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We describe the calculation of the five-parton production processes e*e” — qg3g and
c'e —2q2gp in lowest order QCD perturbation theory. Results for the integrated cross section
as a function of the mass resolution cut are presented. We study this cross section also for an
abelian vector gluon model. Distributions in various jet variables for standard QCD and for the
abelian gluon model are given to see differences between the two models.

1. Introduction

Studies of jet production in electron—positron annihilation at high energies have
given us much information about the properties of quarks and gluons and the
nature of their interactions as described by quantum chromodynamics (see the
following recent reviews as in ref. {1]). Experimental results for the production of up
to five jets have been presented by two DESY and one KEK collaboration [2]. In
QCD the existence of hadron jets in e*e~ annihilation results from the primordial
production of quarks and gluons and their subsequent fragmentation into hadrons.
The first step, the annihilation of e* and e~ into quarks and gluons is calculated in
QCD perturbation theory. So in lowest order (O(a?)) only qq states can occur, in
O(a,) the final state is qgg and in O(a?) we have the production of qq2g and 2q2q
states. The cross sections for the production of these states have been calculated in
the past including higher order QCD corrections (O(a?)) for no (total inclusive),
two, three and four jets. Results in O(a?) exist for o, [3]. In third order perturba-
tion theory (O(«?)) tree diagrams contribute to S-jet production. The O(«a?) virtual
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corrections give, together with O(e?) tree level contributions in unresolved regions,
the higher order QCD corrections to two, three, and four jets. The calculation of
these higher order corrections is very difficult and has not been done yet. On the
other hand, the calculation of the tree level diagrams in third order is in some sense
straightforward and first results have been presented recently [4].

Besides needing the O(a?) tree diagram results for the calculation of higher order
corrections to (n < 4)-jet cross sections, the cross section for 5-parton production is
of interest by itself. At PETRA energies the 5-jet rate as measured by the JADE and
TASSO collaborations [2], being of the order of 1%, depending on the resolution
cut, is certainly larger than the production coming from O(a?) perturbation theory
where part of the 4-parton final states contribute to five jets through subsequent
fragmentation of quarks and gluons into hadrons [2]. This deficiency in the 5-jet
rate is attributed to the production of five partons. We showed in ref. [4] that the
difference between the O(a?) results and the measured 5-jet rate can be reasonably
well accounted for by the additional cross section for 5-parton production. At
PETRA energies the 5-jet cross section could be measured only for sufficiently large
resolution cut y >0.02 (y=m?/q%, where \/(T2 is the total c.m. energy), which
corresponds to an invariant mass cut m of more than 5 GeV. For smaller mass cuts
jets cannot be resolved anymore due to the fluctuations in the jet spread caused by
fragmentation. At higher energies, in the range of the forthcoming e*e~ colliders
SLC and LEP, the non-perturbative jet spread will be much smaller, so that data at
much smaller resolution cuts (down to y = 0.0025 which corresponds to m =5 GeV
at VQF =100 GeV) will be obtainable for which the 5-jet rate is appreciable.

The full gauge structure of QCD shows up only in higher than first order. In
O(a?) the 3-gluon vertex comes in. Unfortunately the contribution of the non-abelian
terms, proportional to N2 in the 4-jet cross section is rather small, so that unique
features of the 3-gluon vertex could not be verified yet. In O(a?) the 4-gluon vertex
appears in addition. So we might expect that for 5-jet production the non-abelian
contributions might be stronger. Of course, this will be of interest only for the
analysis of data obtained with SLC or LEP.

The outline of the paper is as follows. In sect. 2 we describe the framework of our
calculation and present results for the integrated 5-parton cross section for the two
possible final states, (a) for full QCD, (b) in the N, — oo approximation for all
diagrams and (c¢) for an abelian gluon model. In sect. 3 we give predictions for
various distributions of common jet variables like sphericity, thrust and acoplanarity
and test them whether they show differences between standard QCD and the
abelian gluon model.

Some technical details like colour factors for the many contributions are relegated
to appendices. Complete cross section formulas cannot be presented because they
consist of too many lines. Instead we shall publish the REDUCE programs from
which they can be obtained [5]. In sect. 4 we summarize and add some concluding
remarks.
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2. Integrated five-jet cross section

To order a} the 5-jet cross section is given by the two sets of diagrams shown in
fig. 1 corresponding to the final (jet) states

e"e = q(p)a( py)el ps)el pa)el ps). (1)

e“e = q( p)al p2)al p3)al pa)e( ps). (2)

The p, denote the momenta of the produced partons, quarks g, antiquarks q or
gluons g. The quarks are assumed to be massless. In (2) the two groups of quarks
and antiquarks may have equal or different flavour. The differential cross section is
given by

4 5 3

d 5
1] —{)'—3(277)48“’(p++p— Zpi)HW (3)
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where g=p,+p_. For unpolarized beams and for single photon exchange
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Fig. 1. Feynman diagrams for the production of five partons. (a) Production of qg3g: all necessary
permutations of the gluon lines have to be included, (b) production of 2q2qg: all permutations of the
quark and of the antiguark lines have to be included.
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(Z exchange can be included in an obvious way) the lepton tensor /** is

