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we c0mpute and 5tudy the t6 and tt decay5 0f the w and 2 ° t0 0ne QCD 100p 1nc1ud1n9 
f1n1te ma55 c0rrect10n5. 

1. 1ntr0duct10n 

A ca1cu1at10n 0f the 5ec0nd 0rder QCD c0rrect10n5 t0 the decay5 W ~ t6 and 
2 ° ~  tt 15 pre5ented. 7he ca1cu1at10n take5 1nt0 acc0unt exact1y the effect5 due t0 
the f1n1te ma55 0f the t0p 4uark. 7h15 5h0u1d 6e 0f 1ntere5t 1n v1ew 0f the f0re5een 
accuracy 0f future exper1ment5 f0r F20 [1], F w [2], t0 wh1ch 0ur c0rrect10n5 
repre5ent a 512ea61e c0ntr16ut10n f0r the t0p rat10, 14% t0 30% f0r t0p ma55 6etween 
25 6 e V  and 40 6 e V  f0r the 2 ° and fr0m 10% t0 30% f0r t0p ma55e5 6etween 25 
6 e V  and 70 6 e V  1n the W ca5e. 

7he  paper  15 d1v1ded 1nt0 tw0 ma1n part5. 1n the f1r5t part  we w111 c0ncentrate 0n 
the 2 ° ca5e. We w111 c0mpute 1t5 part1a1 w1dth c0m1n9 fr0m the channe15 2 ° ~ t-t 
and 2 ° ~ t19. 0nce  we have th15 part1a1 w1dth, we w111 c0mpare 1t w1th the prev10u5 

appr0x1mated re5u1t 91ven 1n [4]. 1n the 5ec0nd part  we w111 f0110w the 5ame 5tep5 a5 
f0r the 2 ° ca5e. F0r the W 6050n there ex15t the channe15 W ~ t6(9), W ~ t~(9), 

W ~ td(9) 6ut we w111 0n1y ca1cu1ate the f1r5t 0ne 6ecau5e the ma9n1tude 0f the 
K06aya5h1-Ma5kawa e1ement5 fav0r 1t, Vt6 = 0.999, Vt~ = 0.045 and Vtd = 0.010, 5ee 
[3]. Neverthe1e55, the c0ntr16ut10n5 fr0m the 0ther channe1, 1nv01v1n9 ••d0wn•• and 
••5tran9e•• 4uark5 c0u1d 6e 06ta1ned 5tra19htf0rward1y fr0m the 0ne we w111 ca1cu- 
1ate. 

* Ma111n9 addre55: DE5Y F1, N0tke5tra1~e 85, D 2000 Ham6ur9 52, FR 6ermany. 

0550-3213/88/$03.50•E15ev1er 5c1ence Pu6115her5 8.V. 
(N0rth-H011and Phy51c5 Pu6115h1n9 D1v1510n) 
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t 

F19. 1. D1a9ram 0f 2 ° decay t01ead1n9 0rder 1n the 5tandard m0de1. 

2. 2 °  decay 

At the tree 1eve1 the 2 ° ~ t1 w1dth c0me5 fr0m the c0mputat10n 0f the d1a9ram 
5h0wed 1n f19. 1 91v1n9 the we11 kn0wn re5u1t: 

a~mM2° f1 [(3 - f12)02 + 2f12a 2] 
F0(2 ~ t t ) -  451n220w 2 

(1) 

Where aem 15 the e1ectr0ma9net1C C0Up11n9 C0n5tant, f1 = ~1 -- 4 m 2 / M 2  ° and m 15 

the t0p 4Uark ma55 5Upp05ed t0 6e m < •M20. 7he C0n5tant5 V, a are def1ned 50 
that the 2 ° t t  Vertex 15 1 e ~ ( 0  + a75)/251n20w, 0 w 15 the Weak an91e. 

NeXt t0 1ead1n9 term5 1n the pertur6at10n expan510n 1nV01Ve term5 pr0p0rt10na1 t0 
awa5, awaem and aw,2 Where aw, a 5 and aem are re5pect1Ve1y the Weak, 5tr0n9 and 
e1ectr0ma9net1C C0Up11n9 C0n5tant5. A11 the5e term5 are repre5ented 1n f19. 2 6y 
mean5 0f the1r Feynman d1a9ram5. 

