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We present a complete first-order quantum electrodynamics calculation of the spin polarization in a
relativistic electron storage ring. The result differs from previous semiclassical calculations of other au-
thors in several respects. Under ideal conditions a maximum polarization of 99.2% may be obtained.
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The emission of synchrotron radiation in electron tons. Only terms of the first order in A™9 are kept in
storage rings can lead to radiative polarization of the deriving this expression‘ Similarly H*"'" may be written
electrons.! By systematically isolating the effect of the as HP"'=— Lo -0°% — 1o 07 where Q°' con-
external (microscopic) electromagnetic fields from the tains only the magnetic field on the closed orbit and @ "¢
effect of the emitted photon (radiative) fields, we calcu- contains all effects on the spin which are driven by the
late a new and completely general formula for the radiation fields. This expression may include terms in-
asymptotic value of polarization. This result exhibits ex- volving magnetic field gradients in the storage ring. In a
plicitly how long-range coherence of the spin-wave func- recent paper> Bell and Leinaas have pointed out that, for
tion controls the polarization. times long after injection of electrons into a storage ring,

The complete Hamiltonian for an electron in a storage all- deviations of electron trajectories from the closed-
ring may be written? as H =H ™+ HPin where (h =c orbit equilibrium are driven by the radiation fields of the
=1 and we use the Coulomb gauge) H °7Pit=pgroit emitted photons. All such radiation effects must be
—eBf-A™ and H§™ =[(p—eAc) > +m2."2 (m refers treated simultaneously to obtain the correct formula for
to the electron rest mass, e to the electronic charge, and the polarization.

B to its velocity.) The vector potential Ay refers to the Orbital Motion.— The orbital equations of motion for
external guide fields of the storage ring, while A™9 refers an electron in a storage ring are derived from the Hamil-
to the fields of the emitted synchrotron radiation pho- | tonian H°™ (with 6=poct/R as the independent vari-
able):
0
‘ d’x yor | k(o) =-4 F§3d+£f B-E™440' (1)
d92 do px ¥ T

where F”‘dEE”’d+ﬂX B and K(s)=(e/po)dB*'(s)/9z. We have chosen a coordinate system in which ¥ is along B,
% is along — B, and Z=%x§: p, refers to the local radius of curvature in the x direction. Eq and pg are the reference
energy and momentum. In Eq. (1), we include the effect of radiation damping by introducing small terms proportional
to 'y dx/d6 (T, is an appropriate damping constant).

These equations can be solved in terms of the standard Twiss parameters a,8,y of Courant and Snyder.*
Brexp(*iuy) is a solution of the homogeneous equation d?x/ds>—K(s)x =0. There is a similar equation for z.
Setting E'ad(B)E(e/Eo)Rf‘imﬂ- E™¢46’ and noting that®

o+2r (B, (9] , ’
M ;ZsmzzQx f 0 (6) coslQ m+u, (8) —u. (6')1d6",

we get

o rad
(@) =n ) [ _reme 470D

coslQ,(6—0")1d6'

rad [’}
—[BX(G)]‘/zf \/_dje g‘ Cot |ni+ /’j"‘ ]Sx de’ +[,BX(0)]‘/ZRf_w\/[ZF;adedB’, (2)
S, =e —r’w—e')sin[;zx(O) —u (8], C,=e 7r"(9k9’)cos[y} (6) —u (691
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We have replaced a continuous energy loss term né by the corresponding synchrotron oscillation term with tune Q; and
damping constant I';. The factor e/ E has been absorbed into Ff*d in Eq. (2).

From this expression for x in terms of integrals over radiation field operators, we calculated (x 2, using standard
techniques® to evaluate vacuum expectation values of field-operator products as contour integrals. We obtained a result
which agrees with the usual calculation,” plus additional small terms which are proportional to ¥ ' and y ~2. These
small corrections arise from the F¢ term in Eq. (1). It will be shown below that a similar type of effect occurs for the
spin. The polarization at an energy near a spin-orbit resonance can be significantly affected in some cases by F*¢ and

rad
z .

