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Rigorous path integral treatments on the Poincaré upper half-plane with a magnetic field
and for the Morse potential are presented. The calculation starts with the path integral on the
Poincaré upper half-plane with a magnetic field. By a Fourier expansion and a non-linear
transformation this problem is reformulated in terms of the path integral for the Morse poten-
tial. This latter problem can be reduced by an appropriate space-time transformation to the
path integral for the harmonic oscillator with generalised angular momentum, a technique
which has been developed in recent years. The well-known solution for the last problem
enables one to give explicit expressions for the Feynman kernels for the Morse potential and
for the Poincaré upper half-plane with magnetic field, respectively. The wavefunctions and the
energy spectrum for the bound and scattering states are given, respectively. € 1988 Academic

Press, Inc.

I. INTRODUCTION

In this paper we want to present rigorous path integral treatments on the
Poincaré upper half-plane with a magnetic field and for the (generalised) Morse
potential V*™(q)= V,(e* —2ae?) (geR; aeR, V,>0, constants). The Poincaré
upper half-plane U is defined by

U:={z=x+iy|xeR,y>0}, (1)

endowed with the hyperbolic metric (associated with the line element
ds’ =g, dq°dq®) g.,=0d./y°, therefore having negative constant Gaussian cur-
vature K= — 1. A constant magnetic field on U is described by the vector-potential
A,= —mB/2y, A,=0 [5]. U as an example of a non-Euclidean geometry has
recently become important in the theory of strings (see, €.g., [11, 25]), in the theory
of quantum chaos (see, e.g., [2, 16, 28]), and for non-Euclidean harmonic analysis
[30]. In the two former theories one considers classical and quantum motion
in bounded domains with periodic boundary conditions. These domains are
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PATH INTEGRAL ON THE HYPERBOLIC PLANE 111

fundamental domains of discrete subgroups of PSL(2, R) [17]. However, in our
paper we shall discuss only motion on the entire upper half-plane.

A thorough discussion in an operator approach to the problem of the Poincaré
upper half-plane with a magnetic field is due to Comtet and Houston (5] and
Comtet [4]. In formulating the path integral approach we shall start with the
classical Lagrangian and construct the quantum Hamiltonian with the help of
hermitian momenta. Because of the non-Euclidean nature we must decide which
ordering prescription we use in the Hamiltonian. We shall use a product ordering
ansatz. A detailed discussion of the “product ordering” definition in the guantum
Hamiltonian in order to derive the “product form” prescription for path integrals
on curved manifolds was given in [12]. The approach here is very similar; however,
we must take into acount the vector potential of the magnetic field, which makes
things a bit different.

The path integral problem for the usual Morse potential (ie., a=1) was
discussed by Duru [7]. Free quantum motion on U (ie., without any field) was
discussed in previous publications [13, 15], including its connection to Liouville
quantum mechanics and further equivalent Riemannian spaces (the Poincaré Disc
D, the hyperbolic strip S, and the pseudosphere A?%), respectively.

Our paper is organised as follows. In Section II we construct the path integral on
U with a magnetic field in the “product form” definition. Having the path integral
on U we shall perform a Fourier expansion in order to decouple the x and y path
integrations. The remaining path integral will yield, after a coordinate transforma-
tion, the path integral problem of a generalised Morse potential V™(q)=
Vo(e* — 2ae?). This path integral can be solved with a further space-time transfor-
mation and will turn out to give the path integral for a harmonic oscillator with
generalised angular momentum which is a well-known problem. The technique of
the space-time transformations was first developed by Duru and Kleinert [8].
Further discussions are due to Inomata [18], Kleinert [19], Steiner {267, and
Grosche and Steiner [14]. Finally we can state the Green’s functions in closed form
for the Morse potential and for the quantum motion on U with a magnetic field,
respectively.

In Section III we discuss in some detail the discrete and continuous spectra of
both problems. We rewrite the Green’s functions in a spectral expansion with the
help of the Hille-Hardy formula and a dispersion relation for the discrete and
continuous spectra, respectively. For the discrete spectrum we shall find a finite
number of states, depending on the strength of the magnetic field and the trough
of the Morse potential, respectively. The discrete wavefunctions are proportional to
Laguerre polynomials, whereas the continuous are proportional to Whittaker
functions.

Finally we shall see that in the limit B — 0 the results are reproduced for the free
motion on U [13,15,16,30]. The same limit yields for the Morse potential
Liouville quantum mechanics [15].

Section IV summarizes our results.

In Appendixes A and B we discuss two important integral representations. In
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112 CHRISTIAN GROSCHE

Appendix C we prove that from the short time kernel of the path integral on U with
a magnetic field the Schrédinger equation can be derived.

I1. THE FEYNMAN KERNEL

On the Poincaré upper half-plane the metric is given by g, =0d,/y* (xeR,
y>0). The hyperbolic distance in U reads

|Z”"ZI‘2

coshd(z", z')=1+ (1)

2ylyll
We start by considering the classical Lagrangian and Hamiltonian for the motion
on U with a magnetic field, where the vector potential is given by 4=(4,,4,)=
(—mB/2y, 0), respectively:

mx’+y> emBx y? emB\?
Fo=————+——, Hoy = - 29, 2
a=3 7,7 + %y a=s- [(Px ch) +P}] (2)

The classical trajectories in U are circles or arcs of circles perpendicular to the y =0
line (see [4]). The quantum Hamiltonian if given by [4] (we set i=1)

e*mB?

1, ., ieB
- L )4 By LemE
H Im” (0+0,)+ 2¢ Yo+ 8¢?

