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The volume dependence of physical quantities, like renormalized mass and coupling, is
numerically investigated in the broken phase of the 4-dimensional Ising model. It is shown that
finite volume effects in small and intermediate volumes are dominated by vacuum tunneling, The
tunneling phenomenon is investigated in detail. The splitting of the ground states due to tunneling
turns out to be given to a good approximation by an instanton-like calculation. The large volume
limit of the physical quantities is compared to the prediction of the perturbative renormalization
group which connects the scaling behaviour on both sides of the phase transition. A good
agreement with the 3-loop B-function is observed.

1. Introduction

Quantum field theories with scalar fields and spontaneously broken symmetries
play an important role in the standard model of elementary particle interactions,
because they provide a theoretical framework for mass generation. In non-perturba-
tive numerical simulations of these theories a detailed understanding of the finite
volume effects is necessary, since numerical studies are always done in systems with
finite volumes, but the interesting physical information is usually obtained in the
infinite volume limit. A simple prototype quantum field theory with spontaneous
symmetry breaking is the 4-dimensional Ising model which is equivalent to the
single component ¢* theory in the limit of an infinite bare quartic self-coupling.

In a series of previous papers [1-3] large scale numerical simulations of the
4-dimensional Ising model were performed by some of the present authors with
special emphasis on finite volume effects. In ref. [1] the finite volume effects were
studied in the symmetric phase and, in particular, numerical information on low
energy scattering was extracted from the volume dependence of the 2-particle
energy levels. In ref. [2] the scaling behaviour of the infinite volume renormalized
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coupling was investigated in the symmetric phase on large lattices by using an
efficient cluster updating algorithm. In ref. [3] the vacuum tunneling phenomenon
was studied and identified as the main source of finite volume effects in the broken
phase. In the present paper, which is momentarily the last in this series, a detailed
summary of the finite volume effects is given in the broken phase of the 4-dimen-
sional Ising model and the large volume limit is compared to the scaling prediction
obtained from previous results in the symmetric phase. The finite volume depen-
dence of physical quantities is numerically studied and compared to analytic
estimates. Tunneling on small and intermediate volumes is taken into account by an
instanton-like calculation. On asymptotically large volumes, where tunneling is
already negligible, the finite volume effects are calculated in renormalized perturba-
tion theory. These analytical calculations will be described in sects. 2-4 of this
paper and, as far as tunneling is concerned, also in ref. [4].

From the quantum field theory point of view the interesting region of bare
parameter space is the vicinity of the critical point in both phases. In this region the
cut-off is much larger than the physical scale, the cut-off dependence is very weak
and to a good approximation the model can be considered as a continuum quantum
field theory. A peculiarity of ¢* theory is that in the scaling region the renormalized
coupling is always small, in fact small enough for the applicability of renormalized
perturbation theory. This can be seen, for instance, from the results of refs. [1,2]
and, more generally, from the approximate analytic solution of the 1-component ¢*
model [5, 6]. The renormalized coupling gy as a function of the renormalized mass
mpg 1is given by the Callan-Symanzik renormalization group equation [7]. For
my — 0, which means going to the critical point at mp =0, gg(myg) tends to zero
(“ triviality” of ¢*). The asymptotic behaviours on the two sides of the critical point
can be connected [6]. This allows to predict the renormalized coupling in the scaling
region of the broken phase by starting the integration of the renormalization group
equations from a point in the scaling region of the symmetric phase. Since g,
remains small, the perturbative S-function can be taken (this was the procedure
used in ref. [6] for the analytic solution in the broken phase). Taking the precise
numerical data of ref. [2] in the symmetric phase and the 3-loop perturbative
B-function given in ref. [6] one can predict the expected renormalized coupling in
the broken phase. However, as was noted in ref. [2], this extrapolation procedure is
sensitive to the unknown higher corrections in the Callan-Symanzik 8-function. An
important aspect of the present calculation in the broken phase is to perform a
direct numerical check of the 3-loop perturbative prediction.

The numerical simulations were performed both by the conventional local
Metropolis algorithm and by the percolation cluster algorithm [8]. The latter was
applied to study tunneling on lattices of size 103 X 120 as a function of the hopping
parameter «. In this case the percolation cluster algorithm is essential because of the
possible global changes. On the large volumes, where tunneling is already negligible,
and in our case the correlation length is between 2 and 3, it turned out to be
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preferable to use the Metropolis algorithm. Details of the numerical calculations will
be explained in sect. 5.

2. Basic definitions

In this section we consider the theory in an infinite volume. The 4-dimensional
Ising model has variables ¢, = +1, which are associated with the points x of a
hypercubical lattice Z* in 4 dimensions. We use lattice units in this article which
means that the lattice spacing a is set to 1. The action

4
S=-2k). ) ¢b,.5, k>0, (1)

x p=1

where {i denotes the unit vector in the positive p-direction, couples nearest neigh-
bour points. This model is equivalent to a particular limit of the single-component
¢* theory. The action of ¢* theory on a lattice may be parametrized as

4
S=Y|-2c Y o+ a2+ A(e2—1)7|, )

p=1

where the field ¢ assumes real values. In the limit of infinite bare quartic self-cou-
pling A = oo for fixed hopping parameter k the Ising model is reproduced. Many of
the definitions and considerations below also hold for finite values of A. Expecta-
tion values of observables are defined in the usual way as averages with the
Boltzmann factor exp(—S).

