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We critically examine various experimental methods for determining the mixing parameter x~ 
in the B~ system, particularly for the case x~ >t 3, as predicted in the standard model. Both the 
possibility of direct observation of time dependent oscillations and the use of time integrated 
methods are discussed. We find that time integrated methods are not likely to be able to measure 
x~ with sufficient accuracy to further restrict its value. Time dependent techniques are therefore 
necessary. For an asymmetric e+e collider running near the T(5S), such a measurement is 
sensitive to values of x, up to about 10, with 5 × 106 bb quark pairs required. For conventional 
machines running at energies high above the B~)B~ ) threshold, at least 3 x l0 s bb's are necessary, 
but x, up to 15 is accessible. 

1. Introduction 

0 - - 0  The recent  observat ion of Bd-B d mixing by A R G U S  [1] (and the subsequent  

conf i rma t ion  by CLEO [2]) has far reaching consequences. In the three family 

s t andard  model,  its unexpectedly large magni tude  implies, for example, an increased 

lower b o u n d  on the top quark mass [3] and, at the same time leads to improved 

b o u n d s  on the Cabibbo  Kobayash i -Maskawa  (CKM) matrix elements [4]. Another  

consequence  of this experimental  result is a lower limit on the mixing parameter  

x~ = A M B ~ / F B ~  for the B°B ° system, predicted to be x S >/3 [5]. The measurement  of 

x~ is therefore of immediate  interest. Should x~ be found to be less than 3, this 

would  be a spectacular indicat ion of new physics. On the other hand,  a precise 

de t e rmina t ion  of x~ within the s tandard model range would be of equal importance,  

especially if m t were known. In this case, the C P  violating phase of the C K M  

matr ix  would  become tightly constrained.  

The  impor tance  of b physics has been realized and will be studied with the use of 

accelerators presently under  construct ion or in the p lann ing  stage, b quarks are 

copiously produced in e+e collisions at the T or the Z ° resonance. In  particular,  

with its designed luminosity,  10 6 bb pairs per year are expected at LEP [6], and 

abou t  10 5 at SLC [7]. Dedicated machines, such as the one p lanned  at PSI, would 
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even reach 10 7 bb pairs per year [8]. The ep collider HERA, with about 10 6 bb ' s  

predicted [9], will also be a useful tool for studying heavy flavour physics. Finally, 
hadron colliders (TeVatron, SSC) and fixed target machines (TeVatron, UNK) can 
provide much larger numbers of bb pairs, which, however, must be separated from 
an enormous background. 

In this paper we discuss various methods for obtaining the quantity x S experimen- 
tally. For  each method, there are several considerations. The accuracy with which 
the relevant observables must be measured in order to give further constraints on 
the standard model parameters is determined. We also present the range of xs to 
which each method is sensitive. Finally, the number of bb quark pairs required for 
such a measurement is estimated. In sect. 2 we survey experimental methods 
utilizing time integrated probabilities of particle-antiparticle transitions. After a 

brief presentation of the observables involved and the accuracy requirements 
(subsect. 2.1), we consider experiments which measure the ratio of same sign to 
opposite sign dilepton production rates at the T(5S) resonance (subsect. 2.2). In 
subsect. 2.3 we extend our investigation, considering dilepton events with an 
additional D~ tag. The oscillations of B~ mesons produced at energies high above 
threshold are discussed in subsect. 2.4. In sect. 3 we examine the prospects for direct 
observation of time dependent Bs-B ~ oscillations. We first consider an experimental 
situation involving B~ mesons produced at high energies (subsect. 3.1). It is also 
possible to measure xs via time dependent means when the CM energy is near 
the T(5S) mass. This is discussed in subsect. 3.2. Our conclusions are presented in 
sect. 4. 

2. Time integrated methods 

2.1. OBSERVABLES AND ACCURACY REQUIREMENTS 

Time integrated methods always measure certain probability ratios [10]. The 
dependence of these ratios on the mixing parameter, Xq, is determined by the initial 
state. Since b quarks are produced in pairs, we can distinguish between the 
following two situations. In the first case, one of the b's hadronizes into a neutral Bq ° 
or go  meson, while the other goes into a different kind of B particle (e.g. B ±, A b, 
etc.) which can be used as a tag to obtain the b quantum number of the Bq. We will 
refer to this as a "single particle initial state" for the rest of this section. In this case, 
the time integrated methods determine the following two quantities of interest [11]: 

(Bo ) , 

~q- p(~O ~ o )  • ( lb )  
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In the s tandard  model one finds [12] that r -- ~ (ignoring CP violation) for both B d 

and B S mesons  and that these quantities are related to Xq by 

9 

2 '  (2) rq = rq - 2 + X q  

where we have neglected the difference in widths between the two B's [12]. In the 

second case the two b's hadronize into a B°B{ ) pair (we will refer to this as a " t w o  

particle initial state"). This situation is more complicated. The Bq°B ° system can be 

p roduced  either in a pure quan tum state with definite angular momen tum L, or in a 

mixed state. Close to threshold, the Bq°B ° pair is produced in an L odd configura- 

t ion (as, for instance, in T(4S)---, Bd°B°). As the energy increases, one can also 
produce  radial excitations of Bq (Bq) giving rise to L even configurations via photon  

emission: B:Bq (BqB:)--*yBqBq. At much higher energies the Bq mesons are 

p roduced  in association with other particles and therefore constitute an incoherent 

mixture.  The relevant quantity, which can be related to experimental data in each 

case, is the ratio 

o o P(Bq°B BqBq) P(Bq°B BqBq)+ - o - o  
R q = P (nO q 0 (3) 

In the s tandard  model, one finds: 

2 Xq large 2 Xq 
O _ _  - -  

z - 1 2 '  (4a) R q ~ - r q -  2q-Xq Xq 

4 xq large 2 3x 2 + Xq 
e 4 - 1 + -  5 , (4b) 

R q -  2 + x 2 + x  q Xq 

in~_ _ _  + _ _  R - 7 - -  + R - 7 - -  Rq -- R e + 1 R ° + 1 + 1 + 1 

4 ~q large 2 2rq 2x~ + Xq 
- 1 - - -  ( 4 c )  

4 4 ' 1 + rq 2 2 + 2Xq 2 + Xq .Xq 

o e 0--0 pair being produced in odd, even, where Rq, Rq, and Riq c correspond to the BqBq 
and  incoherent  states of angular momentum,  respectively. 
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Within the standard model one expects the following relation to hold: 

X s =  Vts 2 

Xd ~td . ( 1 + 8 ) ,  (5) 

where Vts and Vtd are CKM matrix elements, and 8 comprises the SU(3) breaking 
corrections. Using the measured value of x d (combining the results of ARGUS [1] 
and CLEO [2]), 

x d = 0.70 _+ 0.13, (6) 

and available information on the mixing matrix, one finds as a conservative lower 
bound [5]: 

x~ >i 3. (7) 

Since the mixing is expected to be large, it is clear from eqs. (2) and (4) that the 
time integrated observables are rather insensitive to x s, and have to be determined 
to high precision in order to give useful information. For B~, for the values of x~ 
expected in the standard model (eq. (7)), the error on x is much larger in the case 
where BB pairs are produced in an incoherent state of angular momentum (eq. (4c)) 
than when they are produced with L even or L odd (eqs. (4a, b)). This can be seen 
explicitly from the dependence of the error Ax on x, R, and AR (the experimental 
error on R): 

x 2 zlR 
Ax ( ~ - )  ~ - ,  L even, L odd, single-particle, 

(8) 
( ~ )  ~ - ,  incoherent mixture of L .  

Therefore, time integrated measurements are best done for the single particle initial 
state, or when the two particle initial state has a definite L, and we shall concentrate 
on such cases. As is clear from eq. (4), a value for x s within the allowed region leads 
to a value for the observables which is close to 1, that is, I1 - R] << 1, with R = r, 
R °, or R e. In any given experimental situation the accuracy needed to test the 
standard model depends on the actual value of the measured observable. However, 
an accuracy better than [ 1 -  R I / 2  will always further constrain the parameter 
space. In particular, the minimal allowed value x 3 = 3  implies I 1 - R s ]  =0.18. 
Therefore, in order to further constrain the allowed range of x s, we  require that  R s 

be m e a s u r e d  to an  accuracy  o f  order  10% or bet ter .  We will take this point as the 
basis of our further considerations. 
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2.2. TWO PARTICLE INITIAL STATES (1): DILEPTONS 

We begin our discussion with the method which is most likely to be used in the 
near future, and which was successfully used by ARGUS and CLEO to obtain x a. 
This consists of measuring the ratio of same sign to opposite sign dilepton 
production rates. Let us remark that, because of the reasons mentioned in the 
previous subsection, such an experiment cannot be performed in an environment 
where the BB pair is produced in an incoherent state of angular momentum. This 
excludes, for example, the use of B's produced at the Z ° resonance. On the other 
hand, the resonance T(5S) is an obvious candidate source for B°B ° pairs with 
definite angular momentum. The situation here, however, is much more complicated 
than at the T(4S) resonance. 

