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Abstract. A renormalization procedure is proposed which applies to lattice 
Feynman integrals containing zero-mass propagators and is analogous to the 
BPHZL renormalization procedure for continuum Feynman integrals. The 
renormalized diagrams are infrared convergent for non-exceptional external 
momenta, if the vertices of the theory satisfy a general infrared constraint. 
Under the same conditions as in the massive case [4], the continuum limit of 
the renormalized theory exists and is independent of the details of the lattice 
action. 

1. Introduction 

Feynman integrals with a lattice cutoff have a very specific structure. They are 
absolutely convergent for finite lattice spacing, if all propagators are massive. The 
continuum limit behavior of such diagrams is described by a lattice power 
counting theorem [3], which uses a new kind of an ultraviolet (UV) divergence 
degree (the well known power counting theorems of Weinberg [1] and of Hahn 
and Zimmermann [2] do not apply to diagrams with a lattice cutoff). On the basis 
of such a power counting theorem a renormalization program for lattice field 
theories has been given [4], which is analogous to the BPHZ finite part 
prescription for continuum Feynman integrals [5]. 

These methods work for massive field theories. In the presence of massless 
fields, additional arguments are needed to avoid infrared (IR) divergencies. It has 
been shown [6] that the UV-power counting conditions only have to be 
supplemented by IR-power counting conditions, and IR-singularities are tractable 
by the same methods as in the continuum [7, 8]. In this article, we use this power 
counting to give a renormalization procedure for lattice Feynman integrals with 
massless propagators. 

* Present address 
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In outline, the idea of the construction is as follows. As in the massive case, the 
continuum limit is controlled by UV-divergence degrees. As a convergence 
condition, they should always be less than zero. This can be achieved by 
appropriate subtractions. However, in the presence of massless propagators, 
subtractions at zero momenta are no longer IR-convergent. The IR-divergencies 
can be avoided by choosing the subtraction points at non-exceptional momenta, 
and by additional finite renormalizations, which are chosen in such a way that in 
the sum of all diagrams to a given order all IR-singularities drop out. For example, 
in a gauge theory the renormalized coupling may be defined as the value of an 
appropriate vertex function at non-exceptional momenta, whereas the self-energy 
of the gauge field has only a wave function renormalization and vanishes for zero 
external momentum. However, when we want to renormalize diagrams separately 
by the forest formula, we run into the problem of IR-singularities also if we choose 
normalization points at non-exceptional momenta (cf. Sect. 2.1). For instance, to 
make a two-point diagram UV-convergent, in general two differentiations are 
necessary. This produces an IR-singularity by differentiating a propagator twice. 

To prove the convergence of a renormalization procedure we shall use the 
power counting theorem of [6]. This necessitates all subtractions and differenti- 
ations being collected in the integrand, leading to a forest-formula like expression. 
As indicated above, this induces IR-divergencies also for subtractions at non- 
exceptional momenta. A possibility to overcome this problem is to introduce 
auxiliary masses in the counterterms. This means we employ the (lattice-modified) 
BPHZL renormalization procedure of Lowenstein and Zimmermann [9, 10]. 
Propagators of a bare mass p (which may be zero) get a mass-dependence of the 
form 

~2 +(S-- 1)2M2, ~2+M22>0, 

s is called the mass parameter. Counterterms are now constructed for s=0, and 
after all subtractions are done we set s -- 1, so that we get a renormalized theory of 
the original model. Two important points must be taken into account. 

1. Due to the auxiliary mass dependence of the counterterms, to get all UV- 
divergence degrees smaller than zero, differentiations not only with respect to the 
external momenta but also with respect to the mass parameter s are necessary. This 
means that subtractions are combinations of lattice subtraction operators and 
Taylor polynomials in s. They will be called generalized subtraction operators. 

2. Additional finite renormalizations are necessary to avoid IR-singularities 
by renormalized subdiagrams. For instance, inserting a self-energy subgraph into 
a massless line usually produces a non-integrable singularity. This difficulty is 
solved by imposing a normalization condition so that such a diagram vanishes for 
zero external momenta and s = 1. 

Both conditions are satisfied if instead of the subtraction operator ~ [4] we 
employ 

t'~-~ 1)+ (1 - ~_~ 1))~,, (1.1) 

e being the IR-divergence degree of the diagram, and the i" are generalized 
subtraction operators. Using these subtractions, the renormalized theory is IR- 
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finite for all s, including the case s = 1, and the continuum limit exists if 
1. the external momenta are non-exceptional, and 
2. r(V)> 4 for all internal vertices V, 

where r(V) is the (lattice-) IR-degree of the vertex V (defined below). An internal 
vertex is one with no external line. The latter constraint restricts the class of 
renormalizable, IR-finite theories. For instance, a massless ~3-theory is IR- 
divergent in four-dimensions (r(~ 3) = 3). Note that we have made no statement 
about  the IR-behavior of the bare theory. The renormalized, massless ~4-theory is 
IR-convergent, but the bare theory is not. 

In Sect. 2.1 we give a l-loop example which should show the efficiency of the 
auxiliary mass method. The reader who is familiar with the method may skip this 
subsection. In the remainder of Sect. 2, general notations concerning Feynman 
diagrams with an arbitrary number of loops are given. They are essentially the 
same as in the massive case [4], and we only sketch the most important ones. 
Furthermore, generalized notions of infrared and ultraviolet lattice divergence 
degrees are introduced. Due to the introduction of the mass parameter s, this 
generalization of the lattice divergence degrees defined in [3] and [6] is necessary. 
Finally, the definition of a generalized subtraction operator (GSO) is given. The 
main theorem which describes the renormalization of lattice Feynman integrals 
and lattice Green functions is given in Sect. 3. In Sect. 4, important properties of 
GSO's are given. In the remainder of this article, the theorem is proved, using the 
properties of GSO's and the power counting theorem of [6], by showing that all 
UV- and IR-power counting conditions of this theorem are satisfied. 

2. The Auxiliary Mass Method and Generalized Subtraction Operators 

2.1. A One Loop Example 

Before we are going to define the renormalization prescription to every order, we 
shall consider the auxiliary mass method for the one loop case. To be specific, 
consider the scalar ~b4-theory. The propagator is given by 

1 
A(k; s, a)= ~2 + ( s -  1)2M 2' (2.1) 

where 

~ =  sin , i=  1,..., 4, k'2 = ~ (~,)2, (2.2) 
i = 1  

and M e  e0 is an auxiliary mass, a denotes the lattice spacing. For  s =  1, the 
propagator is massless. A one loop contribution to the four-point function is of the 
form (Fig. 1) 

=/a d4k 
f(q; s, a) = _ ~/a ~ a (k; s, a) z](k + q; s, a). (2.3) 

To renormalize the diagram, following the ideas of the (lattice) B P H Z  procedure, 
one should subtract from the integrand its value at vanishing external momentum 
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q. However, for s=  1, this produces a non-integrable IR-singularity, i.e. for the 
massless theory this method does not work. The idea of Lowenstein and 
Zimmermann [9, 10] consists in subtracting at q = 0  and simultaneously at s=0,  
i.e. giving the counterterm a mass. For non-vanishing q, the renormalized 
Feynman integral 

~/a d4k ^ 
R(q;s,a)= ~ ,~_~4 [A(k;s,a)J(k+q;s,a)-(J(k;O,a)) 23 (2.4) 

tzn) 

is IR-convergent also for s=  1, and the continuum limit exists. Summing all 
contributions of the form (2.4), we get the renormalized four point function at one 
loop order. It depends on the auxiliary mass M. However, this dependence is only 
exhibited by a momentum independent and finite (i.e. in the continuum limit 
convergent) term, and hence may be compensated by a finite counterterm to the 
lattice action of the form 

a4 E c(M)e4(na), 
n e Z  4 

which satisfies the IR-constraint alluded to in the introduction. In this way, 
normalization conditions at non-exceptional momenta may be implemented. 

If a diagram having a UV-divergence degree greater than zero is to be 
renormalized, we clearly have to differentiate not only with respect to the external 
momenta, but also to the mass parameter s. Otherwise, the UV-divergencies would 
not be cancelled because of the different mass dependence of the bare and the 
counterterm integrand. This situation happens e.g. for two-point functions. 

One may try to apply subtractions at non-exceptional external momenta 
instead of using the auxiliary mass method. However, this does not work if 
subtractions are directly applied to the integrand. To see this, consider the 
Feynman integral (Fig. 2) 

~/a d4k 
J(q;s,a)= (. Vl(k,q;a)V2(k,q;a)A(k;s,a)A(k+q;s,a), (2.5) 

- ~ l a  

where the vertex functions V1, V: satisfy 

V~(2k,2q;a)=O(2) as 2 ~ 0 ,  (2.6) 

and z] is given by (2.1). Diagrams of the form (2.5) appear in perturbative lattice 
gauge theory. The conditions (2.6) insure that the IR-constraints on the vertices are 
satisfied. 
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The UV-divergence degree of J is at least two. It can easily be seen that a 
subtraction operator t'q [4] does not apply to the integrand of (2.5) without 
producing a non-integrable singularity, even if we choose a subtraction point ~ + 0. 
For, if z~(k + q) is differentiated twice with respect to q and then q is set equal to ~, 
we get such a singularity at k = - q. For this reason, we employ the auxiliary mass 
method which circumvents this problem. Normalization conditions at non- 
exceptional momenta may be implemented afterwards by finite counterterm 
contributions to the lattice action, satisfying the IR-constraint. 

Finally, some words are in order concerning the IR-constraints mentioned in 
the introduction. Consider the Feynman integral (2.5) again, but now set 
111 = V2 = 1. The vertices then have an IR-degree equal to three (three massless legs). 
J is the one loop contribution to the unrenormalized two-point function in the 
lattice ~3-theory. As before, we make the subtraction of order two at q = 0  and 
s = 0. Then J remains IR-finite, and the continuum limit exists. However, inserting 
(2.5), or its renormalized expression as just described, into a massless line which is 
integrated over, results in an IR-divergence. Consequently, to get a finite result we 
should subtract from (2.5) its value at q = 0. But J(q; s, a) does not exist for q = 0 and 
s = 1, and the same holds for its renormalized form. This means that the massless 
• 3-theory is IR-divergent in four dimensions. 

If, instead of 111 = V2=l, the vertices satisfy (2.6), which means that r(V 0 
=r(V2)>4, then J exists for q = 0  and s = l .  Furthermore, by finite renormal- 
izations, it can always be achieved that diagrams with two massless external lines 
vanish at zero external momentum. This means that massless bare fields remain 
massless after renormalization. The same situation occurs for diagrams with three 
massless external lines. In general, these are the only basic field vertex functions 
whose overall subtractions imply additional finite renormalizations. They are 
convergent even for zero external momenta, whereas in general exceptional 
external momenta must be excluded. 

2.2. Diagrammatic Notations 
We now give some general notations which will be needed later on. In part, they 
are the same as in [4]. Only the modifications and additions will be pointed out 
here. 