For values of « above a certain critical k. the Z,-symmetry ¢ — — ¢ of the action
is broken spontaneously and the field acquires a non-zero vacuum expectation
value:

($,>= %, v>0. (3)

This has to be taken into account in the calculation of connected expectation values
like the propagator

G(x) = (Do) = (PPo) — V°. (4)

The renormalized mass my and renormalized coupling gy are defined in the same
scheme as used in ref. [6]. The inverse propagator in momentum space yields mpy
and the wave function renormalization Zy through

G(p) ' =2kZg [m} +p?*+O(p*)]. (5)

The physical particle mass m, which is different from my, is given by the pole of the
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propagator closest to the origin:

G(p)'=0, p=(im,0,0,0). (6)

In the scaling region m and my are nearly equal (see below).
The renormalized vacuum expectation value of the field is

vp=y2kZg"' v, (7)

and the renormalized coupling gy is defined by

2
my

gr=3 5. (8)
R U%(

This definition of course only makes sense in the phase with broken symmetry. The
renormalized and the unrenormalized vertex functions are related through

n _ -n/2 n
T (pr--os Pa) = (26Z51) T (pyy oo p)- (9)

The renormalized 4-point vertex function defines another coupling
g =-T(0,0,0,0), (10)

which equals gy in tree-level perturbation theory (see below), but differs from it in
higher orders. This quantity is normally used as a renormalized coupling in the
symmetric phase, where v vanishes.

For the purpose of Monte Carlo calculations it is convenient to introduce the
susceptibilities

Xn= Z <¢x1 T ¢x,,,1¢’0>c . (11)

Since x, is proportional to Zg
_ 2
Zp=2kmgX,, (12)
the wave function renormalization cancels out in the ratios

Xn
Ay=—77H.
(Xz) /2

(13)
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They are related to the vertex functions through
I9(0,0,0) = miA,,
r$(0,0,0,0) =mi (A, —3A%),
(0, ...,0) = my(As— 104,45+ 15A%),

Ie(0,...,0) =mb (As— 15A A, — 10A% + 105A ;A3 — 105A%),
6 5 4 4413 3

etc. (14)
The spectrum of states is conveniently described in the transfer matrix formalism.
We denote the transfer matrix by e ¥, where H is the hamiltonian. In the

symmetric phase (x < k) there is a unique ground state |0,) which is symmetric
with respect to the reflection ¢ — —¢. Its energy E,, is defined to be zero. The
spectrum above this vacuum state corresponds to that of multi-particle states which
are symmetric (s) or antisymmetric (a) under field reflection. The mass gap m=m,
is given by the energy E,, of the antisymmetric one-particle state with zero
momentum.

In the phase with broken symmetry (k > k) the ground state as well as all higher
states are doubly degenerate. In the two vacua |0, ) the field has expectation values
+v and —v, respectively. They yield two sectors of the system such that matrix
elements of local operators between different sectors vanish. The reflection ¢ - —¢
transforms the sectors into each other. The spectra in both sectors are identical and
again correspond to multi-particle states. The mass gap m,=m_ is the single
particle mass. As k — . the mass gap m, (for k <k, or m, (for k>«.)
approaches zero.

3. The model in a finite volume

Numerical simulations of ¢*-theory or the Ising model are of course always done
in a finite volume. The extrapolation to the infinite volume limit is associated with
particular problems in the case of the broken phase. This situation will be discussed
in the following. We consider a lattice with spatial volume L* and euclidean time
extent T and periodic boundary conditions. With finite volume we mean finite L
here, whereas T might also be considered infinite.

As is well known in statistical mechanics, spontaneous symmetry breaking does
not occur in a finite volume. There is a unique symmetric ground state |0,) as a
consequence of the Frobenius—Perron theorem for the transfer matrix [9] and the
vacuum expectation value of the field vanishes:

(019410, =0. (15)
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For k> i, transitions between the two sectors mentioned in the previous section
occur and the degeneracy of states is lifted by tunneling. Above the ground state
there is a lowest antisymmetric state |0,) with a small energy E,, > 0. If we write
the ground state and the lowest antisymmetric state as

1 1
|Os> = 7‘2— (|0+> + |O~>)’ |Oa> = ﬁ (|O+> - |O—>)’ (16)

then |0,) and |0_) are states which go over into the degenerate vacua in the
infinite volume limit. Above these states we have the symmetric and antisymmetric
one-particle states with momentum zero which are denoted by |1,) and |1,) and
their energies by E;; and E,,, respectively.

