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A generalandsimpleframeworkfor treatingpathintegralsoncurvedmanifoldsis presented.Thecrucialpointwill be aproduct
ansatzfor the metrictensorandthe quantumhamiltonian,i.e.we shall writegp= ha,JZpvandH= (1 /2m)h~PaPflh’~+V+ it
respectively,aprescriptionwhichweshall call“productform” definition.Thep,,, arehermitianmomentaandit Vis awell-defined
quantumcorrection.We shallshowthatthis ansatz,whichlooksquite special,is in fact — underreasonableassumptionsin quan-
tum mechanics— averygeneralone.We shallderivethelagrangianpathintegralin the“product form” definition andshall also
provethattheSchrodingerequationcanbederivedfromthecorrespondingshort-timekernel. Weshall discussbrieflyanappli-
cationofthis prescriptionto theproblemof freequantummotionon thePoincaréupperhalf-plane.

1. Introduction

Many problemsin theoreticalphysicsmakeit desirableto havea preciseandcomfortableformulation of
pathintegralson curvedmanifolds.Approachestowardsageneraltheoryexistdueto DeWitt [1], McLaughlin
andSchulman[2], DowkerandMayes [3], Mizrahi [4], GervaisandJevicki [5], Omote [6], Marinov [7],
Lee [8] andGroscheandSteiner [9]. Let us recall first the most importantfacts.

Westartwiththegenericcasewherethetime dependentSchrodingerequationin someriemannianmanifold
M with metricgap andline elementds2 g~~qa~qPis givenby

(_~~LB+v(q))w(q;t)=~~w(q;t). (1)

i~vis somestatefunction,definedin the Hilbert spaceL2(M) — the spaceof all squareintegrablefunctionsin
the senseof the scalarproduct

(f,f
2)=

[g:= det(g~),f1, feL
2(M)] and~ LB is the Laplace—Beltramioperator

LB g “O~gI2gaPop =gaP~~8~+g’~(8a ln~/~)8,,+g”~,~8p

(implicit sumsover repeatedindicesare understood).
ThehamiltonianH:= — (h2/2m)/~LB+V(q) is usuallydefinedin somedensesubsetD(H)~L2(M),such

thatH is selfadjoint.In contrastto thetimeindependentSchrodingerequationH~=EW,which isaneigenvalue
problem,andeq. (1) whicharebothdefinedon D(H), theunitaryoperatorU(T) :__e_1TJ~’/’*describesthetime
evolutionof arbitrarystatesweL2 (M) (time-evolutionoperator);H is theinfinitesimalgeneratorof U. The
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Weonly considersystemswhichsuchasimplestructure;seeref. [4] forageneralisation.
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time evolutionfor somestatew reads: I w(t” )> = e ~ I w(t’)> (T=t” — t’). Rewriting the time evolution
with U( T) asan integraloperatorwe get

w(q”; t” ) = J ~ q’; T)~(q’;I’) dq’, (2)

whereK( T) is thecelebratedFeynmankernel.Eqs. (1) and (2) are connected.Havingan explicit expression
for K(T) in (2) onecan derivein the limit T=e—+0 eq. (1). This, on the otherhand provesthat K(T) is
indeedthecorrect integralkernelcorrespondingto U(T). A rigorousproof includes,of course,the checkof
the selfadjointnessof H, i.e. H=H*.

It wasFeynman’s(andDirac’s) genius [10] to seethat K( T) canbe expressedas a sumoverall possible
pathsconnectingthe points q’ andq” with weight factorexp[(i/h )S(q”, q’; T)] whereS is the action,i.e.

