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HADRONIC STRUCTURE BY INTRODUCING CHEMICAL POTENTIAL 

Eduardo MENDEL 

II. Instltut fur Theoretlsche Physik der Unlversltiit Hamburg, West Germany * 

Hadronic structure can be obtained dynamically by calculating baryon density correlation functions at 
finite chemical potential It. Even though preliminary results show some structure, it is not yet clearly 
identifiable with nucleons due to the early onset with [L of thermodynamic quantities. Analyzing the 
free Fermi gas suggests to take a much finer lattice to improve these results. 

1. INTRODUCTION energy density or the current density: 

In th i s  t a l k  I wi l l  d e s c r i b e  a m e t h o d  to  f ind  

the  fe rmion ic  s t r u c t u r e  fo r  s t a t e s  g e n e r a t e d  by 

QCD on the  l a t t i c e .  Cons ide r ing  th i s  t h e o r y  

at  f in i t e  t e m p e r a t u r e  and chemica l  p o t e n t i a l ,  

i t  wil l  p rov ide  us wi th  dynamical  and e x t e n d e d  

s t a t e s  in a t h e r m a l  s u p e r p o s i t i o n .  

The chemica l  p o t e n t i a l  ~ is c o u p l e d  to  the  

c o n s e r v e d  ba ryon  number  B. The c o r r e s p o n d i n g  

current density, j~ ( x ), is derived from the im- 

proved action at finite chemical potential on 

the lattice, as introduced by Kogut et al. t and 

Hasenfratz and Karsch z, in order to obtain the 

proper continuum limit for various thermody- 

namic quantities 1-a 

The baryon current can then be used to find 

Hadronic structure emerging from QCD, by 

evaluating equal-time correlation functions 

c(r) = < Jo(r) Jo(O) > p.~ (1) 

in a t h e r m a l  s t a t e  a t  f i n i t e  t e m p e r a t u r e  T = p - t  

and chemica l  p o t e n t i a l  [~. The t h e r m a l  s t a t e  is 

o b t a i n e d  as usua l  * by c o n s i d e r i n g  the  f u n c t i o n a l  

i n t e g r a l  over  f i e l d s  wi th  ( a n t i - ) p e r i o d i c  bounda ry  

c o n d i t i o n s  fo r  t he  Euc l idean  t ime  •. 

For  any O p e r a t o r  l ike  t he  c o r r e l a t i o n ,  the  

( O ) B,~ = l / Z  ~n ( n I e -p(H-~B) O J n > (2) 

where  the  e x p e c t a t i o n  fo r  each dynamica l  s t a t e  

tn> is w e i g h t e d  by the  a p p r o p r i a t e  Bo l t zmann  

f a c t o r  fo r  a given energy  and ne t  ba ryon  number .  

For  low t e m p e r a t u r e  and zero  ~, we e x p e c t  j u s t  

the  vacuum s t a t e  I~)) wi th  some sma l l  a d m i x t u r e  

o f  l o w e s t  meson  s t a t e s  Ira> to  c o n t r i b u t e  to  the  

e x p e c t a t i o n  value  in Eq.(2). As we t u r n  on the  

chemica l  p o t e n t i a l  [~, s t a t e s  wi th  ne t  f e rmion  

number  become i n c r e a s i n g l y  p r o b a b l e  and even 

t h o u g h  ba ryon  s t a t e s  Ib> have a h ighe r  mass  

they  wil l  c o n t r i b u t e  to  the  t h e r m a l  admix tu re .  

These  rb> s t a t e s  shou ld  c o n t r i b u t e  s i g n i f i c a n t l y  

once we reach  a tL o f  the  o r d e r  of  the  nuc leon  

mass .  The idea is t hen  to  s tudy  the  c o r r e l a t i o n  

as a f u n c t i o n  o f  ,~: and f rom t h e r e  e x t r a c t  the  

d i s t r i b u t i o n  o f  f e r m i o n s  in baryons .  At  h igher  

one cou ld  s tudy  the  de c on f ine d  c o r r e l a t i o n s .  