The small energy splitting E,, in the broken phase can be estimated in a
semiclassical instanton-type calculation. In the one-loop approximation the result is

E,, = CL?exp(—oL?), (17)

where a “surface tension” o appears. More details on this are discussed in sect. 4.3.
The quantity

0= (0;|$,]0,) (18)

can be considered as a definition of the vacuum expectation value of the field in a
finite volume. In the infinite volume limit it coincides with the usual definition

v="{0,(¢,0,)=—(0_[¢]0_). (19)

(For a discussion of possible finite volume definitions of the vacuum expectation
value see refs. {10-13].) In a rigorous sense v cannot be determined through a
measurement of the average field. This is manifest if one uses a global cluster
updating algorithm in the Monte Carlo calculation as was the case in our work. In
order to get v the propagator has to be analysed. For the calculation it is convenient
to introduce the time slice averages

1
=5 T6n,  x=(x0). (20)

Let

Z=Tre ™=1+e Tute Thute Thay ... (21)

be the partition function. Then the vacuum expectation value of the product of time
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slice field averages is given by

(8,8,)Z = Tr(Sye~"Hs,e (T~ 1)
= vz(e_’EOa + e—(T‘l)E()a) + cgl(e_tEla + e—(T*’)Ela)

+c2 (e Boa=(T=0Eis 4 o= (T=0Eou=tEi)
+ed (e BT 0Ey 4 e~ (T=0Ea=tEs) 4 ... (22)
where the matrix elements are defined as
con =0I81), e =(L810.), = (LIS L) (23)

If T and ¢ are chosen suitably large the quantities v and E,, can be extracted from
the s-dependence of (S,S,).

Based on eq. (22) one can also define the susceptibility x, in the broken phase in
a finite volume by subtracting from the summed 2-point function the contribution
proportional to v?:

e Fos 4 ¢~ (T—DEp

X2= L{$obe)e =L L[ (SoS,) —v° (24)

1+ e TEo
t

for large enough 7. This example demonstrates what kind of complications occur in
Monte Carlo calculations in the broken phase due to the approximate degeneracy of
states in a finite volume. It has to be taken into account in every correlation
function. For the connected correlation of the time slice squared, which is also
considered in our Monte Carlo calculation, one obtains for large volumes

(S582)e =S58y = (Sg)*

- TE,, 2
= A? © " an o tEis
(1+e TEu)?  1+e o
e_TEOa
+bl ————— e "B Eu) 4 O(e™Th e 1E2) (25)

01+ e TFo

where we define
ag = {08311y, boy = (0.5 11.) (26)
and the small quantity A is given by

A=0,]S210,) — {0,|S§10,) . (27)



K. Jansen et al. / Ising model 705

For small ¢ the second and third terms are relevant, whereas for large ¢ only the
first term survives.

4. Theoretical aspects

41. LATTICE PERTURBATION THEORY

For lattice ¢*theory ordinary renormalized perturbation theory is applicable. The
quantities of interest are expanded as power series in the renormalized coupling g,
and the coefficients may depend on the renormalized mass my. In the case of
physical quantities these coefficients have finite limits when the lattice spacing goes
to zero. Near the critical point, where the renormalized coupling becomes small, it
makes sense to consider renormalized perturbation theory whereas outside this
region non-perturbative effects dominate.

The fact that g, remains finite even in the Ising limit, where the bare quartic
coupling A goes to infinity, opens the possibility to use renormalized perturbation
theory also for the Ising model. In this case the values of my for given values of gy
have to be specified as input coming from other sources beyond perturbation theory
like Monte Carlo data or the hopping parameter expansion of Liischer and
Weisz [6].

In the broken phase perturbation theory is based on expanding the field around
one of the minima of the (effective) action. The energy splitting and other tunneling
phenomena are absent to all orders in perturbation theory. Therefore in perturba-
tion theory the spectrum is doubly degenerate even in the case of a finite volume. In
this subsection, however, we consider infinite volume perturbation theory.

A one-loop calculation yields the following expression for the inverse renormal-
ized propagator:

—-I@(p)=mi+p*+ %ng%l[JZ(mR’OO) +pH(my, 0) — K(mg, o0, P)]
+0(gr)> (28)

where we define for arbitrary L

R . P
pﬂ=2sm?,

L 1) = 52 [ (2;) Bemy) ",

cosk,

3L3Z/ (277) (k>

I(mR’L) 5137
+mR)

-1

K(mg, L, p)= L3Z-[ (277) 2+ md)” 1((1)/\1»)2“""%1)
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and the sums over k go over the Brillouin zone

,=—n,, n,=01,2,...,L-1, i=1,23. (29)

For L = oo one obtains the following result for the physical mass m:

_—+M[1( ) — m3I( ) — K( )] +0(gd)
m=m 4\/@{ h(mpg, mgl(mg, o0 Mg, 0, g 8gr)

(30)
where
7=2log(img + 1 +1imk ),  g=(im,0). (31)

If my < 0.5 (gg < 31) m deviates by less than 1.3% from my.
The one-loop expressions for the zero-momentum vertex functions are

r§(0,0,0) = —3gg mg[1 +3gamiJ, + 0(g3)],
r{(0,0,0,0) = —gg[1 + 18ggm¥J; — 27gymiJ, + O(g3)],
r(0,...,0) = —g&3gg mg[15J; — 90m%J, + 108miJs + O(gg)] ,
TO(0,...,0) = — g3 157, — 405m%J, + 1620m} Js — 1620m$J + O(gr)], (32)
with J, =J,(mg, o).