["=php” +ptp’ — 1g"q%. (4)
The hadron tensor Hw, contains summations over the final spin, colour and flavour
states including the quark charge factors. N, is a statistical factor due to identity of
final state particles which is equal to 6 for (1) and equal to 4 for (2). For (2) we sum
over all quark and antiquark flavours in the final state and consider only distribu-
tions for such jet variables in which the flavour of the quark or the antiquark is not
specified. Then we have the same statistical factor as in the one-flavour case (see
also appendix A). The cross section (3) depends on two angle variables which
determine the orientation of the “hadronic” 3-jet event relative to the lepton beam
direction. We can integrate over these angles. This is equivalent to replacing the
lepton tensor (4) by

"> —ig"q*. (5)

In the following we shall consider only cross sections where the angular dependence
with respect to the beam direction is integrated out. Then we need only the trace of
the hadron tensor H,,. We write H,, in the following form

Hy=(47a) ¥ 07 ¥ A(m.n). (6)

k=1 mzn=1

A(m, n) stands for the sum of products of diagram m with diagram » and of n with
m (except for m = n) taken from the list of diagrams in fig. 1, summed over spins,
colours and flavours of the final state (1) and (2). For example, the class of the
QED-type diagrams, the first four diagrams in fig. 1 together with the permutations
of the final three gluon lines, consists actually of 24 graphs, so that the sum in eq.
(6) runs from m=1 to m=24 in this case. Similarly, the class of QCD-type
diagrams, r.e. the second group of diagrams in fig. 1 with permutations of final
gluon lines consists of 30 diagrams, whereas for the final state (2) we have in total
48 diagrams.

The calculation of the traces of the matrix element A(m, n),, was performed in
the Feynman gauge. To sum over gluon polarisations we have taken the trace with
respect to the gluon polarisation index. Then it is necessary to cancel the contribu-
tion from the unphysical scalar and longitudinal gluon polarisations by adding
ghost terms. In total there are 72 ghost diagrams whose products must be added in
eq. (6). This procedure is well known [6} and was also used for the calculation of the
ete”— qq2g process [7]. In order to ensure that the ghost terms have the correct
structure to cancel the unwanted polarisation of the final gluons, we have checked
the Slavnov-Taylor identity for each of the gluons. Details are described in
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appendix B. An alternative procedure to compensate the scalar and longitudinal
gluon terms is described in ref. [8]. For technical reasons this procedure could not
be applied to our case, since for this method to work it would have been necessary
to calculate the full tensor and not just the trace concerning gluon polarisations,
which needs much more storage.

The calculations of the many traces for summation over quark and gluon
polarisations have been done with REDUCE. The matrix elements come out as
functions of the invariants 2p, p; (i, j=1,....5) and the colour factors which have
been calculated by hand. The colour factors for all products of diagrams are given
in appendix A. The expressions obtained for A(m, n)k are too long to be repro-
duced here. We have made several checks to make sure that the results show the
expected behaviour. For this purpose we have chosen invariants in the infrared or
collinear region and have verified that the matrix elements show the expected
scaling if some invariants are decreased. No attempt was made to find out whether
several matrix elements could be combined so that some terms would cancel each
other and so the resulting expressions would be shorter. Many matrix elements
differ only by permutation of momenta. They could have been taken out if the
integration measure is symmetric with respect to permutations of momenta. Al-
though this is the case for all applications in this paper we have not done this so
that our formulae can be directly applied in Monte Carlo studies which incorporate
the fragmentation of quarks and gluons. The REDUCE output is directly trans-
formed into FORTRAN codes and then used in a Monte Carlo routine for the
calculation of the integrated cross section and the single-variable distributions.
Other techniques for calculating matrix elements for such complicated final states
are described in ref. [9].

To avoid the infrared and collinear singularities present in the tree-level diagrams
we have introduced an invariant mass cutoff. With this we accept only those
contributions of the total 5-parton phase space for which all y,, =2p,p,/q* > y. We
have calculated o5 ., (v)/0,, where o, is the zeroth order cross section o, =
4ma*y,Q}/q°, with a fixed value of a,=02. Since the 5-jet cross section is
proportional to al, our results can easily be transformed to other values of the
coupling constant. Except for the factor «; the cross sections normalised by ¢, are
independent of ¢°.

First we have calculated o5, (y)/0, for y =0.005, 0.01, 0.02, 0.03 and 0.04 with
the complete matrix elements according to standard QCD, i.e. C.=4/3 and N, =3,
and with N, = 5. The results are shown in fig. 2 where the 5-jet rate is plotted as a
function of y. In this logarithmic plot, the 5-jet rate increases approximately linearly
with decreasing y. For y = 0.005 the rate is appreciable, equal to 19% with a = 0.2.
For y — 0 we expect o5 (») to diverge like log® y due to the infrared singularities.
Below y =0.0025 the 5-jet rate is above 100%, so that for such small y the
perturbative cross section with fixed order «, becomes meaningless. For y > 0.005
we consider our results as reliable estimates of the 5-jet cross section.
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Fig. 2. 5-jet rate in % versus invariant mass cutoff y. (a) q@3g final state: dashed-dotted line, (b) 2q2gg
final state: dashed line, (¢) sum of (a) and (b): full line.

Secondly we considered the following approximation in the matrix elements. For
N, being large we have Cg = 1 N_, so that terms proportional to C — 'N, = —1/2N,
are small compared to the dominant terms. To test the large N, approximation, we
have recalculated the integrated cross section with the approximation that all terms
proportional to Cg — N,/2 are neglected and terms proportional to Cp — N_/4 are
multiplied with N_/4 instead. Otherwise Cp=4/3 and N_ = 3. The results in this
large N, limit approximation are compared with the full calculation in fig. 3 by
plotting the ratio of the large N, approximation to the full theory separately for the
qq3g and 2q2qg final states. This ratio is equal to 1.13 for qq3g and somewhat
smaller for 2q2qg. It tends to 1 for y — 0 as one expects. The N, —» oo approxima-
tion is a good estimate of the full cross section. But with our method of calculating
the cross section the formulae are not simplified very much so that the large N,
approximation is of no significant advantage over the complete expressions.

