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A CHIRAL SU(2)I ®SU(2)R GAUGE MODEL ON THE LATTICE 
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An exphcnly chlral s~mmetnc SU( 2 )L®SU( 2)R model wnh a scalar doublet and a mirror pair of fermlon doublets is investi- 
gated m latnce perturbation theory 

The basic mat ter  fields in the s tandard SU(3 )® SU ( 2 ) ®  U(1 ) theory of  elementary parhcles are chlral quarks 
and leptons The masses o f  these (and  other)  fields are p roduced  by spontaneous symmetry  breaking via the 
Hlggs mechanism A non-per turba t lve  invest igat ion of  the Hlggs mechanism would obviously be impor tant ,  
but the inclusion of  chlral fermlons in a non-per turba t lve  latt ice regularlzat lon scheme is notoriously difficult 
(for an incomplete  list of  recent a t tempts  see ref  [ 1 ]) 

A simple manifes ta t ion  o f  the chlral fermlon problem is species doubling put t ing the f irst-order Dlrac  equa- 
tion on the latt ice by a naive t ranscr ip t ion of  the der ivat ive  in latt ice differences the propagator  has 15 su- 
perfluous poles at the corners o f  the Bril louin zone The general reason behind this is the cancellat ion of  triangle 
anomal ies  for finite lat t ice spacings [2] Moreover ,  a no-go theorem can also be proven [3] ,  implying that  
under  some mild  assumptions ,  for finite lat t ice spacings, there always has to be an equal number  of  left- and 
r ight-handed part icles In the con t inuum l imit  the superfluous lat t ice fermion states can be removed from the 
spectrum following the prescr ipt ion given by Wilson [4] after the in t roduct ion  of  an appropr ia te  higher-di-  
mensional  term in the act ion the masses o f  the addi t ional  fe rmmns become propor t ional  to the cutoff  The 
Wilson term in the lat t ice fe rmlon action, however,  breaks chiral symmetry  exphclt ly Nonetheless,  the correct 
current  algebra and chlral W a r d - T a k a h a s h l  ident i t ies  seem to be reproduced in the cont inuum hml t  [ 5 ], there- 
fore the Wilson fermions probably  provide  a correct latt ice formulat ion of  Q C D  

The chiral  symmet ry  breaking of  Wilson fermlons is, however,  an obstacle for a latt ice formulat ion o f  chlral 
gauge theories describing the electroweak interact ions A first step for a latt ice formulat ion o f  the s tandard  
electroweak theory would be to f ind a chiral formulat ion of  some proto type  models  In the present  paper  a 
s imple chlral model  is defined on the latt ice by an exphclt ly chlral symmetr ic  extension of  the Wilson fermion 
method  This model  can be considered as a lat t ice version of  the gauged S U ( 2 ) L ® S U ( 2 ) ~ - s y m m e t r i c  Gell- 
M a n n - L 6 v y  a -mode l  [6 ], which includes,  besides the usual scalar- and fermlon-double t  fields, also a "mir ror -  
fe rmlon"  doublet  field with exchanged lef t - r ight  t ransformat ion  proper t ies  

Before considering the gauged version of  the model,  let us begin by investigating its pure mat ter  sector This  
contains  a doublet  fe rmlon field q/, = ~bCL~ "4-~/Rx and a doublet  mir ror - fermlon field Z, =ZL, 't-ZR~., interact ing 
wlth a scalar doublet  field q~, (The left- and r ight-handed components  of  the fermlon fields have an index L, 
respectively R ) The t r ans fo rmahon  proper t ies  o f  the fields under  SU (2) L ® SU (2)  ~ are 

Xl~x ~---UR,~L,, ,~ i \  = ~ L x  ~TI~ 1 , Z[~, = UL,~R,,  21~x = 2 R x  U C  1, ~9 i = CT[ 0) x [,Tl~ I ( 1 )  

Ins tead of  the scalar doublet  q~,, it is somet imes  advantageous  to consider  the equivalent  real 0 ( 4 )  fields 0s, 
( S = 0 ,  1, 2, 3) def ined by 
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q~, =-0~,, +1~,, r, (2) 

Here r~ ( s=  1, 2, 3) denotes Pauh matrices (An automatic summation over the 0 ( 3 )  and 0 ( 4 )  indices will 
be understood ) In terms of  these fields let us consider the following euchdean lattice action 

( # 0 s , 0  s, + 2 ( ~ s , 0 , , )  -~ - x  ~2 ~s,+,,0,,  + ~ , ~ [ ( 2 , ~ ' , )  + (~ ,Z , ) ]  + ~ ( ~ , ~ ' , )  + ~ A 2 , Z , )  S =  
\ 1l 

