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Abstract. For a quantum mechanical system living on
the manifold of a compact simple Lie group we present
explicit formulae for the quantum corrections, both
in the Hamiltonian and, for the most common
time discretization, in the path integral. As a special
application of this rather general procedure, we
compare, for lattice gauge theories, the path integral
corresponding to the Kogut—Susskind Hamiltonian
and the Wilson action. The latter is shown to corres-
pond to a very special but elegant way of discretizing
the time variable.

I Introduction

Recently there has been some renewed interest in the
path integral formulation of quantum mechanical
systems and quantum field theories on curved spaces,
or, more general, on topologically nontrivial mani-
folds. In quantum field theory Christ and Lee [1]
several years ago pointed out that, when formulating
Yang—Mills theories in the Coulomb gauge, new terms
appear in the action integral. They result from a non-
trivial metric in the space of the gauge-fixed field
variables [ 2—4], and they lead, in perturbation theory,
to new interaction vertices. These terms had been
overlooked before [5]. In the context of quantum
mechanical problems there has been some recent
progress in calculating path integrals, which now
allows to handle quite a few problems in the path
integral formulation which had been untractable
before ([6,7] and references therein). In most of
these cases symmetries are playing an essential réle.
This motivates a strong interest in formulating path
integrals on group manifolds [8,9]. In string theory
one faces the task of doing quantum mechanics on
topologically nontrivial manifolds (e.g. Riemann mani-
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folds with nonzero genus). Although it may be too
much to expect that one might be able to write down
a closed expression for the action integral on the whole
manifold, one should be able to formulate the theory,
at least, on coordinate patches. The basic task then is
the same as in the other examples: to handle the path
integral of a quantum mechanical system on a mani-
fold with a nonflat metric, e.g. on group manifolds.

There exists a well-established procedure for both
canonical quantization [10-12] and writing down the
path integral for quantum mechanics on curved spaces
[13-21]. In [1-4] this formalism has partially
been used to determine the correct Yang-Mills
Hamiltonian in the Coulomb gauge. In the context of
quantum mechanical problems, however, not much
use has been made yet of this procedure. In [6,7]
special cases of group manifolds have been studied,
such as SU(2), SO(n), SU(1,1) and SO(n, m). All these
group manifolds have in common that they can easily
be embedded in euclidian (or pseudo—euclidian) flat
space, and this special property has been made use of
for deriving the path integral. It is clear that this
method does not work for other groups of interest
[8]. There is also a potential danger in this way of
deriving the path integral [3]. It therefore seems
very much preferable to directly use the standard
procedure, which is always applicable [9]. In the first
part of this paper we perform, in a rather explicit
manner, both canonical quantization and the deriv-
ation of the path integral for a general compact simple
Lie group, following the standard routine of [13-21].
In particular, we explicitly calculate the quantum
corrections which are necessary for the correct
formulation of the quantum theory.

There is an interesting application in lattice gauge
theories, namely the interrelation between the Wilson
action and the corresponding lattice Hamiltonian.
Usually a lattice gauge theory is defined through a
partition function on a 4-dimensional euclidian lattice,
using the Wilson action in the Boltzmann-factor. In
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order to derive the corresponding Hamiltonian, one
singles out the time direction of the lattice, defines the
transfer matrix and finally takes the lattice spacing in
time direction to zero {22,23]. For the simplest
nonabelian case of SU(2) the Hamiltonian has been
found by Kogut and Susskind [24]

gt 2
H=——% A p{i,jt +
2as{izd;} LB{ } gSZas

V. (1.1)

Here the kinetic term (electric energy) comes as a sum
over all links, and for each link we have the Laplace—
Beltrami operator on the SU(2) group manifold S,.
The second term (magnetic energy) plays the réle of
the potential which depends on all the link variables.
g, is the coupling constant in time direction and a; is
the special lattice spacing. The (asymmetric) Wilson
action in the temporal gauge (a, is the lattice spacing
in time direction)

szz{ 25 S ReTr[l— Ut (k4 DU K]
k

g: o {i.j}

2a,
. V} (1.2)
can be viewed as the action of the quantum mechanical
path integral of (1.1): each link variable U; is like a
particle with mass m=qa,/g? living on the SU(2)
manifold. If we now apply to (1.1) the standard
procedure for deriving the path integral, the resulting
quantum action will, in general, look much more
complicated than the Wilson action (1.2). We shall
show, however, that the path integral based upon (1.2)
matches the Hamiltonian (1.1): the Wilson action
“has chosen” a very clever way of discretizing time.
From the point of view of the standard routine this
discretization scheme may look peculiar, but the
simplicity of (1.2) is certainly striking. We shall show
that the equivalence of (1.1) and (1.2) generalizes to
any compact simple Lie group. We thus end with the
conclusion that, with a time discretization scheme
which at first sight looks complicated, the path integral
can always be cast into the elegant “Wilson form”. As
a by-product, we present a device for finding rather
easily the lattice Hamiltonian for Lie groups other
than SU(2).