The ratio of cross sections for 2q2qg and for qq3g is also exhibited in fig. 3. It
decreases for y — 0 as expected since 2q2qg is less infrared singular than qq3g. This
ratio is 0.19 for y = 0.04 and equal to 0.11 for the smallest y = 0.001 plotted. This
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Fig. 3. Ratio of 5-jet rates versus invariant mass cutoff p. (a) (N, — o /complete) for qq3g final state
and 2q2qg final state, (b) ratio of 5-jet rates for QAD and QCD, (¢) ratio of 5-jet rates for q33g and
2q2qg final states in full QCD.

ratio is larger than that obtained in the 4-jet case for the ratio of the 2q2q and the
qq2g cross sections {7,10].

It is interesting to note that the recently published third order term in o, /0, is
0.0166 with a = 0.2 [3]. This means that even for y = 0.01 the o5 .,()/0 is of the
same order of magnitude as the constant term in o,,/g,. In general one would
expect that o ;.. /0, should be much larger than the third order term of o, /g, since
it contains a series of y-dependent terms proportional to log” y (n=1,...,6). This
shows that there must be cancellations of terms in o5, /0, or/and that the O(a})
term in g, /0, is exceptionally large.

The comparison with an abelian gluon theory, called QAD here, is done following
ref. [10] by replacing the terms proportional to N? by zero but keeping C. =4/3,
so that the abelian coupling constant is equal to a,= Cpa,. With the abelian
coupling defined in this way we have the same cross section for 3-jet production,
e*e” — qqg. as in QCD in lowest order of a,. The contribution of the final state (2)
is treated in the same way with N, = 5. To have the same zeroth order cross section
as in QCD it is actually necessary to increase the number of flavours by a factor of
3. This has not been done consistently. Instead, we normalize the cross section with
the same o, as in QCD, but have not increased the number of flavours in the
intermediate fermion “loops” accordingly (see refs. [7.11] for a different treatment
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in 4-jet production). Since (2) contributes only a small fraction to the cross section,
this inconsistency is not relevant. Actually it will be difficult to distinguish QAD
from QCD alone on the basis of the absolute value of the cross section for a special
» value. Therefore our results for o5 /g, serve more for the purpose of normalisa-
tion of the single-variable distributions to be considered in sect. 3. The resulting
5-jet cross section for the abelian gluon model (QAD) divided by the full QCD cross
section is also shown as a function of y in fig. 3. The difference between the full
QCD curve and the QAD curve is a measure of the influence of the 3- and 4-gluon
couplings (and other non-abelian terms of course). The separation of the 3- and
4-gluon contributions from all other terms can be done only for a particular gauge
and therefore is a gauge dependent result. For this reason we consider the compari-
son between QCD and QAD as defined above much more meaningful. The ratio
QAD /QCD is approximately 0.7. This means that the genuine QCD type contribu-
tions, which are proportional to N2C% make an appreciable contribution to the
cross section. This is different in the 4-jet case where the non-abelian N2Cp part is
much smaller, approximately 12% of the N.C3 term for the range of y’s considered
in this paper [7]. Since for five jets the non-abelian contributions are much larger, it
will be easier to verify these terms experimentally, for example, by measuring such
observables which enhance the non-abelian contributions further.

Above we saw that the non-abelian contributions are significant for 5-jets. So it is
of interest to find out which type of diagrams gives the major contributions to the
integrated cross section. For this purpose we have done the integrations for the
following groups of diagrams separately: (1) QED-type diagrams, (2) diagrams with
one or two 3-gluon vertices and (3) diagrams with the 4-gluon vertex. Then the
contribution of all QED-type diagrams is denoted (1-1), the interference between
group (1) and group (2) is called (1-2) and so on. We have calculated the separate
contributions of (1-1), (1-2), (2-2), (1-3), (2-3), (3-3) and of the ghost terms to
051/ 09- The results (in %) for y = 0.01,0.02,0.03,0.04, together with the sum of all

TaBLE 1
Contributions to o5, /0, in % originating, from different diagram combinations (1-1), (1-2),
(2-2). (1-3). (2-3), and (3-3) and ghost for various cut values y. (1) stands for QED-type,
(2) for diagrams with 3-gluon vertices and (3) for diagrams with a 4-gluon vertex.

¥ 0.01 0.02 0.03 0.04
ghost —0.038 —0.0051 —0.00084 —0.00014
(1-1) 032 0.042 0.0070 0.0011
(1-2) 1.99 0.25 0.043 0.0068
(2-2) 1.16 012 0.019 0.0027
(1-3) —0.058 -0.0067 —0.000%4 —0.00014
(2-3) 0.17 0.023 0.0035 0.00059
(3-3) 0.0088 0.0015 0.00026 0.00005

sum 3.56 0.42 0.071 0.012
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contributions, which agrees with the result in fig. 2, is given in table 1. We see that
the ghost contributions are really negligible. The main contributions come from
(1-1), (1-2) and (2-2). All the others are negligible. The largest term comes from
the interference of (1) with (2). We also notice that the 4-gluon vertex makes only a
small contribution. The largest of them is (2-3) which is roughly 50% of (1-1).
Table 1 also tells us that the sum of (1-1), (1-2) and (2-2) is sufficient for obtaining
a good estimate of the 5-jet rate.