The experimentally determined ratio Rex p of same sign to opposite sign dileptons 
L introduced in eq. (4), because of a is not equal to any one of the quantities Rq 

variety of contributing modes. 
(i) B°B ° 

One of the main difficulties in extracting the value of xs is due to the fact that 
both B d and B~ mesons in odd and even angular momentum states contribute to 
R~x p. Since the mass splitting between B~ and B d is expected to be close to the D~-D 
mass difference, and since the hyperfine splitting in the B~ system is likely to be 
similar to that in the B d system, we will take 

AmB _ad = 100 MeV, AmR:_B~ ---- 50 MeV. (9) 

Therefore, B~B s pairs are always accompanied by BdB d, BdBd*, Bd*B d and Bd*Bd* 
pairs. Since the mass of the T(5S) is 310 MeV + 2mBd, pairs of BsB* (B*B~) are also 
expected to be produced. However, it is unclear whether B ' B *  can be produced. In 
any case there are four different modes contributing to the lepton rate: B°B~ ) pairs 
in odd or even angular momentum states, and B°B ° pairs with L odd or even. 
(ii) B + B - 

As at the T(4S), there is the contribution of charged B+B pairs to the opposite 
sign dileptons. Its weight relative to that due to B ~  ° pairs is given by the quantity 
)t which is a straightforward generalization of the one used by ARGUS [1]: 

B r ( T +  B+B - ) 
0~0 ' x= Sr(T-  a:Sd) (10) 

where we have assumed equal semileptonic branching ratios for B ° and B + decays. 
In eq. (10), radial excitations, both in the numerator and denominator, are under- 
stood to be included in the quantity h, which is estimated to be in the range 1-1.5. 
(For  a review of the theory of BB mixing, see ref. [10].) 
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(iii) BBTr 
Another factor which must be taken into account is due to the production of BB 

pairs in association with a pion, e.g. B°B% ° B+B d d ' 7/.0, B+~r--~d 0, Bd,'~d,n.0, etc. In 
analogy to eq. (10) we parametrize this contribution as p, defined by 

Br( T ---> B)~r ) 

O -= Br(T--+ BoBa) ' ( l l )  

where we have again assumed equal semi-leptonic branching ratios for B d and B +, 
and excited states are implicitly included in both numerator and denominator. It is 
possible to estimate the relative contributions of DdDdqrl"0%0 0, B+B-~r °, and B+~r ~o to 
0 as follows. First, in analogy to eq. (10), the ratio of B+B-~r ° production to 
B~ffTr ° production is expected to be about X. Secondly, due to isospin considera- 
tions, the contribution of ,,0~0 o DdlSd"B" is four times smaller than that of B+B% + c.c. 
Therefore we have 

B + B - ~ r °  : B + B % - +  B-Bd~r + : B°B%r ° 

)k : 4 : 1 
(12) 

The combination (O/X)[4/(0 + X + 5)] may be experimentally accessible via the 
measurement of the ratio of the production rates of singly charged B's and B +B- 
pairs at the T(5S). In the following we assume O to be 1 since, apart from phase 
space, there seems to be no indication that the production of an extra pion would be 
suppressed. We hope, however, that this assumption will be substantiated by 
experiment in the near future. We will see that the size of this background is 
important. 

There is also likely to be a background contribution from the production of BB~r~r 
final states. We will disregard this in the following discussion. In principle, this can 
be treated in an analogous way to the BBTr background. However, we do not expect 
the two pion contribution to be large because of the limited phase space available. 
Furthermore, for reasons detailed below, it may be necessary to choose the CM 
energy of the collider to be below the T(5S), and this background may not even be 
present. 

In order to take all these factors into account in the extraction of R S from Rexp, it 
is convenient to introduce the quantity/}: 

/~ --= { N(E+E+) + N ( f - d - )  } (13) 

N ( ~ + ~ - ) only from B°B ° 



P. Krawczvk et al. / B ° ~o mixing 7 

k is related t o  Re× p by* 

k = 
Rexp - Rao Rexp - Rdo ] 

( ( k + l ) ( ) k + 5 ) - t - X ( P 4 - X + 5 ) ) R e × p + 9 p  l + R a  ° +½O i q - R G  ] 

X ( k  4- 1) (X 4- 5) - ~.(1o -~- ~ 4- 5)l~ex p - 910 1 -t- ]l~do 2 1 4- Rde ] 

(14) 

where k is the ratio of BsB ~ to BdB a production rates, and X and 0 have been 
defined above. The subscripts d o and d~ refer to Bd°B ° pairs with L odd and L 
even, respectively. In eq. (14), we have assumed that the B°B ° pairs coming from the 
B°B0~r ° background are produced in an incoherent state of angular momentum, i.e. 
they contribute equally to the d o and de terms (the B~'s (Bd°'S) coming from 
B-B% "+ (B+B°w -) contribute only to the d o term). It is easy to see that /} is given 

by: 

de R d 71- d° R d o 4 - - - R  s 4 - - - N s )  
-- 1 + Ra~ ° 1 + Ra~ ° 1 4- Rse  ~ 1 + R,o ' 

X de 4- do ~- 4- (15) ) l + R a o  1 + Ra,, l + R s  e l + R s o  

Again, the subscripts above refer to the BB modes of the respective type. In eq. (15), 
ate denotes: 

a~ e = N(B2B °, L even) 
N(B0~0)tota, " [Br(Bd° + d+X)] z' (16) 

with analogous definitions for a~ o, £e, and £o. Assuming the semileptonic branching 
ratios for Ba and B~ decays to be the same, one finds 

a~e + do + £c + £o = [Br(Bd°,,~ --*/+X] 2. (17) 

It follows from eq. (15) that /} is extremely sensitive to the ratio of the 
production rates of B S mesons in L even and L odd states. If these production rates 
are equal, this is equivalent to producing B S mesons in an incoherent state of 

* Following A R G U S  we assume that the background contribution to the same sign dileptons coming 
from charm decays can be determined, and is small for appropriate cuts imposed on the lepton 
energies. However, these cuts eliminate about half the signal as well 
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TABLE 1 
Ratios of probabilities for the decay of T(5s) into various states, for two potential model calculations. 

In the first line, the mass of the T(5s) is assumed to be smaller than 2roB,; 

the last two lines assume that B ' B *  pairs can be produced. 

BHI [13] 1 - -  0.41 0.34 0.03 0.004 
BHII  [13] 1 0.67 0.41 0.18 0.03 0.004 
CUSB [14] 1 1.18 1.34 0.1 0.67 0.21 

angular momentum and, as can be seen from eqs. (4) and (8), this implies that the 
resulting error in x s is too large. It is therefore very important to know how close to 
an incoherent state the actual situation is, i.e. to know the ratio ~o/~e rather well. 
Explicitly, for the combination of R~'s which enter eq. (15), we have 

I + R  ~e+ I + R  ~o=½~ ¢ 1 +  ~ + 1 -  ~e 7 7 + 0  , 
e o X s 

v_s e 1 +  ~e ~e _.~ . I + R , o ~ +  l+Rso~O= ~^ - -  - 1 - - -  x~ + O  (18) 

In principle one can calculate the relative production probabilities for the various 
modes using potential models [13-15] (which also include coupled channel analyses). 
However, as can be seen from table 1, there are considerable theoretical uncertain- 
ties involved. We are left, therefore, with three possibilities. The first is to experi- 
mentally determine this ratio. Unfortunately, there does not seem to be any easy 
way to do this. Furthermore, it is unlikely that £o/£e could be obtained with 
sufficient accuracy to yield a 10% measurement of R s. Another possibility is to run 
the experiment at the threshold for Bs°B ° production ( - 1 0 . 8  GeV), thereby elimi- 
nating all higher excitations. However, as can be seen in fig. 1, in which the cross 
section for e+-e  annihilation into hadrons is plotted versus the center of mass 
energy [16], the cross section is substantially reduced at this energy. Finally, 
according to potential model calculations, it might be possible to tune the CM 
energy of the collider to a value such that one angular momentum state dominates 
over the other. For example, such a situation is predicted at the T(5S) resonance 
with mr(sS ) < 2roB, in the scenario presented in the first row of table 1 [13], for 
which one finds 

Br( T--* BsB~) 
Br( T --+ B ~ *  + BsB* ) = 10 2, (19) 
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Fig.  1. The  r a t i o  R = o ( e + e  - ~ h a d r o n s ) / ~ ( e + e  ~ ~ ~ ff ) vs. cen t re  of  mass  ene rgy  in the region  o f  7" 

r e sonances  [16] ( r epr in ted  wi th  permiss ion) .  

i.e. £o/Se = 0. This seems to be the only type of scenario in which R s can be 
measured to the prescribed accuracy. Thus in what follows we shall neglect the L 
odd B,Bs configuration altogether. (Should it turn out that B*B~* pairs are produced 
at the 1'(5S) resonance, we suggest tuning the energy slightly below the peak. As can 
be seen from fig. 1, there is almost no loss in the BB production rate below the 
estimated B~*-B* threshold. It may also be that including B ' B *  pairs will yield a 
situation in which £~/So = 0. This is equally acceptable, and yields a similar analysis 
to that which follows.) We must emphasize that more theoretical work must be done 
to ascertain whether or not one angular momentum state dominates over the other. 
Should this assumption turn out not to be realized, however, then this time integrated 
method for measuring x~ appears much less promising. 