- Z  [K~(gt,~,,)',,gt,)+Kz(2,+,,Y,,Z,)]+t Z [ ( )~ ,~ ' , ) -  ()~,+,N/,) + ( q ) , Z , ) -  (~,+, ,Z,)]  

+G~,Os,((c,Fsgt,) +Gjos,(2,F+ z,))  (3) 

Here E,  runs over the lamce points and E~, over eight directions of  the ne~ghbours # =  _+ 1, ± 2, _+ 3, + 4 In 
the Yukawa couphngs the 8®8 matrxces F s  ( S = 0 ,  , 3) are defined as Fs--- (1, -1;,5r,)  The normahzat lon 
of  the fields as left free By rescahng at as possible to achieve some convement  normalization for the scalar field 
0s, m per turbanon theory It is convement  to choose the hopping parameter x = ½, whereas for the limit of  very 
strong quart~c scalar couphng 2--,o0 the best choice is # =  1 - 2 2  Similarly, the fermlon fields can be rescaled 
accordmg to 

q/',=z~,gt,, q / ' , = z ~ , , ,  Z ' , = z / z , ,  Z ' ,=z~z ,  (4) 

In perturbation theory a convenient rescahng as defined by K~ =Ky = ½ For a numerical study one can choose 
#~, = # / =  1, whereas for strong bare Yukawa couphngs or small mass parameters #~,, #/-~ 0 it is natural to put 
G~,= Gy= 1 

According to eq (1), the above lattice action is chlral mvarlant  ff and only If#~,----#z=0 (the mass mixing 
p ropomona l  to #~/, however, does not break chlral symmetry)  Let us now consider the general massive case 
#~,, # / #  0 in perturbation theory For this we shall use the convement  normahzat lon 2~c = 2K~,= 2Kz = 1 The 
scalar lattice propagator is, as usual, 

1 A°,, = ~; ~ exp[-l(k,x-y)] G~, (5) 

where N as the number  of  lattice points and the momen tum sum as performed over the Brfllouln zone cor- 
responding to the periodic boundary condmons  The momentum space propagator as g~ven by 

G~=(#~+/~2)  - ' ,  # 0 - = 2 # - 8 ,  /~2=4 ~ sxne(~kp) 
p>O 

The fermlon propagator is a block matrix in q / - Z  

The reverse fermxon propagator m m o m e n t u m  space is 

= \#~,z + r/~: #x + IV k J 

(6) 

(7) 

(8) 

implying 
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~ ( / 2 }  +/7-') -#~(/2,.~ + r£-')-" -w/,7[#~. +/.:-~ + (/2,.~ + r/~-~)-~] } }~, 

~TU = ( ~  +r/~ ~) IF -~ + ( ~  + r/~:)-' - / 2 ~  + ,y £(#~. + ~ ) ]  z~. 

/Sx = {[£~ + (#,z/+ t/J2) -~ -/2~,/2z ] 2 + F-~ (/2~, +/2/)2 } - ,  (9) 

Here we also introduced the notation /~, -= sin k,, The other m a m x  elements are obtained from these by ex- 
changing ~' ~ Z  As at can be seen, the fermion-doubllng species at k~, = re are removed here for r>  0 in a similar 
way to Wilson fermlons 

The mgenvalues of  the fermxon mass m a m x  (a e ,  o f  the zero momentum inverse propagator GS- l ) are m 
general given by 

/21 : 1 [/2~. "1-/2Z - -  \ (/2~" - - / 2 / ) 2  + 4/2 ~Z ]'  /22 = 1 [/2~ +/2y + V (/2~' --/2/)2 + 4/2 ~Z ] (10) 

The corresponding elgenvectors m the ~u-Z basis are, respectively, 

= (  cos ~ ,  (s ,n  c~ ~ (11) 
e~ k - S i n  e~/ e= = \ c o s  c t / '  

where the mixing angle c~ ~s determined by 

sin o~ =/2v/ \  5 [(/2~ _/2/)2 + 4/2~z _ (/2~, _/2/) \/(/2~, -/2z)-' + 4/2~/] -~/2 (12) 

In the specml case of/2~z =#~/2z there is an exactly zero mass/21 =0 ,  and the other mass is/22= (/2~,+/2z) The 
mixing angle becomes 

sm e~,)= \'2u~/(/2~ +/2, ) (13) 