3. Jet-variable distributions

The differential cross section for 5-jet production depends on many variables
even after the integrations over § and x have been done. Eventually it may be
useful to study distributions on several of these 5-parton or 5-jet variables. In this
section we shall single out one jet variable, as for example acoplanarity, thrust or
sphericity, and study differential distributions in one of them. We start with
acoplanarity 4 whose definition is well known [7]. Final states with more than 3 jets
are characterized by a non-vanishing A. Therefore, on the parton level, non-vanish-
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Fig. 4. Acoplanarity distribution of 5-parton production for y = 0.01, y =0.02 and y = 0.04.
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ing A distinguishes 4 and more jets from 2 and 3 jets. In cluster analysis the
deficiency of 4-cluster events as compared to O(a?)-QCD predictions has been
particularly noticed in the A distribution, where the cross section for larger A is
experimentally larger than predicted [2]. If this has something to do with 5-parton
production it is of interest to know the A distribution for this final state.

One possibility to confront our predictions with experimental results, being
produced in the future with SLC or LEP, would be on the basis of a cluster analysis
of the hadronic final state as has been done for PETRA and TRISTAN data [2].
Under the assumption that the multi-cluster events are reasonably good representa-
tives for multi-jet events one can compare jet variable distributions of the S-cluster
events with the distributions of the 5-parton final state, of course with the same cuts
applied as in the cluster analysis. Before this could be done, it is necessary to know
that the 5-cluster distributions are not disturbed too much by the hadronisation,
which could be checked by adding the fragmentation of quarks and gluons to the
5-parton production in the same way as for 2-, 3- and 4-parton production in
the past [1,2]. For such a comparison we have calculated the distributions in the
variables acoplanarity A, thrust 7 and sphericity S for final states with fixed
resolution cuts y = 0.04, 0.02 and 0.01. The results for o, ' do/d 4, o5 ' do/dT and
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Fig. 5. Thrust distribution of 5-parton production for y = 0.01, y = 0.02 and y = 0.04.
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Fig. 6. Sphericity distribution of 5-parton production for y = 0.01, y =0.02 and y = 0.04.

0, 'do/dS are plotted in figs. 4, 5 and 6, respectively. The integrals over the curves
in these figures yield the cross sections o, 1(rs_jet(y) shown in fig. 2. The minima near
A=0, T=1 and S=0 are caused by the resolution cut y. Due to this cut the
maxima of the curves shift with increasing y to larger A4, smaller T and larger S.
The normalisation of the curves for y = 0.04 is very much reduced. Therefore, only
the distributions with smaller y cuts are likely to be studied experimentally.

We have seen above that the cross section for the abelian theory is reduced
significantly when the coupling is held fixed to yield the same gqg cross section. But
also the shape of the distribution changes. In fig. 7 we show the acoplanarity
distribution for y = 0.01 for the full QCD and for the abelian theory QAD. For this
case the integrated cross sections differ by a factor 1.5, but in the tail the QAD
distribution is reduced by a factor 2.0 compared to the QCD distribution. This
means that the abelian distribution falls off somewhat faster than the non-abelian
distribution. The same qualitative behaviour occurs in the thrust distribution in fig.
8; the tail for small T is reduced more than the maximum when compared to the
QCD distribution. Such differences can be enhanced by looking at particular
variables which are sensitive to the terms having the 3-gluon and 4-gluon couplings.
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Fig. 7. Acoplanarity distribution of 5-parton production with y = 0.01 for full QCD (full line) and QAD
(dotted line).

It is obvious that many more variables could be studied. Also measurements of
the angular distributions of the 5-jet final state with respect to the beam axis can
provide more detailed tests of QCD. But before this is being done it is necessary to
supplement the 5-parton cross sections with fragmentation models in order to see
how the various distributions look on the level of hadrons which are measured in the
experiment.

4. Summary and concluding remarks

We have calculated the 5-jet production processes e "¢~ — qg3g and e*e ™ — 2q2qg
in lowest order QCD perturbation theory. The qq3g production dominates over the
292qg production. This is similar to 4-jet production where q32g dominates over
2g2q. The contribution of genuine QCD diagrams is appreciable as was found by
comparing with an abelian gluon model. This should make it easier to verify the
presence of the 3- and 4-gluon couplings.
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Fig. 8. Thrust distribution of 5-parton production with y=0.01 for full QCD (full line) and QAD
(dotted line).

We have given results for the integrated 5-jet cross section as a function of the
invariant mass cut. For sufficiently small cut values the 5-jet rate is large, rendering
detailed studies of 5-jet production feasible at large enough energies, where the
non-perturbative jet spread is very much reduced. We have calculated acoplanarity,
thrust and sphericity distributions for various cut values and compared the results
for standard QCD and for an abelian gluon model.

An evaluation of the cross section with the approximation that terms of order
1/N? compared to 1 are neglected, gives 10% larger cross sections. On the technical
side the final formulae from which the cross sections for the final states (2.1) and
(2.2) are calculated, based on many diagrams with all their interferences, are very
long and cannot be published in a paper but can be reproduced using a REDUCE
program which will be published [5].

Our results have been produced for one-photon exchange only, i.e., for a pure
vector current. For the high e'e™ energies of interest to us also Z exchange is
present, which has also an axial-vector coupling. In almost all contributions the
cross section for the axial-vector current is identical to the vector current. The only
exception are those contributions to e e~ — 2q2qg with two traces as in fig. 9b.
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Fig. 9. Product of Feynman diagrams for 292qg production with (a), (b) two traces and (c) one trace.

