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Abstract. In the following report we describe a method
for calculating the envelope of a particle bunch in
linear coupled storage rings and transport systems in
the presence of transverse and longitudinal space
charge forces using the (canonical) variables x, p,, z,
P, 0 =8 —yt, p, = AE/E, of the fully six-dimensional
formalism. This work is an extension of earlier calcu-
lations on transverse space charge forces [ 1] to include
the synchrotron oscillations. The extension is achieved
by defining a 6-dimensional ellipsoid in the x — p, —
z—p,—0—p, space. The motion of this ellipsoid
under the influence of the external fields and the
instantaneous space charge forces can be described by
six generating orbit vectors which can be combined
into a 6-dimensional matrix B(s). This “bunch-shape
matrix”, B(s), contains complete information about
the configuration of the bunch. The solution of the
equations of motion is carried through in the thin lens
approximation. The formalism can also encompass
acceleration by cavity fields.

1 Introduction

In [1] we described a technique for calculating the
beam envelope in a storage ring when transverse space
charge forces are taken into account. The method
consists of calculating the motion of the 5-dimensional
ellipsoid in the x —p,—z—p,— Ap/p space of the
kinematic variables. The beam envelope at each place
in the ring is obtained by projecting this ellipsoid on
the x — z, x — p, and z — p, planes.

In that paper we dealt only with transverse
(betatron) oscillations.

The aim of the following report is to generalise these
investigations by including the synchrotron oscil-
lations.

To achieve that, additional coordinates ¢ =5 — vyt
and n = AE/E, which describe the longitudinal motion
are introduced. Here ¢ measures the distance of a

particle from the centre of the bunch and # designates
the energy variation with respect to the average energy
E,.
With the complete set x, p,, z, p,, 0, §# wWe are in a
position to provide, in the framework of this 6-
dimensional formalism, a linear analytical technique
which handles the combined external magnetic and
transverse and longitudinal space charge forces in a
consistent canonical manner and which includes con-
sistently and canonically the synchrotron oscillations
in the electric fields of the accelerating cavities.

In Chap. 2 the equations of motion are derived by
a simultaneous treatment of synchrotron and betatron
oscillations taking into account the coupling of the
longitudinal and transverse motion where we assume
at the beginning that the space charge forces are
known. It is shown that these equations may be written
in a canonical form if n is chosen as the generalised
momentum canonical to g.

In order to describe the particle distribution in a
bunch in Chap. 3 we consider a 6-dimensional ellipsoid
in the x—p,—z—p,— o6 —p, space. The motion of
this ellipsoid is described by six generating orbit
vectors which are combined into a 6-dimensional
“bunch-shape-matrix” B(s).

Since this matrix, B(s), contains complete infor-
mation about the configuration of the bunch we are
then in a position to estimate the space charge forces.
This is done in Chap. 4 by calculating the electric fields
in the rest system of the bunch. The space charge forces
are then obtained by a Lorentz transformation into
the laboratory system of the bunch.

In Appendix A some space charge integrals are
investigated.

The solution of the complete equations of motion
containing the transverse and longitudinal space
charge forces is presented in Chap. 5 in the form of
the thin lens approximation. Because these equations
are canonical the corresponding transfer matrix is
symplectic. Thus well known techniques may be used
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to investigate the stability of the motion and eigen-
vector methods may be applied to estimate the tune
shifts.

In Appendix B it is shown that the acceleration by
cavity fields can also be encompassed in this formalism.

The equations so derived could be used to study
both dynamic and stability behaviour of a whole bunch
in transport systems and storage rings.

A summary is presented in Chap. 6.

2 The equations of motion

Our investigation of synchro-betatron oscillations in
the presence of space charge forces begins with a
statement of the equations of motion. We will use the
same variables as those in [2]: x,z,6 =s — vyt and
n=AE/E,, where x and z describe the amplitude of
transverse motion (betatron oscillations), while ¢ and
n describe the longitudinal (synchrotron) oscillations.
Since v, designates the average velocity of the particles,
the quantity o describes the longitudinal separation
of a particle from the centre of the bunch.

