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A numer1ca1 meth0d 6a5ed 0n the J0rdan-w19ner repre5entat10n 0f ant1c0mmut1n9 var1a61e515 deve10ped 1n 3+ 1 d1men510n5 
f0r w1150n ferm10n5. Deta11ed te5t5 are perf0rmed 1n the ca5e 0f free ferm10n5. 7he app11cat10n t0 1nteract1n9 4uantum f1e1d 
the0r1e515 d15cu55ed. 

Ant1c0mmut1n9 6ra55mann var1a61e5 can 6e dea1t 
w1th numer1ca11y 1n the J0rdan-W19ner  repre5enta- 
t10n [ 1 ]. A1th0u9h th15 fact 15 we11 kn0wn f0r a 10n9 
t1me, re1at1ve1y 11tt1e 15 kn0wn a60ut the p05516111ty 
0f  u51n9 th15 repre5entat10n 1n M0nte  Car10 51mu1a- 
t10n5 0f  ferm10n1c 4uan tum f1e1d the0r1e5.7he exten- 
510n 0f  1t5 app11cat10n5 1n (1 + 1)-d1men510na1 
5y5tem5 [2 ] t0 1ntere5t1n9 h19her-d1men510na1 m0de15 
5eem5 d1ff1cu1t, due t0 the appearance  0 f t h e  appear-  
ance 0f519n fact0r5 and c0mp1ex matr1x e1ement5 [ 3 ]. 
Recent1y Duncan  5u99e5ted a new meth0d  f0r the nu- 
mer1ca1 51mu1at10n 0f  h19her-d1men510na1 ferm10n1c 
4uan tum f1e1d5 6a5ed 0n the J0rdan-W19ner  repre- 
5entat10n [4] .  7he  meth0d wa5 te5ted f0r free 5ta9- 
9ered ferm10n5 [ 5 ] 1n 2 + 1 d1men510n5.1n the pre5ent 
1etter 50me m0d1f1cat10n5 are 5u99e5ted wh1ch are 
re1evant f0r app11cat10n5 1n (3 + 1 )-d1men510na1 1n- 
teract1n9 5y5tem5. Deta11ed te5t5 are perf0rmed w1th 
free W1150n ferm10n5 [ 6 ] and the 1nc1u510n 0f  1nter- 
act10n5 w1th 6050n1c f1e1d5 15 d15cu55ed 0n the exam- 
p1e 0f a 51mp1e 5ca1ar-ferm10n the0ry w1th Yukawa 
c0up11n9. 

7he  6ra55mann a19e6ra (m, n = 1, 2 ..... N)  

{c;,, c,,}=a ....... {c .... c,,}={c;,,6}=0 (1) 

15 rea112ed 1n the J0rdan-W19ner  repre5entat10n 6y 

c,*, = a( ~ ) a ~ 2 ~ a ~ - ~  ~ a ~  ~ ) 3  • (2)  

Here ¢ ~ ,  n= 1 ..... N , j =  1, 2, 3 den0te Pau11 matr1- 
ce5 wh1ch c0mmute  f0r d1fferent n: 

• 1~2 ) [a~ ~) ,  ~4~)]=216 ...... ~ycr} (3)  

and,  a5 u5ua1 

~+ =~(~1 ~+1~). (4) 

1t can 6e 5h0wn that  every repre5entat10n 0f  the 
6ra55mann a19e6ra 1n a 5epara61e H116ert 5pace 15 
un1tar11y e4u1va1ent t0 th15. F0r  a 4uadrat1c Ham11- 
t0n 0perat0r  0ne need5 the re1at10n 

c*,,, c,, = ~ ~ ) ~  (~)p (m, n) , (5)  

w h e r e p ( m ,  n)=p(n ,  m) 15 91ven 6y 

p ( m , m ) = 1 ,  p ( m , m + 1 ) = - 1 ,  

p(m, m + k ) =  -~3~(~+ 1)~(,,,+2)~,3 . . . .  #(,,,+~-- 1 ) 3  (6)  

F0r a D1rac ferm10n f1e1d the ant1c0mmut1n9 var1- 
a61e5 can 6e den0ted 6y ~ ,  where c~= 1, 2, 3, 4 15 
the D1rac 1ndex and x the 1att1ce p01nt 1n 3-d1men- 
510na1 5pace. 7he  Ham11t0n 0perat0r  f0r free W1150n 
ferm10n5 w1th ma55 m 15 