Since these terms are only a small fraction of the complete 2q2qg cross section,
which by itself is at most only 15% of the total integrated 5-jet cross section, our
results can be applied safely also to Z exchange after the multiplication with the
known Z propagator instead of the photon propagator has been done.

The formulae which we generated for calculating the S-jet cross section in e“e "
annihilation can also be used after crossing to calculate cross sections for other
reactions having the same quark and gluon legs, for example to yq — q3g and
vq — 2qQg. i.e. 5-jet production in deep inelastic scattering, or to qq — 3gy and
qq — qqgy. i.e. multi-jet production in the Drell-Yan process, in direct photon
production or in W /Z production.

Appendix A

COLOUR FACTORS

In this appendix we collect the results for the colour factors of the vartous
contributions. These colour factors have been calculated directly without the help of
REDUCE. In fig. 1 we presented the diagrams without the momentum labels.
Therefore these diagrams give the general structure and do not exhaust the complete
list of contributing diagrams. The complete list can be generated as follows. Let us
begin with the diagrams for the qq3g final state. Then we look first at the QED-type
diagrams, the first four diagrams in fig. 1. We define the momenta of the four
partons in the final state by e*e ™ — q( p,)q( p,)g( p3)g( p4)g( ps) as in (1), where the
three gluons have momenta p,, p, and ps, seen from the top. These four diagrams
define class I. The colour factor multiplying these diagrams is —iT“T*“T*“. The
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complete list of all QED-type diagrams consists of five more classes II, III, IV, V
and VI, which are obtained from class I by the following permutations of momenta:

II: 3-4-5-3,
: 3-5-4-3,

IV: 3—-4-3,
V: 3-55-3,
Vl: 4-5-4. (7)

These are 24 diagrams. The colour factors in the cross section consist of the colour
traces of the products of the corresponding colour factors of the diagrams, for
example

I1* = Tr(T4T4T4TST“T*) = NC: = CF,, (8)

with Cp = (N2~ 1)/2N, and N, = 3 for SU(3) .- The other products are defined
analogously. They are collected in table 2a with the following definitions used

CFZ = NcCF(CF - %Nc)zv
CF3 = NCCIZT(CF— éNc) >

CF4:NCCF(CF_NC)(CF‘%_NC)- (9)
The next group of diagrams has 3-gluon and 4-gluon couplings. The first three
of these diagrams in fig. 1, where the 3-gluon coupling is at the top, make up the
class a,, the second three diagrams, where the 3-gluon coupling is at the bottom, are
denoted class a, and the last four diagrams with two 3-gluon couplings and the
diagram with the 4-gluon coupling are denoted class a;. In a;, a, and a, the
labelling of the gluon momenta is again p,, p,, ps. always from the top to
the bottom. The classes by,b,,b; and cy,c,,c; are generated from the classes
a,,a,, a5 by permutations of momenta. So by, b,,b; are obtained from a;,a,,a; by
the permutation 3 -4 — 5 — 3,and c,,c,.c; by the permutation 3> 5—>4 - 3.
This way we obtain 30 genuine QCD-type diagrams. The permutations of the graph
with the 4-gluon vertex come about since we have dissolved the three terms in the
4-gluon vertex which are connected by cyclic permutation into three separate
diagrams.
The remaining colour factors come from the interference between the QED-type
and the genuine QCD-type diagrams, as for example

a\I* = if o0 Tr(TTTT“T) = ~iNCp= — {CF, (10)



332 N.K. Falck et al. / Five-jet production

TABLE 2
Colour factors for qq3g contributions. (a) QED-type diagrams: X - Y* where X,Y run from I to
V, the matrix is symmetric. (b) Interference contributions between QED-type and
QCD-type diagrams: a, - X* etc. where a = 1,2,3. (¢c) QCD-type diagrams:
a,- a/’;‘ cte., a, B=1,2,3. The missing entries are obtained as follows:
b, bf=c,-¢f =a,-¢f andc,-bf =b, - af

(a)
I* 17* IIr* Iv* \% VI*
I CF, - - - - -
II CF, CF - - - -
111 CH ChH CH - - -
v CF, CF, CF, CF, - -
\ CF, CH CH CF, CF -
VI CH, CF, CH CF CH CH
(b) (©)
I* 1 II* v+ v* VI* a* a,* ay*
a, -ACK  ICF, -)CR  YCR  ICF, -iCK|a  CK - -
a, —iCEK  —5CFH YCF, —CR YCF, 3CF | a, iCF, CFK -
a,  4CE 0 -iCR -iCKR ICR 0 |a, -ICR -iCK,  CK
b, —3iCFH (K YCF o —3CF SCF 5CFy | by 0 CH iCF,
b, ICH —ICR -ICF, iCR -iCF,  iCR|b, iCR 0 -ICE
by —iCFK  iCR 0 0 —4CR  ACR | by LCR 3CE —3CK
€1 1CF, - JCR - iCK YO/ —CR 1CF | ¢ 0 iCF, iCF
o —iCF 2CFR —5CK 1CF, 3CK —3CF | o CF 0 3 CF,
¢ 0 -iCKR  ICR ICKR 0 “iCR | SCR —iCR -ICK

and the products of the QCD-type diagrams with itself. An example is
aa¥ = fesassfbasss Te(TeTT4T?) = NICp = CF. (11)

All products are collected in table 2, where the labels of the rows and columns are
the classes I,1I,....a,a,,... introduced above. In this table two more abbreviations
occur:

CR=NiCr.  CF=N2Cp(Cp—N,). (12)

In the large N, limit all contributions proportional to CF,, CF;, CF, and CF; are

neglected. This produces an error of approx1mately 10% in the cross section as
already discussed in sect. 2.