In perturbation theory, a IPI  function, i.e. a one-particle irreducible (IPI) 
Green function is written as an asymptotic sum of contributions 

where 

( ~I Pi(A, nia)" fi [Qi]> , 
i =  1 j =  1 O, 1PI 

(2.7) 

[Qj] = a4 Z Qj(A, na) (2.8) 
n~Z 4 

in general is a contribution of the interaction part of the action. The subscript in 
(2.7) indicates that (2.7) is the 1PI part of 

l N M 
Z-o I ~(a) ,01.: Pi(A' n,a) . y=,[I [Qi]" e-S°(a), 
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where 
Z 0 = [. , ~ ( A ) -  e -  So(A) 

and N(A)= ~ dAi(na ). A represents all fields A i and So is the free part of the 
i, neT~ 4 

action. Pi(A, nia ) and QI(A, nia) are polynomials in the lattice spacing a and the 
fields A at n~a and neighboring lattice sites, and they are homogeneous in the fields 
A. They represent basic fields or composite operators. 

Expression (2.7) is a sum of 1PI Feynman diagrams. We recall that a diagram is 
called 1PI-ifit is connected and does not get disconnected upon cutting any one of 
its internal lines [4]. Divergencies manifest themselves in 1PI diagrams when the 
cutoffis removed. Such diagrams must be renormalized. Note that in our notation 
we distinguish between 1PI functions and vertex functions. The latter are 
amplitudes which result from a Legendre transformation of the generating 
functional of connected Green functions. They are not always 1PI, e. g. for theories 
with spontaneous symmetry breaking. However, every such diagram is mainly a 
product of IPI graphs, and the latter can be renormalized as described below. In 
particular, tadpole diagrams vanish after renormalization. When we take into 
account symmetries, the vertex functions must satisfy corresponding Ward- 
identities. After renormalization of all 1PI functions (to a given order), normal- 
ization conditions of vertex functions are to be implemented by additional finite 
renormalizations of proper functions, satisfying the IR-constraint indicated in the 
introduction. This must be done very carefully in order not to produce new IR- 
divergencies. 

In the following we consider the 1PI functions in momentum space 

{i~1Pi(qi)" j~a [QJ]}o,~p~(2~)462(i~=lqi) ' (2.9) 

where 6~(Q)= ~ 6 4 Q -  a m for Q e N  4. Expression (2.9) is a sum of IPI 
m ~ Z  4 

momentum space Feynman integrals. 
In what follows we are using the notations of [4]. Here we only sketch some of 

them. Let F be an arbitrary 1PI diagram 

r = (~er, ~r, ~r, 0r, ~r). 

~r(gr) is the set of internal (external) lines of F and ~ r  is the set of vertices of F. 
Every internal line L~ ~ r  is mapped by 0r to its endpoints AL, BL ~ ~r: Or(L) 
=(AL, BL). Every external line E~gr is mapped by lpr to its endpoint 
BE = ~Pr(E)~ ~r. The latter are called external vertices of F. A vertex is called an 
internal one if it is not an external vertex. 

An external line E ~ Sr carries an external momentum qE flowing into the 
diagram F. q denotes a basis of the external momenta of F, e.g. q = (q~, ..., q~N- ,), 
where N is the number of external lines of F. q~, is given by momentum 
conservation. Every internal line Le ~ r  carries a momentum lL flowing from its 
outgoing endpoint AL to its ingoing endpoint BL and being a sum of the internal 
and external line momenta of L [4] 

lL(k, q) = kL(k) + qL(q), 
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where (k)=(kl, ..., kin) is a basis of the internal (=  loop) momenta of F. At every 
vertex, momentum conservation holds. 

To every Le  L~°r corresponds a propagator  

AL(IL; S, #, a) = ,(L) PL(lL; S, I~, a) , (2.10) 

y[ [eLj(IL; a) + (s-- 1) 2 M2Lj q- #2j] 
j = l  

where n(L)e N and the auxiliary masses MLj are restricted by 

2 2 MLj + #Lj > 0 .  (2.11) 

Furthermore 1, eL j ~ C~, satisfying 

1 
eLj(IL; a)= ~ tlLflLa ) , 

~lLj(ILa#O)>O if lL~BZ=[- rc /a ,  rc/a] 4, 
(2.12) 

tlLj(ILa ) BZ-periodic in IL, 

!2 edl,; a)=/t. 

s is the mass parameter mentioned in the introduction. The numerator  is of the 
form 

PL(IL; S, #, a) = 2 p(i)(#, s) V(O(IL; a), (2.13) 

where the sum is finite, p(0 are polynomials and V(0 ~ c~, BZ-periodic in IL, rn, e 2g. 
For  every vertex B ~ ~ r  we have a function 

of a form (2.13) in variables {IL}B which are the momenta of lines at the vertex B. f'n 
is always assumed to be periodic with the BZ in all momenta. 

The unrenormalized Feynman integral of F is given by 

r~[a 
3r(q;s,#,a) = f d4k l , . . . ,d4k j r (k ,q ;s ,# ,a ) ,  (2.14) 

where m is the number of loops in F and 

[r(k,q;s,#,a) = l-I fZn({1L}e;s,#,a)" 1~ Z]L(IL;S,#,a)" (2.15) 
BE~F LEaF 

This function belongs to the class of functions o~. 
To define a renormalized Feynman integral we need a precise definition of 

internal and external momenta of F as well as of every 1PI subdiagram ? of F: k ~, 
qL This is done as in [4, Sect. 2.2]. In addition, in every propagator  and vertex of 
we have to substitute the mass parameter s by s r. Correspondingly, the substitution 
operators of [4] must be generalized. For  1PI subdiagrams z, ? of F, z being a 
subdiagram of 7, 

S~: k~--*k~(k~), q~--.q~(k ~, q~), s ~ s  ~ , (2.16) 

1 The function classes cg~, c~c, and ff  used here are defined in [3] or repeatedly in [4, Appendix A] 
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so that S , f  (U, q~; s ~, #, a) = f (U(k~), q*(k ~ , q'); s r ,/z, a). (2.17) 

When applied to U, q*, S~ is defined as in [4]. We remind the reader that the k r- 
dependence ofq ~ via S~ occurs only by the explicit k~-dependence of external lines of 
z, and that k ~ is independent of q~ via S r Line momenta are always chosen in such a 
way that they are natural in the sense of [3]. 

The notion of a F-forest (set of non-trivial, non-overlapping 1PI subdiagrams 
of F) and related notions are defined in [5] or [4, Sect. 2], for instance. Especially, 
for any 1PI subdiagram 7 of F, 

U(7) = {~'~ U b / i s  a subdiagram of Y and ~' ~ } ,  

and f(U)=y/71...y~, where ~1, ..., L are the maximal elements of U(~). 

2.3. Infrared and Ultraviolet Degrees 

As mentioned in the introduction, the auxiliary mass method implies that we also 
must differentiate a Feynman integrand with respect to the mass parameter s, to 
get convergence of the integral in the continuum limit. To describe the order of 
subtractions by divergence degrees, we have to introduce IR- and UV-degrees with 
respect to momentum and mass variables. We consider functions V~ c~c and F ~ ~- 
of momentum variables (ul, ..., ur), (vl, ..., Vd), (ql, .-., qw), (C]1 . . . .  , qz) and of s of the 
form 

V(u, v, q, 7q; s, #, a) = ~ Pi(#, s) Vi(u , V, q, 77; a), (2.18) 
i e I  

where I is a finite set, Pi :~ 0 are polynomials and V i ~ ~ , ,  m i ~ Z,  m i ~ m k if i :~ k, and 

V(u,v,q,~l;S,#,a) 
F(u, v, q, Cl; s, #, a) = C(u, v, q, Cl; s, #, a)" (2.19) 

The numerator V~C~ c is assumed to be of the form (2.18), 

C(u,v,q,~l;S,#,a)= [ l  Ci(u ,v ,q ,q;s ,# ,a) ,  n e N o = { 0 , 1 , 2  . . . .  }, 
i = 1  

Ci(u,v,q,~t;s, lz, a ) = e i ( l i ; a ) + ( s - 1 ) 2 M 2 + l ~ 2 ,  ei~C¢~2 of the form (2.12), 

a (2.20) 
li= Y~ bikVk+ ~, CikUk+ ~ dikqk+ ~ eikClk, 

k = l  k = l  k = i  k = l  

(b i l , . . . , bJ :~O or ( %  .. . .  ,%):~0 for all i=1  . . . .  ,n.  

Below u will denote the parameters of a Zimmermann subspace H [3], v will be the 
complementary parameters, and q, ~ the external momenta of a diagram. 
represents those external momenta appearing in the parametrization of H. IR- 
degrees are always defined for fixed c7. Non-fixed variables like u, v, q, s - 1  are 
always explicitly indicated. 

UV-degrees are defined as follows: 

degr~, V(u, v, q, ~; s, #, a) = max (degrsPi + degr~ Vi), (2.21) 
i e l  

degr~sF(u, v, q, ~; s, #, a) = d e g r ~ V -  degr~sC(u , v, q, 7:1; s, #, a) 

= deg r~  V -  2n~,, (2.22) 
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where n,~ is the number of factors C~ depending on u, q or s. IR-degrees are defined 
by 

degr~t~_ ~)loV(u, v, q, ~; s,/2, a) = min (degr~_ 1Pi  -}- degr~.ql~ V/) , (2.23a) 
i e l  

degral,q(,_ ~)V(u, v, q, gl; s,/2, a) = min degral~qV/, (2.23b) 
i e l  

and 

degr,~.q~_ 1)lvF(u, v, q, ~; s,/2, a) = degr~-q(~_ 1)iv V(u, v, q, el; s, #, a) 

- degrcq( ~ _ 1)l~C(u, v, q, 0; s, #, a) = degr~(~_ 1)l~V(u, v, q, cl; s,/2, a ) -  2m,,o),.24a)t9 

m~q~ is the number of C i which depend only on u, q and ( s -1 )  (i.e. where 
\ 

( b ,  . . . .  , bid) = 0 and ~ eikClk = 0 and #~ = 0),  
k = l  / 

degralvq(s_ 1)F(u, v, q, ~]; s,/2, a) = degral~q(s- 1)V(u, v, q, el; s,/2, a) 

- degra I ~q(~ _ 1)C(u, v, q, ~; s,/2, a) = degr~l~q(~_ l iV(u, v, q, gl; s,/2, a) - 2m,  ~,2"24b) 

rn, being the number of C~ depending only on u (i.e. (bi l , . . . ,  b~d) = O, (dix . . . .  , di~) = O, 
\ 

e,kglk=O a n d / ~  = M~ = 0~. degr~P, and degr~_ ~P~ are the usual UV- and IR- 
k = l  / 
degrees of polynomials (defined in [6, Appendix A], for instance). 

The degrees satisfy all "typical degree properties." For completeness, they are 
listed in the appendix. Later on we will use them without any explicit reference. 