9 

H =  2 ~*, , , , /~ , -  5 2 * + * • .~.k 

1 
+ 2 2 (~,*,+f~,,.-~,.*,c~,~,,+~). (7) 

A,], 

7he  5ummat10n ~k 90e5 0ver the three 0rth090na1 d1- 
rect10n5./~ 15 the un1t vect0r 1n d1rect10n k and 1n a 
2•2  610ck n0tat10n the D1rac matr1ce5 f1, c~x are 

0370-2693 /89 /$  03.50 • E15ev1er 5c1ence Pu6115her5 8.V. 
( N0rth-H011and Phy51c5 Pu6115h1n9 D1v1510n ) 
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1n the c0nt1nuum 11m1t the 5ec0nd term 1n the ham- 
11t0n1an, wh1ch 15 pr0p0rt10na1 t0 the W1150n param- 
eter 0 < r~< 1, rem0ve5 the add1t10na11att1ce ferm10n 
5pec1e5 f0rm the 5pectrum. r=  0 c0rre5p0nd5 t0 ••na- 
1ve•• 1att1ce ferm10n5. U51n9 e4. (5) 0ne 06ta1n5 the 
ham11t0n1an 1n the J0rdan-W19ner repre5entat10n. 
Let u5 c0n51der here, f0r 51mp11c1ty, 0n1y the ca5e 0f 
na1ve ferm10n5.1n th15 ca5e we have 

H= ~ m).,~0(+~)a(~ ~) 
c9, .v  

1 
+ ~ ~ [2(a,  k)a~(~k)~+£)aU ~) 

×p(7 (a ,  k)x+~, ax) +h.c.] , (9) 

where 2 ~ = 2 2 = - 2 3 = - 2 4 =  1 and 2(a ,  k) and 7(c~, 
k) are 91ven 1n a matr1x f0rm 6y 

2(cr, k ) =  +1 
- - 1  

+1 

7(c~, k) = 3 
2 • ( 1 0 )  

1 

7he ferm10n var1a61e5 are repre5ented 1n the c0m- 
puter 6y a 51n91e 61t. 7he 0rder 0f the5e var1a61e5 ha5 
50me re1evance due t0 the 519n fact0r p appear1n9 1n 
e4. (5). 1n the ca5e 0f W1150n ferm10n5 1t 15 rea50na- 
61e t0 5t0re the f0ur D1rac c0mp0nent5 6e10n91n9 t0 
a 1att1ce 51te c0n5ecut1ve1y. 7he 51te5 can 6e 5t0red 1n 
the u5ua11ex1c09raph1c 0rder. 7he very 5pec1f1c 0rder 
u5ed 1n ref. [ 4 ] 15 n0t nece55ary. Ar61trary 60undary 
c0nd1t10n5 are p055161e. 1n the pre5ent paper a1way5 
per10d1c 60undary c0nd1t10n5 are a55umed. 0 f  c0ur5e, 
0n the 60undar1e5 the pha5e fact0r p(...x+~, ...x) 15 
50met1me5 91ven 6y a 10n9er pr0duct than 1n51de the 
1att1ce. 7he5e pha5e fact0r5 have t0 6e 0ften c0m- 
puted dur1n9 the 51mu1at10n, theref0re 1t 15 advanta- 
9e0u5 t0 keep them 5h0rt. 1n the way ju5t de5cr16ed 
the avera9e w0rk per 51te needed t0 c0mpute them 
everywhere 0n a n  L 3 1att1ce 15 9r0w1n9 w1th L 2. 

7he a1m 0fthe 51mu1at10n 15 t0 c0mpute trace511ke 

2=7r  exp(-f1H) , (11) 

w1th f1= 7 1 the 1nver5e temperature. F0110w1n9 ref. 