~ exp[(i/h)S(q”,q’;T)] . (3)
all paths

In the caseof a euclideanspace,wheregap=öap,Sis just the classicalaction,

S~1=J[~m42_V(q)]dt=$5tci(q,4)dt,

andwegetexplicitly [i~q°~:=(q°~_q°~), qU)=q(j3), t~=t’+je, e=(t” —t’)/N, N—~,d=dimensionof the
euclideanspace]:

K(q”,q’; T)= urn (~- )Nd/

2N~~

1l $ dq0)exp[~j~(~/~2qw_ev(qo)))]. (4)

For aproofseee.g. refs. [11,121.
For an arbitrarymetricgap thingsare unfortunatelynot so easy.The first formulation for this case is due

to DeWitt [1]. His result reads

K(q”,q’; T)= J fgDq(t)exp[~$(~mgap(q)4c54fi_V(q)+~_~)dt]

Nd/2 _______ N

:=lim (~-~h) ~11$ \/g(q(J)) dq°~exp[~~ (~gap(qd1_1))Aqi~qPw

_eV(qU_)+~~R(q~1_U))] (5)

(R=g0~(f’~p,~_f’ y~fl,a+F~~r~—[‘~,,I’~~):scalar curvature; P~,~ Christoffel sym-
bols). Two commentsare in order:

(1) Eq. (5) hasthe form (3) but the correspondingS=f.~dtis not the classicalaction,respectivelythe
langrangian2is not the classicallagrangianZ ( q, 4) = ~mg~p4a4P_V( q), but ratheran effectiveone:
5eff $2effdtm $(.2~l_L~VDew)dt. (6)

Thequantumcorrection~ VD~W= — (h2/6m)R is indispensiblein orderto derivefrom thetimeevolution(2)
theSchrodingerequation(1), seealsoref. [13]. Theappearanceof a quantumcorrection~V is averygeneral
featureforpathintegralsdefinedon curvedmanifolds;but,of course,~V—~h2 dependsonthe latticedefinition.

(2) A specificlattice definitionhasbeenchosen.Themetric termsin theactionare evaluatedat the “pre-
point” q ~ ‘~. Changingthelatticedefinition, i.e. evaluationof themetrictermsat otherpoints,e.g. the“post-
point” q ~ or the“midpoint” ~i (I) := ~ (qU) + q ~ )) changesz~V, becausein a Taylorexpansionof therelevant
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terms,all termsof 0 (~)contributeto the path integral.This fact is particularlyimportantin the expansion
of the kinetic term in the lagrangian,wherewe havet&4q 0)/ 0(e).

A very convenientlattice prescriptionis the midpointdefinition, which is connectedto the Weyl-ordering
prescriptionin the hamiltonianH. Let usdiscussthis prescriptionin somedetail.First wehaveto construct
momentumoperators[14]:

—~“_~---+E~\r_8l11~~ (7Pa ‘,,äq” 2)’ a oqa

which are hermitianwith respectto the scalarproduct (Jj, f2) = f jjf~.fgdq. In termsof the momentumop-
erators(7) we rewriteH by usingthe Weyl-orderingprescription[4,8,9] (W= Weyl):

H(p,q)= ±~~ (8)

In eq. (8) a well-defined quantumcorrectionappearswhich is givenby [4,6,9]

= ~— (g~flfô~~j3~—R)= [gaPr~~rp ±2(gaPf~~),+g’~~~p]. (9)

Usingthe Trotterformula e it(A +B) = s-limN.~,.(e1’e itB/N)N [121 andthe short-timeapproximationfor
the matrix element<q” I e~EI~’~~I q’> oneobtainsthe hamiltonianpath integral

N—I f N ~‘ d (J) N

K(q”,q’;T)=[g(q’)g(q”)J~4 fl jdq0)flj ~ dexP(~,~l~[/~qO)pO).~f2(pO),~7(J))]). (10)
j=I j=I (L7t) ‘ij=l

The effectivehamiltonianto beusedin thepath integral (10) reads

,~(pU), ~U))= ±gaP (GO) )p~Wp,~i)+ V(~0~)+t~Vw(t7”~). (11)

Themidpoint prescriptionarisesherein a verynaturalway, as a consequenceof the Weyl-orderingprescrip-
tion. It is a generalfeaturethat orderingprescriptionsleadto specific lattices~2• Thelagrangianpathintegral
reads(MP= midpoint):