4.2. PERTURBATIVE FINITE VOLUME EFFECTS

The quantities considered in the previous section depend on L. In finite volume
perturbation theory the lattice momenta flowing in loops are restricted to discrete
values specified in eq. (29). For fixed values of the bare parameters « and A any
renormalized quantity X deviates from the infinite volume limit by

8X(L) = X(L) — X(0). (33)

This can be calculated in perturbation theory as power series in gp. Renormaliza-
tion conditions are imposed at L = oo which means that

gr =&r (), my =mg ().
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One-loop perturbative finite volume effects for some interesting cases are

+2my 8J,— 3my 81+ O(gR)]

[8J1 +3mg 0K (my, L, q) + O(gR)] )

Sm= — _ &
2mpgy1 + im3

8gx = —g3[ 180, — 3mi 81+ O(gr)],

fg?

dvg = — [8J +2md 81+ O(gR)],

Zg (L)
= —1=32g,m%8I+0(g3), 34
R Zg () 28rRMR (8R) (34)

where now
8J,=J (mg, L) —J,(mg,00), 8I=1I(mg, L)~ I(mg,0).

These formulae can be used to extrapolate the Monte Carlo data to the infinite
volume limit if tunneling effects are negligible and if the perturbative finite volume
effects are sufficiently small.

4.3. TUNNELING

In intermediate volumes the finite size effects in the broken phase are dominated
by tunneling. As discussed in sect. 3 the double degeneracy of states is lifted due to
tunneling in a finite volume. In particular there is a vacuum energy splitting E,,
which can be calculated in a semiclassical approximation. In this section we
consider the essential points of such a calculation and refer to ref. [4] for details.

The volume dependence of E,, was studied in ref. [14], where the exponential
factor in (17) was obtained from a Bloch wall picture. The prefactor L'/? was
conjectured in ref. [15]. It differs from the usual WKB-factor L3/? coming from zero
modes (see below) by an additional factor L ™! due to one-loop fluctuations.

We performed the calculation in the framework of the ¢* theory. It is assumed
that one is far enough in the scaling region such that finite lattice spacing effects are
negligible and the calculation can be carried out in the continuum. The semiclassical
calculation is based on an instanton-like saddle point approximation to the eu-
clidean path integral as introduced in ref. [16] and beautifully explained in ref. [17].
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To this end the tunneling amplitudes
(0, 1e7 710, ) = 5(e™ "o L e™ Hue) (35)
are expressed as path integrals with boundary conditions
b, = Uy, T— o0,
- tu,, T— —c0, (36)

where v, is the value of ¢ at the minimum of the classical action. In the case where
|0_) appears in eq. (35) the path integral is dominated by a classical solution, the

so-called “kink”:
3m3 my
¢.(x) =y — tanh — (x*—a) (37)
8o 2

3
m
S,=2—13, (38)
8o

with classical action

where m, and g, are the unrenormalized mass and coupling and « is a free
parameter specifying the location of the kink. For fluctuations around the classical
solution

¢=¢.+1

the quadratic part of the action is given by
S=5.+1 [d%n(x)Ma(x)+O(n’) (39)

with the fluctuation operator
M= =3,9"+m}— Imdcosh™2[imo(x* - a)]. (40)

The saddle-point approximation to the path integral amounts to integrating these
gaussian fluctuations. The operator M has a zero-mode corresponding to transla-
tions of the kink or shifts of the parameter a. This zero-mode has to be treated
separately by the method of collective coordinates. Taking into account also all
contributions from non-interacting multi-kink configurations, which exponentiate,
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the result for the energy splitting is

SV det' M |V
E,,— Ey,=2e %[ = , 41
0a ™ F0s T <€ (277) det M, (41)
where det’ is the determinant without zero-modes and
M,= —8F3“+m(2,. (42)

The factor S}/? ~ L3/? is due to the zero-mode. The determinant, which represents a
one-loop effect, leads to the following three types of contributions. First of all it
produces precisely those counterterms which are required to convert the unrenor-
malized parameters appearing in eq. (41) into the renormalized ones. Moreover, it
yields an additional factor L™!. Finally it gives a one-loop correction to the term
proportional to L? in the exponential. The final result is of the form (17) with

3

mg
C=1.65058y/2 — (43)
8r

and an L-dependent surface tension

R V3w
°(L)=°°°( ‘%ﬁ(m—fr)”"p(—%ﬁ maL)+0(e™m) +0(g7) |, (44)
my gr (1 7 2
6w=2'§[1~‘1m(‘§+w—3~)+0(gk)]. (45)

A comparison of these one-loop formulae with the results of the Monte Carlo
calculation is made in section 5.3.

5. Monte Carlo calculation

5.1. CLUSTER ALGORITHM

To obtain the numerical results presented in this paper we employed both the
standard local Metropolis algorithm and the new global cluster updating scheme of
Swendsen and Wang (SW) [8]. The former was found to be superior due to its
suitability for vectorization when the volume in the broken phase is large enough to
make vacuum tunneling effects irrelevant. Use of the SW-algorithm on the other
hand was advantageous in the symmetric phase [2] and crucial to investigate
tunneling in the broken phase which there turned out to be the dominant finite size
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effect [3]. We now briefly describe the SW-algorithm in the Ising model as we used
it in our simulation.