[4] th15 15 d0ne 0 n  L3.L0 a5ymmetr1c 1att1ce5, where 
f1=a0L0. 7he 1att1ce 15 much f1ner 1n the ••t1me•• d1- 
rect10n, theref0re the rat10 0f the 1att1ce 5pac1n95 a0 
15 much 5ma11er than 1. Up t0 f1r5t 0rder 1n a0 0ne 
can rep1ace 

7r  e x p ( - L 0 a 0 H )  

- ,7 r{exp( -a0HD)  (1 - - a 0 H R ) }  L° (12) 

Here H=HD+HR 15 a dec0mp051t10n 0f the ham11- 
t0n1an 1nt0 a d1a90na1 p1ece HD and the re5t H 8  c 0 n -  

ta1n1n9 the 0ff-d1a90na1 term5 1n the ferm10n1c 
var1a61e5.1n ref. [ 4 ] Hj~ = 0 and HR = H wa5 taken, 
6ut the m0re 9enera1 f0rm 1n (12) a110w5 the c0m61- 
nat10n 0f the ferm10n1c a190r1thm w1th the u5ua1 
M0nte Car10 1nte9rat10n pr0cedure f0r the 6050n1c 
var1a61e5. Name1y, 1n the ca5e 0f 1nteract1n9 the0r1e5 
the 6050n1c p1ece 0fthe ham11t0n1an can 6e added t0 
HD (5ee 1ater). A150 1n the ca5e 0f pure1y ferm10n1c 
the0r1e5, a5 a numer1ca1 c0mpar150n 5h0w5, the part1y 
exp0nent1a1 f0rm 1n e4. (12) turn5 0ut 6etter fr0m 
the p01nt 0f v1ew 0f the aut0c0rre1at10n 0f 5u65e- 
4uent c0nf19urat10n5. An0ther advanta9e 0fe4. ( 12 ) 
15 that 1t 15 1n5en51t1ve t0 a c0n5tant 5h1ft 1n the ham- 
11t0n1an, 6ecau5e the c0n5tant 15 c0ntr16ut1n9 t0 HD 
and theref0re dr0p5 0ut fr0m the re1at1ve pr06a6111ty 
def1n1n9 the heat 6ath pr0cedure (5ee 6e10w). 7h1515 
n0t 50 f0r HD = 0 when a carefu1 ch01ce 0f the c0n- 
5tant 15 u5ua11y nece55ary, even 1f at the end (f0r 
a0-,0) the dependence 0n 1t ha5 t0 d15appear. 

1n the 5pec1f1c ca5e 0f free W1150n ferm10n5 the d1- 
a90na1 part 15 91ven 6y 

Hr~ 1 {~} ) = mA{~}[ {~} ) , ( 1 3 )  

where {~} = {~(0e, x), a =  1, 2, 3, 4, x =  1 . . . . .  L 3 } w1th 
~(a, x) = + 1 den0te5 the ferm10n var1a61e5, ]{~} ) 15 
the 5tate 1n the H116ert 5pace 6e10n91n9 t0 {~} and 

A{~}~- 22~d~9( ..... ,. (14) 

1n th15 n0tat10n, after 1n5ert1n9 1n e4. (12) the c0m- 
p1ete 5et 0f5tate5 L0 t1me5, we have 

L0 

2= • 11 {exp[-a0mA{~},1 
~t ~, 1... [ ~t, L,, / = 1  

× ({~},11-a0HR 1{{},+,)}c°+ .... (15) 

where the d0t5 are 5ma11 c0rrect10n5 due t0 the re- 
p1acement 1n (12) and, 6y def1n1t10n, {{}L0+ ~ ~ {~}~. 
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7he n0n-2er0 c0ntr16ut10n5 1n the 5um (15) c0r- 
re5p0nd t0 5e4uence5 {~}~...{~}L0 5uch that the c0n- 
5ecut1ve 5tate5 {~}t and {~},+ ~ d1ffer at m05t 6y a f11p 
0fa  51n91e ••act1ve ferm10n 11nk••. A ••ferm10n 11nk•• 15 
a pa1r 0f ferm10n var1a61e5 c0nnected 6y a n0n-2er0 
0ff-d1a90na1 matr1x e1ement 0fHR. A ferm10n 11nk 15 
act1ve 1fthe ferm10n var1a61e pa1r 15 une4ua1. 7he 5um 
1n e4. ( 15 ) 15 perf0rmed 6y 5amp11n9 w1th a heat 6ath 
M0nte Car10. 7he pr06a6111ty 0f a c0nf19urat10n 15 
taken t0 6e pr0p0rt10na1 t0 

L0 
P({~},...{~}L0) = 1-[ exp ( -a0mA{~} , )  

×1 {{~},11-a0HR1{¢},+~)1 • (16) 

