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The form factor FA(0) in n-~evy is calculated, at the soft pion point, directly from data on the semileptonic x-lepton decays 
x~v~+ nn, which determine the relevant vector and axial-vector hadronic spectral functions. The reliability of this calculation is 
assessed by using these fitted spectral functions to check the saturation of the first two Weinberg sum rules. The results are: 
FA(0) =0.017 + 0.001 _+0.004, and 7(0) ~-F~(O)/Fv(O) =0.67_+0.04_+0.16. 

Considerable  exper imenta l  and theoret ical  atten- 
t ion has been devoted  in the past  to the radia t ive  de- 
cay o f  the pion:  n + ( p ) ~ v e ( k ) + e + ( k  ' ) +  y(E, q), as 
this process serves as a unique testing ground o f  the 
low energy structure of  Q C D  (for reviews see refs. 
[ 1,2 ] ). Since the inner  bremsst rahlung ( IB)  from e ÷ 
or n ÷ is calculable in QED, this decay essentially 
probes the structure dependent  (SD)  piece o f  the 
ampl i tude  associated to the vector  and axial-vector  
A S =  0 weak hadronic  current.  This SD ampl i tude  in- 
volves two a pr ior i  unknown form factors Fv  and FA, 
tO be def ined more  precisely below. Theoret ical ly,  Fv  
may  be related through CVC to the form factor in 
n ° ~ y )  ' [ 3 ] which is accurately described by the chiral 
anomaly  [4] .  Concerning FA, or equivalent ly  
7 = - FAFv,  there is a wide variety of  predic t ions  from 
e.g. the quark model  [ 5 ], the l inear  cr model  [ 6 ], etc., 
and, more pert inent  to make contact with QCD, from 
Q C D  sum rules [ 7 ], chiral  symmet ry  [ 8 ] and cur- 
rent algebra [ 9 ]. F rom the last two methods one finds 
7~0 .5 ,  while o ther  predic t ions  span the range 
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- 1 ~< y~< 1.5. The latest two exper imenta l  results are 
(earl ier  experimental  results are reviewed in ref. [2] ) 

7=0.7+_0.5 (1)  

from SIN [ 10 ], and 

7 = 0 . 2 5 + 0 . 1 2  (2 )  

from L A M P F  [ 11 ], while the world average stands 
now at [ 11 ] 

7=0.39_+0.06 .  (3)  

In this paper  we calculate FA at the soft p ion point,  
i.e. FA(0) ,  direct ly from exper imenta l  da ta  on the 
semileptonic  decays z~v~ + n n [ 12 ]. These da ta  de- 
te rmine  the vector  and axial-vector  hadronic  spectral 
functions entering the expression for FA(0) .  Pre- 
vious current  algebra est imates Of FA (0)  rel ied upon 
theory,  e.g. tree-level chiral lagrangians or  model  pa- 
rametr iza t ions  of  the spectral functions.  Hence, our  
results should be useful to constrain some of  the the- 
oretical  parameters  appear ing there, in addi t ion  to 
being a valuable  test o f  the soft pion expression for 
FA(0)  from exper imenta l  da ta  i n d e p e n d e n t  f r o m  ra- 

d ia t i ve  p i o n  decay.  The rel iabi l i ty  of  our calculation 
may be assessed by analyzing how well do the f i t ted 
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spectral functions saturate the first two Weinberg sum 
rules (WSR) [13]. This analysis was first done in 
ref. [ 14], but we briefly reexamine it here on the light 
of some recent developments [ 15 ]. 

Apart from the IB contribution, radiative pion de- 
cay is described by the on-mass-shell limit of the had- 
tonic amplitude 

M/,,(p, q) lsD = i Jd  4x eiqx 

X <01 T(vEM(x)J(,-)(O) )In + ( p ) )  , (4) 

where V~ M is the electromagnetic current and J~-  ) 
the AS=0 weak ( V - A )  hadronic current. The di- 
mensionless form factors Fv(s)  and FA(s), with 
s=p.q, are defined through 

xf  2f~l,,,(P, q)IsD 

=e~,p~qPp~I~v(S)+i(sg,,--q~p,)FA(S) , (5) 

where f~=93.2 MeV, and the n-intermediate state 
piece in (5) has been removed to combine with the 
IB contribution. Using CVC and the chiral anomaly 
one obtains for Fv (0) [ 3 ] 

f v ( 0 )  = ( 1/,~f2)F~%r (0) = 1/4n 2 . (6) 