We now define UV- and IR-divergence degrees of an arbitrary 1PI subdiagram 
;~ of F by 

0(7) = Z °)(z]L)+ Z ~(f'B)+4m(7), (2.25) 
L ~ . ~  B e ~  v 

r(y)= Z r(z]r.)+ Y. r(Vn)+4m(7), (2.26) 
L ~ S ~  v B e ~  v 

where m(?) is the number of loops in 7, and 

o(zlL) = degrt~z~z(/~; s,/2, a), 
(2.27) 

r(zl~) = degr~(~_ ~)~(/z; s, #, a) 

for Le ~ r  and 

co(f~B) = d ~ B ~  PB({/L)B; S, #, a), 
(2.28) 

r (frB) = degr~B( s _ t)~'n({/L)B; S,/2, a) 

for B e Nr. These definitions are valid also for reduced diagrams [4]. 
We will write the divergence degrees in a vertex dependent form. To every line 

Le ~ corresponds a pair of basic fields Ai, Ak. L is called an ik-type line, having 
/-type and k-type legs. For  every field A~, a UV-dimension di and an IR-dimension 
r~ > 0 is defined such that 

4 + co(z]L) < d i + d k ,  4 -b r(z]L) 3> r i -t- r k . (2.29) 
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Let nk(B ) denote the number of k-type legs at the vertex B e ~ (including external 
legs) and ek(7) the number of external k-type legs of 7. Then we can write 

co(?)<ch(7)=4+ Z [ c o ( B ) - 4 ] -  E ek(?)dk, 
B ~  k (2.30) 

r (7 )> r (7 )=4+  ~ [r(B)--4]--~ek(7)rk, 
B e ~  k 

where 

co(B) = Z n~(B)dk + co(f/B), 
k (2.31) 

r(B) = E nk(B)rk + r(f/s). 
k 

These forms of divergence degrees will be used in the following. Especially, we will 
see that the [R-divergence degrees r(B) must satisfy some constraints to get IR- 
convergence of Feynman integrals. 

A general statement about convergence of Feynman integrals with massless 
propagators can be made only for non-exceptional external momenta. The 
external momenta q~ . . . .  , qN of a 1PI function 

Pi(qi)" H [Qj] 
i = 1 j =  1 0 ,  1PI 

or of a contributing diagram F are called non-exceptional [11] if 

N 

F, ohq,=O, oh~ {0, 1}, (2.32) 
i = 1  

implies that all ~ = 0 or all ~ = 1. 

2.4. Generalized Subtraction Operators 

We now define generalized subtraction operators which apply to Feynman 
integrals with zero-mass propagators. Let F be a function of the same momentum 
and mass variables as before which is C °~ in q and s. 

"~ be defined by Definition 2.1. Let 6 e N O = {0,1, 2 . . . .  } and tqs 

s b 1 L Po i . . . .  i~(ql,...,qw;a) (~sF)(u,v,q,?l;S,#,a)= E br g! ' '" 
O ~ b W g ~  ix,...,ig=O 

[ 9b 9 ~ F(u,v,q,O;s,#,a)] (2.33) 
× ~sb Oqil ""Oqi~ q=o,~=o 

for every function F which is C ~ in q and s, where Pg.~ ...... ~gEcg~ are totally 

symmetric in i l , . . . ,  i~, (2n/a)-periodic in ql, ..., qw, and lim Pg is .,ig(ql ..... qw; a) 
a ' -*0  ' ' ' "  

= q~ ... . .  , qi,- If for every such F 

[(1-~)F](u,v,2q,( t;2s,#,a)=O(2 ~+~) as 2 ~ 0 ,  (2.34) 

tq, "~ is called a generalized subtraction operator (GSO) of the order 6. 
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The generalization consists in that in ~ one also differentiates with respect to 
the mass parameter s. By analogy, ;~ tq~ is called a generalized subtraction ~q(s - 1 ) 
operator of order 6, if for a function F which is C ~° in q and s the function ~¢~_ 1)F 
is of the form (2.33), where 6 is replaced by ~ and s by ( s -  1), and 

[(1--t~_l))F](u,v, 2q, q;l+2(s--1),#,a)=O(2~+a),2~O. (2.35) 

~-b  defined by is a GSO of the order 3 if tq , Obviously, tq~ 

(~-bF)(u,v,q,q;s,#,a) 

= ~ ~ Po.i~ . . . . .  ig(ql  . . . . .  qGa) 3 ~ f(u,v,q,q;s,#,a) 
0 = o  ~.. i~,...,ig=o "'" aqig q = o  

(2.36) 

is a subtraction operator [4] of the order 6 - b, for every b satisfying 0 < b < 3. An 
analogous statement holds for ~'e tq(s- 1). 

We want to apply GSO's to functions F e f f  of the form (2.19). To this end, we 
have to exclude in (2.34) and (2.35) those values of the variables u, v satisfying 

bikVk+ ~ CikUk"~ ~ eikttk =0  
k = l  k = l  k = l  

for some ie{1, ...,n} with #i=0.  
Generalized subtraction operators have important properties which are 

responsible for the subtraction of UV-divergencies by applying them to Feynman 
integrals, and that subtracted diagrams are IR-finite. These properties will be given 
in Sect. 4 when we have defined the renormalization procedure. 

3. Renormalization of Lattice Green Functions 

We give a prescription how to renormalize 1PI lattice functions 

{ /3~(q~)'j M } 

i = 1 "= 0,  1PI 

Expression (3.1) is a sum of 1PI Feynman integrals. At first, we define renormalized 
Feynman integrals. As indicated in the introduction and in Example 2.1, an 
important convergence condition is that every internal vertex B must have an IR- 
divergence degree not less than four. This condition will be assumed in the 
following. 

Let F = (~r ,  ~r, ~ r ,  qSr, ~r) 

be a IPI  diagram with m loops and 3r(q; s, #, a) the corresponding unrenormalized 
Feynman integral. The renormalized Feynman integral of F is defined by 

~r(q; s, #, a) = ~ d4kl .... , d4kml~r(k, q; s, #, a), (3.2) 

where 

-Rr(k,q;s,#,a)=Sr F, I~ ( - ~ S , ) ' f r ( U ) .  (3.3) 
U ~  7 e U  
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Here 
1. S~ are the substitution operators (2.16). 
2. ~K is the set of all F-forests. 
3. fr(U) is the unsubtracted Feynman integrand 

fr(k, q; s, #, a) (3.4) 

with the following substitutions depending on a forest U: 
For  every line Le  £~0 r (vertex B e N t )  there is at most one 7 e U, so that 

Le 5¢7(B e NT), but L~ 5¢~,(B ~ N~,) for all ?' e U(7). If such a ? e U exists, we write 
Z]L(~'B) as a function of the variables q~, k 7, s ~, otherwise as a function of k, q, s. 

4. ~ is given by 

l_£y=(l_~'~(v)-x ~11 #(~)~ (3.5) 

for every 1PI subdiagram ? of F. ~'0(~)- ~ and ~(~) ~q,(s~-~) ~q~s, are GSO's. 
The UV-subtraction degrees ~(7) and IR-subtraction degrees 0(~) are given by 

~(7)=4+ E [6(B)--4]--Y, ek(7)dk, (3.6) 
B e ~  v k 

q(7 )=4+  2 [q(B)--4]--F~ek(?)rk. (3.7) 
B e ~  v k 

ek(7) is the number of external k-type legs of ?. r k>O and d R are the IR- and 
UV-dimensions of the field A k [cf. (2.29)]. Furthermore, the UV- and IR-subtrac- 
tion degrees 6(B) and Q(B), B ~ ~r ,  are constrained by 

~(B)_>_ o)(B) 
for every vertex B ~ ~ r ,  (3.8) 

Q(B) <= 6(B) 

q(B) = 4 for every internal vertex B ~ ~ r  
(3.9) 

Q(B)__< rain(4, r(B)) for every external vertex B e ~ r .  

o~(B) and r(B) are the UV- and IR-divergence degrees of the vertex B [cf. (2.31)]. 
"~(~) - 0  and if 0 ( 7 ) - 1 < 0 :  Note that always ~(~)-1<~(7).  If b(7)<0, we set ~ -  , 

q ~ ' ( s V  - 1 )  - -  v .  

5. The order of the factors in 

17I (-e~S,) 
~ U  

is determined by the rule that for ~ ,  72 ~ U, 71 being a subdiagram of 72 

( - ' ~ S ~ )  is ordered to the right of ( - f ~ S ~ ) .  

For disjoint 7~, 72, the order is irrelevant. 

Theorem 1. Assume that every internal vertex B of the diagram F satisfies r(B) > 47 
and that the external momenta of F are non-exceptional. Then the renormalized 
Feynman integral ~r(q; s, 1~, a) is absolutely convergent for every s and a > O. The 
continuum limit a~O exists and is given by 

lim ~r(q;s,p,a)= ~ d4kl,, dgkmRr(k,q,s,#), (3.10) 
a._+ 0 ° .~ - - o o  
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where 

Rr(k, q, s, # )=  !ira °/~r(k, q; s, #, a). 

If lim fr(k, q; s, #, a )~0,  R r is equal to the B P H Z L  renormalized continuum 
a ~ O  

Feynman integrand defined in [10] (with a different choice of internal momenta 
[4]). If lim/'r(k, q; s, #, a) - 0, also Rr(k, q, s, I~) - O. As for massive field theories, 

a---~ 0 
Feynman integrals which have a vertex with vanishing (naive) continuum limit do 
not contribute to the continuum limit at all, after renormalization. 

Renormalized diagrams are convergent also for s = l .  As an important 
convergence condition, r(B) > 4 for all internal vertices B of the diagram, i.e. those 
vertices having no external line. In general, they result from an interaction or 
counterterm contribution to the lattice action. As the theorem shows, vertices with 
an external line do not have to satisfy such a constraint. This means that the (non- 
vanishing) external momenta provide an IR-cutoff. In most cases, the IR- 
subtraction degrees satisfy if(7) > 1 only for diagrams 7 with two or three massless 
external lines, so that these are the only Feynman graphs which are affected by the 
additional finite renormalizations [cf. (3.5), (3.7)]. After renormalization, they 
vanish at zero external momenta. 

As a corollary of this theorem we state the renormalization prescription for 1 PI 
functions (3.1). Such a Green function is a finite sum of 1PI Feynman diagrams. 
The renormalization prescription is as follows. Every contributing diagram 7 will 
be renormalized as described by Theorem 1. The subtraction degrees are given by 
(3.8), (3.9). These conditions, however, do not completely fix the subtraction 
degrees of the vertices. This is done in the following way. Pi may be a basic field or a 
composite operator. In the latter case, there corresponds an external vertex to Pi, 
in every diagram ~ which contributes to (3.1). Furthermore, to every Qj 
corresponds a vertex in every 7 which may be an internal or an external one. For  
every composite Pi and for every Q~ we denote the UV-divergence degree of the 
corresponding vertex by o)i and zj and the IR-divergence degrees by r~ and v j, 
respectively. These numbers are independent of ~ and depend only on the form of 
P~ and Qj. In the same way, let for every P~ and Q~ UV-subtraction degrees of the 
vertices be given by 6 i and r/j, and IR-subtraction degrees by Q~ and a j, respectively. 
They are always chosen to be the same for all diagrams 7 contributing to (3.1). 
Furthermore, they are constrained by the conditions 

6i>09i, ~i<min(4,r i ,6i)  for composite Pi (3.11) 

r/j>max(4,zj),  t r j=4 ,  for all j = l , . . . , m .  (3.12) 

In general, the constraints (3.8), (3.9) are satisfied for every contributing diagram if 
(3.11), (3.12) hold. 