We consider the Ising model on a d-dimensional hypercubic lattice A with
partition function

Z= Y e, (46)
¢, =+1

where S is the action (1). The SW-algorithm can be derived easily if we introduce
additional redundant bond variables k,, =0,1:

Z =AM Y eTukuA(k|p). (47)
¢.=+1,k,=0,1

Here A(k|¢) expresses the constraint that bonds with k., ,=1 can only exist
between parallel spins:

A(kie)=T1 [1+3k,,(09..,—1)]- (48)

The partial summation over {k,,} in eq. (47) can easily be carried out and if we
match

a=log(e*—1), A=e* (49)

equivalence with eq. (46) is achieved in the sense that all correlations of spins ¢,
coincide. In principle we may also perform the partial {$,} summation in eq. (47)
and get

7= AIAIdE P D e 14 L , (50)
k

xp

where »[k,,] is the number of disconnected clusters when k,, =1 (0) is interpreted
as active (passive) bond in the sense of bond percolation. There is a factor 2 for each
cluster in eq. (50) from its independent spin orientations, and this is a special case of
the Fortuin—Kasteleyn [18] representation of Potts models. In the SW-algorithm one
performs Monte Carlo sampling for both {k,,} and {¢.} in alternating order.
Clearly, for fixed {¢,} the {k,,} distribution factorizes and an independent new
choice {k,,} has to be done. For fixed {k,,} a spin direction has to be assigned
randomly to each cluster as a whole. The non-trivial step consists of decomposing
the lattice sites into clusters. We used the algorithm described in ref. [2] and also the
more standard Hoshen—-Kopelman {19] method. The latter could be tuned to
execute 30% faster in the case of the cluster structure in the 4-dimensional Ising
model at the x values we investigated. Either method of cluster search is recursive
and could not be vectorized in contrast to all other routines we used. It is intuitively
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clear that the SW-algorithm has the power to reduce critical slowing down. We may
regard {k,, } only as a vehicle to get from one spin configuration to the next which
then differs from the old one by large domains of flipped spins. These are precisely
the moves which are needed to explore vacuum tunneling [3] and which are
produced very slowly via local updates.

The cluster structure accessible from updating can be exploited further for
variance reduction. An arbitrary spin observable O(¢,) may be replaced by a bond
dependent é(kxy) with the same mean by the formula

O(k,,)=27""xl 3 A(k|9)O(¢,). (51)
(o, =+1}

The improved observable é(km) takes into account all conceivable spin assign-
ments of the clusters even if only one of them is used as the next configuration. For
instance, improved observables for odd powers of the spin vanish identically and
thus give the right answer for finite volume with zero variance. The improved
counterpart of the two-point function is the cluster incidence function

(9:8,) =(O(x, »)), (52)

where @(x, y) is 1 if x, y are in the same cluster and 0 otherwise. As discussed in
more detail in ref. [20] the respective variances V are

Vi, =1-(s9,) (53)
versus

V[e(x, y)] =<o0,)(1 - (,9,)). (54)

We see that the variance reduction becomes most profitable when the physical
interest focuses on correlations decaying to small values as e.g. in the symmetric
phase of ¢* theory [2]. In this paper we shall also have occasion to use the improved
four-point function

<¢x1¢x2¢x3¢x4> = <@(X1, x2)@(x3’ x4) +@(X1, x3)@(x2, x4)
+0O(xy, x4)O(x,, x3) = 20(xy, x5, X3, X4)), (55)

where the four-point incidence function @(x,, x,, x5, x,) is the obvious generaliza-
tion of the two-point one @(x;, x,). When correlations are summed to give
susceptibilities or zero momentum couplings, simple expressions in terms of the
numbers of spins in the various clusters result.
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In general, the error estimates for simple directly measured observables were
performed by observing quadratic fluctuations and correcting for correlations
between successive measurements. This is achieved sometimes by measuring the
time autocorrelations and mostly by blocking the measurements until they become
independent to a good approximation. Where compared, both methods gave consis-
tent errors.

For more intricate quantities like connected correlations and minimal x2-fit
parameters we proceeded as follows. We successively divided our large number of
measurements into 1,2,4,...,128 subsamples. In each subsample the direct observ-
ables are averaged (blocked) and fits and appropriate combinations are then made.
The fluctuations of the latter among the subsamples of equal size are used to
estimate errors which become stable for a sufficient number of subsamples. Always
the best mean value is used from fits and combinations in the full sample.

5.2. NUMERICAL SIMULATIONS

We started our numerical simulations in the same way as in the previous work in
the symmetric phase [1]. In short runs an appropriate k-value was searched for,
where the mass in lattice units is about = 0.5. This turned out to be « = 0.077. In
this point a series of high statistics runs was performed by the Metropolis algorithm
on L* X T lattices. We took 7 = 16 which is somewhat larger than in a similar point
in the symmetric phase (7T'=12) [1], because on the basis of the Liischer—Weisz
solution [6] and using the perturbative estimates in sect. 4 we expected somewhat
stronger finite size effects in the broken phase. In these runs the vacuum expectation
value of the field v was simply defined by the absolute value of the average spin
over the lattice. This definition is the usual one in finite volume numerical simula-
tions. It was investigated in detail in the Ising model by Binder [12] and it is
expected to converge for large volumes to the correct infinite volume vacuum
expectation value. Taking the absolute value is essential, because in the finite
volume the expectation value of the average spin is always zero if sufficiently long
runs are performed. In the broken phase this means that the system tunnels between
the two minima of the effective potential. The question how long the run has to be
depends on the simulation algorithm. For the local Metropolis algorithm on larger
lattices the flips of the average spin sign are rather rare (see below), but with the
global cluster algorithm described above a few sweeps suffice. Having defined the
vacuum expectation value in such a way, other expectation values with odd field
parity can also by defined by imagining that the spin configuration was multiplied
by —1 if the average spin is negative. This method of defining expectation values
with odd field parity in the broken phase can be shortly referred to as the
“reflection method”.