(3)
which can be constructed by the Casimir operators on U. Operators
A, =y}0%+ 0})—ikyd, are also called Laplacians of weight k& [17]. We introduce
momenta (p,= —i(d,+I,/2), ,=0,In \/é, g=det(g.)),

1o
r.=o0, Pe=73- “
U N
y i\dy y
which are hermitian with respect to the scalar product [ f;, f,e L*(U)]:
Gutd=] & [" Lhin s 5)

We rewrite the quantum Hamiltonian with the help of the momenta (4) in a
product ordering, yielding

1 emB\? 5
—E[y(px—zﬂ y+ypyy]. (6)

Note that in Eq. (6) no additional quantum potential appears.
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In a previous publication [12] we have constructed the path integral starting
with a Hamiltonian in a product ordering. However, in this case here, things are
a bit different because we have an additional vector potential which contributes to
the momenta. In constructing the path integral we proceed similarly to [12]. We
consider position eigenstates |z ) with the property

<Z// ZI>=yly!!6()7’/-y!)é(xll_xl)- (‘7)
We have for the Feynman kernel for an arbitrary Ne N

K, x', 3", y'5 T) = K(', 3 T) = 2" e ™12

dxNgytd N ) ) )
H f X mi x [T (29| e M H| U=y, (8)
j=1

Jj=1

In the short time approximation of the matrix element (z"|e ™7 |z') ~
(Z")2'Y —ie (" H|z') we get for (z"| H|z') (b:= —emB/2c)

1 b\?
Z// H Z’ —_ " - 2 ’
VI =g < (D) 4oyl
yy'lr, . , R
= [(z | piiz’ Y+ bz l;—le>

+2b (2" %nz'>+<z"|pi|z'>]

1 . ) ) . . ) ylyu
— vy E‘p“(x —xX)Y+ipdy' —y)Y, S
Yy (zn)z j 2m

b 2
x| | pet ———) + pﬁ] dp. dp,. 9)
(7

In the last step we have used the action of momentum operators on position
eigenstates which give, e.g., for (z"|p,.|z"),

(2" P2 ) =1y'y" 0, 0(x" = x") (y" —y')

_yyr

=g | dondp, pem e (10)

Using the Trotter-product formula e “*® T =glim, _ (e T#Ne TENMN apnd
Eq. (9) the Hamiltonian path integral is therefore given by
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K(.x”, xl’ yu, yl’ T)
N-—1

=yy" lim [] fjo ayxmfO dyt) ﬁ f““ d_ng“ dp

N—’Ooj__:l 1] j=1"—> 27[ - 27[

. N L
X exp {tpxmAx(” +ip,ndyV — Ey”’y" b

) b 2
(¥)] (/)12
x[(”‘ + y(f)ym) try ]} (1)

The momentum integrations can can be carried out and we get the Lagrangian path
integral on the Poincaré upper half-plane with a magnetic field:

NN-1 (W2}

" 3 ” ! M m * f * d—.y !

K(x", x, y", ¥, Ty = lim (2—7[1-8) _Hl j,m dx(“L yoR
j-

y % m A9+ 4% paxV)
cxp “ 12 yWyl-b [y G=D

i
i
Dx(t) Dy(2) S (m P X
—j————T——exp [l j‘,’ (3—})—2‘——17;) dt:l (12)

In Appendix C we prove that Eq. (12) is indeed the correct path integral on U
corresponding to the Hamiltonian (3)

Let us note that our choice of the classical Lagrangian and Hamiltonian in
Eq. (2) corresponds to a specific gauge of the vector potential. The magnetic field
is described by the two-form B=dAd =(d,A,— 0, A,) dx A dy = (b/y Jdx Ady. Bis
unaltered by the change 4 - A=A+ grad F whcre F=F(x, y) is some arbitrary
function Fe C*(U)— R. Making the ansatz

~ 1 e~ \? e <\’
H=5'— y p.\:—_Ax y+y pyh__Ay Y1s (13)
m c c

we find H_q=e T HeF~ " Therefore the only change by the gauge trans-
formation 4 — 4 is a (coordinate-dependent) phase factor ¢ =¢™ in the wave-
functions. Let, e.g, A=(4,,4,), F(x,y)=—[}, A(x,y')dy'+f(x) with some
arbitrary real valued function f depending only on x. Then we have
A=A (6 Jdy' +f(x), 4,=0. We get the same magnetic field B=dA =
[(a A ) (0, )] dx ndy=[(0,4,)—(0,4,)]dx A dy but the y-component of
the vector potential is gauged away which is therefore always possible [5]. By
repeating the steps from Egs. (8) to (12) we get the path integral equation

Dx(t) Dy(1) (U (m4P e e
J—~—)}—2——exp IJ.’, ET—CA'VX—CA'V'V dt

oo e Dx(t) Dy(t) [ r"(mx2+y'2 e ~ ) ]
— IF(x", y")—iF(x', p’) hhid — A d( . 14
€ J y2 exp IJ;, 2 y2 ¢ xx ( )
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In order to calculate the path integral (12) we start by performing a Fourier
expansion:

x : ] .
K(X”, xr’ yn, yl; T) =f~ B Kk(yﬂ, yr’ T)e—xk(.\ ~x") dk
1 " (15)
Ky, y; T)= ZJ« K{x", x', y", v'; Ty o™= g

Inserting (12) into (15) gives for K.(T)
) N N1 dy‘f’ im N 4 ym
KOs D=g i (52) T Someme| 5 2, 500

m A (

N o
v Lx
xH}L%dx exp[ Zie yOhyU- it
4=

7,0 ) m N2 N-— 1| d 82}
n N-x\2nie ey 3

j=1

N 250 2
X €Xp {1 Z [._n_z__.A.,_y_____._..f_kly(l)2+£bky“)~£b_‘:‘}
j=1

b ‘>AXU)]
/y(j)y(j)

2¢ y(J)yU"l) Im m Im

Y T N ﬁ_”””‘ 0
ST [ Im (b 4)} Jm <2m’a) f dq

Y [im N y b
] — A2 g | o2l L 4
X eXp {zjél{zg q ) (e 2ke

. y’y” 1 M
=1 exp[ 5 <b2 >]K( ¢ T), (16)

where we have performed the non-linear transformation ¢ =In y, accompanied by
a carefully Taylor expansion in the kinetic term in the action, i.e.,

im A4%Y im ie
——le A 420D gl = g
2 yyu-n T 4 +24 4% 2a" " %m (17)

Here use has been made of the identity 4% = 3(ig/m)? (e.g., [9]). We use the
symbol = (following DeWitt [6]) to denote “equivalence as far as usc in the path
integral is concerned.”