Let P1,. . . ,  PNo be basic fields and PN0+ 1 .. . .  , PN be composite operators. Then 
the renormalized Green function of (3.1) is written as 

P,(q,)" ~, [Pi(q,)] " [Qj]nj , (3.13) 
i No+ 1 j =  1 O, 1PI 

and we can state the following 
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Theorem 2. The 1 PI function (3.13) is finite for each a > O, and also in the continuum 
limit a~O, if the following conditions are satisfied. 

1. The external momenta ql,-.-, qN are non-exceptional. 

2. vj>4 for all j = l  .... ,M.  
(3.14) 

The a~0-1imit is given by the BPHZL renormalized continuum Green 
function of (3.1) [10]. 

From Theorem 2 we easily get a renormalization prescription for vertex 
functions. They are not necessarily 1PI, e.g. for theories with spontaneously 
broken symmetries. Nevertheless, every diagram which contributes to a vertex 
function is a product of 1PI diagrams and other, finite terms. If the 1PI graphs are 
renormalized as described above and such that renormalized tadpole diagrams 
vanish, the renormalized vertex functions are IR-finite and convergent in the 
continuum limit. Every tadpole line entering a 1PI subgraph is an external line of 
this subdiagram of vanishing momentum, hence could produce an IR-singularity. 
Vanishing renormalized one-point functions prevent such IR-divergencies. 

When Ward-identities are to be satisfied by the vertex functions, then in 
general additional finite renormalizations of IPI functions are necessary. This can 
lead to non-vanishing one-point functions. In this case, it must be checked very 
carefully whether no IR-singularities are produced. In particular, every vertex V 
with a leg which gives rise to tadpoles must satisfy stronger IR-constraints than 
r(V)>4, namely, omitting the tadpole line, the resulting vertex V' also should 
satisfy the condition r(V')> 4. 

The above theorem gives a well-defined procedure to renormalize theories 
containing massless fields (s=l).  Massless bare fields remain massless after 
renormalization. With respect to universality and power counting renormaliza- 
bility, the same arguments as in [4] go through. The same holds for the 
counterterm philosophy. All subtractions can be written as counterterms of the 
lattice action, eventually after some symmetrizations of the subtractions [4]. Also, 
they can always be chosen to be local. Counterterms and consequently re- 
normalized Green functions depend on the auxiliary masses. This dependence can 
be absorbed by addition of finite counterterms satisfying the IR-constraints. In this 
way, normalization conditions at non-exceptional momenta may be implemented. 

The constraints on the IR-subtraction degrees are stronger than those of [10]. 
This is not a lattice artifact. They are necessary to avoid IR-singularities by 
subtractions. When we consider lattice Green functions in configuration space, the 
external momenta are integrated over, and the constraints (3.11), (3.12) may be 
replaced by the weaker conditions 

5~ > co~, Oi < rain (ri, 6i) , 

t l j>zj,  4<aj<min(vj ,  qj). 

As a simple example of Theorem 2, consider the massless lattice q~4-theory with an 
additional ~-interaction: 

S(~]J)int = a 4 ~ [gq~4(na) + Za2~6(na)]. 
ne~'4 
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The IR-dimension of the 4~-field is equal to one. Hence, r(~ 4) = 4 and r(a2~ 6) = 6. 
Powers of the lattice spacing have no influence on the IR-degrees. Hence, the 
massless model is IR-finite renormalizable. 

4. Propert ies  of  General ized  Subtract ion  Operators  

Before we are going to prove Theorem 1, we list important properties of GSO's. 
The frst  two lemmas state those properties of GSO's which are responsible for the 
subtraction of UV-divergencies by applying them to Feynman integrals as 
described in Sect. 3. 

L e m m a  4.1. Let  ~ and t°q~_l) be GSO's and F ~ o ~  o f  the form (2.19). Then 

1. a) degr~t'~(~_ 1)F < degr~F, 
(4.1) 

b) d--~o~sF <= degr~F. 

Suppose that for every i=1  . . . .  ,n the coefficients satisfy (bil . . . . .  bid)=0 only if 
(dil . . . .  , di~) = 0 and M 2 = O. Then 

2. a) degr~st~( ~_ 1)F <__ d e g r ~ F ,  
(4.2) 

b) d e g r ~ , F  < degr,4~F. 

Proof  

Ob F ] 
degr~ O(s~l)  b oqtF(u,v ,q ,  gl;S,#,a) q=O,s-l=o 

O b F 
_< degr~ O(s -  1) b c~q I F(u, v, q, cl; s, g, a) <= degr~F(u, v, q, c~; s, #, a), 

and that proves 1.a. The proof of 1.b follows the same way. To prove 2.a, note that 
by assumption all propagators which depend on q or ( s -  1) are also dependent on 
v, hence 

d e g r ~  0(s~  1) b Oql F(u, v, q, q; s, #, a)j~ = o, s- 1 = o 

~b 31 
< degr~s O(s-  1) b Oql F(u, v, q, q; s, It, a) < degr~F(u ,  v, q, q; s, #, a ) -  (b + liD, 

where Ill = ~ li. Consequently 
i=1 

degr~(s  - 1)° Po, i ...... i~(q 1,... ,  qw; a) O(s - 1)b Oql F(u, v, q, ct; s, #, a)d q = O.s - 1 = o 

<_ (g + b) + degroqsF(u, v, q, cl; s, ~, a ) -  (b + 111)-- degr~F(u ,  v, q, q; s,/4 a), 

for [ll=g. 2.b follows analogously. []  

^o6. ~ ~ o~ defined by ^ ."a GSO's, ~ - 1 < 6, and %~. L e m m a  4.2. Let t ~  t_ 1), tqs 

_ *Qa = (1 ;'o - 1 1 ~q~ - tq~,_,))(1 - t~). (4.3) 
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Let F ~ ~ be of the form (2.19). Then 

^~ < d e g r ~ F  + 6. (4.4) 1. degrc~zq~ F 

2. d e g r ~ F <  degr~F. (4.5) 

Assume that for every i=1  .... ,n the coefficients satisfy (bil,...,bla)=O only if 
(dll ..... d/w)=0 and M~=0.  Then 

3. degr~sf~F < d--~-~sF, (4.6) 

and 

4. degr~(1 - ~ ) F  < degr~sF-- (6 + 1). (4.7) 

These are exactly the properties necessary to reduce UV-divergence degrees of 
a Feynman integral systematically by application of f~0. The statements 2. and 3. 
are direct consequences of Lemma 4.1. We only have to note that if F satisfies the 
additional constraint so does ~sF. The proof of 1. is nearly identical to that of [4, 
Lemma 3.1.1]. To prove 4, note that 

degr~(l - ~ )  F (u, v, q, 7:t; s, #, a) <<_ degr~(1 - Pq~)F, 

by Lemma 4.1. Hence it is sufficient to show that 

d e ~ ( 1  - ~ ) F  _< degre,q~F- (6 + 1), 

and this is done by using the same methods as in [4, Lemma 3.1.4]. [] 

The following two lemmas state properties of GSO's with respect to the IR- 
degrees of a function. Note that the ~ are fixed momenta. 

Lemma 4.3. Let ~ be a GSO and F ~ ~,~ of  the form (2.19). I f  for all i = 1 ..... n the 
coefficients satisfy (dil ..... di~ ) ~ 0 only if M{ + i ~2 4= O, the inequality 

degr~lq~(~- 1)~s F ~ degr~lq~(~- 1)F (4.8) 

holds. 

Proof. At first, we have 

E 1 degr~lq~(s-1) ~sb ~q  IF(u'v 'q'q;s '# 'a) q=O.s=O 

(~b ~l 
> degr~lq~(~- 1) ~ s  b ~qZ F(u, v, q, (1; s, la, a) > degralq~( ~_ 1)F(u, v, q, (1; s, #, a), 

where for the first inequality we have used the constraints on the denominator of F. 
Relation (4.8) is now a direct consequence of the inequality. [] 

Lemma 4.4. Let ~(~-1) be a GSO and F e ~  of the form (2.19). Then 

I. degr~-q(~_ 1)l~t'~(~_ 1)F > degra,q(~_ 1)I~F. (4.9) 

2. degralqo(~_ ~)i'q~(~_ ~)F > degr~(~_ a)l~F- ¢. (4.10) 
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I f  for  every i = 1 . . . .  , n the coefficients satisfy (bi~, ..., bid) = 0 only i f  (di~, ..., di~) = 0 
and M~ =0,  the inequalities 

~'o (4.11) 3. degr~l~,(~_ 1)t~(~_ ,)F > degr~lq,(s_ , )F ,  

and 

4. degr,3(s_ 1)iv(1 - t'~(~_ 1))F > degr~lqv(~_ 1)F + max(0, ~ + 1) (4.12) 

hold. 

Proof. Let b • N o and l = (11,..., lw) • N~ .  
1. For  every function F • ~-, we have 

degr~(s-1)l ~ 0(s~l)b  c?q zF(u 'v 'q 'g l ; s '# 'a )~q=o,s_ l=o 

~b az 
>--degr,%s- t)l~ ~(s_  1)b ~qt F (u, v, q, gl ; s, #, a) 

> d e g r ~  _ 1)l~f(u, v, q, Cl; s, #, a ) -  (b + Ill), 

hence for g = lit 

degr~(~-l)r~(s-1)bPo, i~ ..... i~(ql . . . .  ,qw; a) -a(s~l)  b ~qqf f ( u , v , q ,  gt; s ,# ,a)  q=o,~-l=o 

> (b + g) + degr~q(~_ 1)1~ F(u, v, q, (1; s, #, a) - (b + Ill) 

= degr~c ~_ ~)l~F(u, v, q, Cl; s, #, a). 

The first s tatement of the lemma is now a direct consequence of this inequality. 
2. For  every F • o~, we have 

degr~lq~(~- 1) 0(s - 1) b ~ql F(u, v, q, gt; s, #, a) q = o,~- 1 = o 

Ob 0 l 
> degr~(s_ 1)to O ( s -  1) b Oq I F(u, v, q, el; s, #, a) 

> degr~(,_ , ) l ,F(u,  v, q, (1; s, #, a ) -  (b + Ill), 

and for g=ll]  

[ ~b o' ] 
b F(u, v, q, el; s, #, a) degr~lq~(,- l ) ( s - 1 )  Pg, i ...... i,(qa, . . . ,q~; a) a ( s ~ l )  b 6ql ~q=o,~-l=o 

> degree,_ ~)l~F(u, v, q, ~; s, #, a ) -  (b + g), 

i.e. 

degr~lqv(s_ ~)t](s_ 1)F > degrcq(,_ t)lv F - ~ .  