Some time ago, claims were made [ 16] of possible 
large deviations of CVC in eq. (6) but they have not 
survived closer scrutiny [ 17 ]. Corrections to eq. (6) 
are expected to be of order O (ma - m~) and thus very 
small [ 17 ]. Turning to FA, current algebra in the soft 
pion limit leads to [ 1 ] 

FA(0) = C ( 0 )  + _]f2 (r~ >,  (7) 

where ( r ~ )  is the EM RMS radius of the pion, and 

2 7 dt 
C ( 0 ) = -  n J T [ I m H v ( t ) - I m I I A ( t ) ]  . (8) 

In eq. (8) / /v (Ha)  is the longitudinal plus trans- 
verse projection of the diagonal two-point function 
involving vector (axial-vector) currents, normalized 
such that the QCD asymptotic freedom limit is 

lim 1 Im Hv,A (t) [ QcD 
t ~  

= ( l / 8 n  2) [ l + c ~ ( t ) / n + O ( c ~  2) ] , (9) 

where o ~ ( t ) / n = - - 2 / ~ l n ( t / A ~ c D )  is the running 
coupling constant with/~ = - ~ for two flavours and 

AQco~ 100 MeV. With this normalization the first 
two Weinberg sum rules, in the chiral limit, read 

/Tv ( t ) - - I m  HA (t) ] = f ~  (10) 
o 

-1 n Jd t  t [ Im Hv ( t ) - I r a  HA (t)]  = 0 ,  (11) 
o 

where the longitudinal piece of Im HA, i.e. the n-pole, 
has been written explicitly in (10); notice that this 
term does not contribute to C(0)  in eq. (8). 

Recent experimental data [12] on the semilep- 
tonic decays "c--,v~+nn, with n=even  (odd),  allow 
for a determination of the vector (axial-vector) had- 
ronic spectral functions up to the kinematical phase 
space limit t~  3 GeV 2. Fits to these data were done 
in ref. [ 14 ] and used there to study the saturation of 
the WSR (10), ( 11 ). Some improvements to these 
fits were performed in ref. [ 15] by e.g. including 
background contributions to the axial-vector channel 
and using updated values for some of the branching 
ratios. The results of  these latter fits are depicted in 
fig. 1, where for simplicity experimental errors are not 
shown. 

Although the upper limit of integration in eqs. (8),  
(10), ( 11 ) extends to t = oo, in practice it is only nec- 
essary to integrate up to some finite cutoff t=  tc. In 
fact, as it follows from duality, after some threshold 
t=t v'A (in general t~# t~)  the hadronic spectral 
function is expected to merge into its asymptotic QCD 
value (9). Qualitative, a visual inspection of fig. 1 
shows that the data above resonance supports this ex- 
pectation. Quantitatively, this asymptotic freedom 
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Fig. 1. Hadronic spectral functions in the vector (curve (a) ) and 
axial-vector (curve (b)) channels (fit errors are not shown). 
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threshold is an eigenvalue solut ion to the following 
finite energy sum rule ( F E S R )  [ 15,18] 

l +F2( to )  = lo ( to )  I v.~ 
t ~ ' . A  

8 ~ 2  f d t l l m H v ~ ( t )  ( 1 2 )  IV.A ~ " "  

o 

where 

~ ( t o )  = ~ , ( t o ) / J r +  [c~,( to) /~]  2 

X[F3-½fl,-(fl2/fl~)lnln(to/A~cD)] , (13)  

with F3=1.7566. . . ,  and f l 2 = - 1 1 5 / 1 2  for two fla- 
yours. In fig. 2 we show the behav iour  of  the RHS 
and the LHS of  eq. (12)  as a function of  to for the 
spectral funct ions of  fig. 1. Taking into account the 
exper imenta l  errors in the da ta  (for a descr ip t ion  o f  
the error  analysis see ref. [ 18 ] ) one finds stable ei- 
genvalue solutions to eq. (12)  in the range 1.4 
G e V Z < t ~ < l . 7  GeV 2, and  1.75 GeV2<toA<2.25 
GeV 2. 

Fur ther  constraints  on the above dual i ty  regions 
may be obta ined  from an analysis o f  the WSR (10) ,  
(11 ). In a first step we ignore the results from eq. 
( 12 ) just  discussed, and s imply integrate the spectral 
functions 

1 Im Hv,A(t) = _1 Im HV.A ( t )  I F,v~(t~ - - t )  

+(1/8~ta)[l+~(t)/~r+...]O(t--t~).  (14)  

The results shown in figs. 3a and 3b (sol id  curves)  
indicate  a sat isfactory sa tura t ion o f  the two WSR. 
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Fig. 2. The RHS of  the FESR (12)  in the vector  (curve ( a ) )  and  
axia l -vector  (curve  (b )  ) channels ,  together  wi th  the LHS (curve 
(c)). 
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Fig. 3. ( a )  The first WSR (10)  mul t ip l i ed  on both sides by 4~r. 