This paper is organized as follows. We first (Sect.
II) review, for a general compact simple Lie group,
how canonical quantization is done and how the path
integral is derived. In Sect. ITI we then turn to lattice
gauge theories and study the interrelation between the
Wilson action and the lattice Hamiltonian. In an
appendix we briefly outline how the (mostly well-
known) results for SU(2) are reproduced.

II Quantum theory on a group manifold

a) Metrical quantities of the group

In the following we consider a compact simple Lie

group G. It may be construed as a differentiable
manifold M furnished with a group structure. Elements
of G correspond to points on M and may be para-
metrized in terms of the real coordinates w'. As usual
o =0 determines the unity element of the group. The
dimension n of the manifold is identical to that of the
group (i.e. the dimension of the associated Lie algebra
as a vector space). The group structure is fixed if we
know the composition function @ which determines
the group multiplication. Let ! and w) be the
parameters of two elements g, and g, of G. Then

o'=0w,,w,), l=1,...,n (PR}
corresponds to the product g=g,g, of these two
clements. The left auxiliary functions are defined as
[25],

adjl(a)aa)l)

S0k 2.2)

' (w) =

w; =0

The inverse of # are the components of the Maurer
Cartan form o:

niigh: = ghiz, (23)
The associativity of the group multiplication

(D(CO3, ®(CU2: wl)) = dj(d)(w% wZ): wl) (24)
leads via differentiation to Lie’s second theorem

11111 alnlz.lz _ nllz al”l;ﬂi =fl1lzl4’1[3[4 (25)

where ¢, denotes 8/8w'. In terms of the o-fields this
relation is also called the Maurer—Cartan equation:

alao.lﬂz _ 612 0,1113 =fl1l4150.l4lz 61513- (2'6)

In (2.5) and (2.6), f"2! are the structure constants of
the group. Since we are considering compact simple
groups, the structure constants can be chosen to be
totally antisymmetric.

Now we consider a matrix representation U(w) of
G, satisfying (without loss of generality)

OUlyep=—iT 2.7)

where T are the generators of the group in the chosen
representation. The T' satisfy the commutation
relation

[Th, T] =if""bTh, (2.8)
and they are normalized to
Tr Th T'2 = L1k, 2.9

The left auxiliary functions are related to derivatives
of U. This can be seen by differentiating

U(®(wy, ;) = Ulw,)U(w,) (2.10)
with respect to @, at w, =0. This yields
e, U= —iUT", .11)



or, in terms of ¢ *

Jt'Th =iU™14,U. (2.12)
Equations (2.11) and (2.12) imply that
L'=y"a, (2.13)

is the infinitesimal generator of transformations via
group multiplication from the right: U - U U’. Note
that o (and therefore also # and L) are invariant under
global transformations from the left: U — U'U. The
role of the left and right is reversed, when in (2.2) the
derivative of @ is taken with respect to the first
argument. This would lead to right invariant 6’s and
#’s and to the right invariant generators of left multi-
plications. In this sense left and right multiplications
are completely on an equal footing.

The “natural” metric on M is expected to be
invariant under global both left and right multi-
plication. If G is a simple compact group, this
bi-invariant metric is unique up to multiplication by
a positive constant [26]:

gy, = oM™ =g gt (2.14)

Our choice of the multiplicative constant is motivated
by the desire that ¢ (and not a multiple of ¢) can be
interpreted as a vielbein field. Then the inverse of the
metric reads:

gl112 — 7”1111’]121. (215)

Note that this definition (2.14) of the metric is indepen-
dent of any representation. For a given representation
U, satisfying (2.7)—(2.9), the metric can also be written
as:

G, = —2Tr (U716, U)U (9, U)]. (2.16)

For the purpose of quantization we also need the
Christoffel symbols and the scalar curvature. We use
the conventions

LB, =390, 0110 + 00,010, — 019100 2.17)
R=g""0, 1", — 0, I, + T2, 0,
- n11314n21413)' (2"18)

Making use of (2.5) and (2.6), these quantities can be
calculated to be

I‘lllsl2 — %111314(6[10-1412 + 512 0.1411)
— ’11314(611 0.1412 + %fhlslso.lsll 0.1512) (219)
R=gfhih filsh, (2.20)

Now we have all the tools at our disposal which are
needed for the quantization procedure. We finally note
that many of these calculations greatly simplify if one
makes use of the calculus of differential forms [25, 27].
For our purposes, however, it will be more appropriate
to stay in the component formulation: this applies, in

* (2.12) shows that ¢"'dw’ indeed is the Maurer Cartan 1-form:
(0"'dw")T" =iU~*d U where d is the exterior derivative on M [25]
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particular, to the calculation of the quantum correc-
tions in the path integral.

