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Abstract. The Lie algebra of area-preserving diffeomorphisms on closed 
membranes of arbitrary topology is investigated. On the basis of a harmonic 
decomposition we define the structure constants as well as two other tensors 
which appear in the supermembrane Lorentz generators. We derive certain 
identities between these tensors and analyze their validity when the area- 
preserving diffeomorphisms are approximated by SU(N). One of the additional 
tensors can then be identified with the invariant symmetric three-index tensor 
of SU(N), while the second has no obvious analog. We prove that the Lorentz 
generators are classically conserved in the light-cone gauge for arbitrary 
membrane topology, as a consequence of these tensor identities. This for- 
mulation allows a systematic study of the violations of Lorentz invariance in 
the SU(N) approximation. 

I. Introduction 

The recent interest in (super)membrane theory has been motivated as much by 
their mathematical structure as by their possible interest for the unification of 
fundamental interactions (recent developments are reviewed in [1]). Of particular 
importance is the group of area-preserving (symplectic) diffeomorphisms which 
naturally appears in membrane theory as a residual symmetry in the light-cone 
gauge [-2, 3] (the corresponding symmetry in string theory consists only of the 
"length-preserving" diffeomorphism ~r ~ (r + constant, and is thus rather trivial). 
Little is known about these infinite-dimensional groups in general (for an early 
reference in the physics literature, see [4]), and one of the possible benefits of 
membrane theories could well be an improved understanding of their mathematical 
structure. A remarkable result, already obtained some time ago, is that, for spherical 
membranes, the structure constants of the group of area-preserving diffeo- 
morphisms can be obtained as the N-o oo limit of the SU(N) structure constants 
[2, 3]. More recently, and partly motivated by the discovery of supermembranes 
[5], several papers have appeared dealing with area-preserving diffeomorphisms 
on the sphere and the torus [-6-12], which have led to a certain amount of progress. 
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For instance, it was realized that (the simple subgroup of) the area-preserving 
diffeomorphisms on the torus can also be obtained from SU(oo) ([10, 12, 19] and 
Appendix A of this paper); this result, however, does not necessarily imply that the 
area-preserving diffeomorphisms for spherical and toroidal membranes are the 
"same." As for topologically more complicated membranes, results are scarce due 
to the lack of explicit representations for the associated Lie algebras. Another 
complication is that the Lie algebra associated with the group of area-preserving 
diffeomorphisms is no longer simple for nonzero genus (it is simple for the sphere 
[13]). This follows from the observation that, for nonzero genus, there are 
diffeomorphisms generated by harmonic vector fields, such that the remaining 
area-preserving diffeomorphisms constitute an invariant subgroup. 

The group of area-preserving diffeomorphisms is also important for another 
reason. It was shown in [7] that supermembranes can be formulated as one- 
dimensional supersymmetric gauge theories of area-preserving diffeomorphisms. 
The supermembrane Hamiltonian can thus be regarded as a one-dimensional 
reduction of N = 4 super-Yang-Mills theory with an infinite-dimensional gauge- 
group. A supersymmetric regularization of this theory is obtained by approximating 
the group of area-preserving diffeomorphisms by a finite-dimensional gauge group. 
In this way, the supermembrane can be analyzed as a system in supersymmetric 
quantum mechanics. Clearly, a regularization is not only useful but, in fact, 
necessary if one is to gain any understanding of the nonperturbative dynamics of 
supermembranes, just as it is necessary for any other interacting (and possibly 
divergent) field theory. For instance, by employing such a regularization i t  
was demonstrated recently that the spectrum of the associated supersymmetric 
Hamiltonian is continuous and has no gap 1-14]. We repeat, however, that the 
validity of this result is contingent upon the approximability of the group of 
area-preserving transformations by a finite Lie group. 