Spin Hamiltonian.— The part of the spin Hamiltonian defined above depending only on the external guide fields is
— Lo % where

norbil=__f_ a+l' Bexl_— a+;JﬁxEcx1_ 2y ﬂ(ﬂ'chl) .
y y+1 y+1
B.x: and E., are the external electromagnetic fields [
along the closed orbit, a =(g—2)/2, and g is the electron quadrupole fields and hence can be set equal to — (e/m)
magnetic moment. This term in the Hamiltonian leads x(a+y")GQ(9)(:i—xlA().
to the usual Thomas-Bargmann-Michel-Telegdi equa- Radiative Polarization.— We use H®" to calculate
tion® for the spin precession on the closed orbit. The fact the electron polarization after many revolutions of the
that only closed-orbit fields appear in Q°%® is a direct electron around the storage ring. A nonzero polarization
consequence of the fact that all deviations away from the results, because, as first calculated by Sokolov and Ter-
closed orbit are due to radiation emission and thus must nov,! the rates of spin flip up and down are not equal. A
be considered as part of @79, We write number of corrections to the Sokolov-Ternov formula in
spin — _ 1 . ) . the case of inhomogeneous storage-ring fields have been

Hid 70 (Bact Qi+ Qp); derived by Derbenev and Kondratenkgo,2 Chao,® Chao
Q.. is the Bargmann-Michel-Telegdi expression with and Yokoya,'® and Bell and Leinaas.® By noting that
Bext, Eext replaced by Brag, Erad; Qraj is due to the devia- the entire o 0¢ drives spin-flip transitions, a general
tion in fields experienced because of trajectory deviations expression may be obtained which reduces to the earlier
from the closed orbit in the presence of magnetic field calculations for special cases. It will be clear from the
gradients, while Qs=>, (8 Q,./8B;)SB; represents the result that this can only be derived within the framework
change in Q,, due to changes in B because of photon of a quantum-mechanical calculation.
emission. To first order in deviations from the closed or- The transition rates, in which we sum over photon po-
bit, in a strong-focusing machine .; arises because of | larization (a) and momentum (k), have the form

r =LZU'TO/2 dix+ ()| o @) x5 () ’ 3)

B T et ’ " .

To is a time which can be taken as arbitrarily long. The X’s satisfy the Schrodinger equation —idX +/ds =H§" X+,
with HEP™ as defined above. We also require that the X’s, which are two-component spinors, be eigenvectors of the
operator ¢-n: o nX¥+ = = X+. This condition can be satisfied if dn/d6=Q°®'xn. Since Q°™ s periodic around the
ring, we can choose n(8) to be a periodic reference axis for the spin.'' We note that n(6) is not necessarily the direc-
tion of polarization. A convenient way to parametrize the spinors is X + (6) =exp{—i£(8)[o-n(9)/21} X + (8);

exp(— Tigs)cos+ O, —exp(— +ig,)sin 5 6,

1+(0) = , X-(0)= (4)

exp(+ips)siny O, exp( ¥ igs) cos 3 O

X+ (8) are periodic functions of 6, since ©; and ¢, are taken to be the polar angles of n(#). In order for X+ to satisfy
the Schrddinger equation, the phase factor & must satisfy the differential equation d&/d6=0°"®" (n+no)/(1+n-no),
where ng=n(0). We set £(0+2x) —£(0) =2n(vyp,+1) and identify vg, with the spin tune. With the fact that the in-
tegrand in Eq. (3) is periodic except for a factor e *¢(®) the expression for the spin-flip transition rates is

_ 1 2”’ ' '
ri‘z,,fo . (040" )

To calculate the integral we approximate the spinor by a constant during photon emission: £(6'+ +0)=&(0'— +0).
The integral becomes

I+ =Ly Nz deo] aird(L o) apd(— L 0)|0), N =8k —nin Ficn. 6)
4 ~ J: — oo J
I
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Q™4 is proportional to the photon fields. We evaluate the vacuum expectation values by standard methods. !?

To do the final integral over 6, the integrand is expanded in powers of y ™ '.