We now address the question of whether or not the required accuracy in R~ can 
be achieved even under this assumption. Defining the parameters k and p by: 

k -  4 + d~o ' p -  ap ° , (20) 

R so can then be written as 

kR + f  
R ~ -  k - f  ' (21) 
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1 [ /}-R 4 R-Rjo] 
f = f ( P ' k ' X d ) - - T 7  7 P 1+~-~7a< + 7 + ~  " (22) 

k is, in principle, experimentally accessible by measuring the K meson yield above 
and below the threshold for B s production. However, not enough is known about 
kaon production in the decays of B d and B~ mesons to reliably extract k from such a 
measurement, k can also be estimated using potential models (e.g. k- -0 .25 [13]). 
However, in light of the uncertainties of these models, we will, for the moment, keep 
it as a free parameter (although the range 0.2 ~< k ~< 0.5 (continuum) seems reason- 
able). As for the parameter p, it may be possible to measure the ratio of the number 
of BB pairs in even-L states to the number in odd-L states by looking at the angular 
correlation between same sign dileptons [17]. This will determine p provided k is 
known. In view of the strikingly different values for p predicted by various models 
(see table 1), we regard it as a free parameter (varying in the range 0 ~< p < oo). 

In order to estimate the (in)sensitivity of R,o to various quantities one has to 
calculate the respective derivatives. One easily finds, for instance 

{ R o} OR,e 1 q- R~ Rs¢ Rde + "° . (23) 

Ok - k ( l + k ) ( l + p )  p l + R j e  I + R < ,  

For  the sake of a numerical estimate, we take Rs~ = 1, x d = 0.7, k = 0.25, and 
consider the two extreme cases, p = 0 and p--+ oc. For the contribution of the 
uncertainty in k to the error in R,e, one gets 

OR s Ak (1.33,  f o r p = 0 ,  
A k - k ( l + k )  0.42, f o r p ~ m ,  t 

=Ak{4'2'1.4, f o r k = 0 . 2 5 .  (24a) 

The other contributions to the error can be calculated similarly: 

ORs , ,  (12.2 ,  
Afp=Zajp~ 9.3, for k = 0.25, (24b) 

OR~¢ . / 5.0, 
aXd ~ 8.2, Ax a = for k = 0.25 (24c) 

OR, ak { 
11.7, fork--0.25 (246) 
5.7, 
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where Alp denotes the change in the function f when p varies between 0 and ~c: 

2k k 
A l p -  5 + 3k 4.8k + 5.8 = 0.05, for k = 0.25. (25) 

As a first remark we observe that the derivative of R,e with respect to /~ is very 
large. This calls for an accuracy in /} to be better than 0.01. In view of the 
uncertainty in the values of X and 0, such a precision seems out of reach. We 
therefore conclude that the like sign dilepton quantities at the T(5S) cannot be used 
in this form to determine x~ if the standard model holds, even if k and p are known 
exactly. On the other hand, using R,~ = 1, measuring k would give information on 
the parameters k and p: 

= - - + - -  +~k Pl+Rd, + - -  Pl+Rd~ l + R d o  - -  l + R d  ° 

1 

+ ~-k 

(26) 

This should be of direct interest as a test for potential models. 
The derivatives of R~ have the following important feature. In the limit of large k 

all but  ORso/OR tend to zero. The asymptotic 1/k 2 behaviour of OR,,/Ok implies 
that even if the uncertainty in k is of the same order as k itself, its contribution to 
AR still decreases like 1/k. At the same time ORso/OR tends to 1. Therefore if one 
were able to effectively increase k, AR,o would be limited mainly by the experimen- 
tal error on R. This will be discussed in the next section. 

2.3. TWO PARTICLE INITIAL, STATES (2): DILEPTONS WITH D~ TAG 

The formalism introduced above applies equally well for a slightly modified 
experimental situation. In particular, putting additional constraints on the final 
state (beyond the existence of two leptons) results in changes in the effective values 
of k, p, )~ and O. Such constraints can be used to enrich the sample in leptons 
originating from B~s pairs, and thus allow one to reach the required 10% accuracy 
in R~. 

Perhaps the simplest way to achieve this goal is to tag on a D~ meson in addition 
to the dileptons. Although this will considerably enrich the ratio of B~'s to Bd'S in 
the sample, there will still be some background. In this situation one finds 

se Br(B~ ~ ED~X) 

kerr = d o + d e Br (B d --* { D ~ X )  - e (27)  

while the other parameters remain unchanged. Here, e represents the experimental 
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efficiency for rejecting the mode B d + IDsX.  Neither of the two semileptonic 
branching ratios used in eq. (27) is known. However, one can estimate them in the 
following way. Up to SU(3) flavour breaking corrections, one has Br(B s ~ # + D s X  ) 
-- Br(B d ~ ~ + D - X ) .  Using the experimental number [18] 

Br(B d ~ D *  # + v ) = ( 7 . 0 + 1 . 2 + _ 1 . 9 ) % ,  (28) 

and using the prediction of Bauer et al. [19] 

Br(Bd -0 D * - # + v )  

Br(B d ~ D  ( + v )  
=2-3, (29) 

we get Br(B a ~ Dt~X) -- 10%. The measured value of the average inclusive semilep- 
tonic branching ratio for B °, B +, B is about 12% [20], thus 

Br(B° ~ #+X) ~< 12%. (30) 

This leaves at most a 2% branching ratio for B d semileptonic decays not involving D 
mesons. Among  these modes B d ~ #DsX should contribute at best a fraction of ~, 
since the production of the D s requires the creation of an additional sg pair (see fig. 
2), and the ratios of production probabilities are approximately ufi : dd : sg = 2 : 2 : 1. 
This fraction should get further reduced by the possibility of creating different 

strange final states. From these we derive the upper bound 

Br(B a -* #+D~-X) ~< 0.4%, (31) 

but we hope that some experimental information on this branching ratio will 
become available in the near future. Fig. 2 can be also used as a guideline to 
estimate the rejection efficiency e. It suggests that, unlike in the B S case, most of the 
Ds'S produced in B d decays are accompanied by at least one K meson. For the sake 
of a conservative estimate we assume these to be neutral K's, 30% of which can be 

-C 
_ v I 

q 

d 

Fig. 2. The Feynman diagram for B d semileptonic decay into a final state with two mesons. 
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Fig. 3. The missing mass (M 2, see text) distribution for the decays B, °---, D[ {+~, (solid line) and 
B ° ---, D~ { + uX (dashed line). Only phase space is taken into account. 

detected and therefore excluded from the sample, i.e. e - 0.7. Finally, we arrive at: 

Se 
kef~>~ 35 a~ e + a~ ° . (32) 

A method  to increase keg f even further has been brought  to our attention by 
N a k a d a  [21]. Following a technique used by A R G U S  [22], it consists of imposing an 

appropr ia te  cut on M 2 - [(roBs -- EDs -- E~) 2 - (PD~ + P t ) 2 ] ,  i.e. the square of  miss- 
ing mass. Care must  be taken that the lepton and the D s both originate f rom the 
same B meson.  In the case of a Bs at rest, M 2 corresponds to the neutrino mass. At  

the T(5S) resonance B~ mesons are produced with small but nonzero momentum.  

Therefore  one expects a distribution in M 2 centered close to zero, but  broadened.  

Calculat ing M 2 for B d decays will result in a distribution which is centered at a 

larger value. This is caused by two reasons. First of  all, one uses mB~ instead of mBd 
in the formula  for M 2. Secondly, the invariant mass of  undetected particles cannot  
be smaller than m 2. We calculated the M 2 distribution using the Monte Carlo 

p rog ram J E T S E T  [23], taking into account  only phase space. As can be seen from 
the result, which is shown in fig. 3 (arbitrary normalization), one can eliminate 90% 

of  the B d contamina t ion  while losing only 50% of the B~ signal by cutting on a value 
of  M 2 =  0. This increases keff by a further factor of 5. This agrees well with the 
results of  a Monte  Carlo simulation by Nakada  [24], where the more realistic 
t ransi t ion matrix elements of Bauer, Stech and Wirbel [19] were taken into account  

for the B decays into final states involving two mesons. We conclude that a value of 

kerf-- 45 is not  out of reach. Taking this as an estimate, assuming Ak = 0.5k, 
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Ax d = 0.2, using Afp as in eq. (25), and adding errors in quadrature, we find 

A R s e =  i (2 .5  X 10 2)2+ (1.05A/~) 2 . (33) 

In order to determine Rso with a precision of at least 10% one therefore has to know 
/~ to better than 9%. 