We have C0mpUted exp11C1t1y the QCD C0rreCt10n5, the d1a9ram5 0f f195. 2a and 
26 that C0nta1n 91U0n em15510n and 91U0n 1nterChan9e, the C0rre5p0nd1n9 QED 0ne5 
Can ea511y 6e 06ta1ned mak1n9 tr1V1a1 Chan9e5 1n the expre5510n We W111 06ta1n; a5 
W111 6e 1nd1Cated. 

1n the Ca1CU1at10n 0f the5e C0rreCt10n5 0ne ha5 t0 dea1 W1th 60th U1trav101et and 
1nfrared d1ver9enCe5. F0r the f1r5t 0ne5 We W111 U5e d1men510na1 re9U1ar12at10n and 
the ••0n-5he11•• 5Cheme f0r the ren0rma112at10n pr0cedUre. F0r th15 5peC1f1C ca1cu1a- 
t10n we 0n1y need t0 ren0rma112e the 4uark pr0pa9at0r 6ecau5e the 2 ° pr0pa9at0r 
d0e5 n0t 9et c0rrect10n5 t0 th15 0rder. 

Exp11c1t expre5510n5 f0r the c0unterterm5 can 6e f0und 1n the append1x. 70  
re9u1ar12e 1nfrared d1ver9ence5 we have 91ven a f1ct1t10u5 ma55 (~0 t0 the 91u0n. 
W1th th15 pre5cr1pt10n the 0n1y Feynman ru1e we have t0 m0d1fy 15 the 0ne re1ated 
w1th the 91u0n pr0pa9at0r. 7he new 91u0n pr0pa9at0r read5 

k - 19 ~ 3~ 
a ~ 6, H~" = k 2 • ~2 (2) 

U51n9 a 91u0n ma55 ~ 0ne 0n1y re9u1ar12e5 50ft 91u0n em15510n d1ver9ence5, c011near 
0ne5 are av01ded w1th the t0p 4uark ma55. 
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F19. 2. Next t0 1ead1n9 0rder 1n the 2 ° decay. (a) 0ne QCD and QED 100p d1a9ram5, (6) 8rem55trah- 
1un9 d1a9ram5, (c) 0ne-100p weak d1a9ram5. 

7hu5 a5 a c0n5e4uence 1n 1ntermed1ate c0mputat10n5, 11ke pha5e-5pace 0r 
Feynman  1nte9ra15, the 11m1t5 •t ~ 0 and m ~ 0 ne1ther c0mmute n0r are f1n1te. 7he  
cr1ter10n that mu5t 6e u5ed 501v1n9 a11 the 1nte9ra15 15 t0 ne91ect a1way5 term5 0f the 
type ~t n w1th n > 0. D01n9 a11 the 1nte9ra15 and c011ect1n9 a11 the1r re5u1t5 0ne 06ta1n5 
the f1na1 expre5510n f0r the QCD c0rrect10n, wh1ch 15: 

0tem0t 5CFM20 
F 0 c . ( 2  - ,  t1 + 2 -~ t19) = 16,r 51n22ew (v2A + a28)• (3) 
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where C F = ~ 15 the 5U(3) c010r fact0r, v = 1 - ~ 51n20w and a = 1. F0r the QED 
4 7he fUnCt10n L12(X ) 15 the d1109ar1thm fUnCt10n C0rreCt10n, rep1ace a5C F 6y 70tem. 

and 15 def1ned 1n the append1X. 0Ur eXaCt re5U1t mU5t 6e C0mpared W1th the 
appr0x1mate 0ne 91Ven 1n ref. [4] 

(FQcD)(aPvr°x)= 451n220w 2 ( 3 - / 3 )  4 2 4~r °2 

+213 - 10 ~ -  + 2 4~r a2 " 

(5) 

7hey u5e the 5ame appr0x1mat10n that 5chw1n9er d1d 1n QED [5]. 80th expre5- 
510n5 91ve the 5ame re5u1t5 when tak1n9 the 11m1t5 13 ---> 0 and 13 -0 1. 