This proves the second statement of the lemma. 
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3. All the propagators which depend on q or have a non-vanishing auxiliary 
mass are also dependent on v. Hence 

degraiqv(~- 1) ~(s~ 1)b Oql F(u, v, q, 7:1; s, #, a) q = o.~- 1 = o 

~b ~z 
>= degr~lq~- 1) ~(s-- 1) b ~qt F(u, v, q, el; s, I~, a) 

> degr~lq~(~_ 1)F(u, v, q, cl; s, t 2, a). 

Consequently 

[ ~b a~ s,#, a)] degralqo(s-1)(s-l)bPo, i ...... ig(ql . . . . .  q~;a) O(S__I) b ~ql F ( u , v , q ,  gt; J q = o , ~ - l = o  

=> degr~lqo(~_ 1)F(u, v, q, Cl; s, #, a) , 

and this proves the third inequality. 
4. (1 - t'~_ 1))F is of the form 

[(I - ~(~_ 1))F] (u, v, q, q; s, #, a) = 
Vo(u,v,q,q; s ,# ,a)  

C(u,v ,q ,  gl; s ,# ,a)C(u,v ,O,  gl; 1, #, a) ~+1' 

where V0efg c. Using the behavior (2.35) of the subtracted function and that 
V o e C ~°, we get 

V~(u, v, 2q, •; I + 2 ( s -  1), #, a)= O(2 o+ a), 2 ~ 0 .  

This yields 
degrees- 1)lv~ > degr~lq~(~- 1)VQ + max (0, Q + I). 

By the constraint on the denominator, we get 

degr~(~_ 1)1~ C(u, v, q, ~; s, #, a) = degr~lq~(~_ 1) C(u, v, q, ~1; s, #, a), 

hence 

degr~( S_ t)lv [(1 - ~ _  n ) f ]  (u, v, q, ~; s,/~, a) 

> degr~lqv(s- 1) VQ(u, v, q, 0; s, #, a) 

-- degralq,(~- 1)[C(l~, u, q, q; s, [1, a). C(u, v, 0, ~; 1, #, a) e+ 1] +max(0, Q + 1) 

= degralqo(~- 1)( 1 - -  {~(s- 1)) F + max(0, e + 1) 

> degr~lq~- a)F + max(0, ~ + 1), 

where we have used Lemma 4.4.3. [] 

5. Convergence P r o o f  

To prove Theorem 1 we show that all conditions to apply the power counting 
theorem of [6] to (3.2) are satisfied. Let F be a 1PI diagram and m the number of 
loops in F. The subtracted Feynman integrand (3.3) corresponding to F is of the 
form 

V ( k , q ; s , # , a )  
/~r(k, q; s, #, a)= Ba(k ' q; s, #, a) B2(k; #, a) ' (5.1) 
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where 

n(L) 
Bl(k,q;s ,#,a)= 1-I 1-I (eLj(IL;a)+(S--1)ZM~j+#2~), 

L~ ~e~- j= 1 (5.2) 
n(L) 

Bz(k; #, a)= 1-1 l-[ I~ [eLj(k[; a)+ M~j+ #~i]"lJ(L''[eLj(k[; a) + #~j] "2~(L'r), 
y L ~  v j = l  

nlj(L, 7), nzj(L, 7) ~ {0,1, 2 . . . .  }, the first product is over all 1PI subdiagrams 7 of F, 
and 

lz(k, q) = kL(k) + qL(q), k~ = k~(k). (5.3) 

/ l r  belongs to the class of functions ~ and is periodic in k~ . . . .  , k,,. 
Let ~ be the set of all l L, Le ~cP r, and of all k~ for arbitrary 1PI subdiagrams 7 of 

F and L~ ~er. The set ~ is natural [4]. 
Let 

ul ..... u~, vi ..... vd (5.4) 

be an arbitrary basis of £P, r+ d=m (ul,..., u,, vl . . . .  , vd ~ ~ and det(O(u, v)/d(k)) 
~0), and let H be a Zimmermann subspace, i.e. a class of affine subspaces of 
(kl, ..., k,,), defined by constant ul , . . . ,  u~ and variable vl, . . . ,  va. Then all k, k ~ are 
linear functions in u, v, q: 

k = k(u, v, q), k~ = k~(u, v, q). (5.5) 

(v) = (v~, ..., vn) is called the parametrization of H. The set of all classes H, for all 
bases (5.4), is denoted by ~f. 

We will show that for every H ~ J/f 

4d+deg-{~_~r(k(u,v,q),q;s,#,a)<O, if d > 0 ,  (I) 

4r+degral~Rr(k(u,v,q),q;s,#,a)l~=~>O, if r > 0 .  (II) 

Then all the conditions are met for the power counting theorem of [6] to apply to 
the renormalized Feynman integral (3.2), and Theorem 1 is proved. Note that (II) 
must only be shown for s = 1. Ifs + 1, all propagators are massive and (II) is trivially 
satisfied. 

To prove (I) and (II) we will use the method of complete forests [5]. 
l~r(k, q; s, #, a) is written in a form which depends on H, i.e. as a sum of terms which 
are described by complete forests and satisfy (I) and (II). A F-forest U ~ ~K is called 
complete on H, parametrized by (v), i fF  e U, and if for any 7 ~ U all lines of ~7(U) are 
constant on H relative to 7, i.e. 

k~(u, v, q) is independent of v for every L~ 5e~v), 

or all lines of ~7(U) are variable on H relative to 7, i.e. 

k~(u, v, q) is dependent on v for every Le &°~(v). 

~(U) is said to be constant or variable on H, respectively. 

Lemma 5.1 I-5]. Let F be a 1PI diagram, H e ~  and "t12~ the set of all E-forests 
which are complete on H. Then 

~r(k,q;s ,#,a)= ~. Xv(k,q;s ,#,a) ,  (5.6) 
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where 

and 

Xv(k, q, s, #, a) = (1 - Zr) Yr(k , qr; s r, #, a)lkr =~; qr: q; ~-=~, (5.7a) 

~(M, q~; s', #, a ) :  I~(v)(M, q'; s 7, #, a). S, f i  f(Yi) ~,~( k'~, qW; sV,, #, a), (5.7b) 
i = 1  

for any 7 ~ U, Y l, . . ., ~ being the maximal elements of U (y). For minimal 7 set ~ = [v" 
f (7) is defined by 

(5.8) 

where ~(U) is the set of all 7 e U having ~(U) variable on H and being a maximal 
element of U(z) for some z e U having ~(U) constant on H. 

Let U be a F-forest, y e U and 71,..-, 7c the maximal elements of U(?). Then S~ 
means a linear substitution 

Sv:k~,_+k~,(M), q~,+q~,(k ~, qV), s~,__+s v ' (5.9) 

where the M-dependence of q~* is only by the explicit k~-dependence of external 
lines of 7i, and M' is independent of qV. Especially, if H e W is given by variable (v) 
and constant (u) and if ~(U) is constant, then q~*(k ~, q~) depends only on u and q< 

The prove of the UV-convergence conditions (I) is along the lines of the proof 
[4]. Let H ~ ~ be defined by variable (v)= (v 1 .. . . .  va) and constant (u) = (ul . . . .  , u~), 
and let U ~ ~K~. For 7 e U define 

Mv(y ) = 4 2 re(f (U)), (5.10) 

where the sum is over all z ~ U(7)w{7}, "~(U) variable, and m(~(U)) is the number of 
loops in ~(U). For 7 = F, Mv(F ) > 4d [4]. Then the following lemma holds. 

Lemma 5.2. For every ~ ~ U, 

1. degr~(k~(u,v,q),q~;s~,#,a)< -My(7)  for ~(U) constant, (5.11) 

equality holding only if My(7)= 0. 

2. degr~-~v~ ~(k~(u, v, q), q~; s ~, #, a) < 6(7) - My(7) for ~(U) variable. (5.12) 

For F, 

3. deg-~ 0 gr(k(u, v, q), q; s, #, a) < - 4d. (5.13) 

The proof of Lemma 5.2 is quite similar as the proof of [4, Lemma 5.2], the 
only difference being the appearence of the mass parameters s ~. Nevertheless, as 
Lemma 5.2 of [4] is a consequence of the general properties of a subtraction 
operator listed in Lemma 3.1 of [4], the validity of the above lemma is based on the 
corresponding conditions of generalized subtraction operators listed in Lem- 
ma 4.2. For this reason, the proof is left as an exercise to the reader. By Lemma 5.2, 
the UV-conditions (I) are satisfied. 
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6. Proof of the IR-Convergence Conditions (II) 

To prove the inequalities (II) we will use the technical notion of an augmented 
diagram [10] r of F./~ is constructed by collecting all external lines of F into a new 
vertex B o. Momentum conservation in F implies momentum conservation in B o . If 
F has more than one external line,/~ is 1PI if F is. If F has no external lines, then 
/~=F. 

More precisely, let 

r = (2er, gF, ~ r ,  ~r, ~oj 

be a 1 PI diagram having at least one external line. Then the augmented diagram/~ 
of F is defined by 

i~ = (~e~, gr,  N~, ~br, ~p~), 

where 

and 

~ r  = ~q~rUgr (~rC~gr = 0), 

~ r  = ~ r  U{Bo}, Bo ¢ ~ r ,  

q~r: ' ,Sa r~  ~ x ~ r ,  

q~t(L) = q~r(L) if Le L,f r ,  

¢r(E)=(Bo, Wr(E)) if E e g r .  

The domain of W-: 8r--*Nr is empty. Every line Le &°r\~° r is called a q-Linie of/~. 
We now state two lemmas which are consequences of the assumed non- 

exceptionality of the external momenta and the IR-constraints (3.9). They will be 
useful later for the induction through a complete forest. 

Let F be a 1PI diagram having m loops and iP the augmented diagram ofF. For 
every IPI  subdiagram 7 of F, the IR-subtraction degree is given by 

0(7)=4+ ~, [Q(B) -- 4] -- •ek(v)rk, (6.1) 
Be,~ v k 

where the Q(B) are constrained by (3.9). Let E(F) be the number of q-lines of/~ and 
71,..., 7c be mutually disjoint 1PI subdiagrams of F, F ~ {Y l, ..., 7c}. 