C o n t r a r y  to  t h e s e  e x p e c t a t i o n s  i t  has been 

found  s , fo r  qu i te  c o a r s e  and quenched  l a t t i c e s ,  

t h a t  s eve ra l  t h e r m o d y n a m i c  q u a n t i t i e s  behave 

with  f in i t e  ~ as if  c o n t r o l l e d  by f e r m i o n s  wi th  

ha l f  the  pion mass .  In the  s t r o n g  coup l ing  l imi t  

it  has been found  6 t h a t  t h i s  behav io r  can be 

improved  by c o n s i d e r i n g  the  fu l l  unquenched  

p r o b l e m ,  even t h o u g h  one s t i l l  does  no t  f ind 
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baryons but a phase full of fermions. Attempts 

are being made, as reported in this meeting by 

Barbour and collaborators z to try to include the 

complex determinant at intermediate couplings 

which is very hard due to phase fluctuations. 

On the other extreme of very weak coupling, 

the theory approaches the free fermi gas limit 

in which the determinant cancels trivially for 

any expectation value. For this case we will see 

that the proper continuum limit is reached for 

several thermodynamic quantities, but the rate 

of convergence as we take finer lattices is slow. 

In fact, for an 8 4 lattice the results are still off by 

I00 X from the continuum due to big a 2 corrections 

and the spectrum of states can be quite distorted 

on these coarse lattices. In the interacting case 

this implies that as we move from the strong 

coupling regime to the weak scaling one {while 

keeping a low temperature and big enough volume) 

the states could shift so as not to allow the state 

that produces the unexpected onset that seems 

controlled by a Goldstone mode. In fact for a 

coupling of 6.0 the results for the number density 

seem already compatible with a mass mN/3 but 

for this coupling still larger lattices are required. 

In the next Section we describe the method to 

obtain the observables on the lattice, in Sec. 3 we 

discuss the lattice artifacts for the free fermi gas 

and in Sec.4 we show results for interacting case. 

2. LATTICE METHODS 

Let me describe the procedure that was used 

to calculate on the lattice the expectation value 

for several operators, like for the correlation in 

Eq.(1): 

c(r) = 1 / z  f Du D× D~ j0(r) Jo(O) e -s(l~.~) (3) 

where  the  ac t i on  S fo r  t he  pe r iod  13 is 

S = 6 / g  2 ~ a q ( . 1 - 1 / 3  Re Tr u u u u  ) + S F (4) 

wi th  t he  K o g u t - S u s s k i n d  f e rmion ic  ac t ion :  

SF= ~x { m~x)Cx + I /2 Z r.,(x) x {s) 
, , j  

( e e 

For  p = o th i s  is the  usua l  ac t ion .  Naively one 

would  have c o n s i d e r e d  j u s t  the  l inea r  t e r m  in p 

as in the  con t inuum.  This  can be shown I-3 to  give 

e r r o n e o u s  r e s u l t s  fo r  t he  energy  d e n s i t y  s and 

the  number  de ns i t y  ~j)  fo r  the  f ree  f e rmi  gas.  

The e x p o n e n t i a t e d  fo rm gives the  r i g h t  c o n t i n u u m  

l imi t  in the  f ree  case ,  behaves  p r o p e r l y  in the  

hami l ton{an f o r m a l i s m  and can be i n t e r p r e t e d  as 

an imaginary  gauge  f i e ld  A o . U n f o r t u n a t e l y ,  as 

we wil l  see,  i t  r eaches  the  c o n t i n u u m  very s l owly  

and i t  d i s t o r t s  the  energy  s t a t e s  a t  f i n i t e  p for  

coa r se  l a t t i c e s  by mod i fy ing  the  k ine t i c  energy  

by the  f a c t o r  cosh(pa) .  