A heat 6ath 5tep c0n515t5 0fkeep1n9 the 5tate5 ] {~},~ j > 

and {{~},+~ ) f1xed and ch0051n9 1{~}~> w1th re1at1ve 
pr06a6111ty 

W({~},) = exp ( - a0 rnA{~},) 

X1<{~},-~ 11-a0H~ 1{~},) 
X <{~},11-a0He1{~},+, >1 - (17) 

51nce the pr06a6111ty P 15 def1ned 1n e4. (16) 6y the 
a6501ute va1ue 0f matr1x e1ement5, the part1t10n func- 
t10n 1n ( 15 ) 15 91ven 6y 

~ r1 <{~},~1-a0H~1{~},+.> ) (18) 
2 =  ,=~ 1<{~},11-a0HR1{~},+~>{ ,." 

Here ( > 1~ mean5 an expectat10n va1ue 1n the M0nte 
Car10 pr0ce55 def1ned 6y the pr06a6111ty P. 7he ex- 
pectat10n va1ue 0f 50me 0perat0r can a150 6e 06- 
ta1ned 51m11ar1y. A5 a 51mp1e examp1e 0ne can 
ca1cu1ate the expectat10n va1ue 0f 97~,,. 6y 1n5ert1n9 
th15 0perat0r, f0r 1n5tance, at the f1r5t t1me511ce t=  1: 

11-a0Ha1{~},+~ > 
X t=1 f~  [ ~ [  1-a0HR1{~},+- > [ 1  / v "  

(19) 

7he M0nte Car10 5tep determ1ned 6y the re1at1ve 
pr06a6111ty W 1n (17) d0e5 n0t chan9e the exact1y 
c0n5erved 4uantum num6er5 11ke, f0r 1n5tance, the 
ferm10n num6er. 1n 0rder t0 5um 0ver a11 the 5ect0r5 
6e10n91n9 t0 d1fferent 4uantum num6er5 0ne ha5 t0 
ch005e the 1nt1a1 c0nf19urat10n rand0m1y and repeat 
the M0nte Car10 5ummat10n many t1me5.0f  c0ur5e, 

1t 15 a150 p055161e t0 5tay, f0r 1n5tance, at 50me 91ven 
ferm10n num6er 1f 0ne 15 1ntere5ted 0n1y 1n 5uch 
avera9e5. 

A5 a f1r5t te5t 0f the meth0d 1 perf0rmed M0nte 
Car10 51mu1at10n5 0f a free W1150n- (0r na1ve-) fer- 
m10n f1e1d w1th the ham11t0n1an 1n e4. (9). 7he a1m 
wa5 t0 c0mpare the re5u1t5 0n ( ~ , )  t0 the exact va1ue 
at 91ven 1nver5e temperature f1, name1y 

2 51nh(f1E4) ( r n - r  ~ c05 41) 
<474u,-> = -  ~5 ~ E4[1 +c05h(f1E4)1 

(20) 

Here 24 mean5 a m0mentum 5um 0ver the 8r1110u1n 
20ne c0rre5p0nd1n9 t0 per10d1c 60undary c0nd1t10n5 
and E415 the ener9y 6e10n91n9 t0 m0mentum 4: 

E4-= m - r • c 0 5 4 1  +~1 51n241" (21) 

7he f1r5t 4ue5t10n 15, 0fC0ur5e, the dependence 0fthe 
numer1ca1 re5u1t5 0n the t1me11ke a5ymmetry 0f the 
1att1ce a0. 7he rep1acement 1n e4. (12) 1mp11e5 that 
the exact trace 15 06ta1ned 0n1y 1n the 11m1t a0~0, 7he 
c0mputed va1ue5 0f (97~> 0n a 4 4 1att1ce (wh1ch 
mean5 actua11y L3~f1 w1th L = f 1 = 4  and theref0re 
L0= f1/a0 t1me511ce5) f0r free na1ve ferm10n5 ( r=  0) 
are 5h0wn 1n f19. 1. A5 can 6e 5een, the dev1at10n fr0m 
the exact va1ue at a0=0 15 near1y 11near 1n a0 f0r 5ma11 
a0.7he dev1at10n 6ec0me5 5ma11er than the 5tat15t1ca1 
err0r f0r a0= 3-~0 (1.e. L0= 1280). 7he 5tat15t1c5 c0r- 
re5p0nd5 typ1ca11y t0 5000 5weep5 per a0 va1ue after 
1000 e4u1116rat1n9 5weep5 (a ••5weep•• mean5 0n the 
avera9e 0ne heat6ath chan9e per ferm10n1c var1a61e 
0n the L3.L0 1att1ce). 7he 5tat15t1ca1 err0r5 were a1- 
way5 e5t1mated 6y the u5ua1 61nn1n9 0fthe 5e4uence 
0f re5u1t5 (1n 0ur ca5e 1nt0 61n5 0f1en9th 2~). 