Suppose that an arbitrary parametrization of the loop momenta of F of the 
form 

ki(w,p)= ~ Dijwj+Pi , i=l , . . . ,m,  (6.2) 
j = t  

is given, where det (D) # 0 and Pi are fixed momenta, so that for all line momenta lL, 
l e~q~r, 

IL = IL(W, q, P) = ~ (CL)jWl+ QL(q) + PL(P), (6.3) 
j = l  

where QL, PL are linear. 
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Let Ao, A ~ ..... z/b be the mutually disjoint, connected subdiagrams of 
r/ya...yc, which are spanned by the q-lines and the lines LeSe r having 
QL(q) + PL(P) +- O, and so that for E(F) > 1 always Bo e Z/o (cp. the definition of P) 
and for E(F)= 0: z/o = 0. By momentum conservation, all z/a, ..., z/b are 1PI, hence 
their number of loops re(z/i)> 1, i=  1, ...,b. Furthermore, let 21 ..... 2 e be the 
elements of {~t ..... 7~} which corresponds in /~/Y,---7~ to reduced vertices not 
contained in ~AoU...UNA~. 

Lemma 6.1. If  the external momenta of F are non-exceptional, we have 

m(Ao) > E(F)- 1. (6.4) 

I f  in addition for all internal vertices B ~ ~r r(B)> 4 and o(B)> 4, the inequality 

r(T) + ~ max(0, ~(2~))- 4m(T) > -- 4m(C/7~...~) (6.5) 
/ = 1  

holds, where T=(F/71...7~)/Ao...Ab, and r(T) and re(T) are the IR-divergence 
degree of T and the number of loops in T, respectively. 

For non-exceptional external momenta and E(F)> 2, z/o is 1PI. If E(F)= O, 
-'/0 =0,  and for E(F)= 1, ~ r o  consists of one q-Linie. 

Proof We always have re(z/o) > 0. If E(F) > 2, and the external momenta of F are 
non-exceptional, the diagram spanned by the lines of 5e&C~r/y~...~ is connected 
and contains all external vertices of F/y~...7~. This proves the first statement. 

To prove the second statement, we first note that if z/o=/~/yl...7~, (6.5) is 
trivial. Thus, let us assume that z/o =~/~/7,--.7¢- The number of loops in T satisfies 

b 

m(T)=m(F/71...Tc)- 2 m(Xi) 
i = 0  

b 

<m(/~/7~. . .?~)-(E(F)-- l ) (1-6e(r) ,o)-  E m(Ai) (6.6) 
i = l  

b 

=m(r/r~...r3- Z m(z/i). 
i = 1  

Furthermore 

r(r) - 4re(T) __> 4 + 

___4+ 

}~ [ r ( B ) - 4 ] - 4 m ( T )  (by (2.30), T has no external legs) 
B ~ T  

[ r ( B ) - 4 ] +  ~ (~ek(2i)rk--4) 
B e N T o • r  i =  1 

b 

+ i~=1 (~ ek(z/i)rk-4) + (~ek(z/o)rk--4)(1--6~(r),o) 

b 

-4m(F/71.. .Tc)+4 • m(z/~) [by (2.31)] 
i = 1  

> i~1 (~ e~(Zi)rk-4) -4m(F/7,...7~) 
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where we have used r k > O, m(Ai)> 1 for all i= 1 ..... b and that r(B)>4 for all 
internal vertices B ~ ~r (~rnNr  contains only internal vertices of F). Finally 

e 

r(T) + • max(0, 0(2,))-4m(r) 
i = 1  

> i= ~1 (~ ek(2i)rk--4) + i ~= 1 max (0, 4-- ~ ek(2i)rk + B~N~,Z [~(B)--4]) 

- 4 m ( r / ~  1...'1c) >= - 4m(r/~;  1.. .  ~ 3 ,  

where we have used that all B ~ Nz, are internal vertices and for them ~(B) > 4. [] 

To state the second lemma, let $1 ..... Zb be the connected, mutually disjoint 
subdiagrams of F/7~...7~ spanned by the lines LeLPr/~...~o satisfying PL(p)#O. 
Every Zi is 1 PI and satisfies m(S~) > 1. 

Lemma 6.2. Set T = (F/71...7~)/Z1.. "f~b. I f  all vertices B ~ Mr satisfy Q(B) < 4 and 
o(B) < r(B), the inequality 

r(T) + ~ max(0, e(Y,))- 4re(T) > e(F)-  4m(F/7l...7~) (6.7) 
i = 1  

holds. 
Proof Let 21 .... ,)~e be the elements of {71,--.,7~} which corresponds in F/y~...7~ 
to those vertices not contained in Nx~ u... uN~. Then, using re(T) = m(F/71...7~) 

b 

- E m(Z'i), we get 
i = 1  

r(T) + max(0, Q(7,))- 4m(T) 
i = 1  

= 4+ ~-~e~r~2 [r(B)-4] + i= ~1 ek(Xi)rk--4 + ,21"= ek(Z'i)rk--4 

-- ~k ek(T)rkl--[ 4m(F/Tt'''7~)-4 i=l~" m(Zi)l+ i=1~ max(0, Q(7i)) 

> 4 +  BeNT~-~ [r(B)--4]+~(~ek(2i)rk--4)--~ = 1 

Jl- i =~1 max (0, 4 -  k~ ek(Ti)rk + BEN,, ~" (Q(B)--4)) --4m(F/71...7~ ) 

(by rk>O and m(Zi)> 1) 

> (4+ Be~r • [0(B)--4]-- ~ ek(F)re) --4m(F/71""7~)' 

where we have used ek(T)=ek(F) for all k and Q(B)<r(B), 0(B)<4 for all vertices 
B ~ C]r. [] 

Using the mechanism of complete forests we now prove the IR-power counting 
conditions (II). The starting point is Lemma 5.1. The idea of proof is along the lines 
of [10]. 



662 T. Reisz 

Always in the following let F be a 1PI Feynman  diagram and m the number  of 
loops in F, H • 24g given by variable (v)=(v l, ..., re) and constant  (u)= (u l, ..., ur), 
and let U be a F-forest which is complete on H. At first, for every ? • U we define 

Nv(7) = 4 • m(f(U)). (6.8) 
z 

The sum is over all z • U(7)u {?}, f(U) constant,  and m(~(U)) is the number  of loops 
in i(U). For  ? = F, N u ( F ) <  4r. This follows f rom My(F)=  4m--Nv(F)>= 4d and 
r + d = m  (cf. (5.10)). 

The next lemma states the action of the operators {~ onto ~r. 

Lemma 6.3. For every 7 • U, the following inequalities hold. 
h A ]J 

1. degr~lq~v(s~_ 1)~Yr(k (u, v, q), q~; s ~, #, a) 

{ degr~b,vts,_ 1)Y~(kZ'(u, v, q), q~; s ~, #, a) for  ~(U) variable 

> min [degr,--~(s, ~_ 1)lv~(k~(u, v, q), q~; s ~, p, a ) - ( Q ( y ) -  1), 
degr,~lq,~(s,_ 1) Y~(k~(u, v, q), q~ ; s ~, #, a)] for  f(U) constant.  

(6.9) 
2. ~ ~ ^ ~ ~. degr,q,(~_ 1)S~ Y~(k (u, v, q), q , s ,  #, a) 

[ degr~b,v(~,- 1)~(k'iu, v, q), q'; s', #, a) for  Q(7) <-_ 0 

> min[degr@,(~,_t)l~'~(k~(u,v,q),q~; s~',#,a), 

degr,lq,~(~,-t)I'~(k'(u,v,q),q';s',#,a)+e(7) ] for  q(7)>0.  (6.10) 

3. Suppose ~(U) is variable. Then the inequality 

r A - ¢~) ~(k~(u, a) deg ~q,(s,_ 1)iv(1 v, q), q~; s ~, #, 

> degralq,,(~,_ 1)~(kT(u, v, q), qr; s r, #, a) + max(0, 0(7)) (6.11) 

holds. 

Proof  ¢r is written in the form 

where 
^ - -  t ' O ( ? )  - 1 ^ _ _  ~ " ~ ( ? )  

" ~ 7 1  - -  ~ q ~ ( s ~  - 1 ) ,  ~ ' ; ~ 2  - -  ¢ q ~ s ~  • 

If y(U) is variable, every factor in the denomina tor  of ~ depends on v or is 
independent  of q~ and (s ~ -  1). 

1.a) Using (2.11), Lemma 4.4.3 and Lemma 4.3, we get 
^ 

degral q, (~, _ a) (1 - z~ 1) ¢7 2 Y~(kr(u, v, q), qe; s', #, a) 

{ ~ k  ~ ~ .~  > degr~lq~(~- a) ~2 ~( (u, v, q), q , s ,  #, a) 

--> degr~lq,,(~, - 1)~(kr( u, v, q), q~ ; s ~, #, a) . 

b) Using (5.7b), (5.8) and Lemma  4.4, we get 

degr~lq,o( ~, _ i)~i ~(k~(u, v, q), q~; s ~, #, a) 

> ~deg___Sr, lq,,(s~ _ ~)Y~(k~(u, v, q), qr; s ~, #, a) for ~(U) variable 
=(degr~'-q,( , ,_~)l~(kr(u,v ,q) ,qr;s ' ,g ,a)-(O(7)-I  ) for ~7(U) constant .  
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Taking the minimum, assertion 1. follows. 
2.a) degr~(s ,  _ nlv(1 --  "~71)'/~72 ~ry(kY(u, v, q), qr; s ~, #, a) 

> degr~lq,~s, - 1)f~2 ~(kr(u, v, q), q~; s ~, #, a) + max(0, Q(7)), 

(by Lemma  4.4.4) 

> degral~,~(s, - 1)Yr(k~( u, v, q), q'; s', #, a) + max (0, ~o(7)), 

(by Lemma 4.3). 

b) Note  that Q(7)<0 implies ¢ r 1 ~ = 0 .  If ~o(7)>0, we get 

degr,-~vt~,- 1)iv f~ 1 ~r( k r( u, v, q), qr ; s ~, #, a) 

> degr~-~vq (s~_ 1)l~Y~(k~(u, v, q), q~; s ~, #, a) (by Lemma 4.4.1). 

Assertion 2. now follows by taking the minimum. 
3. Let ~(U) be variable. Then Lemma  4.4.4 yields 

degr~-'~s,- X)l~( 1 -- ze 1) Y~(ke( u, v, q), q~ ; s ~, #, a) 

> degralq,,o, - 1)~(k~( u, v, q), q~; s ~, #, a) + max(0, ~(7)) • 

Using 1 - ' ~ r = ( 1 - f r ~ ) ( l  - ~ 2 )  and 2.a, the assertion follows. [ ]  

Using Lemma  6.3, we get the following lemma which states lower bounds  on 
the IR-degrees of the functions defined in Lemma  5.1. 

Lemma 6.4. 1. For every 7 ~ U 

degr,-~(~_ 1)l~(k~(u, v, q), q~; s ~, #, a) > Q(7)- Nv(~) if  ~(U) constant. 

degralq,~(s, - 1 )  "Y~(kT( u, v, q), q';  s', #, a) > -- Nv(7) (6.12) 

(=  holding only if  Nv(7)= 0). 