In Sect. 2 of this paper we will give a systematic treatment of area-preserving 
transformations (for related discussions, see e.g. [8]). The presentation is set up in 
a way suited to the treatment of the (classical) Lorentz invariance in the light-cone 
gauge, which will follow in Sect. 3. Performing a harmonic expansion of all 
dynamically relevant variables in a basis of scalar harmonics on the membrane, 
one is naturally led to define the structure constants fAnc of the area-preserving 
transformations in terms of a certain overlap integral involving these harmonics 
[2, 3]. Our analysis of the Lorentz generators reveals the existence of two further 
tensors, which to the best of our knowledge have not appeared in the literature 
so far. In the SU(N) approximation, one of these, denoted by dABO corresponds 
to the SU(N)- invariant symmetric three-index tensor; the other, denoted by CABC, 
has no SU(N) analog. The existence of such a tensor CABc different from faBc and 
daBc is a genuine property of the infinite-dimensional group that distinguishes it 
from its finite-dimensional "regulator" subgroups. Namely, we will show explicitly 
that a tensor with analogous properties can always be redefined to become a linear 
combination of the known group invariant tensors if the Lie algebra possesses 
a Killing-Cartan metric (for the infinite-dimensional group of area-preserving 
diffeomorphisms this metric is singular). Relying on the completeness relations for 
the scalar and vector harmonics on the membrane, we deduce a number of identities 
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for these tensors. Using these identities it is thus possible to establish the light-cone 
Lorentz invariance in an "algebraic" fashion. One of the advantages of the present 
formulation is that we can treat arbitrary membrane topologies. Furthermore, it 
is now easy to study the violations of Lorentz invariance that appear in the SU(N) 
approximation. Not  unexpectedly, we find that the boost generators are only 
conserved modulo terms of order O(1/N2), but these terms can be controlled and 
shown to vanish in the N ~ oo limit. In two appendices we describe how the torus 
and the sphere algebra can be approximated by SU(N) and give explicit formulae 
for all the tensors that were introduced before. 

Having established the classical Lorentz invariance in the large-N limit, it 
follows that the Lorentz algebra must close in the usual fashion in this limit. One 
might wonder whether the formalism is also useful in order to study the closure 
of the quantum Lorentz algebra and thus could lead to the determination of the 
critical dimension of the supermembrane. Indeed, treating the variables as quantum 
operators and paying attention to the order in which they appear one would pick 
up extra contributions which stay finite or diverge in the limit N--* oo. However, 
their determination would not be sufficient for the following reason. Before 
embarking on such a calculation one would have to ensure first that the Lorentz 
generators are well-defined as quantum operators. In string theory, this is achieved 
by normal ordering, which is sufficient to render all operators well-defined, because 
string theory is essentially free. In contrast, the (super)membrane is described as 
a three-dimensional interacting quantum field theory. Therefore one cannot a priori 
expect the operators to become well-defined through normal ordering alone. 
Rather, one must treat them as composite operators in interacting field theory 
with all the concomitant complications. This, in turn, requires the order-by-order 
calculation of the relevant renormalizations and counterterms. As to date no such 
results are available, it does not make much sense to further pursue the question 
of the quantum Lorentz algebra at this point. To be sure, one can attempt an 
analysis of the short distance singularities based on certain plausible "kinematical" 
assumptions about the operator product expansions [15]. It is indeed possible 
with rather mild assumptions to predict the space-time dimension D = 27 as a 
necessary condition for the consistency of the bosonic membrane [15] (the same 
procedure yields D = 11 for the supermembrane [-16]). In conclusion, there is some 
evidence of an underlying mathematical structure leading beyond string theory, 
but much more work is obviously needed to explain the "enigma" of D = 11 
supergravity. 