7he 0rder 0f ma9n1tude 0f the dev1at10n fr0m the 
exact va1ue 0f the trace can 6e under5t00d 6y c0m- 
par1n9 exp( -L0a0E)  t0 ( 1 - a 0 E )  L°. A55um1n9 E-~ 1 
f0r the ma9n1tude 0f the ener9y e19enva1ue, the de- 
v1at10n 0fthe tw0 expre5510n5 can ea511y 6e 5een t0 6e 
0f the 0rder 0f (a0L0)2/L0 = a0f1. 7h15 15 11near 1n a0 
and 15 0f the 5ame 0rder 0f ma9n1tude a5 the dev1a- 
t10n5 1n f19. 1.1t 15 06v10u5 fr0m here that a 5u65tan- 
t1a1 1mpr0vement can 6e expected fr0m the 5ec0nd 
0rder rep1acement exp ( - L0a0E) ~ ( 1 - a0E+ 
1.,.~21~2~ 1.0 1n 0rder t0 ach1eve the 5ame appr0x1ma- 
2~() *~ 7 • 

t10n 1t 15 en0u9h t0 have typ1ca11y 6y a fact0r 0f m0re 
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F19. 1.7he dependence 0f < ~4,,) 0n the rat10 0f the t1me11ke t0 
5pace11ke 1att1ce 5pac1n9 a0 f0r free na1ve ferm10n5 w1th ma551n 
1att1ce un1t5 m= 1.0.7he 5pace11ke 1att1ce 15 4 3 and the 1nver5e 
temperature 8=4. [7h15 can 6e 5h0rt1y referred t0 a5 a 441att1ce, 
a1th0u9h the ca1cu1at10n 15 actua11y d0ne 0n a 4 -3. (4/a0) 1att1ce. ] 
7he d0t at a0=0 15 the exact re5u1t fr0m e4. (20). 

than 10 5ma11er L0. 7he 5ec0nd 0rder ana109ue f0r 
the rep1acement 1n e4. (12) 15 

7r  e x p ( - L 0 a 0 H )  

- * 7 r { e x p ( - a 0 H u )  (1-a0Ha+/~a0HR)}2 2 L0. 

(22 )  

7he c0mputer  c0de f0r th15 4uadrat1c f0rmu1a can 6e 
5u65tant1a11y m0re c0mp11cated than f0r the 11near 
0ne, 6ut the expected reduct10n 0f the t1me 1en9th 0f 
the 1att1ce w111 pr06a61y 1ead t0 c0n51dera61e 9a1n 1n 
perf0rmance. (1n the pre5ent ca1cu1at10n5 a1way5 the 
11near appr0x1mat10n wa5 u5ed. ) 

7he 1n1t1a1 c0nf19urat10n5 were rand0m1y ch05en 
0ut 0f a11 p055161e t1me-1ndependent c0nf19urat10n5. 
1t can 6e 5h0wn that 1n a0- ,0  11m1t th15 15 a c0rrect 
pr0cedure, a1th0u9h there a150 n0n-2er0 c0nf19ura- 
t10n5 wh1ch cann0t  6e reached fr0m th15 6y 5u65e- 
4uent  heat 6ath 5tep5. A5 wa5 5tated 6ef0re, a n0n- 

2er0 c0ntr16ut10n 15 06ta1ned fr0m a 5e4uence 
{~} ~...{#}L0 1f the 5u65e4uent 5tate5 are e1ther 1dent1- 
ca1 0r d1ffer at m05t 6y a f11p 0f a 51n91e act1ve fer- 
m10n 11nk. Due t0 the per10d1c1ty the c0nf19urat10n 
ha5 t0 6e the 5ame after 901n9 ar0und 0nce 1n t1me 
d1rect10n. 7heref0re, e1ther the 5u65e4uent f11p5 have 

t0 c0mpen5ate each 0ther 0r 0therw15e the 5ame 5tate 
can a150 6e ach1eved 1f a chan9e 15 ••901n9 ar0und the 
w0r1d•• 1n 5pace. 7he5e 1ater 5e4uence5 have, h0w- 
ever, a m1n1mum num6er  0f L fact0r5 0f a0 1n the 
pr06a6111ty and hence are ne9119161e f0r a0-*0. 

