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Abstract. We investigate the quantization of a gravi-
tational theory with restricted coordinate invariance.
The gauge fixing and the corresponding ghost system
follow from an analysis of the BRS algebra. In addition
to the graviton the metric contains a dilaton.

The known gravitational phenomena are successfully
described by Einstein’s equations. These equations do
not only follow from an action which is invariant
under general coordinate transformations but emerge
already if one restricts the transformations to the ones
which do not change the scale set by the volume
element [1]. In this note we show that these restricted
coordinate transformations are an acceptable gauge
symmetry of a quantized theory. In particular one can
introduce a gauge fixing and ghosts to allow for
perturbation theory. The physical subspace with
positive definite norm can be defined such that scatter-
ing leads from physical states again to physical states
with amplitudes which are independent of the gauge
fixing parameters. The metric tensor g,, turns out to
generate 3 physical degrees of freedom: the helicity 2
states of the graviton and one massive scalar particle,
the dilaton, in agreement with the analysis of the
classical theory [17.

To establish all these properties we require invari-
ance of the action under BRS-transformations [2] s
and §, which are linear, real, anticommuting operators
satisfying

s?=5={s5,5=[50,]1=1[50,]1=0, (1a)
s(AB)=(s4)B + (—)*4sB,

§(AB) = (5A)B + (—)* A3B, (1b)
(sAy* =(—)sA*, (54)* =(—)"54%, (Ic)

with | 4| = 1(0) for anticommuting (commuting) fields.
Consistently with the algebra one attributes to s(3)
the ghost number 1 (— 1), physical fields are taken to
have vanishing ghost number.

* Supported by Deutsche Forschungsgemeinschaft

On physical fields s and § generate coordinate
transformations which for a scalar field ¢ “generally”
take the form

s¢=c'0,p, Sp=c"0,¢. 2)
This is the classical transformation law where the
infinitesimal gauge parameters c*(x), ¢*(x) have become
real anticommuting ghost fields. More generally
tensors transform with the Lie-derivative. For the
metric one therefore has

Sguv = clalguv + auclglv + avclg},ﬂ' (3)

In the analogous relation for §g,, the antighost ¢
replaces ¢”. The implied change of the volume element

v 9 = (__ det guv)l/z
S/ —g=0,(c"/—9), §/—g=8,E"/—9) @

coincides with the transformation of a scalar field (2)
if one restricts the ghost fields by
0,ct=0=20,¢" %)
We solve these restrictions by
ct=0,4", A¥ = — A", 6
=0, A, A= — A%, {
and define restricted coordinate transformations by
(2) and (3) where the ghosts ¢* and ¢* are given by
(6). The algebra (1) then completely determines the
ghost system and the action of s and § on the ghosts.
For example s*¢ and s?g,, vanish if and only if
50,4 = 0,(sA™") = 0, A*3,0,A°* = 3,(0,4%0,A4).
(7

It is nontrivial that at this stage (as in the subsequent

steps) the differential operators match so that (7) can
be integrated with local fields*. From (7) one deduces

* The counterexample c*=93,4" + d*A4 (6)) shows that s>=0

together with a local transformation law for the ghosts is a nontrivial
requirement
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SAY = 0A”0 A* up to terms with vanishing divergence,
so (7) implies

SA™ = QA QAR — 8, AP, A=, AP )

Here A*"* is a completely antisymmetric tensor. If one
had not included A*** then s 4™ could not be made
vanish. A*"* are ghosts for the ghosts 4" which one
can change by 8, A** without changing c* (6). Iterating
the sketched arguments one deduces the complete
ghost multiplet: All ghosts are completely anti-
symmetric tensors (A5)* of rank I, I = 2, and ghost
number G which ranges from 1—1 to I—1. (W
identify 4** with (42)"* and A" with (42 ,)"") The
rank I and the ghost number G with

2<I, 1-1<G<I—1 9)

uniquely characterize the ghost fields. They are
commuting (anticommuting) if G is even (odd) and are
real or purely imaginary

(AI)* —_ (A ) ( )1(1—1)/2+G(I—1)‘ (10)

In 4 space-time dimensions <4 and one has
altogether 45 ghosts of which 24 anticommute and 21
commute. They are necessary to compensate for the
3 gauge degrees of freedom of restricted coordinate
transformations (5).