2. Area-Preserving Diffeomorphisms and Harmonic Decompositions 

In this paper we will be considering closed membranes, so that the membrane 
coordinates and momenta can be expressed as functions of two parameters, a 1 
and a 2, which are local coordinates on a closed compact two-dimensional space 
of the same topology as the membrane. In this parameter space it is convenient 
to define a metric, which we shall denote by wrs(a) to avoid confusion with the 
(dynamically relevant) Nambu-Goto  metric of the membrane which we denote by 
g,s- Without loss of generality we may fix the total area of the parameter space to 
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unity, 1 i.e., 

Id2  = 1. (2.1) 

Area-preserving diffeomorphisms are diffeomorphisms 

a r -~ a r + ~"(a), (2.2) 

with 

O , ( ~ r ( o - ) )  = 0, or, equivalently, Dr~"(a) = 0, (2.3) 

where w(a) = det wrs(a) and Dr is the covariant derivative with respect to the metric 
wr,. The general solution of (2.3) can be decomposed into co-exact and harmonic 
vector fields. Furthermore, there can be homotopieally nontrivial transformations; 
these will not be considered in what follows. The .co-exact components can be 
parametrized in terms of globally defined functions ~(a), 

grs 
r = ~ as{(o'). (2.4) 

Under these diffeomorphisms, the (transverse) membrane coordinates X transform 
a s  

6X" = {{,X"}, (2.5) 

where the bracket {A, B} for two functions A(o-) and B(a) is defined by 

1 
{ A, B} (a) - , ~  er~ c3rA(a)O~B(a). (2.6) 

This bracket can be shown to have the requisite properties of a Lie bracket. In 
particular it satisfies the Jacobi identity,  

{A, {B, C} } + {B, {C, A} } + {C, {A, B} } = 0. (2.7) 

The harmonic component of area-preserving diffeomorphisms can be decomposed 
into a set of harmonic vectors, denoted by "~(z) which satisfy u-,) , 

D ,~(a)~_n ,n{~) 0. (2.8) r ~" --  JL'[r ~'s] = 

For a membrane of genus 9 there are precisely 29 independent harmonic vectors. 
It is clear that the diffeomorphisms generated by the co-exact vector fields form 

a group; this group will be denoted by G. The commutator of two infinitesimal 
G-transformations characterized by functions 41 and ~2 yields a similar trans- 
formation characterized by 

~3 = {32, ~} .  (2.9) 

One can also include the transformations generated by harmonic vector fields. The 
commutator of such an infinitesimal transformation generated by @~x)r with a 
G-transformation characterized by r is again a G-transformation characterized by 

~2 = ~)()')r~r~l" (2.10) 

1 Note that in previous publications (e.g. [-7]) we used w rather than x ~  
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Furthermore, the commutator of two infinitesimal transformations generated by 
~(z)~ and ~(z'), yields also a G-transformation characterized by 

= W~r~er~ ~(~)~ q~(~')~. (2.11) 

The above commutation relations show that G is an invariant subgroup of the 
full group of (homotopically trivial) area-preserving diffeomorphisms. Hence the 
latter group is in general not simple. Observe that this remark is not relevant 
for spherical membranes, where no harmonic vectors exist, while for toroidal 
membranes (2.11) is constant so that the commutator vanishes. However, in most 
of this paper we will be concerned with the subgroup G. As we shall discuss below, 
it is possible to view this group as the N ~ ~ limit of SU(N), at least for spherical 
and toroidal membranes. 

To exhibit the group of area-preserving diffe0morphisms in a convenient fashion 
one expands the membrane coordinates into a complete orthonormal basis of 
functions y1(~) (where I = 0, 1,...) according to 

X(a) = ~ ~I Yr(a), (2.12) 

and likewise for all other quantities of interest such as momenta or fermionic 
coordinates. The basis functions Y~, which can be chosen real or complex, are 
normalized according to 

d 2 a ~  Y'(~) Y,(a) = 6',, (2.13) 

where 

y1 = y .  = ~/~J yj. (2.14) 

The last equation follows from the completeness of the functions Yr. The tensor 
r/zj is thus given by 

/71./~ S d2~ w ~  YI(~ Ys(a) �9 (2.1 5) 

It is now convenient to split the basis functions into the constant mode Y0 = 1, 
which characterizes the center-of-mass coordinate of the membrane, i.e., 

Xo = ~ d2~r a/w(o-) .Y(o'), (2.16) 

and the remaining functions YA, where here and throughout the text the indices 
A will run over the positive integers. The completeness of the basis functions now 
implies 

1 
A~ YA(~ YA(P) = ~ 3 c z ) (  o-, P) -- 1, (2.17) 

where the last term is due to the fact that the constant function Yo is not included 
on the left-hand side. Observe that we made use of the normalization (2.1). 