Since the left auxiliary functions # and corres-
pondingly all metrical quantities are not explicitly
known except for U(1) and SU(2), we now want to
give a Taylor expansion of #. It can be obtained from
the Campbell-Baker—Hausdorff formula (for a recent
account, see [28]):

iyl — Shi g 1 phibal 1o o 1 rhiads plalad ol ls
1 w)=0"+3f" 0 +15f oo
_ 7;0flxlzlaf‘lslalsflslshfl7lslwlzw14wlswls
+ 0(°). (2:21)

This leads to the approximate expression for the
metric:

glll — 5111 . ﬁflxlzl;;fl;;lgglwlzwlz‘
_|__ ﬁfl1lzl3fl3l4lsf151517fl7lsla)lzwl4wlswla
+0("), 2.22)

which may be used in order to calculate approxi-
mations to all metrical quantities. Clearly, this form
of n'** and g"' is only valid for the parametrization
U =e """ Any other parametrization would imply
different composition functions and therefore different
metrical quantities.

b) Canonical quantization

Since the correct quantization procedure, in spite
of being well established for a long time [10,12],
1s not yet sufficiently well-known, it may be useful
to recapitulate the basic ideas. First let us consider
canonical quantization. The classical kinetic Hamil-
tonian is of the form 1§"™p,p, where p, are the
canonical momenta and §"™ is the metric (rescaled by
the mass), which in general depends on the coordinates
¢'. Upon quantization, ¢ and p become operators
obeying the canonical commutation relations. This
leads to an operator ordering ambiguity in the kinetic
Hamiltonian. It can be resolved by requiring that the
Hamilton operator has the correct classical limit, that
it is invariant with respect to arbitrary coordinate
transformations and, finally, that it is hermitean with

respect to the canonical integration measure d"g \/é
The unique result is*

H=39""p, "¢ ?p,g~ "+ V (223
where
911, =M4y,,,, g=det (gmz) (2.24)

and V is assumed to depend only on g¢. In the
coordinate representation the momenta are

i
pi= —igT 00t = =10 10 ). (229)

* We ignore a possible curvature term, which is present in [10],
but forbidden in [ 11], since, for our case, the curvature is a constant
anyway
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This again follows from the hermiticity requirement
with respect to the canonical integration measure. In
this representation the kinetic Hamiltonian is the
Laplace—Beltrami operator

Hkin_ %g“‘lﬂa ~I1l> 1/28
15420, 0, + 1‘5121*,,'3 ay,. (2.26)

The form of H given in (2.23) is not suitable for
practical purposes. Hence it must be reordered accord-
ing to an appropriate scheme [19]. We shall make use
of the standard and the Weyl ordered forms of Hy,,:
standard:

Hy, =% mzphl’lz (511 gmz)Pzz

— 3@, 6,25"’2) + AV, 2.27)
Weyl
Hyo =G0, 01, + 200,601, + 01, PG + AV

(2.28)
In both cases:
Vi =$@"" 15,0~ R). (2.29)

On the group manifold, g, I" and R are given by
(2.15), (2.19) and (2.20), respectively. Now AV, can be
calculated to be:

1
AV, = o (0,,1")(0,,n™). ‘ (2.30)

Our final item in the canonical context are the
generators of group transformations. The hermitian
left-invariant generators of right multiplications are

L= =30 i+ pin™)
1,11211pl2 + 5 (812’7!211)' (2_31)

In the coordinate representation L agrees, up to a
factor of i, with (2.13). The generators satisfy the
algebra

[I:h’ Elz] — ifltlzlsilz’
[ILI#]1=0. (2.32)

For a representation U with (2.7)—(2.9) application of
the generators yields:

[ILU]l=UT. (2.33)

The quadratic Casimir operator of L coincides with
(2.27) and (2.30):
1.
Hyo=-—12, (2.34)
2m

i.e. the kinetic part of the Hamilton operator is just
the quadratic Casimir operator of the group [25].
Note that working with the right invariant generators
of left multiplications R! would have led to (2.34) with
17 replaced by R2.

¢) Path integral quantization

Let us now turn to the path integral description of
the quantum system. The path integral approach to
the quantization on curved spaces (or on flat spaces
in non cartesian coordinates) has also been known for
many years [13-21]. Although it is well understood
by now, it may—especially for the community of
particle physicists—be helpful to present the procedure
in some detail. *

The path integral is a device for the calculation of
the probability that a state |¢'> at a time t' evolves
into a state |¢” > at a later time t":

PI=(q","lq,t> = (q")e” ™ =g, 235)

Usually the first step for the evaluation of PI is the
insertion of intermediate states. For thus purpose we
need the completeness relations and normalizations
of the p- and g-eigenstates. They are fixed by the
definition of the scalar product. In accordance with
(2.25) we choose to use the coordinate invariant
(geometric) integration measure:

Ylad = fd"qag" @)y @) x(q). (2.36)
Dividing the time integral t"—¢ into N equal
parts of size ¢, the path integral may be written as
(e*= lim (1 +a/N)¥)

N-w®
] N—1
PI = lim g~ "*(g")g~1*(¢)| ( [1 d"qk>
N—-w k=1
N—-1
T K+ 1,k), @37
k=0

where g, =¢', qy=4", and the short time kernel is

defined by

K(k+ 1, k)= g"* (g + 19" * (@) qu+ 111 — ieH| g ).
(2.38)

The potential contained in H does not provide any
difficulties, since it depends only on g. The kinetic part,
however, cannot be used in the form of (2.23).** Instead,
it has to be reordered into a form belonging to a
“-ordering” [19]. The most convenient (and most
commonly used) one is the Weyl-ordering scheme,

* Most textbooks describe the path integral approach only in flat
systems using cartesian coordinates. One of the exceptions, the
textbook of T.D. Lee [29], uses a normalization which we consider
to be somewhat unnatural: instead of our eq. (2.36) he uses

Ylyy = fd qy*(@)r(),

ie. the integration measure is not invariant under general coordi-
nate transformations

** In special cases, it is possible to proceed from now on in a
somewhat different manner: rather than inserting p-eigenstates, as
we shall do below, one can evaluate the matrix element of H directly
[30]. The resulting path integral corresponds to a special discretiz-
ation scheme, which may deviate from the midpoint rule



defined by:

1

rom L m—1._r l_ 39
Patw= Z,,(m_l),q rq (2.39)

For r=2 this reduces to (2.28) (this is posed as an
exercise in Lee’s book [29]). Therefore we have:

Qv 1 Hnl @) = e+ 1 |%{51112P11P12}W
+AVi(@)|q) (2.40)

G2 is expanded in a power series in ¢, and we use
G+ 1{q"P }wl >

preir 241
on ),, (2.41)

where Gu:=3(q+1 +q0) and Ag=gy,; — g, This
gives for the short time kernel:

=39 (@ 1)g ™Y (qk)j

dnp ip, Al
e 19k
2n)"
‘1 ls(%ghlz(q-k)pllplz +AV, + V)],
(2.42)

where AV, and the potential ¥V may be taken at
arbitrary ¢, for instance at 4. From here it is obvious
that Weyl-ordering of the Hamiltonian corresponds
to a “midpoint discretization” of the metric. Hence
there is a one-to-one correspondence between dis-
cretization and the quantum correction AV,. As an
example for another discretization scheme, standard
ordering would have given

K(k + 1,k)

K+ 1,k) = [~

— j(;lleimé‘ili 1— is(%glllz(‘IH 1 )php12
s n

G+ AV, + V)

(243)

Since in the path integral we only need to be precise
up to O(¢), the integrand of the kernel (2.42) is
exponentiated. Then the p-integration is gaussian and
can be performed

N—-1
PI=g""*q"g""*g) lim | < 11 d"qk>

i
- E(azlglllz)(QH P, — 3 611

l:[ { 1/2(q
- 1 ~ = 11 Als
"expi igmz(qk)Ak Ag—edVy—eV | (2.44)

where a constant normalization factor has been

omitted. Equation (2.44) shows that A is of order \/
since

Al AR = jggghlz, (2.45)

where the inverse metric is taken at g of the corres-
ponding time slice. Here the symbol = denotes equi-
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valence as far as use in the path integral is concerned

[13].
In order to compare (2.44) to the usual covariant
(configuration space) path integral, which has the

integration measure [ [d"q,/g(q:), we still have to
k

manipulate the measure. By Taylor expansion of g(qk)
and (g, + ;) around g, up to order ¢ (i.e. A%), we obtain:

9@ = 9"*(g+ )9 (q) (1 — LAhAhf)zlfzz”h)

=g (g + 1)g”4(qk)<1 - —g"’zahfzz 13)

(2.46)
This is exponentiated and inserted into (2.44):
PI = lim jkﬂ (d"a:9"*(qv))
N-ow =
N L
CXp41 z 2_glllz(qk)Ak1Ak
Kk=0]| 4€
—eAV— SV}}, (2.47)
where
AV= % gt 611 I_'lzhla + A Vl (248)

and again we have omitted the constant normalization
factor.