The colour factors for the final state q( p,)q( p,)q( p;)a( p,)g( ps) are obtained in

the following way. First we consider the special case that the quarks coupling to the
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TABLE 3
Colour factors for 2q2qg final states: (a) AX - AY*, where X =1,.. ., VandY=1,..., V,
(b) BX - AY*, (¢) CX - AY*, (d) DX - AY*. The missing entries are obtained from:
BX -BY*=CX -CY*=DX -DY*=AX -AY* CX -BY*=DX-AY*,
DX -BY*=CX -AY* DX -CY*=BX AY*

() (b)
AI*  AIl*  AlII*  AIV* AV* Al*  AIl* Al AIV* AV*
Al iR - - - - BI CF, CF, CF, CF LCF,
All ip LF - - - BII CE CF CF, CF, LCF,
Alll F R iF - - BIII CF, CK CF, CF, -1iCF
AIV F K iR iR - BIV CF CF, CF, CF, —-iCF,
AV iR GRGE IR LR BV LCR ICK - SACK 0
(©) (d
Al* ALl AIII*  AIV* AV* Al*  AIl*  AIII*  AlV* AV*
CI CH CK CF CF, -}CF | DI £ I3 IF ik i
cl CF, CF, CF, CF, -iCF, |DII R £ i1F, iR -LE
CIt CE, CF, CR CF, iCF DUI LF, LR F, F,  —iR
C1v CK, CHR CH CF, iCF DIV {F R 12 £ ik
OV “MCR-SCRICHR {CHR 0 |DV iR =iR R AR LR

external current and the quarks coupling to the intermediate gluon (see fig. 1) have
the same flavour. The diagrams in fig. 1 with the first qq having momenta p, and
P, coupled to the current are distinguished as group Al (diagram 1,2, 3), group All
(diagram 4,5,6), group AlIl (diagram 7,8), group AIV (diagram 9,10) and group
AV (diagram 11, 12). The set with the interchange of momenta 1 < 3 is denoted
BL,.... BV, the set with 2 & 4 is called CI,...,CV and the set of diagrams with the
interchanges (1 <> 3,2 « 4) is called DI,...,DV. The products AA*, BB* and DD*
give the main contribution and are calculated from a product of two traces, in
colour and spin space (see fig. 9a). The interference terms DA* and CB* are also
proportional to a product of two traces (see fig. 9b), whereas the interference terms
BA*, CA*, DB* and DC* have only one trace as indicated in fig. 9c. The complete
list of colour factors is given in table 3 with rows and columns from Al up to DV.
For this table new abbreviations have been defined:

F1=NCC]%" FZZNCCF(CF_%N)’

C

F,=NCp(Cp—iN.),  F,=N2Cp. (13)

C



334 N.K. Falck et al. / Five-jet production

Finally we explain the charge and statistical factors which must be taken into
account. When both fermion lines have the same flavour, there are two pairs of
identical particles and we have the statistical factor 1/4. Classifying the diagrams as
A, B, C and D, as introduced above, the total contribution is |[A — B — C + D|?/4
where the minus signs are due to the anticommuting fermion fields. This is equal to
the sum of the contributions in fig. 9a, b, ¢ with the interference terms in fig. 9¢
getting an additional minus sign. For this case the charge factor is equal to ¢} for
each flavour /.

The second possibility, that the flavours of the two quark lines are different, is
more complicated. Then we can permute only the quark lines completely, i.e. quark
and antiquark together, and we get the statistical factor 1/2. Then the total
contribution |A + D|?/2 may be decomposed according to (JA+ D|?>+ |B+
C1%)/4 as long as the integration measure is symmetric with respect to permutations
of momenta, which is the case for all specific calculations done for this paper. The
charge factor of the diagonal term in fig. 9a, namely AA*, BB* etc. is equal to X,g/}
(N;— 1), where N, is the number of flavours. The non-diagonal terms DA* and CB*
in fig. 9b has the charge factor ¥, . ;4,9 ;.

The total contribution with N, flavours is obtained as the sum of contributions
with equal and unequal flavours which is ¥,¢?/4 times the sum of N; times the
terms in fig. 9a plus (¥,4,)>/2,q}? times the interference term in fig. 9b minus the
interference term in fig. 9c. For one-photon exchange the factor (X,4,)*/L,4? =1/11
for five flavours is small.

Appendix B

GHOST DIAGRAMS AND SLAVNOV-TAYLOR IDENTITY

As already explained in sect. 2 the ghost diagrams are needed in order to
compensate for the contributions of the scalar (zero component) and longitudinal
gluons which have been introduced by using the simplified sum over gluon spins

Ye(k AP (k,\)=—g*f. (14)
A

Although it is straightforward to draw the needed diagrams with ghost pairs, it is
instructive to look at the ghost diagrams in connection with the Slavnov-Taylor
identity. Let p¢ be the e;th component of p,, where p, is the momentum of gluon i
(i =3,4,5). Then the Slavnov-Taylor identity (STI) for every i =3,4,5 is

pir- 3. (q33g — graphs) = ) pf- ghost(i, j). (15)

i#)

In eq. (15) ghost(i, j) is obtained from the sum of all qq3g diagrams by replacing
gluon line i by the ghost line n and the gluon line j by the antighost line 7.
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Fig. 10. Feynman diagrams with ghosts for compensation of scalar and longitudinal gluon polarisations
needed for gluons with momenta p; and p,.