The equations for transverse motion have already
been given in [1]. They are:

xX"'=—G;'x+(N+H)z+2HZ
1
+ Fself+K f (213)
Yo Mg’ Uo
"= -G, z+(N—H')yx—2H"X
1
+ Fself+K f (21b)
Yo Mo V3
with
1 e 0B, 0B
- x_ 1% 2.2
2 poc ( ox 0z >xAz_0’ (2.22)
1
H=.--° B (2.2b)
2 poc
0B
g=-° ( > (2.2¢)
pO c ax x=z=0
and
G,=Kl+g; G,=KZ—y; (2.3)

sy =" =%§=é-¢(l P (o Eo)? — 1
(2.4)

and where F5'f and F5°¥ are the space charge forces
in the x and z directions.
In the following we put

1
— M =F x4+ F, (2.5a)
Vo'mo’vo
1
P —F x+F, (2.5b)

Vo'mo'vo

where F.,, F.,, F,., F,, are introduced in Chap. 4.
For now, we only need to use the fact that

sz = FZX' (2‘6)

The quantity f(4) in (2.1) can be developed in a
power series in #:

f=1©0n+310)n+ - (2.7)
with
147
Jn= ﬂo \/7-1-1’] (moc?/E,)?
1 E 1
- . 2.8
Bo e B 282)
—=1'(0) == (2.8b)
0

1 o 2\27]—-1/2
1o =4 [(1+11) (’"EC )]
2\27]-3/2
—ﬂo-(1+n)2-[(1+n>2—<%> }

__LE 12, (2.9a)
"B E B
1

:f” (O) = — f‘t, yz (29b)

To obtain the equations for longitudinal motion we
recall that the field in a cavity can be written in terms
of o as

2
Ecavity = V(S)‘Sin[k'fn'o—kw]; (2.10)

¢ = 0,7 for protons.

Writing the longitudinal space charge forces as

1

— F¥C=F (s)0

E,

the equation for the variation of # is:
4

evi -COS

0

(2.11)

’

2
(p'k‘%'d-{— F,(s)-o. 2.12)

The calculation of F, is given in Chap. 4.
The variation of ¢ = s — vy-t(s) is given by:

, dt
o =1 —UO'ES—;

dl=ds[1+ K, x+ K, z+-:-];

0—1—f[1+1< x+ Kz 4] (2.13)
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from (2.8 and 2.9) we then obtain in linear approxi-
mation:

0 = rsn—(Kyox + K, (.14
Bove
Equations (2.1, 2.12 and 2.14) provide a complete
description of transverse and longitudinal motion in
the presence of space charge forces.
To proceed further, it will be useful to write these
equations in canonical form:

. oH ol
X =;7E’ o=

, 6H , 0H

“op BT

., 8H ,  0H
T, T
using the Hamiitonian
g=,831y0% —(K,'x+ K, z)p,

; eg(()s) k-==-cosp-c? —1F (s)-a*

+W'{[px +B3-H-z1* + [p. — B3 H-x]*}
0

+ 33 [G,'x* + G, 2> —2N-xz]
— B2 [F,, x?+2F, ' xz+F,,-z*]. (2.15)

By eliminating the quantities p, and p, from the
resulting canonical equations
s 1 12
x'=—z[pe+ b5 H z];
Bs

Pr=K,p,+[p.—B5-Hx]-H
—B(Z)[Glx —N-z— Fxx'x _sz'z];

1
7 =—1[p.— B5-Hx];
B3

=K, p,—[p.+ 5 Hz]I'H
—ﬁ(z).[GZ'Z_N'x_sz‘x_Fzz‘Z];
1
a/=—ﬁ‘pa’_(Kx'x+Kz'Z);
0/0
14
P = eE(s) k-—-cos@p-a+ F,(s)o (2.16)
(4]
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and putting
=7, .17

we recover (2.1, 2.2 and 2.14) with the help of (2.6)
provided the linear approximation

f=— 2.18)

1s valid.
Since the equations of motion are linear they can
be solved in the form

y(s) = M(s,50)y(so) (2.19)
with
x

Px

z
P
ag

P,

Because the variables x, p., z, p,, 7, p, are canonical,
the transfer matrix M (s, s,) is symplectic [1]:

M*(s,50)"S-M(s,50) = S (2.20a)
where
0 -1 0 00 O
1 00 00 O
0 00 -1 0 0
5=l 01 00 ol (2.200)
0 00 00 —1

0O 00 01 O

In order to construct the matrix M(s, s,), the quant-
ities F., F.,, F,., F,, and F, of (2.16) which describe

the self induced space charge forces F selt Fseif and Fsef
must be known. This is the topic of the next chapter.