K(q”, q’; T)= [g(q’)g(q”)]”4 j’ .~/~Dq(t)exp(~J ,~ff(q,4) dt)

Nd/2 N—I N ______

~ (j~ JdqW)fl ,~/g(L7~~~)

xexP[~~ (12)

Eq. (12) is equivalentwith (5). This is dueto the factthatdifferent latticesdefinedifferent~ V.
It is straightforwardbut tedious(seee.g. ref. [6]) to deducefrom the short-timekernelof (12) andthe

time evolutionequationthe Schrodingerequation(1).
In our previouspublications[9,17,18], we havecalculatedthe path integral for the d-dimensionalrotator

(includinga discussionof someotherinterestingproblems),thepathintegralon thePoincaréupperhalf-plane
andfor Liouville quantummechanics,andfor the d-dimensionalpseudosphere,respectively.Themidpoint
prescriptionturnedoutto be a bit bothersome,suchthatwe havealwaysturnedto a pathintegraldefinedin

S2 Fora generaldiscussionseee.g.refs. [15,16].
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a “product form”. This was possiblebecausethe metric gap in the aboveexampleshad the generalform
gap(q)=f~(q)ö~ô,,~with functionsj; (y= 1, ..., d). Wethenhavechangedin (12) themetric expressionsas
follows,

~ (13)

This prescription has to be accompaniedby a Taylor expansion in the kinetic energy term

(m/2e )g~p(~(i) )~qa~O)~qP~(J)up to fourth order in i~q. This formulation turnedout to be moreappropriate
to our problems.

Ourpaperis organisedas follows:
In section2 we shall developthe preciseformulationof the “product form”-definition in the pathintegral.

We shall write the metric tensorgap in the form (“product form”)

gap=hayhpy, (14)

andthe hamiltonian(“product ordering”)

H= ~ (15)

witha well-definedquantumcorrection~ V. Weshallshowthat thisansatz,which looksquite special,is natural
for reasonablemanifoldsM. An expressionlike (14) for themetric appearse.g.also in latticegaugetheories.
hap canbeidentifiedin thiscasewiththeMaurer—Cartanform a(seee.g. ref. [19]). In (super)gravity theories
hap is alsodenotedasthe “vielbein”. We shallalsoprovethatwith K( T) in the “productform”-definition the
time-dependentSchrodingerequationcanbederived.

In section3 weshalldiscussthe “productform”-definition for theexampleof quantummotion on thePoin-
careupperhalf plane.

Section4 will summarizeour results.

2. The productform

In orderto developthe “productform”-definition inpathintegralsweconsiderthegenericcaseof aclassical
lagrangianon thed-dimensionalmanifold M givenby Z = ~mgap(q)jja4P~We assumethat the metrictensor
hap is realandsymmetricandhasrank(gap)=d, i.e. wehaveno constraintson the coordinates.Thus onecan
alwaysfind a lineartransformationC:q~,= CapYpsuchthat Z = ~mAapr j~Pwith Aap Gay,gyoC’opandwhereA
is diagonal. C has the form Cap ~ where the u~ (fle { 1, ..., d}) are the eigenvectorsof g~pand
Aapf~dayôp~,whereft ~ 0 (aa{ 1, ..., d}) are the eigenvaluesof gap. Without lossof generalitywe assume
ft<0 for all aa{ 1, ..., d}. (For a time-like coordinateq~onemight havee.g.ft <0, but we wantto exclude
caseslike this.) Thus onecanalwaysfind a representationfor gapwhich reads

gap(q)=hay(q)hpy(q). (16)

Here the hap= CayfyCyp u~f~u~ are realsymmetricdxd matricesandsatisfyhaph~=ö~.Becausethere

existsthe orthogonaltransformationC eq. (16) yieldsfor the y-coordinatesystem(denotedby M~)
Aap(y)f~(y)ôayôpy. (17)