Even before knowing the results of the L3 X 16 simulations we felt somewhat
uneasy about the reflection method. It is clear that, especially if the average field is
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TABLE 1
The results of the numerical calculation on L* x 16 lattices at & = 0.077. 10 million sweeps per
lattice were done with every fifth measured. Error estimates in last numerals are in parentheses.
The expectation values are defined here by the reflection method.

L m v X2 —Ay  AZX1073 0 —A X107 3A% -4,
6 0277(2) 0.35033(19) 4035(12)  68.3(2) 4.93(4) —0.12(1) 9050(30)
8 0.505(3) 0.38485(6)  21.8L(7)  83.29) 21.6(6) 8.5(3) - 850(130)

10 0.545(2) 038871(3)  18.75(3)  S53.1(5) 7.8(3) 2.12) 670(160)

12 0.553(3)  0.38931(3)  1831(2)  48.7(4) 6.0(2) 1.2(1) 1130(120)

14 0553(2)  0.389452)  1824(2)  47.8(4) 5.4(2) L1 1420(180)

16  0.554(1) 0.38947(2)  18.18(2)  47.8(6) 5.5(3) 2.4(2) 1390(220)

near zero, this procedure is quite arbitrary. In any case it introduces additional
finite size effects which are rather difficult to estimate analytically. Our reservations
were strengthened by the results of the L* X 16 runs (see table 1).

Table 1 shows that the finite volume effects are very strong on small lattices (up
to 10°). Especially the quantities like A, involving a high degree of cancellation
seem to be very sensitive. In fact, they show an erratic behaviour on small lattices.
(For instance, the negative sign in the last column at L = 8 is not a misprint!) At
k = 0.076 similar confusing results appeared on lattices up to L =123 A possible
attitude is to disregard the small lattices on the basis of “too strong finite size
effects”, but in this case the theoretical control over the finite volume effects is
essentially given up.

It is intuitively clear that strong finite volume effects on small lattices may be due
to the vacuum tunneling discussed in sect. 3. Therefore we decided to investigate
tunneling in detail. This is best done on lattices which are very long in the time
direction because then the small splitting of doubled energy levels can be deter-
mined. The use of the cluster algorithm described in the previous subsection makes
it possible to sample the tunneling configurations in an effective way. The results of
the runs on lattices L X 120 were described in detail in ref. [3], where the x- and
volume-dependence of the low-lying spectrum was investigated with L =8, and at
x = 0.076, respectively. The expected behaviour of the low-lying zero momentum
spectrum could be verified, showing, for instance, that the analytic continuation of
the symmetric one-particle state in the broken phase is the lowest two-particle state
in the symmetric phase. At k = 0.077 on the 8 lattice tunneling is still important.
Although the splitting of the antisymmetric and symmetric vacua is already small
(E,y, = 0.006, see table 1 of ref. [3]), the one-particle mass is still ill-defined because
the symmetric and antisymmetric one-particle states have rather different energies:
E, =04 and E;,=0.5. This explains why the more subtle quantities with a
structure specific to the broken phase (like A ) are completely distorted.
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in thousands (ks). Error estimates in last numerals are in parentheses. v and x, are
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TABLE 2
The results of the numerical calculation on 10 X 120 lattices. The number of sweeps is given

defined here by the invariant method described in sect. 3.

ks

K EOa Els Ela v X2
0.0740 251 0.2292(6) 0.516(2) 0.1185(2)
0.0745 243 0.1700(6) 0.4192) 0.1366(4)
0.0750 244 0.1044(5) 0.328(3) 0.1688(6)
0.0755 300 0.0424(2) 0.275(5) 0.47(6) 0.2265(4) 8(3)
0.0760 361 0.00902(6) 0.329(8) 0.366(8) 0.2958(2) 35.0(6)
0.0765 247 0.00114(6) 0.462(5) 0.464(7) 0.34810(15) 26.8(5)
0.0770 222 0.0001(1) 0.543(4) 0.545(3) 0.38890(9) 18.6(3)

In order to see the evolution of tunneling as a function of volume for different
hopping parameters, we also performed a series of simulations with the cluster
algorithm on a 103 X 120 lattice. The vacuum expectation value (v) and susceptibil-
ity (x,) were determined by the formulas in sect. 3. This procedure can be called the
“invariant method” because only invariant quantities with respect to the field
reflection ¢, — —¢, are used. The results are collected in table 2. For an example of
the behaviour of the correlation functions see ref. [21]. A graphical comparison of
the spectrum with the 8 X 120 data from ref. [3] is shown in fig. 1.
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Fig. 1. The hopping parameter dependence of the low-lying momentum spectrum on 8% X 120 lattice
(open symbols) and 10% X 120 lattice (full symbols). The energy levels, as defined in sect. 3, are circles for
Ey,, squares for E,; and triangles for E},.
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TABLE 3
Comparison of the predictions of renormalized perturbation theory for finite volume effects in
large volumes with numerical data obtained from table 1. For each L the first line shows
the perturbative results. The second line is obtained from the results of the numerical
simulation. It takes into account the correction factor mg /m, which is taken from perturbation
theory and is near 1.016 for all L. The errors are calculated from those of table 1 by the usual
law of error propagation. The input parameters my and gy for perturbation theory are
chosen such that mg(L) and gg (L) match the Monte Carlo data for L = 16. The perturbative
prediction for the finite L-correction AZg (L) is always smaller than the error of Zg
and therefore not displayed.