3 The beam envelopes

3.1 The six dimensional ellipsoid in
X—Ppx—Z—Pp,—0— P, Space

To obtain the space charge forces we must know the
particle distribution.

We will assume that at the start point, sy, the
ensemble is distributed on the surface of a six dimen-
sional ellipsoid in x — p, — z — p, — 6 — p, space of the
form

Y(So0; @, %> 61,0115 O111)
= €08 ¢ COS ¥'[¥1(S0) €08 87 + ¥, (5g)-sin o]
+ cos ¢@-sin - [y3(5): cos 871 + Ya(50)-sin &7/]
+ sin ¢ [y5(S) c0os Oyry + ¥6(So)sin oy ]. (3.1)
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This ellipsoid can be spanned by six linearly indepen-
dent vectors

Y Vi3 5 (k = 1:2, 37 4’ 53 6) (32)

which are defined by the starting shape of the ellipsoid.
The corresponding vector y at position, s, is given by

Y(S; @, %, 01,011, 0111)
=08 ¢°CO8 ¥ [y,(5)-cos &; + y,(s)-sin &;]
+cos @-sin - [y3(s)-cos &y, + y,(s)-sin 6]
+ sin @ [ys(s)-cos oy + ye(s)-sind;y;] (3.3)

where

Yil(s) = M (s, 50)¥i(so);  (k=1,2,3,4,5,6). (3.4)

Thus the ellipsoid remains an ellipsoid.

The beam envelopes can then be obtained by
projecting the ellipsoid of (3.3) on the individual phase
planes.

3.2 The projections of the six dimensional ellipsoid

To define the projections we first of all write the
ellipsoid (3.3) in component form:

X(S30, %, 015611, 0111)
=C0s ¢ -cos x [ y;1(s)cos d; + y,,(s)sin ;]
+ cos @sin x[y31(s) c0s Oy; + 41 (s) sin 6]
+sin @ [ys51(5)c08 815y + Yoy (s)'sinéyy ), (3.5a)

Px(8; @, %, 01, 011, O111)
= COS - COS ¥ [¥1,(8) co8 61 + y,,(5) sin 6]
+ cos @-sin x-[y32(8):cos O;; + y4,(8)-sin ]
+ sin @ [ys,(s):cos O7pr + Vo2 (s) sindyyl;  (3.5b)

2(8; 9, %> 01,011, 0111)
=c0s @-cos 1 [y;5(s) cos d; + y,3(s)-sin d,]
+ cos ¢@-sin x*[y33(5) €08 Oy; + Ya3(s)sin o]
+sin @[ y53(5)-c08 6151 + Yo (s) sindpyy ], (3.50)
P=(8; ¢, %, 01, 611, 6111)
= €08 @-CO8 X[ V14(5) cO8 8; + y,4(s) sin ;]
+ 08 @-sin 1 [y34(5) €08 011 + Yau(s)-sin o]
+8in @ [ys54(5) oS Syyp + Yeals) sindyy s (3.5d)
a(s; @, %> 01,611, 0111)
=c0s ¢-c0s %' [y,5(5)cos &, + y,5(s)-sin d;]
+ cos @-sin x[y35(s) c08 3y; + Y4s(s)sin o]
+ sin @ [ys5(s)-cos épyp + yes(s)sindyl; - (3.5¢)

Fig. 1. Beam cross section at position s

pa(s; D5 Xs 51: 6115 5III)
=c0s @ o8 ¥ [V16(5)co8 8y + y,6(s)-sin d; ]
+ cos @-sin g [y34(5)c08 811 + Yae(s) sin o]
+ sin @ [y56(5)-c08 ;41 + Yoo (s)sindyyy ]l (3.55)
The computation of the single projections is then
similar to that in [1] in which the functional relation-
ship between pairs of components was investigated.