Therefore, lf/2~ <</2/then the zero mass belongs to the dominantly q /component  
The poss~blhty of  an exactly zero elgenvalue in the fermmn mass m a m x  is an important  property of  the 

model We shall see below, that the chlral symmetry breaking masses/2,,/2z are produced in the chlral gauge 
model by spontaneous symmetry breaking, hence they are ned up to the scale of  the vacuum expectation value 
The ~'-Z mass mixing parameter/2~,/, however, is a chxral symmetry conserving free parameter For given/2~/2/, 
the devlanon 

/ J - \  /2M1/-/2~/ (14) 

can have any scale In particular it can also be zero In other words, there ~s a possibility for an arbitrarily large 
fermlon mass h~erarchy for one o f  the mlrror-fermion states, downwards from the spontaneous symmetry 
breaking scale In the case of  a small devmtlon/Y the small mass elgenvalue is 

/21 = f i s m ( 2 a o )  - [fi2/(/2~, +/2y)] COS2(2a0) +0(/23) (15) 

The consequence of  this relation is that m the case of  spontaneous symmetry breaking the rigid relation between 
the small fermlon masses and the corresponding Yukawa couphngs is resolved The ratio of  Yukawa couphngs 
G~, and @ is, however, directly responsible for the value of  the mlxlng angle c¢~, in eq (13) 

Using the propagators and the vertices m the action (3),  it is straightforward to calculate, for instance, the 
one-loop graphs m perturbation theory The fermmn tadpole con tnbunons  to the expectanon value of  the scalar 
field deserve specml attention The one-loop con tnbunon  to the expectanon value of  0o, ~s 

(16) 

Th~s vanishes for zero masses (1 e ,  for exact chiral symmetry)  Therefore, a compensanon m the action with 
a counterterm linear in ~,,, is not necessary This is different for Wilson fermions, where the fermaon tadpole 
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contrzbutmn is non-zero, and a tuning in the "external  magnet ic  f ield" is necessary The critical set of  bare 
parameters ,  where the physxcal masses in lat t ice units vamsh,  can be de te rmined  order  by order  in per turba t ion  
theory. For  instance, in the case of  the fermzon mass matr ix  the chlral  symmetry  poin t  p~=#~ = 0 is not re- 
normahzed ,  but  there are non-zero loop contr ibut ions  to the mixing pa ramete r  ]z~,/ The one-loop equat ion for 
van i sh ing / i  as 

/-- 1 O=v#vl~z_lz~7+4rG~,Gx~ ~ (k2 ..]._ g2 ]~4) - 1 ~ -  =v Igvtg/-#~,z +G~,Gz 0 121 (17) 

The numerical  value here corresponds  to an infini te  lat t ice and r =  1 F rom the 10garlthmlcally divergent  con- 
t r ibutmns  to the r enormahzed  couplings one can obta in  the Ca l l an -Symanz lk  fl-functlons In one-loop order  
we have 

1 1 1 
fl,,~,- 1 6 ~ 2 4 G v , ( G ~ + G ~ ) ,  fl<,z- 16~r24Gx(G~+G~) ,  ilk- 161r2 (9622 +16G~2+16G~2 -4G4-4G4) 

(18) 

After  this prepara t ion  we can write down the latt ice act ion for the chzral S U ( 2 ) L ® S U ( 2 ) R  gauge theory 

S=Sg+Sm (19) 

The pure gauge pmce with flL R = 4/gt R and UL Re SU(2)L  R IS the usual sum over plaquet tes  

Sg =]~L Z [ 1 - ½  Tr  UL(P)]+flR 2 [1--½ Tr UR(P)] (20)  
P P 

The piece conta lmng the physical  mat te r  fields is, by using the doublet  scalar field ~0, and writ ing out  the L- 
and R-components  separately,  

S,,, = E ( ½/z Tr(~0 + (p ,) + } 2[Tr(~0 + ~0 ,)12 - ½ ~c E Tr[~0 ++:, UL(X, ~) ~0, U + (x, ¢z)] 
\ \ 

- -K~ 2 [ ( ~ L x + f  t ['fL(X' 1"/) ~/'~btL\)"~- (~R'q- ,  ;c[R(X' ]J) ~/t~/Rx)l 
/z 

-K7 E [(2~,+,,C~(x,u) h,Z~,)+(2~,+,,UL(X,~) Y,,Z~,)I 
:z 

+ r  ~ [(2R, I¢/1_,) -- ()~R,+. U L ( X ,  1~) [//L~.) "q- (2Lx ~//R',) -- (2L\+/t  CTR( X, 11) I//R,) 
it 

+ (~R\ZL\)  -- (~R\  +lz UR(X' /~)  XL', ) -Jr (~L'~XR,,) -- ( ~l-\+It  ~TL(x, ]~/) ZR,)] 