The action of s and § on the ghosts contains
nonlinear terms which only appear in the completely
antisymmetric combinations

(S N+N)u1 BNAR =

~ NIN!
. z Slgl’l (n)cﬂn(i) Lot g+ 1), GRAN R (1 1)
The sum runs over all permutations n of N+ N
indices, ¢* and ¢* are given by (6) and G=N —N is
the ghost number. It is convenient to denote the ghost
fields AL by BL if G + I is even, they will turn out to
be auxiliary fields. The action of s and § is given by

s(Bg)'v*1=0, I+ G even, (12a)
s(ALy 4 = (BL, Y, T+Godd, G<I—3,

(12b)

S(Af- Y11 = — By (AF T (S, (12¢)

S(BEY 1= 0,(BE-L)" M — s(Sh o),

I+ Geven, (13a)
— (A5
I+ G odd. (13b)

g(Aé)lll--- = —(BI Y-
+(SIG—1)M o

The algebra (1a) may easily be verified once one has
established the relation

SSh- Y4 S(Sh )M =0, (SE L (14)

The most general local action which conserves
ghost number and parity and is invariant under this
BRS algebra (3, 6, 12, 13) is—at least in the quadratic

approximation*—specified by a scalar Lagrangian
Zinv composed out of the metric (for simplicity we
consider pure gravity), and a s-S-invariant part of the
form $5§X, which is the only way the Lagrangian can
depend on ghosts [3]

& =Lin(9)+35X. (15)

Z v 1s required to contain two derivatives at most
and therefore consists of Einstein’s action and a kinetic

energy and a potential for ./ —g [1] (recall that the
coordinate transformations are restricted).

L =3 —gR+k(/— 99" 0,/ — 90,/ —
-V —9) (15)

The last 2 terms are responsible for the fact that for
k >0 the metric contains a massive physical particle,
the dilaton, in addition to the two helicity states of
the graviton. The gauge fixing and the ghost Lagran-
gian enter the action via s§X (15) where X is a
Lorentz-scalar with vanishing ghost number. X can
be suitably chosen such that the propagators of all
fields become (algebraically) well-defined. We require
X to contain no derivatives in order to avoid higher
derivatives and to keep the ghosts BL (I + G even)
auxiliary. If in addition X consists only of the lowest
powers of the fields it is given by

X=—oun"g,,+ 3} ag(AlslAQ) (17)
0=G=I-1
I+Godd

with real or imaginary parameters o, > according to

(o6)* = (—)°" LG, (18)

1,y 18 the Lorentz metric diag(l, — 1, — 1, — 1) and the
scalar product (|) is introduced as a shorthand for

oF = —aq,

(AI GlA )-—(AI G)’“ (Aé)VI'.'VInu1v1 "'nmvp

(19)

X (17) does not contain terms (BL;|B%), I + G even,
because they are annihilated by s and would not
contribute to #£(15).

Because of the reality properties (1c,10,18) the
action is real and the S-matrix (pseudo-) unitary.
Changing the parameters o and o, does not influence
physical amplitudes {¢[y>. By definition [4] they
involve only states satisfying

sl¢>=0. (20)
So the amplitudes are invariant
0 Ply>=<P|s56X|y) =s¢|56X]|x>=0 21

as long as 8X perturbes analytically.
To exhibit the particle content and to establish
positive norm of the physical states it is sufficient to

* The general case is under study



investigate the linearized theory. We expand
£(15,16,17) to second order in

huv = guv - ”uv (22)

and the ghosts AL, BL. Ordered according to ghost
number one has

$=$0+$1+$2+$3, (23)
L o=5(0"h"°0,h,,— 0*h;0,hs—20,h**(0*h;,—0,h?}))

+E(6uh‘;6"hﬁ—M§,(h )?)+208,0*h, (B

+a}(B3| B3+ 0.A43) + 203(B3ld A3)

+o§(B5| BY), (24)
P = —203"0A%,)0,(043), + o(dA2 | BY)

+oi(BL,|dA7) + (205 — a3)(B,|BY)

—a3(B2|0A}) + 203(0A4* || BY), (25)
&, =03(0A42,]043) +a3(B% ,|dA3) + a3(dA2,|B3)

+ (23— a})(B%,| BY), (26)
Py=—ad(0A*,]0A4%). 27)

d denotes the exterior derivative, i.e.

(B 1dAY) = (28)

B2 tlr+1?

t
ﬁ(BI+ 1)“1 “1+1a”1(AI)

and (0A)*2 *1=4, (A")**. The mass M, of the
dilaton \/Ehﬁ is given by

, 1( 8
Mp—ﬁ(ﬁ> |4 Iy/amy (29)

(We have chosen dV/d./—gl| /_,_;=0 without

loss of generality to make the expansion (22) consis-
tent.) Note that only the curl*

,Cy—8,C,y C,=0"h,, —10,h%, (30)

of the familiar harmonic gauge term C, couples to the
auxiliary field B* =(B3)*. Therefore the gauge
fixing leads to higher derivatives of the metric. In
addition the kinetic energy of the ghosts A2, contains
higher derivatives. Usually higher derivatives are un-
acceptable because they lead to negative norm states.
In our case, however, these negative norms are harm-
Iess as they do not occur for physical states (20).
Actually the higher derivatives are essential to yield
an odd number, namely 3, of physical degrees of
freedom, as we shall see shortly.