KM{T}) in Eq. (16) describes the path integral problem for the Morse potential:

2

VWq):%(ezq—de") {geR). (18)

Without loss of generality let us assume that 5> 0. For k=0, K¥(T) describes a
free particle. For k <0 we have the Morse potential problem with only scattering



116 CHRISTIAN GROSCHE

states, whereas for £ > 0 bound and scattering states are allowed. Thus we can state
that K(7) splits off in two parts with £ > 0 and £ <0 with bound and scattering and
only scattering states, respectively (b, bound state; ¢, continuous-state contribu-
tion):

K 25T =] Ky T e = dk
__h[ K (yu y T ~1k(.\'"~,\")dk

KOy Ty e ke (19)

In order to make the path integral (16) manageable we perform a space-time trans-
formation (see [14]),

g=F(r)=2Inr
(20)

1 pt
— q(a\d " " "y =
s(t)y= Jf(q(a 4£e o, s"=s5(t"), s(')=0,
with f(g)=4e ¢ such that F'*(r}=f(F(r)). We have ¢"=2Inr(s")=2Inr" and
¢'=2Inr(0)=2Inr" Let us assume that the constraint

4js e~ 9 ds=T 1)
0

has for all admissible paths a unique solution s” > 0. Of course, since T is fixed, the
“time” s” will be path-dependent. To incorporate the constraint (21) we use the
identity

1=/TF")] [ ds's ( [ rretsyas- T)

/L] | %‘; ¢ iTE f: ds" exp (z’E fo FLF(rs))] ds). (22)

This technique of space-time transformations in path integrals has been introduced
by Duru and Kileinert [8]. Further discussions are due to Steiner [26], Grosche
and Steiner [14], Inomata [18], and Kleinert [19]. The important fact is, as
discussed in [14, 227, that in this procedure a well-defined quantum correction 4V
arises in the space-time transformed path integral which is due to the non-linearity
of the transformation and is given by

L[ (F L FM]
avir= E_HF(r)) -2 F'(r)]‘ " B (23)
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Thus we arrive at the space-time transformed path integral,

1 (= .
K", ¢ T)=5=| e ™GM(q", s E) dE. (24)

o

where G (E) is defined by

G"q". 4 E)=

=iy Y (25)

/rlrﬁ 0

Finally K¥(s”) is given by

N2N—1 o
- ) m ;
My r. iy i(dkbim)s” R L)
KM(r" v;s")y=e Nllm (Znié) [ f dr
— o0 j=1 0

5 e (Mo 52K e
xp_; gmglr] exp lj; %Ar -5—;r ,  (26)
where u, is given by [14, 24, 27]
w[r = ﬁ [ MM (G- exp (_ﬂ pOIpti— 1)) P G TR (27)
’ H1V7s i "\ '
We now use the identity

j Dr(typ,[r]exp [i j’ ('g i2— % mw2r2) dt]

mw .\ Jr'r” i . mor'y”
= = toT 28
isinwT °XP [2 mo(r+ ') cot ]I’l (isin wT) (28)

with the functional measure [147 y,[r]1=1limy_ o u;[r']. We set A= —i/8mE
and o = 2k/m. In order to work with well-defined mathematical formulas we shall
assume that E has a small positive imaginary part ie and write E + ig (with real E)
instead of E whenever necessary. Also, square roots will be positive. We get for the
radial path integral K*(s”) with generalised angular momentum 4

~ 2k .\ /r't” l 4kb 2k l
KM L 4 : ” . 72 "2 ”
(r,r,s)———--—w—-——-—iSi (2] )s,,)exp i—s"+i|lk|{r*+r )cot(—-—s)

21k|rr” )

vt )
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We insert Eq. (29) into (25) and get
© Aikbs”/m 2%
GM //, ,,E =4k - € . 72 ”2 o
(9", 4" E) \ ———Sm((Zk/m)s,,)exp[z(kl(r +r )cot<ms )]

20k|r'r” ,
X1 i /e (z sin ((2k/m) s”)) ds

(substitution u = (2ik/m) s” and Wick-rotation)

2bu

=2mJ‘Oo ¢

21k|r'r”
- 2 "2 )
, sinhuexp[ [k[(r'“+r"*)cothu] l_,; 8,,,E<—————> du

sinh u

(substitution sinh v = 1/sinh u, r* = ¢9)

—2m j cothz”%exp [—lkl(e” +e”)coshv]T_, mp(2 k| 9+ sinh v) db.
0

(30)

We have taken in Eq. (29) in the exponential and in the argument of the Bessel
function the absolute value of k in order that the integral in (30) remain finite and
the Bessel function single valued. We continue with the integral representation
([3, p. 86; 10, p. 7291, a, > a,, Re(3+u—v)>0, Re u>0)

.foo cothz"gexp [ - ﬂ—;—_-a—z— t cosh x] 1,,(t\/a,a, sinh x) dx
0
2+ u—v)
= W, (a;t) M, (a,1).
o F+20)

The W, , and M, , are Whittaker functions which are defined by ([ 10, p. 1059])

(31)

(-2y) 2u)

WD) = ram = M R ey

M, _.(2), (32)

and the M, , are given by M, ,(z)=z"""%e~" F(u—v+%2u+1;z). The W, ,
have the special property W, _, =W, ,. Therefore we get for GY(E) (we assume
without loss of generality ¢” > g')