Eq. (17) includes,of course,the specialcasegap=Aap. The square-rootof the determinantof gap, ,.,/~ and
the ChristoffelsFa read in the q-coordinatesystem(denotedby Mq)

ha h 0 ha
\/~=det(hap)=:h, ~ Pa~~+~jj. (18)
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TheLaplace—Beltramioperatorexpressedin the h”~readson

82 8h’~ 8hi~’ h 8
~ =(~v~svoqaoqP+(-~~- hPv+haY + -~havhPv) ~] (19)

andon M~

1 r~2 /c
AMY ~ LI ~fJp,a~LB — 12 I ~ .2 ~ i- — LJa,a ~

JaLUya \Jp ~~Ya

With the help of themomentumoperators(18) we rewrite the hamiltonianin the “product-ordering”form
(PF= product-form)

H=— ~—/~~~+V(q)= ~ (21)

with the well-definedquantumcorrection

~ ~- [4haYh +2haYhfly!it +2haY(hflY ?!~~+hfl!L.~)haYhPv!L~i~.P] (22)

On M~the correspondingEtV~ is given by

i~V~=~~[(~a)2 4f~aa+ 4~9~(2~ Ja)+2(~a)]. (23)

Note thatwe havechosena specificorderingprescriptionof momentumandposition operatorsin the ham-
iltonian (21). Theexpressions(22)and(23) looksomewhatcircumstantial,so weshalldisplaya specialcase
andthe connectionto the quantumcorrectioni~V~which correspondsto the Weyl-orderingprescription.

(1) Let us assumethat Aap is proportionalto theunit tensor,i.e. Aap=f~öap.
The I~V~simplifies to

I~VMY_h2~~~ (4d)f
2a+2ffaa 24PF 8m (

This implies an importantcorollary:
Corollary. Assumethat the metric hasor canbe transformedinto the specialform Aap=Pö~p.If the di-

mensionof the spaceis d= 2, then the quantumcorrectioni~V~vanishes.
An exampleis the Poincaréupperhalf-planeseesection 3.
(2) A comparisonbetween(22) and (9) gives the connectionwith thequantumcorrectioncorresponding

to the Weyl-orderingprescription:

LtV~=LtV~ + i— (2haYha ~ . (25)

In the caseof eq. (17) this yields

L2c2 cc
A rzMy — A iz ~ J a,a JaJa,aa

PF WmA ç4
Ja

Theseequationsoften simplify practical applications.
Nextwe haveto considerthe short-timematrix element <q” I exp[— (i/h) TH] I q’> in order to derive the

pathintegralformulation correspondingto the orderingprescription(21). Weconsiderposition I q> andmo-
mentumeigenstatesI p> with the property
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<q”Iq’>=(g’g”Y~’4ô(q”—q’), <qIp>=(2it)~”2exp[(i/h)pq] . (27)

We havefor the Feynmankernelfor an arbitraryNeIN [which is dueto the half-grouppropertyof U(T), i.e.

U(1
1 +t2)= U(t1)U(t2)]:

K(q”,q’;T)=<q”I exp[—(i/h)TH]Iq’>

~ (28)

We considerthe short-timeapproximationto the matrix element [e= TIN,gO)=g( q0)) }:

<qU)~exp[—(ie/h)H] qU_U> <qU)~l_(if/h)H~qO~)>

U) U_l)]—l/4 if

= (2~)d ~

(29)

The matrix elementof the potential termsis simple,yielding

[ U) U—l)]—l/4
<qU)~J/+~V~~qU_l)> g (2~)d [V(q0))+~V~(qU))]Jexp[(i/h)pL~qU)]dp. (30)

Thechoiceofthe“post point” q0) in thepotentialtermsis notunique.A “prepoint”, “midpoint” ora“product
form” expansionis alsolegitimate.However,changingfrom oneto anotherformulationdoesnotalterthepath
integral,becausedifferencesin the potentialtermsareof 0(f), i.e. of

2 in theshort-timeFeynmankernel
andthereforedo not contribute.