Equation (2.47) requires some discussion. Most
important, the path integral is not simply the integral
over the field variables of the exponential of the
classical action. An additional term AV has appeared
which has to be interpreted as a quantum correction,
since it has its origin in the noncommutativity of the
operators p and ¢. Our discussion shows that this new
term strongly depends upon the way in which time is
discretized. We have started from the Weyl-ordered
Hamiltonian, and in our result g is taken at the
midpoint value . Another ordering could have led,
for example, to g(qg, +) (“standard ordering™) or g(q,)
(“antistandard ordering”), and in each case we would
have found a different result for A V. Therefore, writing
the exponent of (2.47) as an integral (without further
specification)

S=[dt(35,,4"4"—V—AV) (2.49)

is extremely misleading: the kinetic term seems to be
the same in any scheme of time discretization. But AV
will differ from scheme to scheme, and (2.49) then
suggests different answers for different schemes. This
cannot be correct, since our starting point, the matrix
element (2.35) does not depend upon our choice of
discretization of time. The resolution to this lies in the
fact that the kinetic term in (2.47) does depend upon
the scheme. In order to be unambiguous one should
therefore cither avoid taking in (2.47) the limit ¢ —0
or supply the expression (2.49) with the additional
specification of the discretization scheme.
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In the literature (2.47) is often written in a different
form:

N-1
PI= lim | 1‘[1 (@"qcg""*(q))

N-ow k=

.N—l 1 N _ -
{15 | 5 duap af + 3R
k=0 &

1 - -
+ @(311 O, 91,1, — 201516 Iyt

-AL‘A}}A}:AQ‘*:I}. (2.50)

The equivalence can be checked using a generalization
of (2.45).
A11A12A13A14
- 82(5111251314 + glllaglzh + gl1l4glzls ) (251)
Finally we want to write down the path integral for
our quantum theory on a group manifold. AV, has

already been calculated in (2.30). With a similar
calculation we obtain:

PI= lim le:Il (d"w, det(a(wy)))
N—ow " k=1

N-llm -
-exp{i > I:Z(a”‘a"z)(wk)Ang? —gV

_&
8m

_’1111(611nlzz)n13146120l4[3):|}' (252)

In order to cast this equation into the form of (2.50)
we have to evaluate the last term in the exponent of
(2.50), which leads to:

((allﬂlzl)(azz’?m) - ”Imall azzﬂlzl

N—-1
PI= lim | [] (d"w,det(o(w,)))
Nowo k=1
NS M taves AL Al
expsi Y. 2—(0’ tg'2) (@, )AL AL
k=0 | €
& rhisls plilals
Toam !

+2%0.111alzalao.llaAhAlelaAl‘a__EV }
g

(2.53)

This form of the path integral and, more general, (2.50)
is particularly well-suited for comparing (2.53) with
any other path integral formulation which uses a
different discretization. One expands the exponent of
the latter path integral around the midpoint . If the
resulting power series in A (up to order &) agrees with
(2.53), both path integrals describe the same physics,
namely a quantum mechanical system on the group
manifold. In the following section such a comparison

will be carried out for the Wilson action of a lattice
gauge theory.

Il Lattice gauge theory

Lattice gauge theories serve as an interesting applica-
tion of the results of the preceeding section. As we
shall see, they provide an instructive example, how a
very peculiar way of discretizing time may lead to a
particularly appealing form of the path integral. For
simplicity, we limit ourselves to unitary representa-
tions of the gauge group, which is thought to be a
compact and simple Lie group.

Usually, a lattice gauge theory is defined through
the partition function on the 4-dimensional euclidian
lattice, using the Wilson action in the Boltzman factor.
In order to derive the lattice Hamiltonian, one goes
into the temporal gauge A,' = 0 (I is an algebra-index)
and singles out the time direction:

Z=§H<HdUu(k)>

B\ {up

.exp{_ ;[ 22"5 Y Tr(1—Re U (k+ DU k)

gi a, {i.j}
2a
_gfc;s Vk}} -
where
Vi= Y Tr(1-ReU(@P)). (3.2)
plaquettes
P

Here a, and q, are the lattice spacings in spacelike and
timelike directions, respectively. g, and g, are the two
lattice coupling constants which in this asymmetric
lattice have to be distinguished from each other. In
(3.1) and (3.2) the lattice has been sliced: k refers to
the time slice, and {i, j} labels spacelike links. The sum
in (3.2) then extends over all spacelike plaquettes
belonging to the time-slice k. Finally the Hamiltonian
is derived by writing (3.1) in terms of the transfer-
matrix: in the limit a, — 0 one then obtains the lattice
Hamiltonian (Kogut—Susskind-Hamiltonian):

2
2
Iosp2 Z oy (3.3)
J 2

H=
2[1_5 {i.j} gs ds

The hermitian generators Li; satisfy the algebra
[Lf, L] =ifh L, (34)

ijs

All these operators act onto states which are
normalized according to

@)U U|=1, (3.6)

where (dU) is the Haar-measure of the gauge group.

Let us return for a moment to the integral of (3.1).
In the limit g, —0 (with fixed length of the lattice in
the time direction) it can be viewed as a path integral,



where each link is like a quantum mechanical
“particle” which lives on the group manifold. It is then
clear that the derivation of the Hamiltonian from (3.1),
which we have just reviewed is the “inverse” of the
procedure described in the previous section*.
There one starts from the Hamiltonian and then
derives the path integral. Since the “path integral” (3.1)
does not have quite the form that we would expect
from the considerations of the previous section, we
shall apply the standard procedure to the Hamiltonian
(3.3) and then compare the resulting path integral with
(3.1).