!, We resort to the computer program

SMP!3 to keep track of the algebra, which is quite complicated. Remarkable cancellations take place, and the

2 3

coefficients of 1, y ™!, y % and y~
leading order, which is y 4. The final result is

I:i 6" =I—()(Pevcni Podd)y

5 C

o lol*

_5\/§ 3.5 82 _5\/5 rexc
=——wiy— =
8 m 8 2n

are all zero. In addition, all terms resulting from Qs give no contribution to the

)]

r. is the classical electron radius, wg=c/ |p |. The polarization can then be calculated, by use of detailed balance, to be

J3*(Poaa/p?) do’
= 2 3 ’ (8)
fO (Peven/lpl )do
For horizontal bends
Poaa=—(8/5v3){w —Iml(g¥ +gX) (oD + } f) — ¢ fX (oD}, ©)
Peven= _%1’2-*_%ng+gz|2_%Re(f;<o'zT>)_%Re(fz*(orl>)+l%T90|fx|2+%lfz|2s (10)
N=itg p =_wutiv =ty o wWoTiu =t o b = — (] —w2) 12
(o =xkox- T—w)) 7’ (o})—x+cyl_ W) 7 (eh=xko,2- a—-w?)2 (11)

u, v, w are the direction cosines of n with the z axis vertical and the y axis along the beam direction.

and g, , are periodic in 6 with period 2x, and

f:(0)=2aitb,tD*(z) —b,”D ~(2)},

2:(8) =(vyo+ a6, "D (@) +a*b, D (@) +c,* DT (s)+c,” D~ (s)},

in which

The functions f, ,

12)
13)

D * (a) ={1 —exp(—2aT)exp27i (v, £ QB 71, a=x,z,s;

a; =nz/ﬁz _i(nz’+a2nz/ﬂz)s

. 6+2rn X
bt =— Lo OEuO1p ’_sz; VB K(aDe S5 qg,

6+2n
— E+0.0) 1)
cE=—1e 1[5(9)iQ,9]Rfe n.K(oDe €E %" 401

The formulas for g, and f, for horizontal bends can
be obtained by the substitutions g,— g, and f, — f, if
K— —K and x is interchanged everywhere with z in
Egs. (12) through (15). The expressions for vertical
bends can be obtained by the substitutions f, ,— —f; ,,
8x..— — g« as well as (o])— — (o)) and (c})— (c])
in Egs. (8) through (10) but not in (14) and (15). In
P44, w should be replaced by u.

The f terms arise from the Lorentz-force terms Fr¢
and are the contributions to polarization arising from the
electron recoiling in the photon field, while the g terms
arise from the energy-loss terms 8¢ [see Eq. (1)].

Normally the relative strength of the g’s and the f’s is
of the order of f./g,~pB./yn.. In some realistic cases
this ratio can be =1 in a machine where 7n, is due to
alignment errors. In general, terms involving f, cannot
be neglected a priori.'* Because of our use of (o)),
these expressions are exact in spin to this order of the
perturbation expansion of the Hamiltonian. No approxi-
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(14)
(15)

mations are made for the spin motion as in the semiclas-
sical treatments of Chao® and Chao and Yokoya. '°
Discussion.—In the case of a perfectly planar storage
ring the result is equivalent to that of Chao and Yokoya
as modified by Bell and Leinaas. In this case (o)) =1,
(6])=0, and n,=n;=0, everywhere in the machine.
Only the f,’s are nonzero, and we obtain the Bell-
Leinaas calculation generalized to a strong-focusing
machine. If the f’s were zero, the formula would reduce
formally to the expression calculated by Derbenev and
Kondratenko. Generally the integrals involving b = and
¢ ¥ play the same role as the spin-diffusion integrals of
Chao and Yokoya, up to phase factors which may be im-
portant in this case. If the storage ring is designed so
that all of the b s and ¢ *’s are zero, then all f’s and
g’s are zero also, and (without reverse bends or spin rota-
tors) the polarization equals the Sokolov-Ternov limit of
8/5v/3=92.4%. Our calculation thus can be used to
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define “‘spin-transparency’’ conditions which are identical
to those defined by Chao.'®!?

The presence of interference terms involving f, g, and
fg in Po4q leads to the possibility of using the resonance
behavior of f and g to increase the polarization beyond
92.4%. It can be shown that the maximum possible po-
larization in the case where g, , =0 is 99.2%. This is im-
plicit in the work by Bell and Leinaas,> but we have ex-
tended their result to a nonplanar strong-focusing ma-
chine without x-z coupling. Our calculation also shows
that with a very simple generalization of the formulas
presented above, time-dependent electromagnetic fields
could be incorporated in the theory and, for example,
radio-frequency quadrupoles tuned to vs, = Q. times
the revolution frequency could be used to alter the f’s
and g’s without significant effects on the orbital motion.
Only further investigation will reveal whether such a
technique will be of practical use in actual storage rings.
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