2. Let ~ ~ U and 2 be a maximal element of U(y). 

a) degralq~v~ s, _ ~)S,~ ~ ~'z(k~(u, v, q), q~; s ~, #, a) >= - Nv(2 ) 

(=holding only i f  Nv(2)=0) .  (6.13) 

In particular 

degralq~-~r_ 1) ~ r Yr( kr ( u, v, q), qr ; s r, #, a ) >  - 4 r .  

b) degr,  lq,o( ~, _ 1)S~(1 - Cz) ~'z(kZ(u, v, q), qZ; s z, #, a) > - Nv(2 ) 
(6.14) 

(=  holding only if Nv(2 ) = 0), 

for ~(U) constant and ~(U) variable. 
c) degr~(~,_~)l~S~zY~(kZ(u,v,q),qa;sa,#,a)>max(O,o(A))-Nv(2) (6.15) 

for  ~(U) constant and 2(U) constant. 

d) degr~-~v(,,_ ~)I~S~(1 - ¢ z )  ?z(k~(u, v, q), qZ; s ~, #, a )>max(0 ,  ~(2))-Nv(2)  (6.16) 

for ~(U) constant and Z(U) variable. 
The statements a)-d) are also valid without S~ and with qZ, (s; ' -  1) instead of  qr 

(s~- 1). 
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Proo f  By complete induction. 
1. For minimal ~, we have 72=~7(U) and ~ = f ~ .  In general 

degr~lq,,(~, _ 1)]'s(kS(u, v, q), qS; s s, #, a) > 0, 

because of (2.11) for every line L~ £Pr 
If?7(U) is constant, let 1;~ .. . .  , Xb be all IPI  subdiagrams ofy which are spanned 

by the lines Le 2Y s satisfying k[(0, 0, q) 4= 0. Because of 0(B) < 4 and O(B) < r(B) for all 
B ~Ns, using Lemma 6.2 and writing T = y / Z ~ . . . Z b ,  we get 

degr~-~_ ~)l~[s( kS(u, v, q), q~ ; s ~, #, a) 

> degr,--~(s, _ a)[T(k~(u, v = O, q = 0), qS; s s, #, a) 

= r(T)  - 4m(T) > 0(~)-- 4m(72) = if(y) -- Uv(y) .  

This proves the first statement of the lemma for minimal ~ ~ U. 
2. Let ~ e U and 2 be a maximal element of U(?). By hypothesis of induction, ~'~ 

satisfies Lemma 6.4.1. 
To prove the statements 2a) and 2b) of the lemma, we use Lemma 6.3.1 and get 

degr~l~(~ _ l )~  ~.(ki(u, v, q), q~; s ~, #, a) > - Nv(2 ) 

(=  holding only if Nv(2) = 0) 

and 

degrab~,(~- 1)(1 -'~a) ~~(ka(u, v, q), qZ; s ~, #, a) 

_> min [degr~lq~,(s~ _ 1) ~ ,  degralq~,(~ - l) {1 ~'z] 

> - N ~ ( , ~ )  

(=  holding only if Nd2)  = 0). 

S s is a linear transformation 

Ss: qa ~qZ(kS(u, v, q), qS), s z ~ s  s ' 

where the kS-dependence of qZ is only by the explicit kS-dependence of the external 
lines of 2, i.e. lines which belong to £~tv). The denominator of {z ~'z is independent 
of qZ and (s ~ -  1), hence 

degr~lq~v(s~ _ 1)Ss{ ~ I"i(k~(u, v, q), q~; s l, #, a) 

= degr~lq~v(s~ - l) "~i IZi(k'~(u, v, q), q~; s a, #, a) => - Nv(2 ) 

( = holding only if Nv(2 )--- 0). 

If ~(U) constant and 2(U) variable, every denominator factor of (1-~z)~'a is 
independent of qZ and (sZ-1) or dependent on v, and qi(kS(u,v,q),qS) is 
independent of v. Hence 

degr~lq~v(s, _ 1)Ss(l - ~)  ~z(ki(u, v, q), qi; s ~, #, a) 

> degr~lq~,(s~ _ ~)(1 - ~a) Y~(kZ( u, v, q), qZ; s ~, #, a) _>_ - Nv(2) 

(=  holding only if Nv(2 ) = 0). (6.17) 
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Next, we prove the statements 2.c and 2.d of the lemma. Let ~7(U) be constant.  If 
2-(U) is constant,  we get 

degr,q"'~(~ _ X)lv "~ Yz(k~( u, v, q), q ~; s z, #, a) >= max (0, Q (2)) - N v(2), 

where we have used Lemma 6.3.2. If 2-(U) is variable, using Lemma 6.3.3, we have 

degr~'~t~ - 1)Iv (1 - ~ )  ~'~(k~(u, v, q), q~; s ~, #, a) > max(0, Q(2)) - Nu(2 ) . 

Using the above ment ioned property of the substitution operator  St, we get 

degruq">~s~- X)lvS~z~Yz(k (u, v, q), qZ; s z, #, a) 

> degru-~(s~- 1)1 v zz ~'z(U( u, v, q), q~; s ~, #, a) 
> max(0, ~(2))-  Nv(2) 

and 

degr~q--'v(s,_ 1)iv S~(1 - ~z) Y~(kZ( u, v, q), q~; s z, #, a) 
> degruq~(s~ - t)iv(1 - z~) tr~(kZ(u, v, q), qZ; s z, #, a) 

= max(0, ~(2)) - Nv(2). 

3. Let 7 e U and 7, ,- . . ,  7~ be the maximal elements of U(7). By hypothesis of 
induction, Lemma 6.4.2 holds, where 2 represents 7~,--., 7~. We must  show that  7 
satisfies Lemma 6.4.1, which concludes the proof. 

In general, 
degr~lq,v( s , _ ,) ~(k~(u, v, q), qr ; s ~, #, a) 

> degr~l~,v( s, _ 1)I~v)(kr(u, v, q), q~; s ~, #, a) 

+ ~ degr, lq,~ ~,_ 1)s,f(7i) g,(k"(u, v, q), q"; s '~, #, a) 
i = 1  

>=0+ ~ (-Nv(Ti)) 
i = 1  

> - Nv(7) (=  holding only if Nv(7) = 0), 

i where we have used that  Nv(7)> Nv(7~), and that  all propagators  of I~(v) 
depend on (s r -  1). i= 1 

Now let 37(U) be constant.  
Let ~1 . . . .  ,Sb be the mutual ly  disjoint, connected and consequently 1PI 

subdiagrams of ~(U) spanned by the lines LeSe~(v) satisfying k[(O,O,q)+O. 
Using ~(B)__<4 and ~(B)<r(B) for all vertices B e N t ,  and writing 
T=(7/Tt...7~)/Z~...Z~, we get 

^ ~ s ~, #, a) degr~,(~_ ~ )lvY~(k (u, v, q), q~ ; 

>degr,--5~, ~ v f- v(k~(u,v,q),qr;s~,#,a) = q ( - )1 ~ (  ) 

+ ~ degru%'~-~)l~s~f(7~)Y~,(k~'(u,v,q),q~';s~',#,a) 
i = 1  

> degr ,~o,  _ ~)[r(k'(u, O, 0), q~; s ~, #, a) 

+ ~ degr,--~vl,,_ ~)lvSrf(?i) g,(k"(u, v, q), q"; s r', #, a) 
i = 1  - -  
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> r ( T ) - 4 m ( T ) +  ~ max(O,o(T,))- ~ Nv(Ti) 
i=1 i = 1  

_->o(7)-[4m(,2(U))+ i=I~Nu(7i)] ' (byLemma 6.2) 
= Q(7)-- Nv(?). [] 

Finally, using Lemma 6,4 we can prove that  the renormalized Feynman  
in tegrand/~r  satisfies the IR-condit ions (II). 

Theorem 3. Let  F be a 1PI Feynman diagram having m loops and 

/AD'",/Ar,  Vl~ ' " , / )d ,  

r + d = m, be an arbitrary basis o f  SY, the set o f  all 1 L, L e  ~q~r and of  all k[ for all 1PI 
subdiagrams 7 of  F and L ~ .  Let  H~2gg be given by variable (v 1 . . . .  ,vd) and 
constant (ul, . . ., u,), and U a F-forest which is complete on H. Then ~ v  of  Lemma 5.1 
satisfies 

degr~l ~Xv(k(u, v, q), q; s, #, a)[~ = 1 > - 4r,  (6.18) 

hence 

degralv/~r(k(u, v, q), q; s, #, a)[~= 1 + 4r > 0. (6.19) 

This means that  the IR-convergence conditions (II) are satisfied, and Theorem 
1 is proved. 

Proof  o f  Theorem 3. We must  show that  

degr;,Iv ( 1 - "~r) Yr(kr(u, v, q), qr ; s r, #, a)[qr = q. sr = 1 > - 4r. 

At first, note that  the denominator  of zr ~'r is independent of qr and of s r -  1. Using 
Lemma 6.4.2, we get 

degra v ~r ~'r(kr(u, v, q), qr; s r, #, a)lqr =q, sr = 1 

-> degr~lqrv(sr_ 1)'~r ~'r(kr(u, v, q), qr; s r, #, a) > - 4r . 

All what  remains to prove is that  

degr+l~ ~r(kr(u, v, q), qr; s r, #, a)lq~=q.s~= 1 > - 4r. (6.20) 

Let 71,..-, 7c be the maximal  elements of U(F), so that  

~'r(kr, qr ;sr ,# ,a)=fr (v ) (kr ,  qr;sr,  p ,a )+  ~ S f ~ ~k '~ "~"'s 'i " a' 
i = l  

1. Suppose that  F(U) is variable. Then Nv(F  ) = ~ Nv(?i ) ~ 4r ( =  holding only 
if Nv(F  ) :4: 0). Using i= 1 

degr~lolrw)(kr(u, v, q), qr; s r, #, a) => 0 
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and L e m m a  6.4.2, we get 

degrajvt'r(kr(u, v, q), qr ; s r, #, a)lqr=q.s~= l 

> degralvfrw)(kr(u, v, q), qr; r s , #, a)lqr = q,s~ = 1 

+ ~ degr~rqrv~,r- 1)Sr¢r, ~i(kr'( u, v, q), q~'; s ~', p, a)> - 4 r .  
i = l  - -  

2. Suppose  that  F(U) is constant.  
Take all mutual ly disjoint, connected subdiagrams -4o,---,/lb of /~/71-.-7c 

spanned by the q-lines and all lines L6 5Q-w) satisfying 

kL(O, O, q) + qL(q) + O . 

Furthermore ,  let 21 . . . .  ,2e be the elements of {71,...,7c} which corresponds in 
F/7~ . . . .  , yv to vertices not  contained in ~ o u . . .  u ~ b ,  and let ql ,- . . ,  Ql ~ {Ta, .-., 7~} 
the remaining ones, i.e. 

{ ~  . . . .  , et}w{21, ..., 2e} = {?a, ..., ~} I + e = c .  