The c o n s e r v e d  c u r r e n t d u e  to  U(1) invar iance  

on the  l a t t i c e  gives the  ba ryon  de ns i t y  

{6) 

j4(x)= 1/2 r , (x)(e~ X'xUx.4×x..,L - e-P Xx-, u~:.4 Xx) 

whose  e x p e c t a t i o n  value  can a l so  be o b t a i n e d  

as 1/13v a/c~p In z. 
The fe rmion ic  ac t i on  S F is q u a d r a t i c  in t he  

)~ f i e lds  and so we can p e r f o r m  the  i n t e g r a t i o n  

over  f e rmions  wi th  t he  known r e s u l t s  

f Dx Dx ×i  ×i e~ P - i x  = Pit  de t  p - i  
{7) 

fD× DX •i Xj XkX I e ~ P - I x  = ( PpPlk-PikPls)det P -I 

Both terms in the last expression have to be 

considered for the current correlation. Even in 

the quenched case, in which we neglect fermion 

loops {not proceeding from the currents), we 

could produce meson and baryon states at finite 

temperature and chemical potential as indicated 



310 E. Mendel / Hadronic structure 
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Fig.l. Vacuum diagrams for the correlation c ( x ) .  
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Fig.2. Meson contribution at finite temperature. 
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Fig.3. Baryons produced easier at finite t~ and T. 

diagrammatically in Figures 2 and 3. Although the 

determinant seems to be important at least in the 

strong coupling limit 6 , I have worked in the 

quenched case partly due to the problems, for 

the moment 7, with its inclusion. At finite p it 

is complex, so that standard Montecarlo methods 

cannot be applied and the seemingly crucial 

phase 8 fluctuates wildly. On the other hand, it 

is possible in the quenched case, that, as we move 

to weaker couplings to the scaling regime, and 

therefore to finer lattices, we could approach 

the right behavior for several quantities. 

In the quenched case then, we generate 

equilibrium gauge configurations { u i } with a 

heat bath method and calculate the expectation 

of operators as 

(8) 

( O ) = { O [ P[U i] , U i ] }averaged over conf. 

Given the number of propagators P il needed 

to calculate the current correlation function c(r), 

for each u and t~, the most efficient method of 

inversion is the second order ( P is nonhermitian) 

pseudo-fermion combined with heat bath, which 

can be expl ic i t  ly solved and appl ied to (P + P) -I 

By mul t ip ly ing  the  inver ted  matr ix  by the or ig inal ,  

one gets  ~ 5Z e r ro r  a f t e r  400o i t e r a t ions .  

3. FREE FERMI GAS 

To be able to ex t r ac t  usefu l  i n f o r m a t i o n  f rom 

the data  for the i n t e r ac t i ng  case, it is necessary  

to compare  it to the  behavior  of the free fermi 

gas on the l a t t i ce  where the p dependence  can 

be easi ly  s tudied.  Fur the rmore ,  we will see tha t  

a l ready in the free case there  are large l a t t i ce  

a r t i f ac t s  t h a t  can d i s t o r t  s t r o n g l y  the expected  

s t a t e s ,  as the c u r r e n t  ope ra to r  gets  mixed with 

the kinet ic  energy t e rm in the act ion.  These a 2 

e f fec t s  are very s t rong  for  typical  l a t t i ces  in use 

and could  even produce level c ros s ing  in the 

i n t e r a c t i ng  theory,  leaving unphysica l  con f igu -  

ra t ions  as the lowes t  s t a tes .  

We have looked mainly  at the the rmodynamic  

quan t i t i e s  : f e rmion  dens i ty  j o and fe rmion  energy 

density ~, and also at the chiral condensate (x'x) 

and the current correlation c(r). One finds in the 

free case that the finite volume effect is not so 

important ( compare the highest pair of curves in 

Figs. 4-5), but even in the infinite volume limit 

there are big shifts due to the coarse lattice in 

the ~ direction. In fact. one can parametrize the 

current in terms of physical products comparable 

with the continuum, and finds in an a 2 expansion: 

(9) 
' -I<j > - '~31 = F(~P, m~) ÷ 1/N~ G(~.l~, mW + 

v 

with N p = p/a.  Here the func t i on  F gives the 

c o n t i n u u m  r e s u l t  and the co r rec t ions  to it  are 

s izable  as can be seen in Figs. 4-S. By tak ing  a 

twice f iner  l a t t i ce  while keeping the physical  

pa ramete r s  fixed, we converge  s u b s t a n t i a l l y  to 



E. Mendel / Hadronic structure 311 

the continuum result. The Eq.(9) is important 

in showing that we can directly compare the 

<]> a 3 with the interacting case, by choosing the 

same N ~ and ~a {which does not renormalize} and 

fit for some effective mass ma. 