Since the details of the method have already been
given in [1,3] only a summary will be needed here.

3.2.1 Projection onthe x — z plane. We first investigate

the projection on the x — z plane. This describes the

beam cross section. We will need the maximum

amplitude in the x and z directions.

a) Maximum oscillation amplitude in the x direction:
Using the relation

Max, {A-cos ¢ + B-sing} = m

and (3.5a), the largest possible x amplitude is
Max, 5 5,600 (S @5 % 01, 0115 O111)

= \/Y%l +y5+ i+ Vii +¥i+ vé1 = E.(5). (3.6)

This occurs for the values:

Y11 . Va1
Co8d;=————=; SiN0;=———;
\/)’%14‘)’%1 \/Y%l +Y§1
Ya1 . Ya1
cosdy =——=———; Sin o =—F5—=
NSRS VY3tV
Vs1 V61 .

COoS 51112_—_. Sin 5III=—_—__
\/,V§1+Yé1 \/Y§1+Y§1
vV J’ﬂ + )%1

Y+ V3 V3V

V J’§1 +)’<2t1

\/;%1 + ¥} + Y3 Vi

cosy =

sin y =




Vi Vi v vk
N AR R T T

/ }%1 +yé1

\/.V%l + Y3+ V3 Vi Vi VE

cos @ =

sin @ =

(3.7)

The corresponding z coordinate is given by (3.5¢)
together with (3.9):

1
G,= m'{)ﬁl'hs + Y21'Y23 T Y317 Va3
+ Va1 Vasz + Ys1Vs3 + Y1 Vesl- (3.8)

b) Maximum oscillation amplitude in the z direction:

Correspondingly, the maximum amplitude in the
z-direction is obtained from (3.5¢):
Ma'x(tp,z,é,.éu,éul)z(s; 29 8 515 5117 5111)

= \/;%3 + V33 + ¥3s + Vis + Vi + yés = E.(s). (39)
The accompanying x-coordinate is then:

1
G, =m'{Y11'J’13 + V21" Y23 T V31 V33

+ Va1'Yaz + Ys1'Vs3 + Vo1 Vea)- (3.10)
Thus

E,G.,=E.G, (3.11)

¢) The boundary curve of the beam cross section.

The projections of the ellipsoid (3.5) are ellipses, and
these are described by the three independent quantities
E., G, E.. The parameter G, depends on the other
three (see (3.11)). In terms of E,, G, E,, the ellipse
can be written as:

E?x?—2E .G, xz+ E2z2=¢2, (3.12a)
with
e, =E, /EX—GZ. (3.12b)

and where ne,, is the area of the ellipse.
The half axes E, and E, of the elliptical beam cross
section are:

E,,=3{[E2+E2] + ./[E?— EX]* + 4E2G2}

(3.13)
and the twist angle 6 of the beam is given by:
2E.G
tan 20 = I i 1;2' (3.14)

3.2.2 Projection on the x — ¢ plane. To find the projec-
tion of the ellipsoid (3.3) onto the x — ¢ plane we need
(3.5a and 3.5¢). Since these have the same general form
as (3.5a and 3.5¢), we can obtain the projections using
exactly the same methods as in the previous section.

The boundary curve of the elliptical projection on

29

Fig. 3. Projection of the ellipsoid on the z — ¢ plane

the x — ¢ plane is:

EZ¢*—2E,GP-ox+ EZx*=¢], (3.15)
with
E,=/yis+yis+yis+yis+yds+ydss  (316a)
GY =Eia'{J’11'J’15 + Y21 Y25 T V31" Vas
+ Va1 Vas + Vs1Vss + Vo1 Vos) (3.16b)
&ox = E, /E: —(G{)2. (3.16¢)

The meaning of E, and G is explained by Fig. 2.
Te,, is the area of the ellipse (3.15).

3.2.3 Projection on the z — o plane. Finally, the projec-
tion of the ellipsoid on the z — o plane (see Fig. 3) has
the boundary curve:

E?.0? —2E,G? -6z + E2-7* = &2 (3.17)

gz
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with

1
GY =E_'{Y13'Y15 t Y237 Va5 + Y337 Vs

+ Va3 Vas + V53 Vss + Ves Ves)s
—E, B - (G

(me,, is the area of the ellipse (3.17)).