Let us first show that, for each link, the kinetic part
of (3.3) agrees with (2.34). To this end we observe that
the algebra of (3.4) and (3.5) coincides with (2.32) and
(2.33), if we identify L= L U=Uy and m = ay/g>.
Furthermore the integration measures of the nor-
malization conditions of the states of (3.6) and (2.36),
when applied to the group manifold, agree. Hence, for
each link, the kinetic part of the Kogut—Susskind—
Hamiltonian describes a quantum theory of a particle
with mass a,/g,” constrained to move on the gauge
group manifold. Therefore we can write the
Hamiltonian as

2

=9 Y [{g" @)p, P, i) + AV (0, )]
s {i.j}

2
g9sa;
where w}; are the parameters of the group at the link
{i, j}, and g"**(w) and AV, are given in (2.16) and (2.30),
respectively. In terms of the canonical operators the

hermitian generators of right group transformations
at each link are given by: (cf. (2.31))

Li;= —3(n" py, + 21,0 ). (3.8)

As a by-product, this comparison provides an easy
method for finding, for a general group, the kinetic
part of the lattice Hamiltonian: rather than going
through the transfer matrix formalism, it can be
obtained by canonical quantization directly.

If we would now apply the standard method of the
previous section to the kinetic part of the Kogut—
Susskind—Hamiltonian, (3.3), we would, of course, end
up with (2.53) for each link. It therefore remains to be
shown that Wilson’s form of the path integral, (3.1),
is identical to (2.53): the only reason why, at least at
first sight, (3.1) looks quite different from (2.53), lies in
the use of a very special scheme of time discretization.
In order to see this we shall rewrite (3.1) into the
discretization scheme of (2.53). Then the only difference
between (3.1) and (2.53) will be recognized to be an
overall normalization constant. Let us begin with the

+ 14 3.7)

* Throughout this section we shall use euclidian time. Contact with
the previous section has therefore to be made through the usual Wick
rotation
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exponent of (3.1) (in the following we shall disregard
the potential which is irrelevant for our discussion; we
also suppress the summation over the links, and we
write ¢ instead of a,):

km
w1lson Z

Z
~(U(k +1)— U(k)]. (39)

Obviously, the time discretization in (3.9) does not
correspond to the midpoint rule used in (2.53). For
comparison, we have to expand the kinetic part of the
Wilson action around the “midpoint” of all time
intervals, keeping all terms up to order ¢ (terms of
higher order than ¢ are irrelevant in the path integral).
Since the kinetic term has a factor ¢! and A, =

W41 — @ 1s of order . /¢, we have to expand up to
fourth order in A*. This gives:
Uk+1)—U(k)

= AP0, U+ A} A2 ARG, 6,,0,,U, (3.10)
where the derivatives of U have to be taken at the

midpoint @, = 3(w; 4, + ®;). The quadratic term
gives the classical kinetic term:

ST [1—ReU*(k+DUK]

Uk)*

aS
- AMARReTr[(6, V)7 (6, V)]

t

_ % g g g =™ Al AL, 3.11
2g18 2 gl112 ( )

where we have defined the mass parameter precisely
as in the Hamiltonian approach. The quartic term of
S%8 . Teads:

%A"A’ZAhA“ReTr[(@hU+)(8,28136,4U)]. (.12)

Using (2.9) and (2.12) and the identity
XiXBEReTriTH TRT! =0, (3.13)

valid for any X because of the hermiticity of the
generators, the Wilson action can be simplified to

i(vllxllson = Z { gl]l; (wk)Ak Alz

m
[24 01201,
— I gistigleta gluts glsla R Ty T'ls The T Tl
12¢
-Ai;A}}A}fAij}. (3.14)

* It has already been shown in [31], that an expansion only up to
second order leads to erroneous results, as it had to be expected



490

If we compare this result with the exponent of the path
integral expression of the gauge group of (2.53), there
is a difference:

&
AS = _ = ghulldaghlals
s Ek:<24mf f

+ m alslx 0.16120-1723 O.ish ReTr Tls Tls Tl7 Tls
12¢ )

-A};A?A}fA};‘). (3.15)
In the path integral, however, AS is equivalent to a
constant (use (2.51)):

€
AS = _ Y fhubliphibls
Zk: |:24mf s

- lzimRe Te@TH TH TR T" + TH TR T sz)]
(3.16)
= Y g (B — QR Ts T T T2T")
(3.17)

Hence the only difference between the path integrals
of (3.1) and (2.53) may safely be absorbed into the
normalization of the path integral. In this way it is
explicitly verified that the standard procedure for the
derivation of a path integral and the transfer matrix
formalism are indeed inverse operations.