<J> 

10 

xlO-2 

m = 0 . 3  2 

0 

o ,_ 

I 

0 .I .2 .3 .4 .S 

Fig.4. Permlon density versus i~ for the free fermi 

gas, for several lattices as compared to the con- 
tinuum ( - ) .  The sizes a r e :  8 x { 8  2 x14) as {o), then  
8 x ( 1 6  2 x 2 6 )  a s  ( a ) which is equal  to  m volume,  
a n d  1 6 x ( 3 4  3 ) w i t h  h a l f  l a t t i c e  s p a c i n g  a s  ( • ) .  T h e  

3 x 4  s p e c i e s  f a c t o r  i s  i n c l u d e d  i n  c o n t i n u u m .  F o r  

l a r g e r  ~ t h e  l a t t i c e  c u r v e s  r e a c h  s a t u r a t i o n  a s  i f  

w e  h a d  o n l y  o n e  f l a v o r .  S i m i l a r  s h i f t s  f o r  o t h e r  m .  

E 
6 

S 
x10-2 

4 

3 

2 

l 

m = 0 . 3  

I 

| 

£ 

! 
m i t i i 

0 .1 .2 .3 .4 .5 

Fig.5. Energy density versus tt for the free fermi 

gas ¢ with • at zero la substracted ). for the same 

cases as in fig.4. The corrections to the continuum 

for the current, Aj. are given approx, by b,/tL as 

seen for several masses and temperatures. 

4. RESULTS FOR INTERACTING CASE 

For the moment, I have done simulations for 

an 8x(8 2 x14) lattice, measuring <}>, s, (xx> and 

the correlation c{r) in the spatial {14) direction. 

For coupling of s.7, I have considered two quark 

masses: mq=.03, for which9 mx~.S, m N ~I.5 

and for mq = .I, where m x ~ .9, m N ~ 2.1. For 

a weaker coupling of 6.0, which is very close to 

deconfinement, [ used m q =.04 so that m x ~.S, 

raN~ I.I. The results for the various densities are 

presented in Figs. 6-8. I expect to calculate on a 

16 4 finer lattice and at lower T in the near future. 

<J> 

.10 

.0S 

<~'X>x.l 

.01 
E 

0 

coupl ing= S.7 
mq = 0.03 

i # 

.I .2 .3 .4 .S 

Fig.6. Current{ o), energy{ *) and chlral(4) density 

versus W for a coupling of s.7. Compare~..to the 

free case, they behave as if controlled by m~/2. 
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<~'X>x.l 

.OS 
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.01 
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t coupl ing= 5.7 t t 
mq= 0.1 

i t* I i 

.1 .2 .3 .4 .S tL 

Fig.7. S a m e  a s  i n  f i g . 6 ,  b u t  f o r  h i g h e r  q u a r k  m a s s .  

F o r ~ <  . 4 ,  i t  i s  i n c o n s i s t e n t  w i t h  m ~  / 2  a n d  m o r e  

l i k e l y  c o r r e s p o n d s  t o  a m u c h  h i g h e r  m a s s .  
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<J> 

.05 

<~x>x.1 

.01 

c0upling= 6.0 
mq = 0.04 

+ 

i i i i 

0 .1 .2 .3 .4 .5 

Fig.8. Current( o ) and chiral( 4 ) density versus 

for a coupling of 6.0. For this finer lattice ( but 

T close to deconflnement), the current behaves as 

If controlled byamassof.4 ~mn/3 and notm w/2. 