11m FQc D = f1m 1 ( F 0 c  D)(appr0x) 
8--)1 

R e m M 2  0 0/5 

4 51n220w 7r 
0 + 0~ 2)  , 

a e m M 2 °  a5~n~V 2 . (6) 
11m F0c0 = 11m ° (FQcD)(appr0x)= 451n220w 
8••-• 0 

1n f19. 3 we have p10tted 60th expre5510n5 (3) and (5), n0rma112ed t0 1t5 va1ue f0r 
/3 = 1 a5 funct10n5 0f the t0p ma55 m, 5upp051n9 that a 5 15 a c0n5tant. 80th curve5 
are very 51m11ar 91v1n9 d1fference5 a1way5 1e55 than 9%. 1t 15 1mp0rtant t0 n0t1ce that 
f0r t0p ma55 va1ue5 6etween 30-40 6eV the d1fference5 w1th the ma551e55 c0rrect10n 
are very 1ar9e, a60ut 50%. F0r the t0ta1 w1dth 2 ° ---> t-t9 the d1fference 6etween 60th 
re5u1t5 15 a1way5 1e55 than 1%, 50 fr0m n0w 0n we w111 0n1y u5e the exact expre5510n 
we have ca1cu1ated. 

1t 15 w0rth n0t1n9 that the5e QCD c0rrect10n5 1ntr0duce a 519n1f1cant dev1at10n 0f 
the w1dth fr0m the 1ead1n9 0rder 1f m appr0ache5 ~-M ~ 0)*. 2 20 , (/3 1t ha5 6een 
dem0n5trated [6] that the QCD c0rrected cr055 5ect10n c01nc1de5 very we11 w1th the 
pr0duct10n cr055 5ect10n f0r t-t re50nance5. 0ne  can thu5 6e c0nf1dent that 9enera1 
character15t1c5 0f the ma55 dependence 0f the part1a1 w1dth are ade4uate1y de5cr16ed 
6y e4. (3) 0r e4. (5). 

1n f19. 4 we have p10tted F(2 ~ tt (9)) (1nc1ud1n9 the QCD and QED c0rrect10n5) 
ver5u5 the t0p ma55, 5h0w1n9 the d1fferent c0ntr16ut10n5, e.9., the 1ead1n9 and next 
t0 1ead1n9 term5. 70 111u5trate the d1fferent c0ntr16ut10n5 we w111 5eparate them 1n 

* F0r  h19her 0rder c0rrect10n5, p0tent1a11y d1ver9ent, 0ne m19ht h0pe that they 5um up t0 m0d1fy the 
1ead1n9 term 0n1y 6y a fact0r (4~ra5/3f1)/(1 - e-4~ra5/38), 51m11ar t0 the re5u1t 1n QED. 
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F19. 3. C0mparat10n 6etween the exact and the appr0x1mate QCD c0rrect10n t0 t0p rat10 f0r 2 ° decay. 

the f0110w1n9 way 

r = r0(1 + ~/-~%(0) + 8~F,~(mt) + 8r,~.,~(0) + 6 r % . ( m t )  ) . (7) 

F0 r  m t = 35 6eV,  51n20w = 0.22, % = 0.14 we 9et 

r = 0.1413 6 e V ,  

F 0 = 0.1089 6 e V ,  

rQcD= r0(ar0,(0) + ar0,(m,)) = 0.0318 6 e v ,  

rQED = r0(8r~00(0) + 8r~0m(m,) ) = 0.0005 ~ e v ,  
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F19. 4. Lead1n9 0rder (L0) and next t01ead1n9 0rder (NL0) f0r t0p rat10 1n 2 ° decay. 

w1th 

8F~5(0 ) = 0 .1293,  

~Fa5(FY/t) = 0.1630, 

8F~0~(0) = 0 .0024,  

8£,0m(rn•) = 0 .0027.  (8) 

7hu5 the QCD c0rrect10n5 repre5ent a 512ea61e c0ntr16ut10n 0f the 0rder 0f 22.5% 
wh11e the Q E D  0ne5 are 0f the 0rder 0f 0.4%. 