L mg m &r —A, Ayx 1073 P Zr
10 0.558 0.549 354 47.8 5.4 79

05542)  0.5452)  351(5)  53.1(5) 7.8(3) 6315)  0.886(6)
12 0.561 0.553 35.8 47.0 5.2 83

05623)  0.5533) 3617  48.7(4) 6.002) 11312)  0.890(9)
14 0.562 0.554 36.0 46.7 5.1 85

0.562(2) 05532  359(5  47.8(4) 5.402) 141(18)  0.886(6)
16 0.563 0.554 36.0 46.6 5.1 86

0.563(1)  0.554(1)  3602)  47.8(6) 5.5(3) 13922)  0.886(3)
0 0.563 0.554 36.1 46.6 51 86

Comparing v and Y, in tables 1 and 2 one can see that at k = 0.077 on the 10°
lattice the reflection method and the invariant method give very similar results
which differ by less than the statistical errors. Similarly, the mass m obtained by the
reflection method is also equal to E|, and E,;, within small errors. This means that
for these quantities tunneling is negligible. It is possible, however, that for other
quantities as e.g. A, the effect of tunneling is still important and one has to go to
larger volumes in order to suppress it. In this respect one has to note that tunneling
can occur not only globally for the whole lattice, but also for some parts of it, and
the quantities involving a large degree of cancellation may be more sensitive to these
partial tunnelings.

Once vacuum tunneling is negligible, for the estimate of the finite volume effects
one can apply renormalized perturbation theory, which is an expansion around one
of the vacua. Taking m, v and x, for L =16 from table 1 as input data, one can
determine my, Z and gp by using the formulas given in sect. 4. From the
renormalized mass and coupling at infinite volume the volume dependence of every
renormalized physical quantity can be determined. The one-loop formulas given in
sect. 4 are compared with the numerical results in table 3.

For L > 10 the agreement of the data with renormalized perturbation theory can
be considered satisfactory, especially for the largest lattices, but in this case the
deviations from the infinite volume are already small and comparable with the
statistical errors. In this respect the situation becomes worse at x = 0.076 where, as
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TABLE 4
The results of the numerical calculation on L* lattices at x = 0.076. The number of sweeps is
given in millions (Ms). The quantities were measured after every fifth Metropolis sweeps.
Error estimates in last numerals are in parentheses.

L Ms Ey E, v X2 Zy 8r g{f)

16 10 0.386(2) 0.389(2) 0301303)  3835(6) 0.8958) 29.8(5)  38(12)
20 7.5 03914(12)  03909(14)  0.30158(2) 37.85(6)  0.8934)  30.2(4)  92(24)

noted before, tunneling effects are still strong on a 123 lattice. At the same time, the
perturbative finite size effects on 14° are already very weak, actually smaller than
our statistical errors. In other words, the measurable finite volume effects are
dominated by tunneling. At this « value the numerical results on our largest lattices
are collected in table 4.

5.3. VACUUM SPLITTING AND INSTANTONS

As described in subsect. 4.3 and in more detail in ref. [4], the energy splitting of
the vacuum state can be estimated by a one-loop instanton calculation. Here we
compare the prediction, eqs. (43)—(45) with the Monte Carlo data. At « = 0.076 the
values of the surface tension ¢ and the constant C in (17) have been determined
from a fit of E;, up to L =10 in ref. [3], namely

o = 0.00358(2), C=0.101. (56)
With the value my = 0.395(1) obtained from table 5 we get the dimensionless ratio
o/m} =0.0581(5). (57)
On the other hand the theoretical prediction with gp = 30.2(4) is
o,/my=0.0589(8), C=0.105(1). (58)
Including also the L-dependence in eq. (44) yields a small correction:
o/m} =0.0585(8)  for L=10. (59)

The agreement with the numbers above is remarkably good.

TABLE 5
Comparison of the results of the numerical simulation from tables 3 and 4 with the predictions
of ref. [6]. The numbers to the right of LW are obtained from table 3 in ref. [6].

K mg 143 Zy
MC 0.077 0.563(1) 36.1(2) 0.886(3)
LW 0.0767(4) 0.56 35(4) 0.920(15)
MC 0.076 0.395(1) 30.2(4) 0.893(4)

LW 0.075%(2) 0.40 27(2) 0.929(14)
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The small energy difference E, gives also the tunneling rate for a local updating
algorithm, as for instance the Metropolis algorithm [15,22]. The average number of
sweeps between two consecutive sign flips of the average spin is approximately

7, ~ —5 ~ L™ exp(20L?). (60)
EOa

In order to obtain 7, we have performed MC runs, using the Metropolis
algorithm, on 8% 10* and 12* lattices at x = 0.076 and monitored the tunneling
events. This was done by calculating v averaged over different blocks of measure-
ments, where the number of measurements in a block is 2%, n=1,...,16. If for a
given block size v changes its sign on successive blocks, we stored this as one “flip
event”.
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Fig. 2. The numbser of flip events on the 12* lattice at x = 0.076 as function of the block length 2. The
run has 1 Msweeps in total.
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If now the block length is too small one overestimates the flip rate, as every
fluctuation of the system is registered as a flip event. If the block length is too large
one clearly underestimates the flip rate as one integrates over a number of flip
events. So one expects to observe a plateau in the number of flip events if it is
plotted as a function of the block length. Indeed, fig. 2 shows such a behaviour for a
124 lattice. Similar pictures are obtained for the other lattices. Extracting 7, for a
given lattice size from the plateau, one can fit the L-dependence according to eq.
(60). The result of the fit is

o = 0.00289(7). (61)

This is in qualitative agreement with the value in eq. (56).