Thekinetic termgives

~ =h~(q°~)h~(qU~)Jdpdq <qU)~p~pp~p><PIg> <qIq°~)>

[ U) U—l)j—I/4

=haY(qU))h~(qU_l)) g (2x)d $exp[(i/h)p1~qW1pappdp. (31)

Thereforewe get for the short-timematrix element(f ~ 1):

[gU)gU_l)]_l/4

<qO)~exp[_(ie/h)H]~qU>~ (
2~)d

xJdpexp(~pL~qU)_.~h~~(qW)hPY(q0~))papp_ ~ V(qU~)—~I~V~(qU))). (32)

The Trotter formula e tT(A+B) s-lim~~,(e_IT~Ne_iTB~~)~~’[12] statesthat all approximationsin eqs.
(28)—(32) are valid in thelimit N—+~ andwe get for thehamiltonianpath integralin the “product form”
definition [h~_h~p(qU))]
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N-I NdU)
K(q”,q’;fl=[g(q’)g(q”)}1/4 lim (n J dq0~xfl ~ d)

N~oo ji ~j=i (27t)

xexP[~~(pt~qcJ)_ h1xv~0)hP~U_UpaU)py)_EV(qW)_thV~t.J(qW))]. (33)

Performingthe momentumintegrationsweget for the lagrangianpathintegralin the“productform” definition:

K(q”,q’; T)= Jv~Dq(t)exp(~j$[~mhayhp4”4P_V(q)—i~V~(q)] dt)

m Nd/2N
1 _______:=lim() ~u

x exp[-~~ (~hghhqa~wAqfl~0)_EV(q0))_thV~(q0)))]. (34)
~ 2~

In the laststepwehavetocheckthat theSchödingerequation(1) canbededucedfrom theshort-timekernel
of eq. (34). Thisis, as for eqs.(5) and (12), straightforwardbut tedious.Becauseone canalwaystransform
from the q-coordinatesto the y-coordinates,which is a linear orthogonaltransformationandthusdoesnot
produceany quantumcorrectionin the path integral (34) definedon M,,, we shall usein the following the
representationof eq. (17). Werestrictourselvesto theproof thatthe short-timekernelsof eqs.(12) and(34)
are equivalent,i.e. we haveto show (y= (y” +y’ )/2) ~:

[g(y’ )g(y” )]_I/4 ~ (~)exP( Aap(j~)Ltya1~yP_ ~ V(}’) ~L~VW(Y))

~ V(Y”)_~L~V~(Y”)]). (35)

Clearly, exp[ — (if/h) V(~)]~exp[ — (if/h) V(y” ) I for the potential term. It sufficesto showthat a Taylor
expansionof theg andthe kinetic energytermson theleft-handside of eq. (35) yield anadditionalpotential
i~Vgiven by

(36)

Weconsidertheg-termson the left-handsideof eq. (35) andexpandthemin a Taylor-seriesaroundy’. This
gives ~

[g(y’)g(y”)]”~~/~~l— ~ (37)

Exploiting the path integralidentity (seee.g. refs. [2,5,201)

~ (38)

we getby exponentiatingthe 0(E)-terms,

~ ih(fafa~~~Pa~) - (39)

We usethesymbol (followingDeWitt [1]) todenote“equivalenceasfarasusein thepathintegral is concerned”.
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Repeatingthe sameprocedurefor the exponentialtermgives

exP(~hAaflcv)~~fl) _~exP(~ fa(Y’)fa(Y”)t~c~) (l ~ ~ (40)

Notethatwe haveto respectthe “product form” definition in the kinetic term on the right-handsideof eq.
(4). We usethe path integral identity (seee.g. refs. [2,5,20])

~ (~)
2(gaPg~t+gavgps+gaogflv) (41)

to get

exp(~Aap 7)~~~P)exP(~fa (32’ )fa (y” )~‘~) exp(~f ~ + 74~’~X~C~). (42)

Combiningeqs.(39) and (42) yieldsthe additionalpotential/~V and eq. (35) is proven.Thus weconclude
that the path integral (34) is well-definedandis the correctpathintegralcorrespondingto the Schrodinger
equation (1).