At first, the following lower bounds  on the IR-degrees can be given. 
a) The denomina tor  of Sr¢o, ~ ,  is independent  of  qr and s r -  1, hence 

degral~Sr~o, Ye,(kQ'(u, v, q), qO~; s% #, a){qr =o, sr = 1 

> degr_~lqr~t~r - 1)Sr4e, Yo,(kQ'( u, v, q), qe'; s% #, a) 

> -Nv(ez) ( = h o l d i n g  only if Nv(e, )=0) ,  (by L e m m a  6.4). 

b) For  0, variable, using the same arguments  as for (6.17), 

degr~l~Sr(1-4Q) ~'Q,(kO'(u, v, q), qQ*; s °', #, a)Iqr =q,~ = 1 

> degr~lq~{~- 1) St(1 - ~Q,) ~,(kQ'(u, v, q), q°*; s% #, a) 

> - - N v ( & )  ( = h o l d i n g  only if Nv(e3=O), (by L e m m a  6.4). 

c) Fo r  every 2~,..., 2¢ 

q~'= qX'(kr(u, v, q), qr)lqr =q = q~(u) 

is a linear function, hence 

degralvSr~ xfi'z,(kX'(u, v, q), q~; s ~, # ,  a)]qr=q,sr- 1 = 0 

> degr~q~k~,_ ~)1~ ~z, ~'z,(k~(u, v, q), q~'; s ~', #, a) 

> max(O, ~(2~))- Nv(2i), (by L e m m a  6.4) 

and for 2-JU) variable 

degral~ St(1 - ~ ~,) ~,(kZ'(u, v, q), qa'; s ~, #, a)l~r = ~,sr_ ~ = o 

> degr,q~(~,_ 1)1~(1 - "~z) ~'z,(ka'( u, v, q), qZ,; sZ,, #, a) 

>max(0 ,  ¢(2i))-  Nv(2i) (by L e m m a  6.4). 
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Next, we use the inequalities a)-c) to conclude the proof of Theorem 3. By 
assumption, the external momenta o f f  are non-exceptional, and for every internal 
vertex B e Nr, we have r(B) > Q(B) = 4. Applying Lemma 6.1 to 
T =  (/~/71.- .yc)/Ao...Z]b, we get 

degr~lv ~'r(kr(u, v, q), qr; s r,/~, a)lqr =q,sF = 1 

> degr,lv[rw)(kr(u, v, q), q; s r, #, a)[sr = 1 
l 

+ 2 degr~l~Srf(~i) Yo(kQ~( u, v "~ "Q~" s °~ ,, a~l 
i = l  - -  

+ ~ degr.t~Srf(2i) ~'x,(kZ*(u. v, q). qZ,; sZ,. #, a)[qr =q,~ =, 
i = 1  - -  

>-degrflT(kr(u, v =0, q =0), q =0; s=  1, p, a) 
l 

+ ~, ( -Nv (o , ) )+  ~ [max(0,0(2i))-Nv(23] 
i = l  i = 1  

=r(T)-4m(T)+ Z max(0,O(Z,))- ~ Nd~,) 
i = 1  i = 1  

> - [ 4 m ( F ( U ) ) +  i=l~Nv(Ti)] (by Lemma 6.1) 

= - N v ( F ) > = ' - 4 r .  [] 

Conclusions 

We have proposed a renormalization procedure for lattice Feynman integrals 
which applies also in presence of zero-mass propagators. The method is a fusion of 
the lattice version of the BPHZ renormalization prescription [4] and the auxiliary 
mass method of Lowenstein and Zimmermann [9, 10]. It applies to a wide class of 
lattice field theories. Under very general conditions, the renormalized theory is IR- 
convergent for every finite lattice spacing, and the continuum limit exists. The set 
of renormalizable, IR-finite theories is constrained by the condition that all 
vertices should have an IR-degree not less than four. Apart from the possibility of 
massless propagators, the assumptions on the structure of momentum space 
Feynman integrals are the same as in the massive case [4]. The integrand should be 
periodic with the Brillouin zone in all the momenta, a property which is reflected 
by the fact that the counterterms are also periodic. The propagators are assumed 
to have only one pole in the Brillouin zone. In particular, the renormalization 
program does not work for lattice fermions whose propagators have poles on the 
boundary of the Brillouin zone. Furthermore, the integrand should be differenti- 
able to such a degree that all subtractions necessary to subtract the divergencies 
can be done without problems. 

With respect to universality of perturbation theory and power counting 
renormalizability, the same arguments as in the massive case [4] apply also to 
massless lattice field theories. The continuum limit of the renormalized theory does 
not depend on the specific choice of the lattice action. It is given by the continuum 
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field theory which is described by the (naive) continuum limit of the lattice action 
and is renormalized by the BPHZL finite part prescription [9, 10]. Furthermore, if 
all coupling constants are dimensionless, a lattice field theory is renormalizable by 
power counting if and only if its (formal) continuum limit is renormalizable. Also, 
the counterterm philosophy is the same as in the massive case. After some 
symmetrizations with respect to the external momenta of the Green functions (as 
described in [4, Sect. 4]), the subtractions can always be written as counterterm 
contributions to the lattice action, which can be chosen to be local. 

Actually, we have defined the renormalization procedure for scalar fields only. 
This we have done to simplify the notation. There is no problem to generalize the 
method to fields carrying internal symmetries and spin• This can be done by 
introducing so-called index-distributions in Feynman integrals [4] which associ- 
ate every line ending with a set of symmetry labels. The definitions (2.27), (2.28) of 
divergence degrees are replaced by 

CO(Z~L) = max degh2~zlL(/L, ~L' ilL; S, #, a) 

r(z~L) = min degr~(~_ a)AL(lL, a L, fiE; S, ~, a) 
IL ,  flL 

for every line L and 

A - ma degr{iLiB, VB({IL, eL}B, S, #, a), 

r(gB) -= (mL~ ~ degr(,L~B,,_ 1 , VB({IL, 0~L}B; S, #, a) 

for every vertex B, where the maxima and minima are over all possible symmetry 
labels of line endings at the vertex B. 

Renormalized Green functions depend on the auxiliary masses introduced by 
the subtraction scheme. This dependence may be absorbed by additional finite 
renormalizations satisfying the IR-constraints and leading to equivalent re- 
normalization schemes. For instance, by an appropriate choice, this corresponds 
to subtractions at non-exceptional momenta plus additional finite renormaliza- 
tions at vanishing momentum for two- and three-point functions necessary to get 
IR-finite amplitudes in higher orders. In most applications, these additional 
subtractions are needed only for diagrams with two or three massless external 
lines. 

The renormalization program proposed here applies also to lattice gauge field 
theories. After convenient gauge fixing, such a theory is perturbatively renormaliz- 
able by power counting, i.e. with increasing number of loops the order of 
subtractions needed does not increase, and the continuum limit of the re- 
normalized theory exists. The counterterms needed can always be chosen to be 
local. A priori, only little can be said about their structure. However, if there exists 
a BRS-symmetry on the lattice, the Green functions satisfy the corresponding 
Slavnov-identities. It then should be possible to show that to every order, the 
counterterms needed are of a restricted form which allows the theory to be 
renormalized simply by renormalizing the parameters in the original lattice action. 
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Appendix. Properties of Lattice Degrees 

In this appendix we list those properties of the IR- and UV-degrees defined in 
Sect. 2.3 which are permanently used in the text without  explicit reference. They 
are direct consequences of the definitions. 

Let V ~  ~ be of the form (2A8). Then 

degr~(~_ 1)1~ V(u, v, q, ~; s, #, a)lq= o.~- ~ = o => degr~(s_ 1)l~V(u, v, q, 77; s, #, a) , (A 1) 

degr~lq~(~_ I)V(u, v, q, 77; s, #, a)lq = o,~- ~ : o => degr~lq~(~- ,)V(u, v, q, ~; s, #, a) ," " " 

and 
degr~ V(u, v, q, 7:t; s, #, a)lq = o, ~ = o = d e g r ~  V(u, v, q, 77; s, #, a)] o = o,~ = o 

__< d e g r ~  V (u, v, q, 77; s, #, a) , (A.2) 

degr~V(u, v, q, 77; s, #, a)lq = o,,= o < degr~V(u, v, q, 77; s, #, a). 

The degrees of derivatives and of sums and products of functions of the 
function class ~ satisfy inequalities which are direct generalizations of the 
corresponding inequalities for the UV- and IR-degrees with respect to the 
momenta  only, as given in [3, Lemma 2.2] and [6, Lemma 2.1], respectively. 

Let F,F~, ...,F~ be of the form (2.19). Then 

and 

,t,,.eeralvq(s_ 1) i__z_,l -- i= 1 . . . . .  e - -  
F i>  rain degr~loq(~_l)Fi, 

degr¢~(~_ ~)1~ i~1 i= 1 . . . . . .  - -  
Fi> min degr~(~_l)loF/, 

degr~l,q(~-l) I~ Fi> ~ degralvq(~-l)Fi, 
i = 1  i = 1  - -  

degr~(,-1)l~ I~ Fi> ~ degr~(~-ni ,Fi ,  
i = I  i = l  - -  

degr~s ~ Fi__< 
i = 1  

d e g r ~  ( I  F iN 
i = 1  

max degr~Fi, 
i = 1  . . . .  , e  

~ d e g r ~ s F i .  
i = 1  

Furthermore,  for every b e No = {0, 1, 2 . . . .  } and l = (11, ..., Iw) e N~', we have 

0 b 0l 
degr~lqo(~- 1) O(s - 1) b 63q t F(u, v, q, 77; s, #, 

ob ~t 
degr~o-  ~)1, O(s-- 1) b Oq ~ F(u, v, q, F1; s, #, 

and 

(A.3) 

(A.4) 

a) > degr~lqv(s_ 1)F(u, v, q, 77; s, #, a), 

(A.5) 

a) > degr~( s_ l)l,F(u, v, q, 77; s, #, a) - (b +]I[), 

0b ~Z 
degr~ ~s b ~q--2 F(u, v, q, 77; s, #, a) <= degr~F(u, v, q, 77; s, #, a), 

~b 01 
degr~s ~ ~ F(u, v, q, 77; s, #, a) < degr~sF(u, v, q, 77; s, #, a) - (b + JIt), 

where Ill= ~ li. 
i = I  

(A.6) 
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Note added in proof. The constraints on the IR-degrees of the vertices imposed by the 
convergence theorems of Sect. 3 may be relaxed somewhat [10]. Namely, there may be at most 
one internal vertex B with an IR-degree r(B) equal to 3. Correspondingly, the IR-subtraction 
degree ~(B) of that vertex must also be equal to 3, i.e. 

r(B) = °(B) = 3. 

(If the external momenta are integrated over, then 3 < 0(B)< r(B)). That is possible because the 
IR-dimensions of the fields satisfy rk > 1. All statements remain true with this modification, and 
the only change is in the proof of Lemma 6.1. 

The generalization will be useful in applications. 