A p0tent1a1 50urce 0f pr061em5 1n the ca1cu1at10n 
0f expectat10n va1ue5 15 that the pha5e fact0r5 1n the 
n0m1nat0r and den0m1nater [a5 1n e45. (18),  (19) ] 
can 5tr0n91y 05c111ate and make the c0nver9ence t0 
the avera9e 510w. N0 5uch pr061em5 ex15t f0r the free 
W1150n ferm10n5 and f0r the 5ca1ar-ferm10n m0de1 
d15cu55ed 6e10w. M0re0ver, the expectat10n va1ue 1n 

e4. (18) determ1n1n9 2 15 1n the5e ca5e5 exact1y 1. A5 
a manner  0f fact, 1 5aw th15 pr0perty f1r5t 1n the nu- 
mer1ca1 ca1cu1at10n and then c0u1d ver1fy 1t f0r 1ar9e 

<2*> 

-0.5 

4 ,~x4 LA771CE 
A0 =12•0,A/A0=320• 

-1.0 

F19. 2. < ~ , )  a5 a funct10n 0f the ma55 m 1n 1att1ce un1t5 0n 44 
1att1ce f0r free na1ve ferm10n5 w1th a0-= ~ .  7he M0nte Car10 re- 
5u1t5 are c0mpared t0 the exact va1ue5 fr0m e4. (20) 5h0wn 6y 
the tr1an91e5. 
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F19. 3.7he 5ame a5 f19. 2 a5 a funct10n 0fthe 1nver5e 1emperature 
/~. 

c1a55e5 0f c0nf19urat10n5 1n the 5pec1f1c repre5enta- 
t10n 0f  D1rac matr1ce5 (8 )  and f0r the ch05en 0rder-  
1n9 0f  ferm10n var1a61e5. N0te that  th15 15 apparent1y 
d1fferent f0r free 5ta99ered ferm10n5 1n 2 + 1 d1men- 
510n5 w1th free 60undary  c0nd1t10n5, 6ecau5e acc0rd- 
1n9 t0 ref. [4] there we have 24:  1. 

7he  dependence  0f  <~u~,) 0n the ferm10n ma55 
(m) ,  0n the 1nver5e tempera ture  (17) and 0n the fer- 
m10n num6er  (Nr) 15 5h0wn 1n f195. 2 - 4 . 7 h e  5pace- 
11ke 1att1ce 15 a1way5 43 and the a5ymmetry pa ramete r  

1 a0 = 5y6. F19. 4 15 f0r W1150n ferm10n5 w1th r =  1, 0th- 
erw15e na1ve ferm10n5 c0rre5p0nd1n9 t0 r = 0  were 
taken. 7he  5tat15t1c5 1n f195. 1-3 15 typ1ca11y 5000 
5weep5 after 1000 e4u1116rat1n9 5weep5. F19. 4 ha5 6y 
a fact0r 0f 4 m0re 5tat15t1c5. A5 0ne can 5ee 1n f195. 2 
and 3, the exact va1ue5 91ven 6y e4. (20)  are we11 re- 
pr0duced.  F19. 4 c0u1d 6e c0mpared  t0 the va1ue 06- 
ta1ned 6y appr0x1mat1n9 the f1xed ferm10n num6er  
6y f1xed chem1ca1 p0tent1a1 a5 15 u5ua11y d0ne 1n mac- 
r05c0p1c 5y5tem5. 0 n  the 5ma11 1att1ce th15 w0u1d, 
h0wever, 1nv01ve a n0n-ne9119161e err0r. 