Therefore, we have six sets of ghost diagrams with (i, j) = (3,4),(3,5),(4.3),(4.5),
(5, 3).(5,4) which must be added to the already existing diagrams. For (i, j) = (3,4)
we have the twelve diagrams shown in fig. 10. They consist of five groups:
GI,....GV, (see table 4) corresponding to the qG3g diagrams c,,a,,c; where in ¢,
there are three possibilities how to replace the gluon lines by a ghost and an
antighost line. Since  and 7 couple to gluons only we need to look in fig. 1 at the
diagrams with 3-gluon couplings. All these diagrams are squared, so that there are
no interferences between the different sets (7, ;). This simplifies the calculation of
the colour factors for the ghost contributions. In total we have 72 ghost diagrams,
the twelve diagrams in fig. 10 and five times more with different labels for (i, ;). In
this form the squared ghost diagrams receive also the statistical factor 1/6 in the
same way as for the qq3g diagrams because of three identical gluons.

In order to have a check that the ghost terms have been taken into account
correctly we have verified eq. (15). Due to the complete symmetry with respect to
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TABLE 4
Colour factors for ghost diagrams: GX - GY*, where X =1,..., VandY=1,.... V.

GI* GII* GIIT* GIv* GV*
GI CF, - - - -
GII CF, CF, - - -
GIII ~ICF, ICF, CF, - -
GIV - iCF, LCF, ~1CF, CF, -
GV \CF, -LCF, ~iCF, - iCF, CF,

the three gluon lines it is sufficient to prove the STI for one specific gluon label i,
for which we take i = 3. Then we have to prove

P>+ 2 (qq3g — graphs) = p;+ - ghost(3,4) + ps - ghost(3,5) . (16)

To reduce the Lh.s. of eq. (16) we use the Dirac equation for the massless spinors
u( p,) and v( p,) and the identities

1 1 1 1 1 1

111 111
BT R PR an

where p,; = p, + p,. First we multiply the QED-type diagrams I,...,V with p$:. The
result can be written in terms of commutators of the 7°2:

P52+ 2 (QED — type — q33g — graphs)

=po (I+ 11+ I+ 1V + V + VI)

1 1 11 11
— —a( p]) fuul(uTuTuS ,Y(’4 ST _YL’4 ,Y;L____YL'S + ,Yp. ,Y(4 ,YLS

— " Y
?134 %345 ?134 ,?35 ?2345 ?25

1 1 1 1 1 1 )
€5

‘)5 Yy + oyt e

Y Y=y Y
?14 ,¢1345 ?14 55235 ?2345 ?235

1 1 11 11
+fa(l3(14T(15T(l ,Yc's_,Ye‘ p.__,ye5__y;1. _YL’4+,Y[_L _Yc5 ,Y¢4

¥
bis 1?1345 41515 ?234 ?2345 Prsa

+f41113r15 THaTe ( ,Y('4

1 1 11 1
_f(1113u5 T4T4s _Y(’S ,Yc4 .Y}L — .Y(’s YP4Y04 + Y!‘- -Y‘S -Y‘d U( PZ) .

Pi3s Praas ?134 P Pasas Poa
(18)
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Next we consider the diagrams with only one 3-gluon vertex, i.e. classes a,, a,, b,
b,, ¢, and ¢, in the notation of appendix A. For this we need the contraction of the
3-gluon vertex with p;.

Py V3( Piz» —Pi» — P31, @, B, 93)
=5 [8ap (20 P3) ey + 8o ( P3 = P o+ 8aer(—Pi = 2P3) 4]
=28P P3— (Pa)a(Pis) g+ (P) (P g- (19)

In the sum S; = p5*-(a; + a, + b, + b, + ¢, +¢;) part of the terms cancel the rhs.
of eq. (18). The remainder, i.e. the sum of (18) and S;, is equal to

P53+ Y (q@3g — graphs with at most one 3-gluon vertex)

=p - (I+II+1+IV+V+VI+a +a,+b +b,+c¢ +¢)

P34 1 1
=u(p,) { ff e frcs (v“‘ Y=y Y‘*‘)
Pia Praas Pasas

Adsdy fadga u ng e 1 n " 1 e,
Fafessafeaara s -yt Yty Y
st ?1345 Paaas

1
Fif s (Y(Y Y-y Y| Vi Pass — ps, — Pas @, €5, ey)
P4i ?1345 ?2345
fesaTT p‘(ﬁ( " Lol )
4 fudady TS yh - Y *Y(,S‘F‘Y
P ?124 P1345 b Pisa Pos Pasas st
o p;;a( 1,1, 11 )
4 fuuagaa s tl_T .YU5 “ 7-)/‘5—:}/ +Y
Pia Pis b ?1345 Pis P & ,?7245 mt
prongu 25 p;‘s 1 1o
J fudsdypagTa ,YU ¥ ey “ ‘ Y, ——

%4? Prss Pia Pass B 1?2245 4415235
fTTSs(zbl T )} o)
4 fuasdza (Q_T : ,yc4 Y — P yh— o(p

P\ ’ Pus Praas % 1?135 ?24 %%45 % ?’4 ’

(20)

Before we proceed with a5, by and c, which contain two structure constants, it is
reasonable to subtract the ghost contribution with only one structure constant.
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These are in the classes GI and GII and are of the following form:

6’4

¢ GI(3,4) = fraregesTals

”(Pl)

34

1 1
Xy =15 Y= y®

1 1 1
-Y#_._ + -Yﬂ
#15‘¢ 1}1345 1#]5 #234 #3 ?2345 234

(p2).