It  is i m p o r t a n t  to  check if  t h i s  r e s u l t  a t  a f iner  

l a t t i c e ,  in Fig.8 { tha t  shows  p o s s i b l y  t h e  e x p e c t e d  

o n s e t  wi th  m N ), wil l  p e r s i s t  fo r  l a r g e r  Np and V. 

Let me p r e s e n t  now the  r e s u l t s  fo r  the  baryon  

dens i t y  c o r r e l a t i o n ,  c(r}. For  t~--0 we e x p e c t  a 

curve c o r r e s p o n d i n g  to  vacuum p o l a r i z a t i o n  p lus  

a sma l l  a d m i x t u r e  o f  pion s t a t e s  {finite T). As we 

t u rn  on ~, we e x p e c t  a c o n t r i b u t i o n  f rom s t a t e s  

wi th  ne t  f e rmion  number .  I f  t h e s e  s t a t e s  r e s e m b l e  

baryons ,  t h e r e  shou ld  be a pos i t i ve  At(r) over  some 

d i s t a n c e  where  the  o t h e r  two  quarks  are  p r e sen t .  

In Figs.  9-10 we showc=c~r)  and At(r) = c - c o- Q>z. 

c(r) 0 1 2 3 4 r Ac(r) 0 1 2 3 4 r 
0 , , ~  [ 

- . O 1  .01  o g = . 2  
L - q A G 

¢=0 
o 

! 

- . 0 5  .01~ ~=.3 O 

9 ? 

.01[ o o i~=. 4 

! 
0 

C o u p l l n g = S . 7 ,  m = . O 3  

F i g .  9. F e r m i o n  d e n s i t y  c o r r e l a t i o n  v e r s u s  r ,  a t  ~=o  

a n d  s h i f t s  f r o m  i t  a s  w e  i n c r e a s e  ia. E v e n  i f  t h e  

i n d i v i d u a l  e r r o r  b a r s  a r e  o f  t h e  s i z e  o f  t h e  s i g n a l  
for the shifts At(r), there is a consistent positive 

enhancement for short distances, possibly indica- 

ting baryonic state. With growing ~ there sets in 

an oscillation which could be a lattice artifact. 

c(r} 
0 

-.01 

~=0  

- .05 

- .10 

0 I 2 3 4  
• " 6 ~ : 

+ 

C o u p l i n g = 6 . 0 ,  m = . 0 4  

Ac(r) 0 1 2 3 4 r 

.OOS t 11=.1 
o 9 : . • 

.00S} o ~ = . 2  
0 Q A 

.005 t o . 9 11=.3 

.o0~t ° . . . .  .= .4 

t 0 - 0 

F i g . l O .  S a m e  a s  i n  f i g . 9  b u t  f o r  w e a k e r  c o u p l i n g .  

I n  t h i s  c a s e  t h e r e  i s  l e s s  c o r r e l a t i o n , e x c e p t  a t  t h e  

o r i g i n ,  p e r h a p s  i n d i c a t i n g  f r e e  q u a r k s  ( h e r e  w e  a r e  
a l m o s t  a t  d e c o n f i n e m e n t ) .  O s c i l l a t i o n s  a s  i n  f i g . 9 .  

5. CONCLUSIONS 

I have p r e s e n t e d  a m e t h o d  to  e x t r a c t  f e rmion ic  

spa t i a l  d i s t r i b u t i o n s  fo r  the  l o w e s t  ba ryon  s t a t e  

in a t he rma l  e n s e m b l e  at  f in i t e  I~. We have seen 

t h a t  the  known p r o b l e m  of  the  ea r ly  o n s e t  of  the  

c u r r e n t  dens i ty ,  cou ld  be due to  the  f ac t  t h a t  one 

has been working with c o a r s e  l a t t i c e s  in the  s t rong  

coup l ing  regime.  In fac t ,  for  one f iner  l a t t i c e  

(at 6.0) the  e x p e c t e d  o n s e t  seems  c o m p a t i b l e .  

I would  l ike to  thank  fo r  a Lady Davis f e l l o w s h i p  

at  the  Technion  and a DFG c o n t r a c t  in Hamburg .  
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