One question we still have to address concerns the ;k, p and k dependence of/~ 
(eq. (14)). As we have already mentioned, the parameters 2, and p are not affected 
by the specification of the final state. From eq. (14) we find 

O~h gh  2.1 -- - -  gh  = 0.014, for keff = 45 (34a) 
k eft 

O/~ AP 1.4 
= kcf-~ Ap=0.031 ,  for keff= 45 (34b) 

00~u 3.8 Akerf = ,-5- A k e f f  = 0.042, 
keff 

for kerr= 45 (34c) 

where we have used A2, = 0.3, A 0 = O = 1, and Ak = 0.5k. Combining all the errors, 
we obtain 

where 

AR,e= ~(6.2 X 10-2)2+ (1.05[A/~l~tat) 2 , 

(A~)~tat__-- i "~(1+/~)N + 

(35) 

(36) 

This calls for 800 BB---* d+d DsX decays in order to achieve 5% precision in k 
(i.e. 8% in Rs). In order to estimate the corresponding number of bb pairs, we have 
to take into account the following factors: 
(a) 1/0.16 for requiring that the initial bb pairs hadronize into one of the B~°B ° 
states (see table 1), 
(b) 2 due to the fact that approximately half of the B°B ° pairs give rise to opposite 
sign dileptons, 
(c) 2 due to the cut on the missing mass distribution, 
(d) 800 for the required statistics, 
(e) (8.4 × 1 0 4 ) - 1  from the product of branching ratios of interest (we assume that 
the D s is detected through its q~r decay mode), 
(f) a factor of about 8 for detection efficiency and energy cuts. 
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This amounts  to 2 × 108 bb pairs required. Let us give two examples on how this 

number  can constrain the range of xs in the standard model. First, suppose that the 
measured value of R~ turns out to be 1.0 _+ 0.08. In this case one would derive a 
lower limit on x~ of 4.8 but no upper bound. On the other hand, if one found a 
value of R~ = 0.9 _+ 0.08, one would get a range 3.0 ~< xs ~< 9.9 at the 1 standard 
deviation level. In our opinion, this method will not be able to yield much more 
information than indicated above. 

2.4. SINGLE-PARTICLE INITIAL STATES 

As has been indicated in the previous sections, experiments which do not 
distinguish between the mixings of the B°-B ° and the B°-B ° systems cannot reach 

the accuracy needed. This is mainly due to the uncertainties in the production 
probabilities Pd and p+ of the respective mesons. A method sensitive to B°-B ° 

mixing only has been proposed by Ali and Barreiro [25]. Their suggestion is to look 

at the quanti ty 

oCf K K - ) - o C #  K + K  +) 
ACgKK) = (37) 

o ( (  K - K  )+o({ K + K + )  ' 

where all three particles belong to the same jet. On the basis of statistical errors 
only, a relatively small number of 5 × 105 bb pairs is necessary in order to obtain 

the required 10% accuracy in R s. However, a reasonable estimate of various 
uncertainties (such as the dependence on ps and needed branching ratios, K-Tr 
misidentification, and choice of fragmentation model), as already indicated in 

ref. [25], leads to the conclusion that A({KK)  is at best sensitive to xs~< 2. 
Therefore this still could be an excellent method, but in the case of small x~. 

As a further example of this type of measurement, we consider the production of 
bb quark pairs at energies high above the T(5S) mass, at a Z ° factory, for example. 

For the reasons discussed in sect. 2.1, we examine only single-particle initial states. 

In order to facilitate the identification of the B's, we consider initial states where the 
B S meson is produced along with a charged B (either B + or Be+). We then require 
that the charged B be fully reconstructed, and that the B S meson be identified 
through its semi-leptonic decay mode B~ ~ gD~X. r~ (eq. (2)) is then obtained by 
taking the ratio of the number of events in which the charged B and the lepton have 
the same sign and the number of events in which they have opposite signs. 

However, the possibility of B d and charged B decays to final states which include 
a lepton and a Ds must also be taken into account. For both B d and B u mesons, 
these decays are suppressed relative to the B~ decays. Although nothing is known 
about  B + 's, the decay Bc ~ fDsX also requires the creation of a quark pair from 
the vacuum. We will therefore assume this suppression e to be the same for all cases. 
As shown previously, e = 0.04. There is also the possibility of error in determining 
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the charge of  the B+c. We will denote this error as a. Finally, a lepton and a D~ can 

be p roduced  from other sources and these backgrounds  must also be taken into 

account .  The size of  this background depends on the experiment; we will parametrize 

it by  a quant i ty  fi defined as [N(g'Ds)to t -N(f lDs) f rom B~]/N(/Ds)from B~" Assuming 
that  the background  contr ibution to the same sign events is equal to that for the 

opposi te  sign events, we have 

psrs Ps pdrd Pd ] 
= (1 -- - -  + O~ + e(1 -- 0~) + e c ~ - -  + ec~pc h + t~ 

c0 1 + r s  l + r  s l + r  a l + r  d 
re×p 

Ps psr~ 
× ( 1 - a )  l + r s + a l + r s  

pdrd 
Pd 4-eO~ + e(1  --  o~)Pch + /9 

+ e ( 1 - a )  1 + rd  l + r d  

(38) 

where again Ps is the probabil i ty that a b quark hadronizes into a B s meson, and Pd 
and Pch are defined similarly for the Ba's and charged B's, respectively. 

We now estimate the effects of  the various uncertainties on the error Ar  s. For  

simplicity, we neglect a (which is expected to be small in any case). Then r s can be 

expressed as a function of  rex p and the parameters x, x', and 7, which are defined as 

Pd Pch fl 
= e - - ,  ~ ' =  e - - ,  7 = - - -  ( 3 9 )  

Ps Ps Ps 

Assuming  that  Pu : Pd : Ps = 2 : 2 : 1, and ignoring the effects of c6 quark pairs, yields 
~- x'  = 0.08. Using these values for ~ and ~', and taking r s -- 1, one finds 

Ors (27 + 1.3) 2 

0rex p 27 + 1.16 
(40) 

Requir ing that  this derivative be less than 2 (which, together with our  10% accuracy 

requirement  for r s, corresponds to Are× p < 5%) constrains 7 to be 0 < 7 < 0.27, and 

we assume that  the background can be reduced to this value (/3 < 0.05). This in turn 

constrains the other  contributions to Ar s to be in the ranges 

0 < IOrs/O~17 < 0.02, 

1.11A~ < IOrJO~l A~ < 1.18A~, 

1 .78Ax'  < IOrs/Ox'lA~ ' < 1.85AK',  

(41a) 

(41b) 

(41c) 

where we have taken A 7 - - 7 .  To estimate the number  of  b-b pairs required, we 
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assume that Ar~ = 0.08 and y = 0.27. For values of the errors AK/• and AK'/K' 

equal to 25% (0%), this calls for Are×p/~ p < 2.5% (4%). With the following factors: 
(a) 25 /2  for requiring that the initial bb pair hadronize into B~)B - or B°B+, 

(b) 10 for the efficiency of reconstructing the charged B, 

(C) 2500 (AFexp/Fexp = 4%) - 6400 ( A r e x p / r e x  p = 2.5%) for the required statistics, 
(d) (6 × 10 3)-1 from the product of branching ratios of interest, 

(e) 5 for the efficiency of detecting the fD~ final state, 
we find that 3 -7  × l0 s bb quark pairs are required. Of course, should the back- 

ground be larger (/3 > 0.05), even more b-b pairs are needed. 

3. Time dependent methods 

Due to mixing, the interaction and mass eigenstates of B s mesons do not coincide. 
This can be observed as oscillations (as a function of proper time) of the number of 
decays to final states accessible only for the weak eigenstate B ° but not for ~o (or 
vice versa). The measurement of xs then consists of observing the oscillations and 
determining their frequency. Such a measurement requires a quite different experi- 
mental  situation than that utilized in the previous section. Due to the short lifetime 
of B mesons, a large boost is necessary so that the b and f~ quarks are produced with 
large momenta  in the laboratory system. There are two possibilities for such 
experiments - either at energies high above the threshold for B°B ° production [26], 
or at an asymmetric e+e - collider at a centre of mass energy near the ~'(5S) mass 
[27]. We now discuss these cases in turn (ignoring CP violating effects and lifetime 
differences). 

3.1. O S C I L L A T I O N S  H I G H  A B O V E  T H E  B~)-B~ ) T H R E S H O L D  

Experiments examining the time-dependence of B~ oscillations high above thresh- 
old could, in principle, be carried out at Z ° factories, high energy hadron colliders, 
fixed target machines, or ep colliders. Regardless of which machine is used for this 

experiment, the program for measuring the time-dependence of the oscillations is as 
follows: 
(i) Look for the decay of a B s meson. 
(ii) Measure the time t at which it decayed, and identify whether it was a B ° or a ~o 
at this time. 
(iii) Look on the other side for the decay of another B and determine whether the 
decaying B meson contained a b or a b quark. (We will generically refer to a meson 
containing a b quark as a B; a B meson contains a b quark.) 
(iv) Plot N(Bs°B+B°B) vs. t and N(B°B + ~ o ~ )  vs. t. x~ can then be obtained 
from the period of oscillation of these curves. 

There are three types of initial states which contain a B s meson. First of all, Bs's 
can be produced along with charged B's, i.e. B°B- and B°B +. Since the charged B's 
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cannot oscillate, the respective distributions, as a function of the B s proper time t, 
are given by 

(,)] N(B_BO_~B_~O;t ) ~12ex p - l + c o s  Xs~ , (42)  

where ~" is the lifetime of the B s meson. Similar equations are obtained for the case 
in which the initial state is B +go. Secondly, B~°Bd ° and B°B° pairs can be produced. 
Here, the B d mesons can also oscillate, but the oscillations of the B d and B~ are 
independent. In this case we must integrate over the decay time of the Bd, since this 
time is not measured. This gives 

N(B°B ° ~ B d O - O ' t ) + N ( B ~ O - - * B O B O ; t ) B  s , 

N( B°~° '~ B~°B°; t ) d  s + N ( B ~  ° ~ B°B°'d s '  t ) 
~ e x p  - 1 +_ ] + x , ~ C ° S  x~ . 