If a Lagrangian contains higher derivatives
#(q,4,4) one introduces [6] new coordinates 4 via the
equation ¢ = ¢ which can be enforced by a Lagrange
multiplier. Then the Lagrangian contains first order
derivatives only with constraints among coordinates
and canonically conjugate momenta. Working out the

* Subsequently this curl has been used for gauge fixing also in
general relativity [5]
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Dirac-brackets [7] one obtains two sets of canonical
phase space coordinates g, p, 4, p where

0244, q)

p=—"7— (32)
a4

If the Lagrangian has a continuous symmetry

sL(,0,9,0,0,¢)=0,A", (33)

the conserved Noether current is given by

0L 0¥
J =(S¢)(a(a ¢)_a“a(auav¢)>

3

+(50 vqb)a(a 5 (34
(which reduces to the better known current if
0F/0(00¢)=0). The Lagrangian (23-27) yields a
constrained phase space where all constraints are
second class (confirming that the gauge fixing is
complete). Quantization proceeds by imposing the
commutation relations corresponding to the Dirac
brackets. The BRS-transformation is then generated
by the charge

§=[d’xj° = [dBx3h,,0404
+3(0A" + 00 A°)(0,hi — 6’1hlu)
—3h#8,0A,+1h0 104" — Lhi[]6A°

—208B*0,0A° + a(B*'9* — 8’1B’”)
11,104, +1,00;04,) + ((943)0,(042 ),
+(043)°" @A2,), — 042 43)*0,(04% ),

af Loood y
+ E(B:f)oth” + 5(33— Doij(0A3)Y

af 3 A g4 S 3 \ijk
__,(514—2) (6A3)0ij+_,(Bz)0ijk(B—1)j

+3 (B4)o,,k(B3)”" ‘(B“ Doi(0A3)7 (35)
An analogous formula holds for S.

The ghosts compensate for the unphysical degrees
of freedom which propagate after gauge fixing. The
effective number of degrees of freedom is therefore
obtained by counting negative (positive) all pairs of
anticommuting (commuting) phase space variables
[8]. Disregarding higher derivatives one counts 10
from the metric and 12 from commuting ghosts minus
16 from anticommuting ghosts resulting in 6. However
3 of the 10 components of the metric and the 2 x 3
components (A2 )% =1,2,3 of the anticommuting
ghosts A2, enter the Lagrangian with second time
derivatives. In toto there are 3 degrees of freedom in
agreement with the analysis of the classical theory [1].
This simple counting argument is confirmed by the
mode expansion of the asymptotic fields in terms of
47 creation and annihilation operators.
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To show that physical states have positive norm we
group the creation operators into BRS-multiplets {4].
There are 11 multlplets consisting of 4 creation
operators (a',sa",5a",55a") each. The BRS-singlets
sSa" generate zero norm contributions to the physical
states and drop out if one defines physical states
modulo states of the form s|y > + 5| >. There remain
3 BRS singlets: the 2 transverse graviton creation
operators and one massive spin 0 creation operator.
All 3 generate positive norm states provided the
parameter k in the Lagrangian (16) is positive. This
establishes that physical states have positive norm.

The propagators of the metric

2
Azxﬂ,uv = E(Tlaunﬁv + navnﬂu - "aﬂnuv)

4
+ ﬁ(aaaﬁnuv + 5pav7iaﬁ)
2
- E(azxaunﬂv + arxavr’[}u + aﬂau”av + aﬂavr’au)
L 5,040,0, +

al 1
D 2( )2 <D3 (8a5un[3v
+ aaavnﬂu -+ apéunav + aﬂavr’au)

4 2 0,8,0,0,
_.Eauaﬂauav> +']; DZ(D + M%)
and of the ghosts A3,

At I a3 —2ad
O \4a1? 20’0
.(aaaunﬂv _ aaavnﬂu _ aﬁ@ﬂnuv + aﬂavnaﬂ)
— 203
+_—_
2a})* O

have infrared divergent contributions, i.e. are not the
Fourier transform of a well defined time-ordered
vacuum expectation value in configuration space.
These divergences occur in the gauge sector and for

(36)

TR G7)

commuting and anticommuting fields. So there is a
hope that they cancel in the loop amplitudes.

In this note we have described the quantization of
restricted gravity, i.e. established tree-level unitarity of
the S-matrix and positivity of the norm of physical
states. Classically this theory reproduces Einstein’s
equations apart from the problematic relation between
energy density of the vacuum and curvature of the
ground state [1]. The gauge fixing introduces higher
derivatives into the action, but does not spoil unitarity.
The metric automatically contains a massive dilaton,
which coincides with the trace of the metric up to a
BRS-variation of some antighost creation operator:

hi(x) = [ d*kO(ko)e™ (8 (k* — M 3)hly(k)
+8(kA[S,a",(0)].) + he. (38)

This makes restricted gravity an interesting alternative
to Einstein’s theory.

We are indebted to Wilfried Buchmiiller for
numerous and helpful discussions and to Friedemann
Brandt for communicating his result [3] prior to
publication.

Note added. After this paper was submitted we became aware of
related work by J.J. van der Bij, H. van Dam, and Y.J. Ng [9]. These
authors also investigate gravity with restricted coordinate
invariance. They use, however, noncovariant gauge fixing. One of
us (M.K) is grateful to J.J. van der Bij for valuable discussion.
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