Our result also implies that the path integral on a
group manifold can be cast into an especially simple
form, namely (we now include the correct normaliza-
tion factor):

<qu’ t//Iq,’ t,>
=exp ii__—i[flllzl;;fl]lzl:; 4ReTH(T'TY)]
16m
m Nnj2 N-1 e
. 3 PR dn
I\lll—Ivlzo <2nie> jkljl (@ g ()
N=19m
.exp{i Y TTr[l —ReU+(wk+1)U(wk)]}_
k=0
(3.18)

Here the U’s form a unitary representation of the
group, parametrized by w and satisfying (2.7)*.
Finally, we want to state the result for AS for the
case of SU(N). Using general properties of SU(N) in
the fundamental representation [32], one finds:
g N2-1

(3.19)

* Note that all expressions for the quantum mechanics on the group
manifold, (2.34), (2.52), (2.53), and (3.18), also apply to the case of
nonlinear sigma models, which are the field theoretic extensions of
our quantum mechanical system

IV Conclusion

In this paper we first have reviewed the basic formulae
for quantum mechanics on the manifold of a compact
simple Lie group, both for canonical quantization and
for the-derivation of the path integral. Particular
attention has been given to the non-cartesian nature
of any parametrization of the group, and explicit
expressions have been presented for the quantum
corrections which are associated with this feature.

In the second part we have used formulae in order
to gain, in lattice gauge theories, further insight into
the relationship between the Wilson action and the
lattice Hamiltonian (Kogut—Susskind—Hamiltonian).
The latter is shown to be the canonical Hamiltonian
on the group manifold (up to the potential part). This
identification is in agreement with the picture that
attached to each (spacial) link there is a group mani-
fold, and the link variables U;; behave like “quantum
mechanical particles” living on these group spaces.
This may be considered as the lattice counterpart of
the continuum fibre bundle picture. The identification
of the Hamiltonians also allows to write the lattice
Hamiltonian in terms of canonical coordinate and
momentum operators and of the left-auxiliary func-
tions # of the Lie group. In the parametrization U =
exp(—iw'T")  the  Campbell-Baker—Hausdorff
formula provides a tool to calculate # (and hence the
Hamiltonian) to any given order of accuracy.

The usual four dimensional euclidian partition
function with the Wilson action, on the other hand,
becomes a path integral when (in temporal gauge) the
timelike lattice spacing is taken to zero (keeping the
spacelike lattice spacing fixed). The action integral of
this path integral (“Wilson form”), however, does not
look at all like the one that follows from applying the
standard rules (with a simple time discretization) to
the lattice Hamiltonian (“standard form”). We have
explicitly demonstrated that both forms are equivalent
(up to an irrelevant normalization constant): the
(superficial) difference lies in the way in which time is
discretized. The “Wilson form” corresponds to a very
special discretization scheme, whereas the “standard
form” e.g. uses the midpoint rule.

We finally like to stress that this equivalence of two
seemingly different forms of the path integral not only
applies to the context of lattice gauge theories. For
any quantum system on a compact simple Lie group
the path integral can be written in the elegant “Wilson
form”.

Acknowledgement. We wish to thank F. Steiner for useful remarks.

Appendix A

Path integral on the group manifold of SU(2)
In SU(2) the generators are T' = 47" with 7’ being the



Pauli-matrices. They satisfy
Th Tl2=%5hlz +ial1lzl3Tla (Al)
2 H

where ¢'''25 is the totally antisymmetric Levi—Civita
tensor in three dimensions. We want to present the
path integral for SU(2) in two different wide-spread
representatlons namely U =exp(—iB'T" [33] and
U =x°+ixi [34].

a) First we want to use the familiar parametrization:
[33]

lTl

U=e TF =¢c— ZiTs, (A2)
where

B B
B=./B'B', c=cos 5 $= sin~2~. (A.3)

In this case, the composition functions are rather
complicated, but we do not need to know them. The
o’s can be calculated using (2.12), which is applicable
since (A.2) satisfies (2.7):

2 B''B" 2
iz = =5 pubs | =t 2%8111213313, (A4)

where the projector P is defined by

Bl1Blz
Pl = ghla B (A.5)
This implies the left-auxiliary functions
1 11 Rz
nht = 3 ¢ ppun +——— —Feh BB, (A.6)
s

(2.14) and (2.15) can be used to calculate the metric
and its inverse: Equations

45 B"B"
=B2 + BZ ?

B B!B"
la -~ _phl2
g 45> TR

(A7)

(A.8)

Note that the Taylor expansion of (A.8) coincides with
(2.22), as it should be. The Christoffel symbols can be
calculated by using (2.17) or (2.19):

1 2cs B
s = = Lz
b <B B> )P B

c 1 B B!
phils—_ 4 phis_ A9
- (25 B)( B " B ) (A)
and the curvature is given by (2.20):
R= %81112138111213 = % (Alo)