1n a6501ute num6er5 the5e QCD and QED c0rrect10n5 repre5ent a d1fference 0f 
33 MeV w1th re5pect t0 the 1ead1n9 term, a c0rrect10n pr06a61y acce55161e f0r future 
exper1ment5. 
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3. W + deeay 

70  ca1cu1ate the QCD c0rrect10n5 t0 the pr0ce55 W + ~  t6(9), we have ne91ected 
the 60tt0m ma55, 6ut we have rema1ned 1t d1fferent fr0m 2er0 f0r the 1ead1n9 term 
( m  6 = 4.5 6eV) .  7he 1ead1n9 term f0r th15 part1a1 W1dth C0me5 fr0m the d1a9ram 0f 
f19. 5 and 1t 15 f0Und t0 6e 

0~emM w ~ ( M ~ - m  t-2 m2) 2•4m6m t 2  2 

F 0 ( W + ~  t6) = 851n20 w M 4  

X 
2 m2t+m  (m2- m2)2 

(9) 

w1 /t 
F19. 5. D1a9ram 0f W + decay t0 1ead1n9 0rder 1n the 5tandard m0de1. 

W 1 

6 6 6 
(a) 

1 1 

6 

(6) 

F19. 6. D1a9ram5 0f the QCD c0rrect10n t0 the t0p rat10 0f the W • decay. (a) 0ne-100p QCD. 
(6) 8rem55trah1un9. 
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F19. 7. Q C D  c0rrect10n t0 W + ~ ff0 n0rma112ed t0 1t5 va1ue f0r m t = 0, (3F~5(m) + 31~,(0))/231"~(0). 

where Mw, m t and m 6 are, re5pect1ve1y, the ma55e5 0f the W 6050n, the t0p and the 
60t t0m 4uark. QCD c0rrect10n5 t0 the 1ead1n9 0rder 1nv01ve the d1a9ram5 repre- 
5ented 1n f19. 6. A1m05t a11 the c0mment5 we have made f0r the 2 ° ca5e are va11d f0r 
the W • 0ne except that n0w the f1ct1t10u5 91u0n ma55 re9u1ar12e5, 6e51de5 the 50ft 
91u0n em15510n d1ver9ence5, the c011near d1ver9ence5 that appear due t0 the a55ump- 
t10n 0f a ma551e55 60tt0m. We w0u1d 11ke t0 make 50me empha515 1n 0ne 0f the 
term5 that appear 1n the amp11tude f0r the d1a9ram5 86, wh1ch 15 (f0110w1n9 the 
n0tat10n 0f the append1x), 

1 (25 + m2)X 2 (10) 
171~=-~2(1-m--~1[(5+~2--~--~2):-~53-m2)]2" 

Even th0u9h th15 term 15 pr0p0rt10na1 t0 h 2, 1t mu5t n0t 6e ne91ected 6ecau5e 1t 91ve5 
the c0ntr16ut10n 

a e m a 5 C F M W  4 3 --  ~ 2  

Fx= 1 - 1 ~ ~  f1 2 • (11) 

w1th/32= (M~v- m2)/M~, a c0ntr16ut10n that 15 c1ear1y d1fferent fr0m 2er0. F0r 
the ent1re ca1cu1at10n we have f0110wed the 5ame pr0cedure a5 1n the 2 ° ca5e. 
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1 1 1 1 

P(W--> t6(9)  

L0 ••••,. 
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F19. 8. Lead1n9 and next t0 1ead1n9 0rder f0r t0p rat10 1n W + decay. 