Now that we have the projections of the ellipsoid
on all three planes we can calculate the space charge
forces. We assume that the particle distribution is
uniform in the x — z — § space.

(3.18a)
(3.18b)

4 Calculation of space charge forces

In calculating the space charge forces, we assume that
the synchro-betatron coupling is small and we there-
fore ignore the twist angles 6., and 6,, of the bunch
with respect to the o axis (Figs. 2, 3).

Since (see Chap. 2) the variable ¢ describes the
distance of a particle from the centre of the bunch,
then E, describes the half length of the bunch in the
laboratory system. E; and E, describe the transverse
bunch extensions.

The whole bunch can now be represented by a three
dimensional ellipsoid which, in a rotated (%,Z,0)
coordinate system (see Fig. 1), can be described by the
equation

% 2 g2

et t—==1 4.1
B2 + £ + B2 (4.1)
in the laboratory system and by the equation

X2 2 &2

Sttt ——s
Ef E3 (voE,)?

in the rest system of the bunch (6 =y, ¢ describes
the longitudinal coordinate in the rest system).

Now for a uniform charge distribution in the (rest
system) ellipsoid

—1 (4.2)

62 ’72 (2
a_2+b_2+c_2=1’ (4.3a)
the potential inside is given by [4]
U=—AE—By?>—-C{?+D (4.3b)
with
A =mnabc p-
9;(a +7:) \/w(f
anabC‘p'w——i;
(jJ (b? + 1) /o)
dt
=mnabc-p j’;
0(c* +1) /o)
© d
D =mnabc: p j !

j_

o)

p@) =@ +1)b*+1)(+1)
(p = charge density). (4.3¢)

The total charge in the bunch is
0= abc p- 4.4)

Thus comparing (4.2 and 4.3) the space charge force
in the rest system is

FP=3eQ 1, (4.52)
F‘;°’ —ieQ-Iz'z; (4.5b)
FO=3¢Q1,6 (4.5¢)
with

a dt
I, = j"——z ;
0 (B2 +1) /(@)

L=f—1%

2 o (E2 + 1) ,/x//(r

I3

li
o8

(7% ‘E2 + T) F
Y(1) = (E? + 1)(E3 + 1) (O3 EZ + 0). (4.6)

The terms I,,1,,I, can be expressed in terms of
elliptical integrals of the second kind.
As shown in Appendix A, if

VoEs>» E, E;

I,,1,,1,can be calculated approximately by analytical
means.

We now Lorentz transform to the laboratory frame
to obtain the forces

F.— 1. po
X ,})0 X
ol FO:
z yo z

F,=F©

so that the space charge forces in the laboratory system
are

1
F;elf=’y_,%eQ.Il.fc; (4.7a)
0
1
Fself yf 2€Q IZ . (47b)
Fself — %eQ I3 ?o O- (470)

where in (4.7¢) we use the relation (Lorentz contrac-
tion):

Jz'yO'O'.

The components of space charge force in x and z



directions are
1 __ . 1 .
Ft =cos0-F;—sin0-F;

1 .
=—-3eQ-[x(I,cos? 6+ I,sin?6)
Yo

+z-sinfcos@-(I, —I,)]; (4.8a)
F&f =sin6-F; + cos6-F;

1
=y—-%eQ-[x‘sinGCos 0-(I,—1I,)
0

+2z:(I, sin? 0 + I, cos? ) . (4.8b)

By comparing (4.7c) and (4.8a,b) with (2.11) and
(2.5a, b) we finally obtain the coefficients F,,, F,., F,,,
F, and F:

1 .
Fxxz%eQ'z——z'Ul cos® 0+ I,sin”8]; (4.92)
Yo MoUp
1 )
Fzz = %eQﬁ[Il Sln2 9 + 12 COSZO]; (49b)
Yo Mol
=30 —_ _sinb oI, —1
Fra=3eQ 7 sinfcos (I —12)
—F,; (4.9¢)
F,=3eQ- 101, (4.9d)
E,

The angle 0 is defined by (3.14) and the quantities I,
I, and I, by (4.6).