Curves  (a )  and  (b)  are ob ta ined  using eqs. (14)  and (15 ), re- 
spectively. The straight solid line (c) is the value 4gf~. (b) The 
second WSR ( 11 ) multiplied by 4~r. Curves (a) and (b) are ob- 
tained using eqs. (14) and ( 15 ), respectively. The straight solid 
line (c) is the value 0. 

Next,  we make use of  the informat ion  provided  by 
the FESR ( 12 ) and integrate the spectral functions 

_1 Im Hv ( t ) =  1 Im Hv (t)lv,vO(t'~ - t )  
/T g 

+(1/8~2)[l+ozs(t) /g+.. .]e)(t- t  v) , (15)  

ans I t a l i A ( t )  still given by eq. (14)  since tS>t v. 
Clearly, in this case tc - t 8. The results from this pro- 
cedure are shown in figs. 3a, 3b, as dashed curves, for 
the choice to v = 1.6 GeV 2. Allowing t v to change 
within its dual i ty  range and inspecting the results as 
a function of  tc = t A one finds that  the WSR are sat- 
ura ted  to a very good accuracy for t v ~ 1.50-1.65 
GeV 2 and t¢ - t  8 ~ 1.75-2.25 GeV z. 

Turning to C(0 )  and performing the integrals in 
eq. (8)  for the above ranges of  t v'A one finds quite 
stable results as shown in fig. 4. numerically we obtain 

C ( 0 ) = -  (4.78_+0.13) X 10 -2 , (16)  
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Fig. 4. The func t ion  C ( 0  ), eq. ( 8 ), using eq. ( 15 ) w i th  t v = 1.65 
GeV  2 (curve ( a ) ) ,  and t v = 1.50 GeV  -' ( c u r v e ( b ) ) ,  bo th  fo r  
l , .  = -  t A . 

which  u p o n  us ing ( r ~ ) [ E x p = 0 . 4 4 + 0 . 0 3  fm 2 [19]  

in eq. (7 )  leads to 

FA(0 )  = 0 . 0 1 7  + 0.001 + 0 . 0 0 4 ,  (17 )  

~,(0) = 0.67 + 0.04_+ 0 . 1 6 ,  ( 1 8 )  

where  the first e r ror  c o m e s  f r o m  eq. ( 1 6 )  and  the  

second  one  is due  to the  e x p e r i m e n t a l  u n c e r t a i n t y  in 

( r ]~) .  T h e  d i f fe ren t  p o w e r  weights  o f  the  spectral  

func t ions  in eqs. ( 10 ) ,  ( 11 ) lead  us to expec t  the  first  

W S R  to be  m o r e  accura te ly  sa tu ra ted  than  the  sec- 

ond.  N o t i c e  tha t  unce r t a in t i e s  in the  z-decay da ta  in- 

crease  wi th  energy,  as the  n u m b e r  o f  even ts  

app roaches  zero at the  phase-space  end  point .  Th i s  

expec t a t ion  is fully c o n f i r m e d  by the  analysis.  To  this  

extent  we expect  the  result  f rom eq. (8 ) ,  i.e. eq. ( 16 ), 

to have  a s imi la r  (o r  be t t e r )  accuracy  as the  first  

WSR.  The  fair  ag reemen t  be tween  ~ (0 ) ,  eq. ( 18 ), and  

the  cur ren t  e x p e r i m e n t a l  wor ld  average  (3 )  appears  

to suppor t  the  v i e w  tha t  co r rec t ions  to C V C  in eq. 

( 6 ) ,  and  to the soft p i o n  t h e o r e m  (7 ) ,  shou ld  be  

small .  A m o r e  prec ise  c o m p a r i s o n  w o u l d  h a v e  to 

awai t  i m p r o v e m e n t s  in the  m e a s u r e m e n t s  o f  7 and  

( r ~ ) .  

T h e  au thors  are indeb ted  to the  A R G U S  col labo-  

ra t ion  for  m a k i n g  the i r  z - lep ton  d i s t r ibu t ions  avai l-  

able  to them.  
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