Let u5 n0te that  the exact re5u1t 1n e4. (20)  refer5 
t0 the 5um 0ver ferm10n num6er.  A5 d15cu55ed 6e- 
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F19. 4.7he 5ame a5 f19. 2 a5 a funct10n 0fthe ferm10n num6er Nc 
f0r W1150n ferm10n5 w1th r= 1 and m=3.5.7he ma55 1n the fer- 
m10n pr0pa9at0r 15 m-3r=0.5. 

f0re, th15 can 6e 06ta1ned 1n pr1nc1p1e 6y perf0rm1n9 
a 5e4uence 0f  51mu1at10n5 w1th rand0m1y ch05en 1n1- 
t1a1 c0nf19urat10n5 and avera91n9 0ver the re5u1t5. 
H0wever,  1n the 5um 1n e4. (20)  the 5tate5 w1th 5ma11 
ferm10n num6er  d0m1nate ( the chem1ca1 p0tent1a115 
2er0). 1n add1t10n, f0r na1ve ferm10n5 < ~ )  15 510w1y 
varY1n9 near 2er0 ferm10n num6er  (actua11y, 510wer 
than f0r W1150n ferm10n5 w1th r =  1 0n f19. 4) ,  there- 
f0re a 51n91e 51mu1at10n w1th 5ma11 ferm10n num6er  
91ve5 a1ready a 900d e5t1mate. 7h15 15 h0w f195. 1-3 
were 06ta1ned, 1n 0rder  t0 5ave c0mputer  t1me. 

8y  the u5e 0fe45. (12)  and (22)  the exten510n 0f  
the updat1n9 pr0cedure t0 5ca1ar-ferm10n the0r1e5 
w1th Yukawa c0up11n95 6ec0me5 p055161e. A5 a 51m- 
p1e examp1e 1 c0n51dered a 51n91e-c0mp0nent 5ca1ar 
f1e1d 0, c0up1ed t0 a W1150n-ferm10n f1e1d 6y the 
Yukawa c0up11n9 6~ ,~ ,~ , - .  51nce 1n the repre5enta- 
t10n (8)  the Yukawa c0up11n9 15 d1a90na1 1n the fer- 
m10n var1a61e5, 1t can 6e added  t0 HD t09ether w1th 
the pure1y 5ca1ar p1ece 0 f t h e  act10n. 7he  updat1n9 0f  
the ferm10n var1a61e5 15 the 5ame a5 6ef0re (the 0n1y 
d1fference 15 the f1uctuat1n9 ma55 term 1mp11ed 6y the 
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varY1n9 5ca1ar f1e1d). 7he  updat1n9 0f the 5ca1ar f1e1d 
can 6e d0ne 6y the u5ua1 M0nte Car10 pr0cedure w1th 
HD a5 the act10n. 51nce the 1att1ce 5pac1n9 15 5ma11er 
1n the t1me d1rect10n, the 5ca1ar h0pp1n9 parameter  
ha5 t0 6e d1fferent 1n 5pace11ke and t1me11ke d1rec- 
t10n5.7he rat10 0f the tw0 ha5 t0 6e tuned 1n 5uch a 
way that euc11dean r0tat10n 1nvar1ance 6e re5t0red 1n 
the c0nt1nuum 11m1t. (F0r the 51m11ar pr061em w1th 

9au9e f1e1d5 0n a5ymmetr1c 1att1ce5 5ee e.9. ref. [ 7 ]. ) 
7he  c0nver9ence 0f the M0nte Car10 pr0cedure 0n 
5ma11 1att1ce5 (6etween 44 and 84 ) turned 0ut t0 6e 

51m11ar t0 the free ca5e. M0re deta115 a60ut the 51mu- 
1at10n 0f th15 5ca1ar-ferm10n m0de1 w111 6e pu6115hed 
1ater [ 8 ]. 

1t 15 1mp0rtant t0 n0te that the a0-~0 extrap01at10n 
15 9enera11y n0t nece55ary. 0 n e  can a150 w0rk w1th 
5ma11 6ut f1n1te a0 wh1ch c0rre5p0nd5 t0 an act10n 

HD~a~ ~ 109( 1 -a0H~.). 7h15 c0nta1n5 50me h19her- 
0rder c0rrect10n term51n add1t10n t0 HD+HR, 6ut  1n 
the euc11dean 1nvar1ant c0nt1nuum 11m1t the5e c0r- 
rect10n5 pr06a61y d0 n0t matter. 

7he  exten510n 0f th15 updat1n9 pr0cedure t0 0ther 
5ca1ar-ferm10n m0de15 and t0 m0de151nv01v1n9 9au9e 

f1e1d5 5eem5 p055161e 6ut the eff1c1ency 0f the meth0d 
ha5 t0 6e 5een 1n future 1nve5t19at10n5. 
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