In particular, we see that (4.9c} reproduces (2.6)
which was used to derive the Hamiltonian (2.15).

Equation (4.9) can now be used together with (2.16)
(and with the help of (3.6, 3.8, 3.9, 3.16a, 3.13 and 3.14))
to obtain explicit forms for the (canonical) equations
of motion under the influence of both external and
space charge effects.

Remark. 1n (4.8) the effects of orbit curvature described
in [5] are not included but the linear part of these
additional forces could be easily incorporated. Linear
wakefield effects could be taken into account in the
same way.

5 Solution of the equations of motion

The solution of these equations will be obtained in
transport matrix form. We write

d
TY=4()y (5.1
s
with
1
A12=7;
)
A=+ H;

A21 = _ﬁ(z)[Gl _Fxx+H2];
A23= +ﬁ(2)[N+sz]’
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A=+ H;
Ae=K;;
A3 = —H;

1
Aszs =27

0
Ay =+ S IN+FLL
Ay =—H;
Ay3=—B§[Gy— F . + H?];
Ase =K;
Asy = —K,;
As3=—K_;

1

=
Ags =e——EV(()—S)-k-2Tn-cos ¢+ F,;
Ay =0 otherwise. (5.2)

We solve (5.1) using thin lens approximation [1].
Using notation similar to that of [1], we obtain for
the transfer matrix

A
M(s+As,s>=Mn<s+As,s+75>-[1+ C(s)4s]

A
'B(A@)'MD<S+78,S> (5.3)
with
Cls)=A(s)—D—F; (5.4a)
01000 0
0 00 0O 0
110 0 0 1 0 0
= ; 4b
D 210 0 0 0 0 o (5.4)
0 0 0 0 0 153
0 0000 0
0 01 0 00
0 001 00
-1 000 O0O0
E=H1 6 1000 o) (5.4¢)
0 0 00 00O
0 0 0 0 00
Mp(s+Ls)=1+1D; (5.4d)
(transfer matrix for a simple drift space of length 1);
cos A® 0 +sindA@ 0 0 0
0 cosA® 0 +sind® 0 0
—sinA@® (4] cosA@ 0 0 0
R(40) = .
- 0 —sindA@ 0 cosA® 0 0
0 0 0 010
0 0 0 0 0 1
(5.4¢)
(A@ = H-As).



32

As in [1], this thin lens form is symplectic and the
matrix A depends on the shape of the bunch. The
latter depends on the generating orbit vectors y,
(k=1,2,3,4,5,6) which change during the motion of
the bunch according to the equation [1]

V(s + As) = M(s + 4s, 5) ¥, (s). (5.5

Periodic solutions must be obtained by self consis-
tent iteration [1].

Finally, we point out that the 6 equations (5.5) for
the generating vectors y, (k=1 — 6) can be handled
in a compact way by introducing the “bunch-shape
matrix”

B=(¥1,Y2,Y3,¥45Y5:¥6) (5.6)
so that
B(s + As, sy = M(s + 4s, s): B(s). (5.7)

Acceleration by a cavity field is described in Ap-
pendix B.

6 Summary

We have investigated the influence of longitudinal and
transverse space charge forces on the motion of
charged particles in storage rings and transport
systems by a simultaneous treatment of synchrotron
and betatron oscillations.

The motion is described in terms of the fully six-
dimensional formalism with the canonical variables
X,Dys 2, D70 =S — Vgt po=AE/E,.

In order to describe the bunch we have introduced
a 6-dimensional ellipsoid in the x—p,—z—p,—
6 — p, space represented by the “bunch-shape matrix”,
B(s), which contains as columns, six independent orbit
vectors. As in [1], this matrix B(s) contains complete
information about the configuration of the bunch at
the point s and can be obtained by matrix multi-
plication with the transfer matrix M.

In thin lens approximation the matrix takes a simple
form which can be conveniently coded for computer.