The quantum correction AV, in the Weyl-ordered
Hamiltonian is (cf. (2.29) and (2.30))
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o p 753 (A.11)

The quantum corrections in the path integral, which
uses the midpoint discretization, may be written in
two alternative forms, either as a g-dependent potential
or as a power series in A. In the form of a potential
it reads (cf. (2.47) and (2.48)):

1/ 3 12 5 ¢ 4
AV=—|_2_2° _ Z 4B+ ).
< 2 242 2s2+s3 +B2>

For the power series in A we have, for each time slice
(cf. (2.50) and (2.53)):

e mi|l3cs
AlL=—+— - 2 2 1314
4m+68{[2B3 B4( +c)]P

. 1 62 N 6 S B13314
B> 2B*  "B*| B
,P1112A11A12A13A14’ (A.13)

which is, of course, equivalent to — - A V. Hence the
correct path integral on the SU(2) group manifold
takes the form:

1 S
AV, = (—%—%_2 atsaBte >

(A.12)

PI = lim | Nﬁl (d°Big'*(By))

N—-w k=1

Mot m R\ Al Al 7
‘CXp4i Z %glilz(Bk)AklAk —&V(By

e (3 12 5 ¢ 4
L2482 fp Al4
+8m<2+2s2+252 2 BZ>:'} (A-19)

Pl = lim ]‘[ (d"Byg'*(By)

N—-w

or

e m{(3cs
- _ R 2 2 I3ls
+4m+6£(<2B3 34( e )>
N 1 c? +6S BsB"
B? 2B? B*) B?

.Phle’l‘i A;cZA?AII::l}s

'exp{ i |: glllz(Bk)AllAlz_g V(Bk)

(A.15)

where we have omitted the common normalization
factor.

b) In this part of the appendix we consider the
parametrization [34]:

U=x°+ix'", x°=1-—x'x". (A.16)

Note that this parametrization does not fulfil (2.7),
hence the results of Sect. IT should be applied with
some care. Therefore we start from the very beginning.
The composition function reads:
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D'(xy,x,) = x0 x5 + x4 x§ — ehiaxtix, (A.17)
which implies for the left auxiliary functions
nll; — x05111 + 8llillez_ (A18)

Let us mention that (A.18) cannot be obtained from
(A.6) by simply applying the coordinate transform-
ation B'-x'(B)= —s'B'/B and using the proper
transformation behaviour of the vielbein 5. This would
yield

~ll1(x) — llz(B(x)) 6xll = 1 lh(x)
Ui =1 0 Blz - 2h .
The reason for this lies in the fact that when changing
the parameterization from (A.2) to (A.16) we also make
a change of the orthogonal basis of the Lie algebra
according to T— — 1. As a result, under this combined
transformation, the vielbein receives an additional
factor of —2, compared to the simple coordinate
transformation. The redefinition of the basis also
changes the structure constants: (2.5) and (A.18)lead to

(A.19)

fhlzls — 28111213. (A20)
For the o’s we find

ot xogi L XX nn (A21)
Instead of (2.12) they satisfy

U~19,U =itle'l, (A.22)

which again indicates the change in the basis of the
algebra. ¢ and n give the metric and its inverse:

xl1xlz
9, = 51112 + x02 ? (A23)
ghh = ghlz _ yliylz, (A24)

The Christoffel symbols and the scalar curvature are
calculated to be:

IR, = X2, (A.25)
R = %flllzlgflllzlz, — 81112138111213 =6. (A26)

The difference between (A.26) and (A.10) can be under-
stood by the following transformation: first perform
the coordinate transformation B — x, which leaves R
invariant and then rescale the metric by a factor of 4
(due to the change of the basis in the algebra), which
enlarges R by the same factor.

The quantum correction AV, in the Weyl-ordered
Hamiltonian is given by (see (2.29) and (2.30))

1 [/ x'
AV, =—( XX 6
! 8m<x° >

The quantum corrections in the midpoint rule dis-
cretized path integral can be stated as (cf. (2.47), (2.48),
{2.50) and (2.53)):

(A.27)

1 byt
A T e R
' 8’"(5 x 3)’ (A.28)
& m
AL= " + ézg‘gzizz(gzau + 3011, 011, X5X'9)
s (A29)
Therefore the correct path integral reads:
N-1
pi= tim T @060
Now k=1
Nl m o
exp{i Y, 2_glllz(xk)AkIAkz
=0 2¢
& 5xlxl 3 V(%) 430
8m\ " x” eViXe) [ s (A.30)
or
N—-1
Pl=lim | [T (@°%g"%(xy)
N—oow k=1
3| £ )AL AL _
P IZ Tglllz(xk)AklAkz—SV(Xk)
K=o | 26
€ m
" E - Eglllz(glsl" + 3gl3lsgl4lsxlsxls)
.Ang;‘zAisAia}}, s

where, again, we have suppressed the common
normalization factor.
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