GM(q", ,;E)__=m11(1/2—l\/?.mE—b)e‘(q,Jrq,,)/2
|k| (1 —2i/2mE)
X W,y ame(2 k| eq”) M, _. (2 k) eql)- (33)

Equation (33) shows that for 3—i./2mE—b=0, —1, —2,.., poles occur in
GM(E) and that for E>0 we have a cut in the complex energy plane (Re u>0
violated in (31)). For b—0 we can reproduce with the formulas
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M, (z)=2%*I(p+1) \/EI,,(Z/Z) and W, ,(z)=./z/n K,(z/2) ([10, p. 1062]) and
the doubling formula for the I'-function the Green’s function G*(E) for Liouville
quantum mechanics with the potential V*(q) = (k?/2m) e* [15]:

Gq", g E)=2ml_, (k| e”) K, gl k| 7). (34)

With Eq. (24) and the theory of Fourier transformation we see that the Green’s
functon G(E) for quantum motion on U with a magnetic field is now given by

=/2mE— b*— 1/4)
G(z', z'; E)

Sy'y" e o . . b*+1/4
_ yYJ dic o~ tx —x)GM<elny’elny;E__ + />

2m

mFl/2 b— zp)j
n  I'(1-—2ip

_mI(12+b—ip) I(12=b—ip)
~n (1 =2ip)

wexp |~ 2ibarctan (T2 | cosh ")

2(b—1/2+1ip) 1 b 2
inh - Flz—b—ip,-——b—ip; 1 —-2ip; ———— ),
x(sm g) 5 1(2 b 1p,2 ip ip 1—coshd>

(35)

—cos k(x" —x") W, ., (2ky") M, _,,(2ky")

where the last step is discussed in Appendix A and d is given by Eq. (1). With the
representation ([21, p. 161])

L1 +v) I(1+v+p)

Az)=2" T(2+2v)

(z4+ 1) (z—=1)"#2—1

2
x2F1(1+v+u,1+v;2+2v;1—:—Z->, (36)

where Q7 is a Legendre function of the second kind, we find that for b — 0 the result
of [15], i.e., free quantum motion on U, is reproduced (G®=°(E) = GY(E)):

m
GY(z", 25 E)=;Q4\/'2Wz-—1/441/2 (cosh d). (37)

Thus we see that we get by solving the path integral (16) simultaneously the
Green’s functions (resolvent kernels) for the Morse potential and for the quantum
motion on U with a magnetic field, satisfying the special cases (34) and (37) for
b=0.
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III. THE SPECTRUM

1. The Discrete Spectrum

We first consider Eq. (11.30) for k>0 and the discrete spectrum. Due to the
I'function in GM(E) in Eq.(1134) we see that poles occur for
E=E,=—(2b—2n—1)*/8m (and similarly in G(E) in Eq.(35)). In order to
expand (I1.30) into the spectral expansion we use the Hille-Hardy formula ([21,
p. 2427, Re(1)>0):

t= 2 x+y 1+t 2./ xyt
l—texP[_ 2 'l—t]li‘< 1—t>

—{1/2){x + »}

< !"nle ) .
— A/2 L(/.) - L(A) ] 1
L i e 1) (1)
Here L{" denote Laguerre polynomials which are defined by [21, pp. 240, 241; 10,
p. 1063]

, 1 N I'n+A+1)
{4) . | A X N+ Ay _
L} (x)—n‘!e X d—x”(e x* T )_——n!F(A+1) Fi(—n, A+1, x)
=(—1)y x-erhz 9"(/2Wn+u+1)/2.;./2(x)~ (2)

We set A= —i./8mE, x =2kr'?, y=2kr"?, and t = ¢~ *“*"'™ Equation (1) applied to
Eq. (I1.30) gives for GM(E)
GY(q", q'; E)
o ”!(4kzeq,+q”)i/2 (4) 7\ T () g\, —k(ed +ef)
=4m ngo T(nm— Ln (2k€ ) Ln (2ke ) e
Xro o~ H2n+1+7=26) g
1]

B i 2b—2n—1n!(2k)yo-2-1
% E,—E I'(2b—n)

n

X €Xp [(q’ +q") (b —n— %) —k(e? + e"")]

x L2 == D(2ke?y LP*~ 2"~ V(2ke?") + regular terms, (3)

where we have taken at the nth term the residuum at the pole
E,= —(2b—2n—1)?/8m. The Hille-Hardy equation (1) gives an infinite set of
wavefunctions ¥, corresponding to the levels £,. But we must check whether these
wavefunctions satisfy the boundary conditions for ¢ — +00; i€, we must have
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¥,.(q)—0 (g— +o0). For ¢ —» + o0 we see at once that the dominant contribution
vanishes like ¥,(q) ~ e *. For ¢ —» — o we have

Y.(q)=exp [~ Igl(b—n—5)] L7 > 1(0). (4)

Because the polynomial remains finite we must impose the restriction that only
wavefunctions ¥, with n<N_,, are allowed, where N, denotes the greatest
integer ne N with n<b — 4. This condition gives a finite number of energy levels
Ey<E <---<Ey,,<0,ie,

1
E,=——@2b—2m—1)* (=0, ... Nyas) ()
8m

which are the bound-state energy levels of the Morse potential V™. Thus it is guaran-
teed that A= —i,/8mE=./2m|E|>0 and therefore that /,(z) in Eq. (IL29) is
bounded for r', r" -0 [I,(z)=~(z/2)YT'(A+1) (z—=0), [1,p.119]]. Physically
the condition E <O for the validity of Eg.(1) means that the potential
V(r)= —(8mE + §)/2mr* must not become too strong, otherwise the particle would
fall into the center (see, e.g., [20, pp.113]). The corresponding bound-state
wavefunctions to the energy spectrum (4) read

| - —
IIIII:’/(q)z. n—'(Iz_—(bz—bzn—)Q(Zke")(b"‘1/2’e"“’”’Lff”"Z"“)(2ke"), (6)
N —n