(43)  

- - 0  0 Similar equations result when the initial state is B d B s . Finally, B°B ° pairs can also 
be produced. These are produced along with other particles, and therefore constitute 
an incoherent state of angular momentum. Because of this, this situation is com- 
pletely analogous to the case in which the initial state is B°B°d s or B°B°d s, yielding 

N(B°B° ~ B°B°; t) 

N(BO~O ~ ~o~o; t) + N(B°B ° ~  BOB:; t) 
- - -  2 COS X s . - s e x p  - 1 +  i . + x  s 

(44) 

Combining eqs. (42), (43) and (44) we obtain 

N(B° B +  BOB; t) 

- ½ e x p ( -  t/~-) 1 +  l+x~+Rll+x~ 
(45a) 

N(B°B + Bs°B: t) 

- ½ e x p ( - t / , )  1 -  ~ + e  1 -  
1 

l + x ~  

(45b) 
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where 

N(B°B °)  + N(Bd°B °)  N ( B - B  °)  + N(B+B °)  
R 1 = N(B0~O) , R 2 =  N (BO~O) (46) 

Using the continuum production ratios ufi: dd" sg = 2"2"1 ,  we estimate R 1 = 

R2-~2.  
In the following we discuss the experimental errors which have to be taken into 

account in obtaining these distributions. First of all, in order to determine whether 
it was a B ° or a go  which decayed, one must search for final states to which only B ° 
or g o  can decay. One example of such a decay is B ° --, D j  + (n ~r) + (or go  _~ D + + 

( n ~ r ) ) .  In this case the charge of the D~ tags the decaying particle. Secondly, the 
simplest way to see whether the other decaying B contained a b or a b quark is to 
look at semi-leptonic decays. In this case, the charge of the {-+ can then be used as 
a tag. For both  the D + and the f -+ there is a finite probability for mistagging the 
charge of the meson. The effect of this error is to combine the distributions in eqs. 
(45a) and (45b), thereby reducing the signal. In the following, we will assume this 
mistagging error to be 15%. Finally, the proper time is not obtained directly it 
must be extracted from the distance of flight and the energy measurements. The 
average distance travelled by B~ in the course of its lifetime is given by: 

] /, = - -  = 1.9 mm.  (47) 
mB~ 1 .1×] -0  12s 

For  energetic B~ mesons, the next generation of vertex detectors will be able to 
determine this length with reasonable precision. For such detectors, we will take Al 
to be 25/zm (this is only slightly more optimistic than the 30/~m expected for the 
A R G U S  upgrade [28], but more conservative than the 10 #m used in ref. [27]). For 
the relative error in the proper time measurement one gets: 

A t A t / [ m B A I ] 2 ( A E )  2 

Taking E = 15 GeV as an estimate, a 10% relative error in the energy determination 
leads to At/.r = O (10%). Nonvanishing At limits the range of x~ to which this kind 

of technique is sensitive since it leads to a smearing of the actually observed 
distributions. 

To simulate the effect of the At/.c error, we convolute the function in eq. (45a) 
with a gaussian error factor* (the analysis is similar for eq. (45b)). In fig. 4 we show 

* This consti tutes only a rough approximation of the real experimental situation; a detailed Monte 
Carlo analysis could model it more accurately. However, we think that our method incorporates the 
main features and therefore our conclusions should not be changed dramatically. 
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Fig. 4. The distribution N(B°B +B~B: t) (eq. (45a)), folded with a gaussian factor as a function of the 
proper time t/,c: (a) without charge misidentification, and with At/T = 0.I, for x~ = 0 (solid), 3 (dotted), 
10 (dashed), and 20 (dot-dashed); (b) as in (a), but now with a 15% probability for charge misidentifica- 
tion; (c) without charge misidentification, but with At/r = 0.25, for x~ = 0 (solid), 3 (dotted), 5 (dashed), 

and I0 (dot-dashed); (d) as in (c), but now with a 15% probability for charge misidentification. 

how the gauss ian  smear ing  affects the shape of  the d i s t r ibu t ion  with and wi thout  

mis t agg ing  (figs. 4b and  4a, respectively) for At/'r = 0.10 and x~ = 0, 3, 10 and 20. 

( In  these f igures and those following, we take R 1 = R 2 = 2.) Because of the nonzero  

A t/ 'r error ,  the curves develop a tail  for t /T  < 0. In  o rde r  to compare  these figures 

wi th  expe r imen ta l  results, one has to mul t ip ly  the d is t r ibu t ions  of fig. 4 by the total  

n u m b e r  of exper imenta l  events. (This same normal iza t ion  is used in figs. 5 and 7.) 

One  sees tha t  wi th  such an accuracy the range 3 ~< x~ ~< 15 is accessible. In  fact, even 

smal le r  values  of  x~ can be ob ta ined  using this method.  However ,  there is a lower 

b o u n d  of  a b o u t  x S = 1 which or iginates  f rom the fact  that  for small  mixing the 

d i s t r i bu t ion  is very close to the pure ly  exponent ia l  one, even in the case of vanishing 

p r o p e r  t ime and  mis tagging errors.  F o r  less accurate  p rope r  t ime measurements  this 

r ange  is r educed  considerably.  F o r  example ,  in figs. 4c (no rnistagging) and 4d 

(mis tagg ing  included) ,  we plot  the curves for At/,r = 0.25 and x~ = 3, 5,10. F o r  this 

p r o p e r  t ime error ,  only 3 ~< x~ ~ 8 appears  to be accessible.  However ,  with reason- 

ab le  p rec i s ion  on At/,r, this method  is sensit ive to qui te  large values of  x~. In  o rder  

to visual ize  the impor tance  of precise p rope r  t ime measurements ,  in fig. 5 we plot  
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Fig. 5• The distribution N(B°B +B ° B ;  t) (eq. (45a)), for a fixed value of x s = 15, convoluted with the 
error factor corresponding to At/T = 0 (solid), 0.05 (dotted), 0.1 (dashed), and 0.25 (dot-dashed). 

the distributions (including the mistagging error) for a fixed value of x s = t5 and 

several values of At/¢ (0, 0.05, 0.1, 0.25). 
We note an interesting feature of the distributions under consideration. The value 

of the ratio N(B°B + ~ o ~ ;  t)/N(BO~+-BOB; t) at any given fixed time t is not a 

constant - it depends on the values of At/T and %. Using our procedure for taking 

the experimental errors into account, this is illustrated in fig. 6, for t/~ = 2~r/x s 
(i.e. for the value at which the distribution in the numerator  develops a minimum 
for At = 0). Although a Monte Carlo simulation is needed in order to determine the 
actual size of the effect, it may provide additional information on %. 
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Fig. 6. The ratio N(B°B + Bs°B; t)/N(B~°B + B~B; t) at t / r  = 2~r/% as a function of the error At /¢  for 
x~ = 3 (solid), 5 (dotted), 10 {dashed), and 15 (dot-dashed). 
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Fig. 7. Simulation of the actual experimental data (see text) for the distribution N(B~)B +B~B; t) with 
x~ = 10 and (a) 250, (b) 500 reconstructed B~ ) o r b  ° mesons. 

In order to estimate the number of events needed to see the oscillations, we 
simulated the real experimental situation by transforming our continuous distribu- 
tions into histograms as follows. For x S = 10, and including both a mistagging error 
of 15% and an error At/~ = 0.1, the distribution of eq. (45a) is split into bins of size 
equal to the error in the proper time. The number of events in each bin is then 
interpreted as a mean of the Poisson distribution, and a random number is 
generated accordingly. This number is then taken to be the actual height of the bin. 
We present the histograms for a total of 250 events (fig. 7a) and 500 events (fig. 7b). 
Although it would be difficult to see an oscillation signal with 250 events, it should 

be possible with 500 events. However, we note that, for At/~ = 0.25 (and corre- 
sponding bin size), the oscillations become essentially invisible. 

We now estimate the total number of bb pairs required. Since we are looking for 
oscillations in N(B°B+B°B;  t) or N(B°B + B°B; t), the final state to which the Bs 
decays must be chosen carefully. A total energy measurement is required, so that 
semileptonic decays are of no use here. For the case of hadronic decay modes, these 
should have relatively large branching ratios and reasonable detection efficiencies. 
In general, the oscillation signal will lie on top of an essentially exponential 
background coming from B ° and ~o decays. Since the ratio of B~ to B d mesons in 
the initial state is expected to be of order 1 : 2, it is useful to consider modes that 
distinguish B~ from B d. Also, as noted earlier, the final state must distinguish B ° 
from ~o. As an indicative example we consider the following decay chain: 

B+ Ox 
L~ D +, + (n~r)- 

D~+V (150 MeV) 

~K+K - " 

(49) 
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The branching ratio for ~o ~ D + ,  + (n~r) can be estimated by comparison with 
Br(B d --+ D + * + (n~r)-), where the sum over various numbers of charged ~r's (needed 
for good vertex identification and energy reconstruction) gives about 5% [18]. The 
other factors which enter our estimate are 
(a) a factor of about 5 for requiring that the initial bb pairs hadronize into at least 
one B ° or ~o, 

(b) 10 due to the tagging on the charged lepton (i.e. it must be certain that this 
lepton comes from the decay of a B meson), 
(c) 10 or more originating from detection efficiency, energy cuts, K-~r misidentifi- 
cation, background subtraction, etc., 
(d) 500 for the required statistics, 
(e) (1.5 × 10 -3) 1 from the product of branching ratios of interest. 
This amounts to at least 3 × 108 b-b pairs needed. One way to reduce this number 
would be to reduce the uncertainties in items (b) and (c). Another possibility might 
be to sum over various decay modes of the D~ to reduce the effect of the branching 
ratios (item (e)). 