3. Example

In this sectionwewant to illustrate eq. (34) with anexample:the quantummotion on thePoincaréupper
half-plane U which is defined by

U:={~=x+iyIy>0,xe~R}. (43)

The study of this space(particularly in boundeddomains)arisesin the Polyakovapproachof stringtheory
(seee.g. refs. [21,22]), andin the theoryof quantumchaos [23—25].

A detaileddiscussionof the pathintegralon U hasbeengiven in ref. [17], so we just statetheresults.The
metricinU isgivenby gap=Aap=(1 /y2)öap It hastheformga,,=f2ô~,.,,withf= l/y. Wecanimmediatelyapply
the corollary of section2 and deducethat i~V~= 0. Thus the path integral in the “productform” readson
the Poincaréupperhalf plane:

K(x”, x’, y”, y’; T) = $ Dx(t)Dy(t) exp(~~ ~2+~2 dt)

( m \NNI 7~wdyw urn N ~2xU)+~2yU)\

=~‘~ ~2~ndl) 3U J J yU)
2 exp~—~~yU)yU_l) )~ (44)

Thepath integralcanbe calculated(for detailsof the calculation,especiallyfor the simulaneousspace-time
transformationwhich hasto be done,seeref. [17]) yielding

K(x”,y”,x’,y’; T)= -~ Jdk$ dPPsinh1~Pexp(_~,~(p2+~))

~ (45)

(K~is a modified Besselfunction). The energydependentGreenfunction G(E)= fK(T) exp[(i/h) TE] dT
is explicitly given by
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G(x”, x’, y”, y’; E)= ~.~Lj,2÷1~(coshr) , (46)

p .,/2rnE—~>0, 4 a Legendrefunctionof thesecondkind, andr> 1 is the hyperbolicdistancein U, which
reads

h — y”
2+y’2+(x”—x’)2 —1+ IC”—C’12cos r— 2y’y” — 2Im(~’)Im(C”)

Fordetailsconcerningthe wavefunctionsandtheconnectionof thisproblemtoLiouville quantummechanics
consultref. [17].

4. Summary

In this paperwehavepresenteda generalandsimpleprescriptionfor treatingpathintegralson cruvedman-
ifolds which we call “product form” definition. In order to formulateour prescriptionwe havewritten the
metric tensorgap in the form

gap(q)=hay(q)hpy(q). (48)

Thenthe hamiltonianin the “productordering” is given by

H=— —L~+V(q)= ~ (49)

wherethe canonicalmomentaare definedin (18), andthe quantumcorrectionreads

AV~= ~_ [4haYhP +2haYhfr +2haY(hflv,!~+h~!1~)_h~~’hPvh,ah,p] (50)

Startingwith the hamiltonian(49), the langrangianpathintegralin the “productform” defmitioncanbede-
ducedyielding

K(q”,q’; T)= j’~.~/~Dq(t)exp(~j’[~mhayhp~r4P_V(q)_AV~(q)]dt), (51)

with lattice definition (34). We havestateda corallary, namelyif gap readsor canbe transformedinto the
form Aap=f2ôapwith some functionf andthe dimensionof the riemannianspacesis d=2, thenwe have
AV~= 0. Our exampleof anapplicationof the“product form” definition hasbeenthe quantummotion on
thePoincaréupperhalf-planeU endowedwith thehyperbolicmetric. In this casewe couldapplyour corollary
andfoundAV~=0on U.

Furtherexamplesare, as alreadynotedin the introduction,thed-dimensionalsphere5(~~I, d-dimensional
polarcoordinates,the pseudosphereA’~1,andpathintegralsin latticegaugetheories.A detaileddiscussionof
theseexamplesis ratherlengthy andthereforewill begiven elsewhere.

In a forthcomingpublicationweshall applythe “product form” definitionalsoto thepathintegralproblem
of the Poincarédiscandthe hyperbolicstrip.

We think that the direct useof the “product form” definition in path integralswill simplify calculations.
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