7 h e  f1na1 re5u1t f0r the Q C D  c0rrect10n t0 th15 pr0ce55 15 

rQcD(w+  + 

0~em0t5CFM W 
- 161r 51n20w (( f12•  4)(1 - f12)f12• ( 9 -  5f12)f14109f12- (1 - f12) 

× (4 + 6f1 2 - 5f14)109(1 - f12) + (3 -/~2)1~4 

×(23• + 4 L12(1 • f12) + 2109f12109(1 • f12)) ) .  (12) 
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1t 15 very ea5y t0 check that the 11m1t m ~ 0 0r /3--, 1 91ve5 the we11 kn0wn 
ma551e55 QCD c0rrect10n. 

0temMW 015 
11m YQcD = (13) 
--. 1 4 51n20w~r 

1n f19. 7 we have repre5ented th15 QCD c0rrect10n n0rma112ed t0 1t5 va1ue f0r 
m --- 0 ver5u5 m. F0r va1ue5 0f m 6etween 30 and 55 6eV the QCD c0rrect10n5 are 
very 1ar9e, a60ut 48% 0f d1fference w1th re5pect t0 the ma551e55 ca5e. 

1n f19. 8 we have p10tted the 1ead1n9 term w1th m 6 - 4 . 5  6eV, the QCD 
c0rrect10n and the1r 5um ver5u5 the t0p ma55 f0r a c0n5tant va1ue 0f a~ = 0.15. 

F0r t0p ma55 va1ue5 ar0und 45 6eV we f1nd the 1ar9e5t c0rrect10n5, 6e1n9 0f the 
0rder 0f 16% wh1ch mean5 a c0rrect10n 0f 75 MeV f0r the w1dth, that m19ht 6e 
9reater than the exper1menta1 err0r5 [2]. We w111 111u5trate th15 c0rrect10n5 expre551n9 
the w1dth 1n the f0110w1n9 way 

F =  F0(1 + 8F,,,(0) + 8F,,,(rnt) ) . 

A5 an examp1e f0r m t = 45 6eV, a 5 = 0.15, aem = ~28, 51n20w = 0.22, 0ne 06ta1n5 

(14) 

w1th 

F = 0.481 6eV,  

/•0 = 0.406 6eV,  

FQcD = F 0 ( 8F,1~(0 ) + 6 F,~,( m )) = 0.075 6eV,  

= 0 . 0 8 0 ,  

6F~,(m) = 0.104. (15) 

4. C0nc1u510n5 

We have 5tud1ed th05e decay5 0f the weak 6050n5 wh1ch 1nv01ve the t0p 4uark, 1f 
k1nemat1ca11y p055161e, and have ca1cu1ated the QCD c0rrect10n5 f0r the5e decay5. 
F0r the 2 0 ca5e we have a150 ca1cu1ated the QED 0ne5. We have 5h0wn that f0r 60th 
6050n5 and f0r t0p ma55 va1ue5 ar0und 35 6eV the5e c0rrect10n5 are rather 1ar9e 
and m19ht 6e acce55161e f0r future exper1ment5. 

1n the 2 ° ca5e prev10u5 appr0x1mated QCD c0rrect10n5 have 6een c0mpared w1th 
0ur exact 0ne5. 

We want t0 ackn0w1ed9e pr0fe550r F.J. Yndur~1n f0r u5efu1 c0mment5 and 
5u99e5t10n5. 7h15 w0rk wa5 1n part 5upp0rted 6y CA1Cy7 (5pa1n). A.L. want5 t0 
thank the a9reement 6etween the F R 6  and 5pa1n f0r f1nanc1a1 5upp0rt. 
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Append1x 

Fr0m the ren0rma112ed 4uark pr0pa9at0r 1n the ••0n-5he11•• 5cheme 0ne 06ta1n5 

2 ~ = 1 +  4~r ~ - 1 0 9 - - ~ + 2 1 0 9 ~ - - ~ + 4  , 

a5NcCF 
3 , ~ -  3109--- 7 + 4 (16) 

4~" • 
2m, = 1 + - -  

f0r the t0p 4uark, and 

2¢ = 1 + 4----~-~-- ~ - 109 ~-2 - , 

2, .  6 = 1 (17) 

f0r the 60tt0m 4uark. N c = 3 15 the c010r num6er, C F = (N 2 - 1 ) / 2 N  c = 4. 7he 
c0n5tant ~ 15 def1ned t0 6e 

2 
~ (4 - D) 1094~r + 7,. (18) 

D = 4 - e 15 the num6er 0f d1men510n5 1n the d1men510na1 re9u1ar12at10n and y~ 15 
the Eu1er c0n5tant. 