(21)

The p, can be eliminated by writing p; = p;, — p, and then using eq. (17). The same
is being done with G11(3,4). The sum of GI(3,4) and GII(3,4) is

P (G + GII)(3,4)

1 1 1
LS P—

—7# + Yé’s .Yu_
%5?4 #1345 ‘?15 P234¢4

ddqdy pi“ - e al
=f ?“(Pl) T“T

34

1
Yy

?114 st

i

-y Y +?4

s -

1 1
- -Y"s —
Pazas %34 % % ?1 %4 ?1145

T

1 1 1 1
,Y W-YCS + l auS“lT“l ( ,Yes ;L _ Y 5)} v P?_ . 22
Paas b Pos ) f ?1345 P2345 (72) (22)

The p¢s - (GI + GII)(3,5) is obtained from eq. (22) by interchanging 4 < 5. Both
expressions are subtracted from the r.h.s. of eq. (20). This yields

por-(I+11+ -+ +VI4a, +a,+ -+ +¢,)

e (GI + GIT)(3,4) — ps - (GI + GII)(3,5)

p§'4 1 1
— ( ) lfaa;a4faa5a1Tal p. _ .Yp .YeS
#1345 #2345

p3e 1 1
+lfaas“3f“”4”x’]"“1 €4 Y#+ y# Yf’4

? 1345 Posas

—" 1 ( 1 i 1 )
jfddaas faaaypa -y .Ya
#1345 #2345

><V3(p45,—p5,—p4,a,e5,e4)}v(p2). (23)
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Let us denote in the following all terms proportional to if““+“sf*4s% by ST, all
terms proportional to if4“s4:f“4 by ST, and all contributions proportional to

ift4sdsfads@r by ST, Contributions to ST, oceur in a,, GV(3,4) and GIII (3,5)
in the first term in eq. (23), similarly for ST, and ST;. In total these terms are

ST, =p$7-a;— pg*- GV(3,4) — pés- GIII(3,5) + (first term in eq. (23)),

ST, = p5*- ¢y — pi+- GIII(3,4) — p&s- GV(3,5) + (second term in eq. (23)).

ST, = p5*- by — pge- GIV(3.,4) — p& - GIV(3,5) + (third term in eq. (23)).
The explicit evaluation of ST,, ST, and ST, gives

1 1 1
ST, — if s T i m(w vy w) o(pa)
Pias 1?1345 1?2345

p3
X { - —Q‘Va(l’us- —Ps» —P34701,€5,,8)V3(P347 — P4 —P3.B.ey,€3)

34
€s €4 € ese p§4 B
5888 — 8,8 ) — PR Vi Pras: = Ps. — Pt €5, B)
34

53 Pias
T P Pua— 5 P38
P4 Pia

1 1 1
sn=szlf“'"wTa(pl)(w — yﬂ)um)
345 1345 #2345

Py
X {_ 5 V3( Paass — Pa> — P3ss @&, €4, 3)1/3([735, —P3, —Ps. B, ey, es)

35
pe
D5 8o 84 — 8285) + p_2P3BV3(I7345~ — P4~ Piss e, B)
35
— Bf_dpt’ip + __p3245p95g¢’4
pis TR pi e
cfddsa 1 — 1 1
ST, = ifeasafardsssTé——u(p )| v* Y= y* y*|o(p,)
P3as ‘?1345 ?2345
ps’
X —?‘1/3([’345,—P3,—P45,ﬂ,€3,,8)V3(P45,—P5,—P4,,8,€5,€4)
45
2
€3 €55€ . og€gof€ — ﬁ —
—ps(g0gl — 2888) = —5 Vil pas. — Ps. = pa. . es. €,)
Pas
—ip“p +p—§5p""1’ }
2 45 P34 P2 45030 | -

and

(24)

(25)

(26)

(27)
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It is shown that the curly brackets in eqs. (25)-(27) coincide. Using the definitions
for ¥, the curly bracket can be reduced further and we obtain

p5- 2(qq3g — graphs) — p* - ghost(3,4) — p¢s - ghost(3,5)

—_ i(fuuSulfala3a4 _+_faa4a1fala3a5 +faa3alfa1a4a5)

1 1
XT——u( p)| v —v* = v*——v"|v(p,)
P3245 ' ?1345 1/2345 2

X[ —ges( py— Ps) o+ 85 (P& +p5s+2p85) — g&s(pst+ pst+2p¢)] =0
(28)

because of the Jacobi identity for the product of structure constants. This shows
that the STI is fulfilled. Therefore, the ghost contributions have the correct form.

As a last point in this appendix we report the colour factors for the ghost
diagrams. For example, for the diagram ghost(3,4) the colour factor is GI=
44T T4, Then the colour factor for the squared graph is

GI - GI* = fbas faasasTr(TaTaTPT4s) = N2C2 = CF,. (29)

All other products are calculated in the same way. The results are collected in table
4. They are also valid for all the other ghost sets ghost(i, j).

We wish to thank F.A. Berends and H. Kuijf for explaining their method.
Furthermore, we gratefully acknowledge that they provided us with preliminary
partial results [9] for the purpose of comparison.
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