Let us express VY as VM(q)=V(e* —2xe?) with V,=k?/2m and a=b/k; the
energy levels expressed in these parameters read

1 y 1
E, = ~%m (20 /2mVy—2n—1)" (n=0, ey NMax<a,/2mV0—§). (7)

Equation (3) inserted into (IL.24) and performing the Fourier transformation
gives the discrete spectrum contribution to the Feynman kernel for the Morse poten-
tial:

N (25— 2n— 1) m(2k)% 20!
KM /’, /;T=
@.a:D= Y 25 —n)

exp l:i (2b—2n— 1)2]
&m
X exp [(q’ +q") (b —n— %) —k(e” + eq")]
x L= =1 (2ke? ) LPP 2"~ V(2ke?"). (8)

The terms for n> Ny, in the sum are omitted following the discussion after
Eq. (3). This shows a serious limitation in applying the Hille-Hardy formula. But
this is not astonishing because expanding Eq. (30) with the help of Eq. (1) does not
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produce the complete spectrum of our problem: The continuous part is missing.
What is needed is an expansion which gives simultaneously a sum and an integral.

Equation (8) inserted into (IL.16) gives together with ¢? =y finally the bound-state
contribution to the Feynman kernel for the Poincaré upper half-plane with a magnetic
field:

Kb(.x”, x/’ yn y/, T)
o N 1\*) (26—2n—1)n!
— — 2, - _ —_ Db At
_fo d ¥ e"p{ m [b *3 (b 2) ]} azkI'(2b—n)
X e —ik(x" — x') —k(v + v )(4k2 o u)b n
XLLZb—anlj(zky )LL2b~2n)l)(2kyu). (9)

Wavefunctions and energy spectrum are thus given by

1 2 1 1 2
E”—E[b +Z—<b_n_§> ]
= (2b—2n—1)n! . —ky b—ng(2b—2n—1)
Y.l y)= 47kI(2b—n) e~ *%e k¥ (2ky)P " LL (2ky) (10)
_ (217—' 2n— 1) n! .
=Jammira—m Ve Weson-1n(2ky)

(n=0, .., Nyax, k>0). The ¥, , are orthonormal,
|7 ax j ¥, o3, ) PF el ) =3k = k') 3, . (11)

due to the properties of the Laguerre polynomials and the Whittaker functions
n! A

I'n+i+1)J

nlA f‘” 1

=m o ;5 Wn+(i+1)/2,l/2(y) Wm+(/l+l)/2.)./2(y)dy=5n,m' (12)

ey T ILP(y) LP(y) dy

This shows also the orthonormality of the functions (6) (for a proof of Eq. (12) see
the next subsection). The result coincides, of course, with Refs. [4, 5]. For 6 >0,
¥¥ and ¥, , vanish identically.

2. The Continuous Spectrum

In order to discuss the continuous spectrum we start again with Eq. (I1.30). The
main step is to insert the dispersion relation

© pl_5,(2) .
Lwﬁnﬁ,dp:ml,i\/ﬁ(z) (E>0) (13)
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which is proved in Appendix B. Inserting this relation into (I1.30) gives

25
GM(qH q E) 2mf (Coth )
x egtk1(e"'+eq”)cosh v I——zm(z lk| e(‘l""‘l”)/z sinh U) dv
2m o v 2b
== fo dv <coth 5)

® i pl_5,(2 |k| ¢4 *42 ginh v)
- p?—2mE

Xe~ | k(% + e ycosh v J

2 p sinh 2rp v\
_;T—zf dp am— E-[ dv(cothi)

Xe — tk|(ed +ed )costh (2 |k| e(l/Z)(q +q" )Slnh U)

__l_rod psinh 2np | T'(ip — b+ 1/2)|?
T antle pp2/2m—E k|

xe IR, 21kl eT) W, ,(21k| ). (14)
In the last step we have used the integral representation [3, p. 85; 10, p. 729]

abt
T+ )2 — ) T —p)2—x)

o 2x
xjo e~ U2Nawbucosho g (¢ /absinh v) (coth-;-) dv. (15)

Wx, u/Z(at) Wx, u/Z(bt) =

The representation (14) shows clearly that GM(E) has a cut on the real positive axis
in the complex energy plane with a branch point at E=0. Inserting Eq. (14) into
(11.24) and performing the Fourier transformation give the continuous-state
contribution to the Feynman kernel of the Morse potential:

K"(q", ¢, T)= J dp exp ( —iip-z— T
|k| 2m

1 2
rip—b+=
<1p b+2>

xe WY, (21k|e”) Wy ,(2|k|e). (16)

x p sinh 27p
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Thus the energy spectrum and the normalized wavefunctions read (p > 0)

P
2m

/p sinh 27 . N
()= /ﬁf(zp—b-&—E)e VW, A21k|e?).

Insertion of (16) into (I1.15) gives with y = e the continuous-state contribution to
the Feynman kernel of the Poincaré upper half-plane with a magnetic field:

E =

P

(17)

o) T 1
K(’(xn’ xz’ yn’ yf’ T) — J'“ dk j dp exp [ _ _217n_ (bZ +p2 + Z):l

p sinh 2mp , 1\|?
it | oF B PO N
a7 k| ("’ +2)
X Wy (21K| ) Wy (21K y") e ™ =51 (18)

The energy spectrum and the normalized wavefunctions read (p>0)

1 1
.E,,=2—r;(b2+p2+z>

(19)
p sinh 27tp iox
Vyat3) = e T (=4 3) Wy 21k 1) e
This result coincides, of course, with Refs. [4, 5]. The ¥, , are orthonormal,
[ ax - 7 o5 ) O ) =8(p =) Sk =K, (20)

In the limit b - 0 we see that the spectrum EJ = (1/2m)(p* + 1/4) of the free motion
on the Poincaré upper half-plane U is reproduced With the property of the Whit-

taker functions W, ,(z)=./2z/nK,(z) we get the corresponding wavefunctions for

Liouville quantum mechanics ¥4(y) = (1/n) \/2p sinh np K,,(1k| y) and for the free
motion on U, ¥} (x, y)=+/p sinh np/n’ \/; e **K, (k| y), respectively [15].

