
=§5—[(r —1") 4 ... + (sinh ¢’ sinh t” - - - sin 05 sin 85} (@' — ¢")°]  (6)

denotes the “classical Lagrangian” on the lattice—see Eq. (I1.26). In order to make
the calculation manageable, we have taken the 4V-term at the argument {6”} and
have factored out this term in Eq. (4). This is legitimate, because changing sin &', (6’
is an integration variable) to sin 6, in 4V gives a correction of O(e), hence of order
¢? in the short-time kernel and, therefore, can be omitted.

We shall only illustrate how to calculate the integral B, in Eq. (5). All other
integrals containing powers of 8,(t’) are of similar type bacause they are of
Gaussian form. For simplification we use the abbreviations (v=1, .., d—1)

E(6,)=exp{—a[(t"—1")+ --- + (sinh 7' sinht"---sin @, _, ,sin%_, ,)
x(6,—8,)°1} (7)

and o =mR?/2ie.
We consider the integral

< n 2n
BO=L dz’sinh"”zr“--jo db; sin 6, fo d¢'E(8,)

~ J: dr’ sinh? =27’ ... '[: do sin 6 E(6,) Ii

dxe-a(sinhr’---sinﬂf)xz’ (8)

oK
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where we have set x := ¢’ — ¢” which varies from — oo to + 0, and =~ denotes that
this is correct in the limit ¢ — 0. The x-integration is of Gaussian form, and we get

27ria)“2 ® sinh? 21’ n [sin 0
By~ — dt! ——o—o— .| db, [——— E(0
° (’"RZ f0 </ sinh 7' sinh 7" J0 ? sin 63 (62)

2 ; /2 : hd~2 ’ r : 201
:< mez> [ g S ‘r f o, sin< 03 E(6,)
mR 0 Jsinht'sinht” Yo /sin 6 sin 05

© 1 2 P
XJ' dx [1 +§COI 9; 'X——% (1 +—Sin120”):| e —*(sinht ~-‘Slr195)x2, (9)
_» 2

where we have performed a Taylor expansion around 67 in the last step. The
integral is Gaussian agair, the term linear in x vanishes,” and we get

2mie\ (>~ sinh? 27’ n sin’#
~ =2 de' ——— ... Al B
Bo (mR2> L * Sinh ' sinh ¢ L 45 sin 6 sin 65 E9)

[RRCRSL ()
8mR? sinh 1’ .--sin 0} sin20}
2mie\ = sinh?~ 27’ . sin*6;
= dt! —— — . .. 9’ 0
(mR2> jo ’ sinh 1’ sinh 7” L b sin 6, sin—B[( E(0,)

2

<" ax <1 +cot B - x — = | g sinhe - sinti) 3
2
— o0

. . - inh?~ 21’ ,, ino’
8mR* \mR*/ .+ (sinh 7’ sinh ") o (sin 8, sin 8})
1 1 x . , a2
: 1 : f d —a(sinht’---siné§)x
Xsm20§’< +sm29§') e ve
Drie \ M2 poo sinh?~2%¢' n sin’@,
_1{_85 J T:, : lnl : g ny3/2 . j :1__"—1."_372- E(64)
mR 0 (sinh 1’ sinh ") 0 (sin 6} sin 67)

ie 1 1 1
x[l 8mR? sinht’---sin 6} ( +sin203”+sm20§' Sln29§'>] 10)

and so on up to the kth step,

2mig \M? oo sinh? ¢’ n sin“@; , |
x| — ' <] dO; - : E(6
B, (mR2> J; dt (sinh 7’ sinh 7")*/? Jlo k+1(sin 0, , sin 8, )*? Oe0)

ic 1 1 1
— . k—1) +-— - - ,
X{l 8mR? sinh1’---sin B,ZH[( ) +sm“0,’(’+sm20,’;---smz(?;}} (1)

" The linear term will become important in the calculation of the other integrals, e.g., in By, where it
generates the term proportional to cot 8,.
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and finally after 4—1 steps,

B 2mig \'4-1R : ie qe t | ]}
°_<8mR2) { T emR? 7| (@=2r “sinh’t” sinh?t” . sin?67 ||

(12)

which gives in the required approximation the result quoted in (5). Note that in the
last step several minus signs appear, which are due to the hyperbolics of z. As a
simple example, consider the case =3, then

2mig\ Y2 (o sinh 7’ .
d=13 ~ ’ —a{t" —1')
By~ (mR2> —L dt sinh " ¢
2wie x? )
~ dx| 1 [ — — e
<mR ) x|: +< sinh?t ”) 8 :I ¢
2nie 1
= [+ 1— . 13
<mR > |: 8mR2 < smh%”)] (13)

Substituting the expressions (5) in the Taylor expansion (4), one obtains in the
limit ¢ - 0 the correct Schrodinger equation (3).