7he  d1109ar1thm funct10n L1E(x ) 15 def1ned 1n the f0110w1n9 way 

L12(x) = • Lx109(1~- 2) d2. 

0 2 
(19) 

Many pr0pert1e5 and u5efu1 f0rmu1ae re1ated w1th th15 funct10n c0u1d 6e f0und 1n 
ref. [7]. 

7he  exp11c1t expre5510n f0r the pha5e-5pace 1nte9ra1 1n the 2 ° ca5e read5 

a~CF 
d F ( 2  ~ t19) = 16~rM205 51n220w1712 d52 d53, 

8 m  2 

, , L . .  J r . . . .  ~ . , I T I E = 4 [ ( v E + a Z ) - - 2 m Z a Z ] { ( s - - 2 m E ) c E c 3  -m2(c~+c~)~ + a2 
5 

-25(V2+a2){(C2+C3)12-m--~(1+ m--~-~)]-2(1+ m--~)) 

4m2 ( c2 
+ - - ( v  2- a 2) 65(c 2 + c3) + - + (20) 

5 C 3 
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1n term5 0 f  t h e  1 n v a r 1 a n t  var1a61e5 51 = (Px + P 2 )  2 = ( Q  -- k )  2, 52 = (P2 + k )  2 = 

(Q •p1)2, 53 = ( k + p 1 ) 2 = ( Q • p 2 ) 2  where the f0Ur vect0r5 P1, P2, k and Q 
C0rre5p0nd t0 the t0p and the ant1t0p 4Uark, the 91u0n and the 2 ° weak 6050n 
re5pect1Ve1y, and C 1 = (5~- m 2) -1. 

7he  11m1t5 0f the 1nte9rat10n var1a61e5 are 53< 53 < 5~- and (m + h)2 < 52 < 
(V~- -- m) 2, where 

1 
5 f =  X 2 -  ~52 [ ( 5 2 - 5 -  X2)(52 + m 2) -7- K1/2(52,5, X2)(52 - m2)] .  (21) 

K(x ,  y, 2) 15 the k1nemat1ca1 funct10n def1ned a5 K(x,  y, 2)= ( x -  y -  2) 2 -  4y2. 
F0r the W ca5e the 6rem55trah1un9 c0ntr16ut10n c0me5 fr0m the f0110w1n9 

1nte9ra1 

d r  (w +--, t59) = a0~CF 51n20wMw51712 d51 d53, 16~r 

( m•;){  25+m2, 
1r12=-  1 -  1 -  

X 
5 _ 5 3  

53 -- m 2 2( 5 + V - 5~ - -  ( 53 - m 2) 

(25 + m 2) 53 
+ 

53 • /,•/2 53 • m 2 

( 5 - 1 - ) k 2 - - 5 1 )  2 

--  2 ( • ( 5 + h 2 - - 5 1 ) - - ( 5 3 - - m 2 ) ) ( 5 3 - - m  2) 

1 ( 5 3 - - m 2 - - ~  2 

1+ (5+v 51) (5  m2) + - -  

5 - 2 m  2 (5-51)•--(5••33-m2)) 

5 53 - m 2 • 

(22) 

where n0w the f0ur vect0r5 Px, P2, k and Q c0rre5p0nd t0 the t0p, the ant160tt0m 
4uark, the 91u0n and the w • weak 6050n re5pect1ve1y. 

7he  11m1t5 0f the 1nte9rat10n var1a61e5 are 5 3 < 53 < 5~ and m 2 < 51 < (v~- - X) 2, 
where 

1 
5 ~ = m 2 + X  2 - - ~ 5 1 [ ( 5 1 - 5 + X 2 ) ( 5 1 + m  2) -7- K~/2(51, 5, X2)(51 - m 2 ) ] .  (23) 
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