The equations so derived are valid for arbitrary
velocity v, (below and above transition energy).
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Appendix A: calculation of the space charge
integrals 1, I,, I,

In order to calculate the space charge integrals I, I,,
I, of (4.6) we assume that

Ey=9y,E,»>E,E,. (A1)

In this case, for I, we may write (approximately):

1 o
Il ~ E— j > 5 5 .
3 0 (Ef+1)/(Ef+1)(E3+1)
With the substitution
t?=1+ E2 (A3)

(A.2)

dt

E3 Ez./(t2+E%—E%)3
_2.1.[ t T
Ey B} —E3 ||/ + E2 — E3 I

E; Ey(E; +Ep)
I, can be obtained in the same way:
I~ i——l—
E3 E2 (El + EZ)
Finally, also using assumption (A.1):
[ N p— (A6)
30 JE2+1)(Ei+1)
or with the substitution (A.3):
2 E dt

NE_g Efz./tz—i'E%—E%
2
=}-53-[1n(t+,/t2+E§wE§) 5
3
2 E3+./E§+E§—E§. A7)

=—'1
B E,+E,

(A4)

(A.5)

Iy

Appendix B: the acceleration process

In the solution of the equations of motion we assumed
that the average energy E, remained constant i.e. that
the cavity phase was either set at 0 or 7 so that no
acceleration took place (see (2.10)).

To describe the acceleration process we now
consider the case where

sin @ #0, 7.
In linear approximation, the cavity field ¢, varies
as
. 2
Ecavity = V(5)sin @ + V(s) cos qu-f-a, (B.1)

and if the cavity is point like at s =5,:
V(s)=V-8(s — so) (B.2)
the energy gain is

E(sq+0) — E(sq — 0)

N N 2
=eVsing + eV cos q;-k-fnﬁ(so—O). (B.3)



The average energy gain is thus

AE, =eV'sin g, (B4)

so that we can put:

Eo(so+0) = Eo(so — 0) + AE; (B.5)
1

Po(so +0)= \/C_Z'E(Z)(So +0) — myc?; (B.6)

c¢*-po(so +0)
Eo(so+0)

Writing the variable

vo(8e +0)= (B.7)

a(8)=85— vy t(s)
in the form
a(8) = vo(s)" [to(s) — t(s)]

(to(s) is the time for the synchronous particle) and
recalling that t,(s) and #(s) are continuous functions:

to(So +0) =14(sp — 0);
t(sg +0)=t(sg —0)

we then obtain

Uo(So + O)'(7
vo(5o —0)

Furthermore, using (B.3, B.4 and B.5) we find that
E(SO + 0) - EO(SO + O)

a(so+0)= (s —0). (B.8)

n(so +0)=

Eo(so +0)
= m‘[Eo(So —0)n(so—0)
+eV-cos q)-k-zfn-a(so—O):l. (B.9)

For the variables x, x/, z, z' of the transverse motions
we have (see [2]):

x(sg + 0) = x(so — 0); (B.10a)
, _ Po(so —0) e O

X'(5o +0)= Po(30 £0) X'(so — 0); (B.10b)
z(sq +0) =z(sy — O); (B.10c)
/ _ Polso—0) e

Z'(sq+0)= P—o 50 1 0) Z'(sq — 0). (B.10d)

Equations (B.8, B.9 and B.10) can now be collected
together in matrix form to give

y(s + O)Mcavity(so + 0’ So — 0)'y(S - 0) (BI 1)

33

where

M iy (So + 0,50 — 0) = (M));

M,=1
ZPO(SO_O)_
227 polso +0)
My, =1;
M44=M22,
=Uo(so 0)
3 vo(so + 0)
eV 2n
S Eolso 1 0) T
_Eo(s0—0)
¢ Eo(so+0)’
M; =0 otherwise (B.12)

and where E;(so+0), po(so+0), ve(s,+0) can be
taken from (B.5, B.6 and B.7).

In particular we get for the generating vectors y,(s)
of the 6-dimensional ellipsoid:

Yi(So + 0) = Mayiry (So + 0,50 — 0)- ¥, (5o — 0);  (B.13)
In the variables (x, x', z, z') the transfer matrix
Mcavity(so + 05 So— O)

is no longer symplectic and transverse damping occurs
in x,x',z,z' space. For a symplectic treatment of the
acceleration process within the framework of a non-
linear theory see [6 and 7].

The transfer matrices for the magnetic lenses
remain as in Chap. 5.
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