APPENDIX D: DERIVATION OF THE SCHRODINGER EQUATION FROM Eq. (11.29)

We must consider the short-time kernel (see Eq. (I1.30)):

(d)(](J J— 1), 5) _<

(d—1)2 _
) e(mRz/ie)(l — cosh/U— 1)) — (je/8mR2)d — 1){d—3) (1 )

In order to derive the Schrodinger equation one must perform a Taylor expansion

in the time evolution equation (C.2) once again, but now with the short-time kernel
(1), yielding

’ ({07} 1)
({0 };t)+aﬂ;{a_}_
t
_ (mR2>(d 172 [
2mic
H a ( 9” ! "
X{l//({e ;1) Bo+ Z —!//—{—Bui_)(BGV_OVBO)
1 4=t azt/,({ﬂ”};t ., } ™
+§ F‘v=l—-5m‘,’,—(39ﬂ9\.—-9u36 -0 VB, +0,.0,B )} 2)
p2zyv

The abbreviations in (2) are the same as those in (C.5) except for B, which reads
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2mig\ @22 , mR?
BO — 2 (___) emRZ/teK(d_ 22 (T)

mR? ;

2 ] d—1)/2 .
~ (};;i) exp [%% (d—1)d—3 )}. (3)

We shall illustrate how to calculate the integrals B, and B, in Eq. (2). All the others
are calculated in a manner similar to that of B_,

B zf dul e(mRz/is)(l—coshl('<"’]
0 Ad*l

Ryie [ o 2 RYi coshe (TT (™« 2
=em /zs.[ s1nh‘1’ Tl dr/ef(m /ie)cosht’cosht I"[ f sm“"()’v de; J d¢r
0

0 y=2"0

: 2
imR~ | .
X €Xp (— sinh 7" sinh ¢
3

d—~2 m d—1
x[ Y. cos LY, cos 82, [ sin 0V sin 62+ [] sin 8 sin 9{,2):‘)

m=2 n=2 n=2

(d—3)/2
— 27'C 27[8 emRZ/is
- 2 o ”

mR* sinh 1

2
o] X .o mR . ”
xj (Zz_ 1)(4—3>/4e—(mRz/w)(coshr '"J(d73)/2 <—g_ sinht”- /2% — 1)’ (4)
1

where we have used in the last step the integral

L” 0y, sin?20_,--- JO" d6} sin 6 j: dg’

d—3
X exp( —iz [cos 0 ,cos 8P ,+ Y cos B! cos 2

m=1

d—2 d—2
x [l sing{"sin6?+ [] sin 6 sin GI,Z’D

n=m+1 n—1
b2 (d—3)2
=27[ (7) J(d\:;)/z(z) (5)

which we have calculated in [18]. To perform the integral in (4) we use [20,
p. 721]

JOC (*—=1)"2 e >J (B /x*—1)dx

1

:\/gﬂv(az+B2)-(1/2)(v+1/2)Kv+1/2 (m) (6)
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and the asymptotic expansion (I1.40) of the K,~Bessel functions to get

(d-2)/2 2
— <2me) mRyi (mR >
€ (d—n2\
mR? ie

o\ (d—1)/2
~ (27”8> ol iE/EmRINd = 1Xd—3) 7

mR?

This proves B,. In order to calculate B, we consider

5 o I "\, (mRYig)(1 - coshi!"")y
B.= du'(t"—1')e
Ad~l

2mig\ ¢~ mRN i .,
=2n|{—53 exp | — | sin 7
mR ie

fo &8
xJ. dr'(r" — ') sinh“~ 12 " exp <—
0

2

R
— cosh 1’ cosh 7"
ic

2

mR
X3 | =

2nig\ -2 mR? (d—3)*—1
~ RERP .
(mR2> sin o exp [ & 8mR sinhzr"']

sinh 7’ sinh ‘L’">

o 2
xJ. di'(t" —1') sinh“~ 227 exp [~m—R—( —1') ]
. 2ig

—

2mig |14~
E(mRZ) & p<

ie [2mig\“Y 242 ;
- (W) - coth 7, 8)

d—2
) J dx x <1 +—2-— cotht x) e—(mRz/Zts)x

where we have used the asymptotic expansion of the modified Bessel function in the
limit £ — O (after having performed a Wick rotation) and neglect all terms which are
of higher order in & With B.=1"B,+ B, Eq.(C.5d) for v=d—1 is proven.
Substituting the expression B, as well as the other expressions of (B.5) in the Taylor
expansion (2), one obtains the Schrodinger equation (I1.1).
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