3.2. OSCILLATIONS NEAR THE B°B ° THRESHOLD 

The experimental situation is quite different at energies near the B°B ° threshold, 
i.e. around the T(5S). First of all, because of energy considerations, Bs mesons can 
only be produced in the initial state B~°B °, or from the decays of the excited states 
B*B s, BsB*, or B ' B * .  In any of these cases, the B°B ° pair is produced in a definite 
state of angular momentum. For this two particle initial state, the expressions for 
the oscillations depend on the angular momentum of the B°'B ° system: 

N(B~°Bs °--+ B~°B°; ta, t 2 ) - e x p (  
11 -{- t2" -COS21 

t 1 ~" cos2 

xs tl + t 2 
• I '  f o r L e v e n ;  

2 r 

xs tl - t2 1 for L odd. 
2 r ] ' 

(50a) 

N(BO~O ~ BsOBsO; ll  ' t2 ) .+_ N (BO~O + ~o~o; ta ' t2 ) 

tl+t 2 Isin2( xs tl+t2) - for L even ; 

exp 

[ s in  a for L odd.  
2 ~" ' 

(50b) 

In eq. (50), t I and t 2 are the proper times of the initial B ° and ~o, respectively. 
Another  feature of the T(5S) is that the B ~  pair is produced almost at rest in the 
center of mass. However, as noted earlier, in order to measure the decay times, it is 
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necessary to produce the B°B ° system with a definite boost in the lab system. This 
can be achieved with an asymmetric e+e collider [27]. 

With such a machine, the method for obtaining x~ from a time-dependent 
measurement  is somewhat different from that in sect. 3.1. Although the energy of 
the B's is known approximately, the beam interaction point is not, so that t x and t 2 

cannot  be individually determined. However, the B°-B ° proper time difference is an 

accessible quantity. Integrating eq. (50) with respect to t 1 + t2 ,  while keeping t 1 - t 2 

fixed, results in the following distributions in ]t~ - t2]: 

N(B°B° --* B°Bs°; ] tl - ,21 ) 

It~-t21) 
1 exp 

1 ( 2 [ x~ t x - t 2 ] 
~ 2 C O S  | - 
l + x ~  \ 2  J 

+ x s - x s sin x s T 
2COS2( xs tl -- t2) 

2 ~- ' 

L even, (51a) 

L odd. 

N(B°B° ~ B°B°; Itl--t2] ) -~- N(B°-B° ~ B°B°; ] t , -  t2] ) 

( 1 ( . ~ { x  s t ~ - t 2 ~  

[ l~Xs2t2Sln-tT --T-- I 

| 2{ xs  t 1 - t 2 ; )' 

L even, (51b) 

L odd.  

As suggested by Feldman [29], these two different classes of distributions can be 
observed as oscillations in the number of opposite and same sign dileptons. These 
signals will be on top of an almost exponential background coming from B d and B + 
decays. However, in principle, one would expect a drastic reduction in the number 
of b quarks required to obtain xs, since one can look at inclusive semileptonic 
decays of Bs mesons, which have large branching ratios and for which detection 
efficiencies are good. 

Of  course, these distributions are affected by experimental errors. First of all, 
there is an important  systematic error [14] due to the fact that BB pairs are not 
produced at rest in the centre of mass system (i.e. the Doppler  effect). If they were 
at rest in the CM system, then, by knowing the relative velocity fi of the laboratory 
and CM systems, it would be possible to obtain the proper time difference t 1 - t 2 
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quite accurately. However, the distance between the decay vertices of the two B 
mesons in the lab system is approximately given by* 

d = cy /~ ( / I  - -  t2)  + C~cmCOS(Ocm)(tl + t2 )  + O ( ~ 2 n )  , (52) 

where flcm is the velocity of the B mesons in the centre of mass system, and 0~ 
denotes the polar angle with respect to the beam pipe at which this meson is emitted 
in the CM. Taking (t~ + t2> = 2¢ and (ICOS0~mI> = 2/~r, this leads to a systematic 
error in (t 1 - t2) as extracted from d: 

A ( t l _ - - / 2 )  4 ]~cm 

~" syst 7r /~ l"S/~cm " ( 5 3 )  

In the last step we have assumed a 12.5 GeV on 2.3 GeV collider configuration as 
proposed in ref, [27]. This Doppler effect affects different modes in different ways. 
For example, with the centre of mass energy just above the threshold for B ' B *  
production, one finds that B[B~ pairs coming from the decays of BflB* have, on 
average, ]~m = 0.01, while B~,~ pairs produced directly have flcm = 0.14. For BB 
pairs originating from all the various angular momentum states, we have 

B ' B * ,  B ~ *  + B*B~, B ~ ,  Bd*Bd*, BdBd* + Bd*Bd, BdB d 
flcm: 0.01, 0.10, 0.14, 0.20, 0.22, 0.24, (54) 

For the even-L configurations, we have taken the average value of flcm" 
Since the beam energy is expected to be well controlled, the main source of 

statistical error in d( t  1 - t z ) / , F  is the finite vertex resolution. Assuming this resolu- 
tion to be 25/~m, one gets 

res -- C"{J~T --  0.1, ( 5 5 )  

with the assumed asymmetric collider configuration (fly = 1). An increase in the 
asymmetry of the beam energies leads to larger values of yfl and therefore decreases 
the systematic uncertainty slightly. However, the statistical error is more compli- 
c a t e d -  an increase in ,/fl in eq. (55) will also result in an increased error in 
d, caused by the higher collimation of the B decay products. Therefore an 
optimal choice of the collider configuration might exist which would minimize 
[A(t 1 --t2)/~']re~. In the subsequent discussion we assume this minimal value to be 
given by eq. (55). We will, however, also consider larger values of the statistical 

* This assumes that the B's are produced back to back in the CM systcm. In fact, because of B* and 
BB~r production, this is not the case. However, a more accurate estimate of this systematic error 
would require a detailed Monte Carlo simulation. 
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error.  This error  sets the upper  limit for the value of x S accessible experimentally.  
We  also note  that, because of the systematic error, there is a m i n i m u m  value of 13 
required to measure  Xs, i.e. there is a m in imum necessary a symmet ry  in the beam 
energies. 

Finally,  there are two more  factors which must  be taken into account.  First, there 
is the possibil i ty of charge misidentification. We will assume this error to be equal 

to 5%, but  it turns out that  this does not affect the shape of the distr ibutions 

significantly.  A more  serious difficulty is due to the background.  First, there is a 
pure ly  exponent ia l  component ,  due to charged B decays. This contr ibutes  predomi-  
nan t ly  to the opposi te  sign dilepton signal, but  due to charge misidentif icat ion it 
also affects  the same sign dilepton distribution. Secondly, semileptonic decays of 
Ba°Bd ° pairs also contribute.  Since the Bd°B ° product ion  rate is larger than that  for 

B°B ° pairs,  this will const i tute a large background  which, however,  carries a 
different  oscil lation frequency. (Since x d is much  less than x~, the background  due 
to B d decays  will be almost  exponential .)  Moreover ,  for bo th  the B~ and B d 
c o m p o n e n t s  one does not  experimental ly  distinguish between the two different 
angula r  m o m e n t u m  eigenstates. Therefore  their contr ibut ions must  be combined  
with  some appropr ia te  weights. Finally, BB pairs can be produced in association 

with charged or neutral  ~r's. As discussed in sect. 2, this contr ibutes to a variety of 
modes ,  for  example,  ,,0~o o n+ ~{} 7r 0 D d D~i'B" , B + B ~r 0, ~ ~r Dd, etc. The modes  effectively 

increase the contr ibut ions  of both  B + B -  pairs and B°B ° pairs (both even and odd 
angula r  m o m e n t u m ) .  On the other hand,  for the contr ibut ions with charged ~r 's, one 
has  to take into  account  a new kind of distribution: 

( + cos2 (-,11 N(  B+~°  ~ B+B°;  t l '  / 2 )  - -  exp ~- T T ' 

(tl+t2) (xa2) 
- sin 2 (56) N ( B + 5 ° ~ B + B ° ; & ' t 2 ) - e x p  "r T ' 

which, af ter  integrat ion over t 1 + t 2 and symmetr iza t ion  with respect to the sign of 

t 1 - t2, leads to the following expressions: 

+ -0 .  it ~ _ t21) N(B+B ° ~ B Bd, 

3 + - -  + cos x a -  4 + x 2 exp ~- 2 

N ( B  +~o + o B Ba; I t l -  t2l ) 

1 [ It1 - t2l 
4 + x 2 exp ~ ~- 

1 + xA-  cos( 
2 

X d - -  

It~ - t2] Xd ( ' ' 1 - - ' 2 ' ) / 2  sin Xd 

(57a) 

itx - t2[ Xd ( 
+ ~ -  sin x d q- 

(57b) 
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Fig. 8. The d i s t r i bu t i on  N(B~'B~ ) ~ B°B~'; Ifi - t21) for L odd (eq. (51a)), as a funct ion  of the p roper  
t ime  di f ference  ]q - t 2 l / r :  (a) for x~ = 0 (solid), 3 (dotted),  5 (dashed),  and  10 (dot-dashed);  (b) as in 
(a), bu t  now folded wi th  the error  factor  cor responding  to [A(q  - t 2 ) / r ] re~  = 0.1; (c) as in (b), but  now 

wi th  [ A ( q  - t 2 ) / r l r e ~  = 0.2; (d) for x~ = 0 (solid), 2 (dotted),  3 (dashed),  and  5 (dot-dashed),  but  folded 
with an error  factor  cor responding  to [ A ( t I - t 2 ) / r ] r ~  = 0.5. 