Note that for p >0 we have E,— (1/2m)(b+ 1/4). This non-vanishing zero-
point” energy is a pure quantum phenomenon, which can be explained by the
Heisenberg uncertainty relation. We consider the classical Hamiltonian (I1.2) and
insert (introducing #) the Heisenberg uncertainty relations xp, > #/2 and yp, = #/2.
This gives for the energy of quantum motion on U the lower bound
E= (F22m)(1/4 + b2 4 4y%/x* + 2by/x) > (h*/2m)(b*? + 1/4). The value E,=inf E=
(#%/2m)(b* + 1/4) can never be taken on because {z| y=0} ¢ U. E, is the largest
lower bound on U. Equation (19) also offers a picturesque view for the additional
1/4in EY = (1/2m)( p?+ 1/4) [29]: The energy of a quantum mechanical particle on
U “behaves” like the classical energy plus an additional magnetic term b = 3.
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Proof of the Orthonormality Relation (20). We consider the left hand side of
Eq. (20) and insert the functions (19). The x-integration can be easily performed
giving

1 -
S=n"26(k—k') F(ip—b+%> F(ip’ —b+§> \/pp' sinh 2zp sinh 2np’
o du
x| = Wi yl) W ), (1)

where we have changed variables 2 |k|y— u. The remaining integral can be
evaluated with the help of [ 10, p. 858]

LOO XP W, (X)) W (x) dx

T4 p+v+p) T = p+v+p) [(=2v)
B r(2—i—-vmYIr32—«x+v+p)

1 3
x3F2(1+u+v+p,1—u+v+p,§—l+v;1+2v,§—x+v+p;1)

F'A+pu—v+p)Id—p—v+p) (1 —p—v+p)(2v)
IF12—-2+wI'G32—xk—-v+p)

1 3
><3F2(1+u—v+p,1—u—v+p,§—i~v;1—2v,—2——x—v+p;1). (22)

Weset p=¢—1,k=A=b, p=ip,v=ip’ and get

. © dy
S = lim L pEEr Wo, i) Wy ip(u)

e—0

_ {(2ip) I'(-2ip’)
TIr(12—b—ip)I(12=b+ip)

x lim {I'le+i(p—p)1+TTe~i(p—p")1}

T2ZP) 15— p). (23)

=2“}r(1/2-b+ip)

In the calculation we have used that in the limit ¢ — O the function ;F, changes into
,F1, which can be evaluated at z=1 with the help of [10, p. 1042]
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I'(c)I'(¢c—a—»b)

Fila, b; ¢ 1)=r(c—a)F(C—b)

51 (e—0) (24)

for c=1+2ip', a=e+ip+ip’, and b=¢+ ip' —ip. Combining (21) and (23) gives
Eq. (20) and the orthonormality relation is proven. Of course, the proof of the
orthonormality of the functions ¥, , gives simultaneously the proof of the
orthonormality of the functions ¥,’. From the representation (10), where the
wavefunctions of the discrete spectrum are expressed by Whittaker functions, the
orthonormality relations (12) are deduced in a similar manner and we see
immediately that the ¥, , (W) are orthonormal to the ¥, , (¥5).

IV. SUMMARY

In this paper we have presented complete path integral treatments for the Poin-
caré upper haif-plane with a magnetic field and for the Morse potential. We started
with the path integral on the Poincaré upper half-plane with a magnetic field for-
mulated in the product form definition, a prescription which we have discussed in
detail in a former publication. By a Fourier expansion and the non-linear transfor-
mation y=e? this path integral problem could be reduced to the path integral for
the Morse potential. Thus the solution of the path integral for the Morse potential
gives simultaneously the path integral on U with a magnetic field. The former path
integral was then manageable by a space-time transformation yielding the path
integral of a radial harmonic oscillator with general angular momentum, a well-
known and solved problem. Therefore we could state in closed form the Green’s
functions for the Morse potential,

_ml(1/2—i./2mE —b)

k| I(1=2i /2mE)

xe THIVW, | mmp2lkle”) My, _; 2 kle?), (1)

G"(q",q; E)

and for the Poincaré upper half-plane with a managnetic field
(p:=/2mE—b>-1}),

_)ﬁf(l/2+b—1p)F(l/2—b—l'p)
2n I'(1-2ip)

X exp [ —2ib arctan (x_/:_x’_’):l
y+y
_2b 2(b—1/2+ip)
X (cosh 9 (sinh -;)

1 1
X »F, (E—b—ip,i—b—zp;l—ﬁp;

G(z", 2, E)=

2
1 —cosh d)' @)
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For b — 0 we got the correct results for the Green’s functions for Liouville quantum
mechanics, G*(E), and for the free motion on U, GY(E), respectively. Further
analysis yields the discrete and continuous spectra for these two problems. For
the Morse potential we got the energy spectrum and normalized wavefunctions
(discrete part, n=0, 1, 2, ..., Ny,y, £>0),

t

E = ——(2b—2n—1)
m
'(2b~—2n—1) ©)
My [0 —an— gy(b—n—1/2) , —kelJ (2b—2n~1) g
¥.(q) Tron (2ke?) e "L, (2ke?),
and (p>0, ke R, continuous part)
_P
7 2m
p sinh 2rp 1 @
‘I’M - in _ —q/2 . 49),
H0= o T (=4 5) e W 21k
The Feynman kernel was given by
K"(q", ¢ T)
Nua (2b — 2n — 1) nl(2k)%* — 2! iT 5
-EO T2 —m) exp[%(zb—zn—l)]
1 . Y
xexp[(q’+q”) (b—n—§>—k(e‘1 +e? )]
XL,("zb-ZN7l)(2k€q') LLZbA2n~l)(2keq")
1 o .pz
+2———n2 T L dpexp(——lz—mT>
1 2
x p sinh 27np F(ip—b+§)
xe WO, (21k|eT) W, (2 k| eT). (5)