+ G,,, [(~R.~o, + ~L,) + (vTL,~, ~u,,,) ] + 67 [(2.,~o,ZL,) + (2L, ~o,+ Z. , ) ]  ) (21) 

The fermzon masses are now prov ided  by the vacuum expectat ion value of  the scalar field 

( ~ , )  =(~o + ) - ~  (22) 

and by the Yukawa couplings 

#~,= oG~,/2Kv,, ~ 2to, I,t/=t)G//2K/x,'2tc (23)  

It IS assumed that  in the con t inuum l imit  ffv,:~0 ~ - ,0  and therefore ~tv,,/if, ~t~,/~2--,0 
In general, the con t inuum hmi t  can be def ined at some crmcal  point  of  the pure mat te r  theory (m thid  l imit  
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the gauge couphngs g~ and g~ tend to zero)  However  the mathemat ica l  con t inuum hmi t  o f  the models  defined 
by the above act ions is p robably  tr ivial  (for a recent discussion see ref  [7] and the references therein)  In 
order  to have a non-tr ivial  quas i -cont inuum theory the latt ice spacing has to be kept finite (but  small compared  
to the physical  dis tances)  Thinking  o f  a physical  theory,  the cut-off  is natural ly always f imte 

The two gauge group factors SU (2)L and S U ( 2 ) a  need not be t reated symmetr ica l ly  One can, for instance, 
gauge only SU(2)L  (put  g R = 0  and U a =  1 ) When both group factors are gauged [as ~t stands m eq (21)]  the 
spontaneous  symmet ry  breaking leaves the dmgonal  S U ( 2 )  subgroup unbroken For  a complete  symmetry  
breaking one can introduce,  for instance, two further scalar fields ~0L and qR which are doublets  with respect 
to one o f  the S U ( 2 )  subgroups,  but  are scalar with respect to the other, as is usually done in lef t - r ight  sym- 
metr ic  models  (Fo r  early references on S U ( 2 ) L ® S U ( 2 ) R - m o d e l s  see ref  [8] ) In this way It is possible to 
split the gauge field masses independent ly  o f  the value of  gL and ga 

The SU (2)L® SU( 2 )a charal model  considered here as a representative for a large class of  lattice chlral models 
with mi r ro r  fermmns The above discussion of  small ferm~on masses shows that,  by an appropr ia te  extension,  
models  can also be constructed which look below ~ 100 GeV s~mllar to the s tandard  electroweak model  by 
chosing Yukawa couplings like G~ small one can make the ml r ror - fe rmmn components  of  the light fermlons 
small ( the marror-fermaon componen t s  have V + A coupling to the W-boson)  At higher energies there is, how- 
ever, a marked  difference due to the occurrence of  the physical  mir ror - fermion states In simple models  w~th 
only one spontaneous  symmet ry  breaking scale the masses of  the mirro  fermlons have to be roughly below 
~ 500 GeV, corresponding to the unatarlty hmi t  for Yukawa couplings [9] In a more compl ica ted  model  with 
several spontaneous  symmet ry  breaking scales this may, however,  be different 

The quest ion natural ly arises, whether  it would be possible to arrange the bare parameters  of  the model  in 
such a way that  the mlr ror - fermIon par tners  get a mass propor t ional  to the cut-off  ( and  hence are removed  
from the physical  spect rum) In par t icular ,  one can try to define the cont inuum l imit  in some critical point  
where only a subset of  the masses in lat t ice units tends to zero The difficulty which occurred in this case m 
all my at tempts ,  also after the in t roduct ion  of  addi t ional  scalar fields, is that  i f  the mir ror  partners  are removed  
then the gauge bosons go w~th them Apparent ly ,  one cannot  arrange a spontaneous  symmet ry  breaking pat tern  
with finite W-boson,  Haggs-boson and fermion masses and a very large mlr ror - fe rmmn mass A general reason 
behind this ~s that  in the unbroken phase the chlral symmet ry  has to be reahzed by a par i ty  doublet  pair  of  
degenerate fermion doublets  Indeed,  as one can see from the fermlon mass matr ix  (7~7 ~ , m the case ofp~ = ~ / = 0  
and/z~,/¢ 0 there is a degenerate  pair  o f  fermxon doublets,  and the elgenvectors (q/+Z)/ ,~ 2 have opposi te  p a n t y  

It would be interest ing to study the models  def ined by the above act ions also non-perturbatavely The first 
quest lom which is impor tan t  for the unders tanding  of  the physical  content,  would be to investigate the crmcal  
set and the phase structure in the space o f  bare parameters  

I thank Mart in  Luscher  for an enhghtenlng discussion on the lmposs ib lh ty  to remove the mir ror  fermlons 
from the spectrum 
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