Similar equations are obtained when the initial state is B B% +. The process of the 
type (57a) contributes to the opposite sign dilepton signal, whereas the process of 
type (57b) affects the same sign dilepton rate. For these distributions, the Doppler 
effect leads to a systematic uncertainty as given in eq. (53) with an average 

flcm = 0.16. 
We first consider the distributions with opposite sign dileptons only. In fig. 8a we 

plot the function in eq. (51a), L odd, for four values of x S (0, 3, 5,10). In figs. 8b 
and 8c, we smear this function using a gaussian error factor as in the previous 
section, for different values of the statistical error, [A(t 1 -t2)/~-]~es=(0.1,0.2), 
while in fig. 8d we use [A(q- t2 ) /~- ] re  =0.5  and x~ = (0, 2, 3, 5). Neither the 
systematic error, mistagging error, nor background is taken into account here. 
Already it can be seen that a statistical error of 0.5 essentially washes out the signal. 
Analogous curves for L even are given in fig. 9. In both figures the curves are 
normalized to the number of BB pairs initially present with a given angular 
momentum. One clearly observes that in the case of L even, the amplitude of the 
oscillation is very small and therefore difficult to detect. This shows that the centre 
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Fig. 9. As in figs. 8(a-d)  but  for L even. 

of mass energy must be adjusted to a value for which the odd-L B S states 
predominate.  In principle this value could be below the B ~ *  threshold, which 
might be preferable in view of the systematic uncertainty caused by the Doppler 
effect. However, this energy corresponds to the dip in the cross section, as can be 
seen in fig. 1. Therefore the T(5S) would be better suited, if its mass were greater 
than 2rnB.. As was discussed in the previous section, this might not be the case and 
therefore one would have to tune the collider to an energy just above the B ' B *  
threshold. In such a case, there will be a systematic uncertainty whose magnitude is 
given by eqs. (53) and (54). Conservatively, the total error can be estimated as the 

sum of the statistical and the systematic one. Let us remark here that a further 
increase in the center of mass energy, corresponding to the T(6S) mass, for instance, 
would lead to a considerable decrease in the sensitivity to large values of xs. In fact, 
the smallest value of/~cm in this case (corresponding to the B ' B *  mode) is given by 

0.17, which is equivalent to [A(t 1 -t2)/~-lsy~t > 0.3. 
In fig. 10 we plot the opposite sign dilepton distributions for x~ = 0, 3, 5, 7, taking 

into account the statistical and systematic errors, as well as the mistagging error and 
the background. Here, the statistical error is taken to be 0.1, and V~- is taken to be 
2mB..  In fig. 10a we combine the contributions of the various B°B ° components 
according to the second model of Byers and Hwang in table 1 [13] (we will refer to 
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Fig. 10. The opposite sign dilepton distributions, taking into account all discussed effects, as a function 
of the proper time difference I tt - t2l/'r. A mistagging probability of 5% and [2,(q - t 2 )/-c],.~, = 0.1 arc 
assumed,  for x~ = 0 (solid), 3 (dotted), 5 (dashed), and 7 (dot-dashed): (a) for the scenario BHII, (b) for 

the equal mixture scenario. 

this combination as "BHII") .  The charged B+B background is taken to be 
1.2 times that due to BdB d pairs (this is the parameter X in eq. 10). Similarly, p, the 
ratio of BB~" to BdB d initial states (eq. 11), is assumed to be equal to 1. (It might be 
possible to reduce the value of p by detecting charged v's ,  seeing that they do not 
come from the decays of either of the two B's, and removing these events from the 
sample.) As in sect. 3.1, all the distributions are normalized to the total number of 
dilepton events. In view of the theoretical uncertainties involved in calculating the 
numbers of BHII, in fig. 10b we consider the extreme case of equal probabilities for 
B d and B~ production as well as for the odd and even angular momentum states (this 
will be referred to as the "equal mixture"). Since the oscillation periods for even-L 
and odd-L components are equal, the lack of knowledge of their relative weights 
does not affect the determination of this period. However, the signal due to the 
modes BsB ~ and BsB* + B*B~ is considerably reduced due to the Doppler effect. 
Therefore the measurement of x~ would become difficult unless B~*B* constituted 
the dominant contribution. Fortunately, potential models do predict this mode to 
dominate, for the CM energy just above the threshold for its production. In both 
figs. 10a and 10b, it is clear that the signal to background ratio becomes very small 
when all the effects are taken into account. Of course, this gets even worse for larger 

values of [A(t I - t2)/~']re~. 
The small signal to background ratio in the opposite sign dilepton distributions is 

mainly caused by the large contribution from BdB d, B+B , B Bd~r +, and B+Bd ~ 
initial states. For this reason the oscillation in the same sign dilepton sample 
provides a better measurement of x~. In fig. 11, we show the same sign dilepton 
distribution for xs = 0, 3,5,10, for a number of different scenarios. In fig. l la ,  we 
assume no statistical error, but take all other errors into account, using the initial 
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Fig. 11. The same sign dilepton distribution as in fig. 10. The left column is shown assuming the 
scenario BHII with [k(q  t2)/r]res=O (a), 0.1 (c), and 0.2 (e). Similarly, the right column shows the 
results for the equal mixture scenario (b, d, f). The values of x, and the curve assignments are the same as 

in fig. 10. 

B°B ° rat ios of  BHII .  Fig. l l b  is the same, except that  the equal mixture is used. 
Figs. l l c  and 11d use BHI I  and the equal mixture, respectively, but now for 
the more  realistic value of [ A ( q -  t z ) / r ] , e . = 0 . 1 .  Finally, the curves with 

[,k(t t - t2) /r] ,e~ = 0.2 are found in figs. l l e  and l l f ,  again for B H I I  and the equal 
mixture,  respectively. For  a statistical error of 0.1, the oscillations can be seen in 
bo th  cases, even for the value x~ = 10. However,  for [~l(t t - t 2 ) / r ] , e ,  , = 0.2, the 
signal is a lmost  washed out for the equal mixture.  To  stress the impor tance  of good 
ver tex resolution, in fig. 12 we plot  the same sign di lepton distr ibution for fixed 
% = 7  and four values of the statistical error (0,0.1,0.25,0.5) using the BHI I  
scenario.  Al though the signal is still clear for 0.1, it is very difficult to see for 0.2, 
and  essentially invisible for a statistical error of 0.5. 

In principle,  one might expect that, for large statistical errors, the distr ibutions for 
var ious x s would  quickly become identical. But, as can be seen in figs. l l e  and l l f ,  
this is not the case, especially near  t~ - t 2 = 0. However ,  this effect cannot  be used 
to de te rmine  x~, since the difference depends on the poorly known product ion  
probabi l i t ies  for the various modes.  Again, this can be seen f rom a compar ison  of 
figs. 11e and  11f, where we used BHII  and the equal mixture,  respectively. On the 
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0.1 (dotted),  0.2 (dashed),  and 0.5 (dot-dashed).  

other hand, if x~ were known,  say from the oscil lation length, then measuring the 

ratio of  same  sign to opposite  sign dilepton rates at t t = t: might provide informa- 

tion on the weights  with which the various components  contribute. (If t t - t  2 = 0 

were  hard to access experimentally,  other values could be used, for instance 

Itl - t21 = 2~r/x~ as in fig. 6.) This ratio is plotted as a function of  [A(t  1 - t2)/'c]~<. ~ 
in figs. 13a and 13b for x~ = 0.5, 3, 5, 10 and 15, using BHII  and the equal mixture, 

respectively.  A cautionary remark is in order here. Since only a Monte  Carlo 

s imulat ion  can give a reliable est imate of the number of di leptons at t 1 = t 2, fig. 13 
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scenario,  (b) equal mixture.  
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dileptons. 

can only be regarded as an indication of the effect. On the other hand, for figs. 
10 12, the presence of the oscillatory component and its period should be rather 
insensitive to the smearing procedure employed. 