The energy spectrum and the normalized wavefunctions for the quantum motion on
the Poincaré upper half-plane with a magnetic field were given by (discrete part
n=0, sery NMax, k>0)

1 1 1\?
E,=—|6+5>—(b—n-=
,, Zm{b +4 <b n 2)]
(6)
_ j@b—2n—-1)n! b—n J(2b—2m—1)
¥, dx,y)= | kb —m) ¢ € "(2ky)y’ =" L, (2ky)

595/187/1-9
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and (continuous part, p>0, keR)

1 1
Ep=5n—<b2+p2+z)

[p sinh 27p 1 @
¥, «(x,y)= Wr(ip—b+§) W, (2 k| y) e *x
The Feynman kernel was given by
K(x”, x;’ yu’ yr; T)
w  NMa iT 1 IN*TY 26—-2n—1)n!
=| dk —— | b +=—(b—n—= —_—
L 2 °"p{ Zm[ *3 ( " 2) ]} a7kI'(2b—n)
x e—ik(x"-x’)e—k(y'+_v")(4k2ylyn)b—n
XLLZh—Zn# l)(2ky/)L;2b72n—1)(2kyu)
» w iT({, , I
+Lwdkj‘o dpexp[—%<b +p +Z>]
p sinh 2np , 1 2 )
x 47!3”(' Ir(lp b+2> szp(zlkIY)
X Wy, (2 k| y"y e "=, (8)

For »—0 the wavefunctions and Feynman kernels for Liouville quantum
mechanics and for the free motion on U were reproduced, respectively.

We have also shown the orthonormality of the wavefunctions ¥, , and ¥, of the
continuous spectrum. The orthonormality of the wavefunctions of the discrete
spectrum is due to the orthonormality of the Laguerre polynomials, whereas the
orthonormality between the wavefunctions of the continuous and discrete parts of
the spectrum follows from the property of the Laguerre polyomials that they can
be rewritten in terms of Whittaker functions.

As in our paper [13], the connection with a potential problem in flat space and
quantum motion in a Riemannian space is quite reasonable and is due to the
symmetry properties of the space U (endowed with the hyperbolic metric). This
symmetry is “hidden” in the potential problem.

We saw that the “zero-point” energy E,=(1/2m)(b*+ 1/4) is a pure quantum
phenomenon which can be explained by the Heisenberg uncertainty relation.

For the supersymmetric extension of the Poincaré upper half-plane, the “Super”-
Poincaré upper half-plane, the Feynman kernel can also be calculated [31, 32].

We thus have added two further examples to the short list of exactly solvable
path integrals. The examples demonstrate once more the consistency as well the
universal utility and feasibility of the Feynman path integral.
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APPENDIX A: DiscussioN OF THE INTEGRAL (I1.35)

We want to study the integral (p :=,/2mE—b>—})
* dk 4 ’ #” ’
R(z", ' E)= j T cos k(x" = ') Wy, (2ky") My, _ (2K, (A1)
0

which is part of the Green’s function (resolvent-kernel)

m I(1)2— b — ip)

Glz", 2, E)=—— =20 R(z", 2'; E). (A2)

At first sight R(FE) is a rather complicated integral, which can be expressed by a
cumbersome combination [10, p.862] of the functions Fy(a, B, B, 7, 75 x, )
[10, p. 10537 and where further simplification is not obvious. But this problem can
be circumvented by the work of Patterson [23] and Comtet [4]. Let us write down
the Green’s function G(E) in the spectral display. According to Section IIT we have

G(z",z'; Ey=G®(z", z'; E)+ G°(z", z'; E), (A3)

where G°(E) and G°(E) denote the bound and continuous parts of G(E), respec-
tively. In particular

"

E_E" WXy )Y r (X, y')

@ 1
G(z", 7' E) = ji dk jo dp g Podlx's¥") PR

(A4)

with E,, ¥,,, E,, and ¥,, given in (IIL10) and (IIL19), respectively. The
k-integrations can be performed giving (for details see [4])

mM () (2b—2n—1) [(2b—n)
Gb ” E =_ ibg
(75 E)=3 ZO ! (26— 2m)[(6—n)(1—b+n)— (p° + 1/4)]
2(b—n)
x(cosh ) ,F, (2b—n, —n;2b—2n;coshzg>, (A3)
_ 1/2 + io0 (25— 1) sin 2ns 1
(2", 2'; E) = 8 ds = :
(25 E) 8nzie J1/z-ioo Ssmn(s—b)smn(s+b)s(1—s)——(p2+1/4)
d 2(s—1) d
x(cosh§> 2F1(1~s+b,1—s—b;1;coth2~2->, (A6)
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where ¢ =2 arctan (x' —x")/(y' + y”) and d is given by (IL.1). According to [4, 23],
Eqgs. (A5) and (A6) can be added yielding

T2+ b—ip) I(1/2—b—ip)
r(1—2ip)

G(z', 2, E)= 211— e "
n

Su=r) ! ,d
x(cosh§> .F, <E+b—ip,§—b-ip;1—2ip;cosh‘ 5)
(A7)
Comparing Eqs. (A2) and (A7) together with the transformation properties of the

hypergeometric function ({21, p.47], F\a,b;c;z)=(z—1)"% ,F/(c—a, b;c;
z/z — 1)) gives finally

—ibg 1 d\ -2 2b— 12+ ip)
R(z", z'; E)=e 5 F<§+b—-ip>(cosh-2-) (sinh ‘2—1)

(AB)

1 1 2
Fi{=—b—ip,=~b—ip;1 = 2ip; ————
X2 ]<2 IP’Z p; lp’l_coshd)

and Eq. (IL395) is established.