5.4. CHECK OF THE SCALING CONNECTION

The infinite volume renormalized mass and coupling extracted from our numeri-
cal simulation data can be compared to the Liischer—Weisz solution [35, 6].

In most cases the agreement is good within the indicated errors. Somewhat larger
deviations are, however, observed for Z,. The errors of the numerical calculation
are smaller than the errors estimated in ref. [6].

The analytical solution in the broken phase is based on the connection between
the scaling behaviours on the two sides of the critical point. This connection can be
considered as a consequence of the relation between initial data at vanishing
renormalized mass (mg = 0) for the solutions of the renormalization group equa-
tions at either side of the critical point. In order to exploit this connection one has
to integrate the renormalization group equations starting from a finite renormalized
mass and determine the asymptotic behaviour for myz — 0. Since the natural
variable is log my, it is a long way to go from any finite my to mg =20, and
therefore the unknown higher loop corrections to the Callan-Symanzik functions
may influence the asymptotics considerably. In order to check the scaling connec-
tion on the two sides of the critical point we can take the last measured point in the
symmetric phase from ref. [2] at mg =0.3078(3) and start the integration of
the renormalization group equations there. Using the 3-loop functions together with
the 1-loop lattice artifact corrections as given in refs. [5, 6] we obtain at myg = 0.395
in the broken phase the prediction

grlmg=0395]=30.6+1.1,  Zg[mg=0.395]=0918+0.009. (62)

The errors indicated here correspond to the uncertainty of the initial data. gy is in
excellent agreement with table 4. For Z; there is, however, a small discrepancy.
Using the two-loop functions would not change the prediction for Z, essentially,
but the renormalized coupling would be changed to gg(mg = 0.395) = 35.7. There-
fore, the three-loop prediction agrees clearly better with the numerical data. The
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situation concerning the convergence of renormalized perturbation theory looks
good from this point of view. Nevertheless, one has to note that in our points at
x = 0.077 and 0.076 the renormalized coupling is not very small. In some quantities,
as for instance g§’, the convergence of the perturbation series is quite poor. For
k = 0.076 (where the coupling is smaller), the one-loop result with g =302 is
g = 62 [note that at tree level g§¥ =g and the numerical value in table 4 is
g = 92(24)]. Therefore, a real stringent test of the perturbative scaling connection
can only be performed at smaller masses.

6. Conclusion

With the present paper we conclude our detailed numerical study of the 4-dimen-
sional Ising model. In these investigations [1-3] our main emphasis was put on the
aspects important from the point of view of particle physics, namely the determina-
tion of physical masses and couplings in the infinite volume limit. The precision
achieved is in general satisfactory. Generally speaking, the fortunate circumstance in
this simple 4-dimensional quantum field theory model is the fact that besides the
precise numerical simulations also analytical tools are available and the combina-
tion of these two methods is possible.

Concerning the broken phase studied in the present paper, an important conclu-
sion is that the finite volume effects on small and intermediate volumes are
dominated by vacuum tunneling. In order to have full control over the tunneling
effects, we investigated the behaviour of the system on lattices elongated in the time
direction (see also ref. [3]). In particular, the low-lying zero momentum energy
spectrum was determined as a function of volume and hopping parameter. The
splitting of the states reflecting the existence of two vacua could be measured. The
behaviour of the energy of the antisymmetric ground state was compared to an
instanton calculation [4] and very good agreement was found. This energy vanishes
exponentially with the volume, and therefore it gives a very large correlation length
which can be measured on elongated lattices. This phenomenon is expected to be
characteristic of first order phase transitions, where there are two (or more)
degenerate ground states. (Note that in the Ising model there is a first order phase
transition at k > k_ as a function of the external magnetic field.) It is not impossible
that the large correlation length observed by the Ape Collaboration [23] at the
deconfining phase transition in pure gauge QCD is due to this vacuum tunneling
phenomenon.

The renormalized mass and coupling was extrapolated to infinite volume from
large lattices where the effect of tunneling is negligible. This extrapolation can, in
principle, be controlled by using the estimates of the asymptotic finite volume
effects given by renormalized perturbation theory. In practice the perturbative
corrections turned out to be small, in most cases comparable to the statistical errors
on large lattices.
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The values obtained for the renormalized mass and coupling agree with the
predictions of Liischer and Weisz [6] which are based on the scaling connection on
the two sides of the critical point. Taking the results of the simulations at « = 0.0732
in the symmetric phase [2] and at «=0.076 in the broken phase the scaling
connection can directly be checked. A very good agreement with the 3-loop
perturbative renormalization group functions is found, although in the vicinity of
the points measured in the broken phase the convergence of renormalized perturba-
tion theory for some quantities is quite poor.
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