Our final task is to estimate the number of b-b quark pairs needed to measure x, 
at asymmetric colliders. In order to get a reliable number for the statistics required, 
we generated histograms as in sect. 3.1, assuming the binsize of the experimental 
distribution to be equal to [A(t 1 - t2)/r]re~.  In fig. 14, we show the histograms for 
the two scenarios, BHII and the equal mixture, with [ k ( t ~ -  t2 ) / r ] res  = 0.1 and 
x~ = 5. Each case is presented for three different numbers of detected same sign 
dilepton events, 2 × 10 4, 5 X 10 4, and 5 × 105. Taking into account semileptonic 
branching ratios, which give a factor 1/(0.24) 2, and allowing for both finite 
experimental efficiency and the fact that some of the signal goes down the beam 
pipe (an estimated combined factor of 8), these correspond to about 2 × 106, 
5 × 106, and 5 × 10 7 initial bb quark pairs, respectively. For both the BHII and the 
equal mixture scenarios, the period can probably be measured with about 5 × 104 
same sign dilepton events. Fig. 15 shows similar histograms, but for x~ = 10. Here, 
although the signal can be seen in the BHII scenario with only 5 × 104 events, it 
cannot be seen for the more pessimistic equal mixture, even with 5 X 105 events. 
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With 5 × 10 4 events, for the equal mixture, the maximum value of x~ which can be 
obtained is about 7. The histograms for x~ = 3 and 5 × 10 4 events are shown in fig. 
16. In both cases it might be possible to extract x~ by assuming that all modes 
except B ' B *  contribute a pure exponential, and then doing a 2-parameter fit to the 
distribution. We further emphasize the importance of good vertex resolution in fig. 
17. Here the histograms are plotted for x~= 5, but [A(t 1 -  t2)/r]~c~=0.2. By 
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comparison with fig. 14, it is clear that x~ cannot be extracted from these distribu- 
tions. We therefore conclude that, in addition to at least 5 × 106 bb's, a vertex 
resolution Al = 25/~m or better is necessary. However, the largest value of x~ which 
can be measured is about 10. Of course, the precise upper limit depends strongly on 
the actual production ratios of the various initial states. 

Finally, one might hope that an additional Ds tag, which would have the effect of 
dramatically reducing the background, would lead to the requirement of a smaller 
number of bb quark pairs for the determination of x~. However, the poor efficiency 
of D~ detection outweighs the gain in the signal to background ratio. A detailed 
analysis shows that at least one order of magnitude increase in statistics is unavoid- 
able, with only a marginal gain in the largest value of x~ measurable. 

4. C o n c l u s i o n s  

In the standard model, x s is expected to be at least 3. Its value can, in principle, 
be obtained using time integrated or time dependent means. We have analysed both 
methods in detail, focussing on (i) the number of bb quark pairs needed, (ii) the 
range of x~ accessible, and (iii) the physics assumptions upon which each method is 
dependent. 

There are two possibilities for time integrated methods. First of all, the experi- 
ment can be performed at an energy around the mass of the Y(5S). In this case x, is 
extracted from a measurement of the ratio of same sign to opposite sign dileptons. 
In order to enhance the number of Bs's in the sample, an additional tag on a D~ is 

required. We estimate that 2 × 108 b-b pairs are required to determine R~ to 8%. 
0 - - 0  However, this is crucially dependent on the assumption that the fraction of B~ B S 

pairs in one orbital angular momentum state (i.e. either even or odd) is negligible. If 
this is not the case, the inability to accurately measure £o/£e will make it impossible 
to determine R s with sufficient precision to test the standard model. 
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Time integrated techniques can also be used at energies high above the 
T(5S) mass. In this case we require that the initial state be B°B. (or-0Bs B+), 

that the charged B be fully reconstructed, and that the B~ be identified through 
its semi-leptonic decay mode B ~  g'D~X, r~ is then obtained from N ( ( + B + +  
g - B - ) / N ( f + B - +  g B+). Assuming that the background can be reduced to less 
than 5%, and that the ratios of production probabilities Pd/P~ and PcJP.~ can be 
determined to at least 25%, we estimate that r~ can be measured to 8% with 
3 - 7  × 108 bb pairs. 

For both of these time integrated methods, a measurement of R~ (or rs) to 8% 
corresponds (in the most optimistic case) to x~ in the range 3 ~< x~ ~< 10 at the lo 
level. Realistically, however, it seems very unlikely that either of these methods will 
yield constraints on x S at the 90% c.1. better than those provided by x d and our 
knowledge of the CKM matrix. Should xs turn out to be smaller than predicted by 
the standard model, these techniques could be quite useful. However, we feel that, 
for a standard model value of x~, time integrated methods are not likely to provide 

more information. 
Time dependent methods are much more promising. As in the time integrated 

case, there are two possibilities for such experiments. First, the time dependence of 
B~ oscillations can be examined at energies high above the B°-B ° production 
threshold. In this case, the decay of a B~ meson is identified, and the time of its 
decay measured. The charge of the lepton in a semi-leptonic decay determines 
whether the other B contained a b or a b quark when it decayed. N(B~B + B~B) (or 
N(B~B + ~ o ~ ) )  is then plotted vs. t, and x~ is obtained from the period of 

oscillation of the curve. However, the time of the decay is not determined directly - it 
must be obtained from a measurement of the energy of the B, and the distance of 
flight. Assuming that both are measured accurately enough that A t/T can be 
determined to 10%, we find that at least 3 x 10 ~ bb quark pairs are needed. With 
this method, a value of xs up to about 15 is accessible. On the other hand, if At/,r 
can only be measured to 25%, the oscillations are essentially washed out. 

The other possibility for a time dependent determination of x, is to use an 
asymmetr ic  e+e - collider and to run the experiment near the T(5S). Here, although 
it is not possible to measure the decay time of an individual B~, the time difference 

between the decays of two B's is experimentally accessible. With this technique, x, 
can be obtained by simply looking at oscillations in the number of same sign (or 
opposite sign) dileptons as a function of this time difference. We find that it is best 
to look at the same sign dilepton distribution. Since the detection of a D~ meson is 
not necessary, a reduction in the number of bb pairs required is expected. Assuming 
that the vertex resolution is at least 25/~m (which corresponds to A(t I - t2)/7" = 0 . 1 ) ,  

a value of xs up to about 10 can be measured with 5 × 106 b-b pairs. However, the 
range of x~ accessible is quite dependent on the actual production rates of the 
individual states. For instance, for the pessimistic case of an equal mixture of initial 

o-o  Bo~o s t a t e s  ( B d B  d and ~ ~ pairs in both even and odd orbital angular momentum 
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states), the maximum value of x S which can be obtained with 5 × 10 6 bb's is about 
7. Furthermore,  if the vertex resolution is only 50 /~m, the oscillations cannot be 
seen at all. 

F rom this study, it is likely that time dependent methods are needed, for standard 
model values of xs. Experiments which run at energies high above the B°B ° 

threshold can measure x S in the range 3-15, but require at least 3 × 10 ~ bb quark 
pairs. Asymmetric colliders near the T(5S) can perform this measurement with 
fewer ( - 5  × 10 6) b-b pairs, but are only sensitive to values of x~ up to about 10 

(with this number  of bb's). Work has already been done investigating the feasibility 
of both  of these machines for the examination of CP violation in the B system. In 

light of the fact that the measurement of x~ is a very important test for the standard 
model, we strongly encourage that these efforts continue. 

We thank R. Peccei and H. Schr/Sder for helpful discussions and a critical reading 
of the manuscript.  We thank T. Nakada  for useful conversations, and for the results 
of his Monte  Carlo simulation. Discussions with A. Ali, D. Cassel and G. Feldman 
were also of great help. We are grateful to G. Ingelman for the JETSET program. 

P.K. thanks M. Pawlak for helpful conversations. D.L. wishes to thank D. Hitlin, 
M. Witherell, A. Sanda, and P. Patel for helpful discussions, and the organizers of 
Snowmass '88, where some of this work was done. H.S. would like to thank 
Acciones Intgradas and the theory group of the Univ. Aut6noma de Barcelona, 
where part  of this work was done. 

Appendix 

In this appendix we present the ingredients needed to calculate time dependent 
distributions folded with a gaussian error factor. These distributions are linear 
combinat ions of terms of the following form 

where o 
threshold (sect. 3.1), the function of g(v )  is one of 

0 (v )e  - ' ,  O(v)e  %os xv ,  O(v)e  ~'sinxv, 

1 ~c (U-- U')21 
D ( v ) - o  2 ~  f g ( v ' ) e x p  ~o 5 ] d v ' ,  (A.1) 

is the experimental resolution. For oscillations high above the B°B ° 

(A.2) 

where v = t / r  and O(v) is the step function. (As can be seen from eq. (45), the 
function O(v)e ~' sin xv is not necessary, but has been included here for complete- 
ness.) For the case of oscillations near the B~°B ° threshold (sect. 3.2), v = (t 1 - t2)/'r, 
and g (v )  is one of 

e-~', e %os sv,  e -~' sin xv .  (A.3) 
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given in eq. (A.2): 
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calculation yields the following results for D(u) with g(u) as 

/ReH,(u)l.~=,,9 for g(u) purely exponential, 

D(u) = ReHl(u), forg(u) acosxc’, (A.4) 

Im H,(u), forg(u)asinxu. 

For g(u) as given in eq. (A.3), 

i 

Re(f4b) +Hd~))l~=~~ for g( 0) purely exponential, 

o(u) = Re(H,(u) + Hz(u)), for g(u) a cosxu, (A.5) 

Im(H,(u) + 4(u)). for g( II) a sin xi’. 

The functions H,(u) and H2( u) in the above equations are defined as follows: 

erf[$&igl]; (A.6) 

where erf(z) is the error function (of complex argument) [30]. 
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