APPENDIX B: PROOF OF THE DISPERSION RELATION (I11.13)

We consider the complex contour integral (let E, 1> 0)

zl _5,(4) . <21—2i:(l))
Hoael®) i res ((F2et) Bl
§c 22— 2mE dz = 2mi Res 22 -2mE)’ (B1)

where its value is given by the residuum theorem. For the poles in the complex
plane we choose the convention E — E+ie, 0 <e <1, such that the poles of the

integrant of the integral (Bl) are located at z,=./2mE+id, z,= —./2mE—id
{0 <d=205(e) <1). We take for C the closed contour
z=p, PE [_Rv R]
: . B2
¢ {Z=Re"”, 4 (0, n) (B2)

and consider the limit R — oo. If we can show that the integral over the semi-circle
vanishes, we get

* pI—Zip()') o
| g do=inl_se(3) (B3)
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which is the integral we need. For the integral over the semi-circle we get for R
finite

. i eli¢1-21Re""(}L
= IR2 L md¢' <2 max I[ Z,Rew(/}.)l (B4)

' I semi-circle I

With the asymptotic expansion of the modified Bessel functions [1, p.122] for
large order
(14231

~— 1 I B5
1,(vz) \/2_75 exp[ J1+22 +vn \/1_;__} (BS)

we see that the main contribution comes from the factor '™ . Inserting the relevant
terms, we get

llscmi-circlclg\/%eJZRSimﬁ“nZRln“+20R—’0 [¢E(05 ﬂ),R—F OO] (B6)

Thus we see that the integral (B4) vanishes in the limit R— oo and therefore
Eq. (B3) is proved.

APPENDIX C: DERIVATION OF THE SCHRODINGER
EquaTion FroM Eq. (11.12)

We want to prove that with the short time kernel of Eq. (I11.12),

K(C,-,s)—( r: )exp[izr:(é—x)z;T(n—y)"‘_ibéjy_g], 1)

and the time evolution equation,
’ ’ ’ > *® dy ’ ! ’
Px,ys0)=]  dx| 57 KOy 3t =0 #0330, (C2)

the Schrodinger equation can be deduced:

R PP, 1) PP ) A {3
S PR Zm[ e ]”2’[’ PR

+b5*P(, . (C3)

(We have used the abbreviations z=z;, {=z(, With z=x+iy, {={+1in,
X=X(; E=X(j11y Y=V and 1=y ;1)) One must perform a Taylor expansion
in (C2). We get (§{,=¢, {,=1)
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V() (m 0¥, 1)
W 4o ST —(2 )[W(C,t)BwIZ” e By B)

! (%))
+§i,121,2 L, oL, (BC,C/_CiBC/—CjBC,+CiCjBo)] (C4)

izj

with
0 w . . 2ni 172 L
B() - f‘x dx JO y_)z)eu:.t’N(C, =) =2 (%) em/tsalebz/me~l/2(m/i8)
- (%’B) e—isb2/2m
m
x *© d ir PN b
Bcﬁf xdxj V—'Ze”’ &2 = <§—£—'7)B
— o o ]
S N T =
o ® dy ~£’3:N(C -
Bév:j xdxj -;6' D =¢nB,
N 0
jm 2 « dy ie LN, 2) 2 18 2
Bo~ X dxj0 }78 =84+ B,
anzj dxf dy % ML, = D =p? (1+ )Bo-
Here

m(E—x)+(n—y) bE-x
¢’ yn N

denotes the Lagrangian on the lattice and terms of O(&?) have been neglected. We

shall only calculate the integrals B, and B,. The remaining integrals are similar. We
get

LM, 2)=3

(C6)

dy im({—x)’+(n-y) 5%
BO—J dxj yzexP[_{ o ﬂ]

5 1
( 71.’18) \/’ em/m i£b2/2m J y—3/2 exp < _ly — m _> dy

2 o 27 )
=2 ( Z;£> m/w-tebZ/ZmK* ‘/2("’1/1'8) — __::;E e-zebz/Zm. (C’])
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In the last step we have used the integral [10, p.340]
o ﬂ v/2
J x' e BT dx=2(;) KV(2\/B)_)) (C8)
0

and the expression K, ,,(z)=./n/2ze " In order to calculate B, we consider
B,=¢By— BB,. We get

_ © dy im(E—xP+(n—y) . E—x
B¢=Lmdxjo }7(5—36)@’(1)[‘?; o —igb \/y—ﬂ:l

o s 2 _ )2
_—_J d—fjimuexp[f%u +n=7) — ieh — ]du

W NEZ

e 2mig\'? = m mn 1
ermiio — isb/2m <_._> L y ‘exp(——y———) dy

=T m 2ien 2ie y
e\ b 2mi
e (27'-’”-8) emle= BRI (mfig) ~ — = — "y, (C9)
m\ m m m
Here we have used in the u-integration the integral [10, p. 337, n>0]
O e 1 nd ! 2
J%xe Pt 20 dx=5n—_Tp\/%dqn;l(qe"/”), (C10)

and in the last step Eq. (C8) and the asymptotic expansion for the modified Bessel

functions K, [10, p.963]: K,(z)~./n/2zexp[—z+ (v*—1/4)2z] (|z| - o0,
larg(z)| <3n/2). Inserting the expressions (C5) in (C4) yields the Schrodinger
equation (C3).
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