For the basis functions ]1i one may choose the eigenfunctions of the covariant 
Laplacian A = D~Dr, so that 

A Y o = 0 ,  AYA=--O)AYA, (2.18) 

where co A > 0. The Green's function of the Laplacian can then be expressed in 
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terms of this basis, viz. 

so that 
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1 
G(a, p) = - ~ Ya(a) YA(P), 

7 
(2.19) 

1 
At({7 ,  p)  - -  p)  - 1. (2.20) 

Below we will also need another Green's function in order to solve the equation 

OrX- = IT,, (2.21) 

where X -  is a light-cone coordinate of the membrane, while V, is defined in terms 
of the transverse coordinates and momenta as well as fermionie coordinates. As 
X -  must be a single-valued function of {7 the consistency of (2.21) requires that 
the vector field V" satisfies the following equations: 

Dt, V~ ] = 0, ld2o'~)~('~)r({7)V~({7) = 0. (2.23) 

Both these equations are equivalent to requiring that Vr vanishes when integrated 
along any closed loop, i.e., 

~ V r ( a ) d { 7  r =  O. (2.23) 

To express the solution of (2.21) in terms of Vr, let us first discuss the 
decomposition of vector fields in terms of "vector harmonics." From the Hodge 
decomposition, it follows that a basis for them is given by 

1 1 r~,)A(a)= ~ O r y a ( a ) ,  y~2)A(ff)_ x/~(a)e~sOsyA(a), (2.24) 
, Y  

and the harmonic vectors @~z). These vector fields are eigenfunctions of the 
Lichnerowicz operator, which, in two dimensions, reads 

A L = D*Ds + �89 (2.25) 

where R is the scalar curvature. The eigenvalues of y~X)A, y~2)A and ~z)  are given by 

AL y~=)A (a) = -- CO a y(=)A({7), AL ~a) = 0 (a = 1,2). (2.26) 

With a suitable choice for the harmonic vectors the functions y~,)a, y~2)a and ~ )  
are orthonormal, 

dZ{T x~((a) w"(a) y~,)a({7) y~)n({7) = 6~ptlA,. 

d 2 a v/w(a) W rs ({7) y~a)A (if) ~Z)({7) = 0, 

d2o.x//~ ) wr~(a)Cb~z)(a)O~z,)(a) = fizz'. (2.27) 

The corresponding completeness relation reads 

y.(.)a (ff)YsA(P)(~) _ -  a(2)(0", p ) W r s ( { 7 )  - - ~  q~z)(a) ~Z)(p). (2.28) 
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where (2.32) has been 
integration, 

With the above results it is not difficult to establish that the solution of (2.21) is 

X -  ((r) = ~ d Z p , ~ ( p )  G'(a, p) Vr(p) + constant, (2.29) 

where the constant is arbitrary. The Green's function G r is given by 

Gr( a, P) = ~ ~ YA(a) 8" Ya(P). (2.30) 
A t o  

It is easy to check that this Green's function obeys 

1 
Sd2a w ~ G ~ ( a , p ) =  O, D;G'(a,p)= - ~__612)(a,p) + 1, (2.31) 

(where D', denotes the covariant differentiation with respect to p) as one directly 
verifies from (2.30) and (2.19). 

From (2.9) it is obvious that the Lie bracket corresponds to the structure 
constants of the (subgroup G of the) area-preserving diffeomorphisms. We can now 
substitute the expansion (2.12) and thereby extract the structure constants of the 
group of area-preserving diffeomorphisms in this basis. From the completeness of 
the Ya (the function }To does not play a role in what follows), we obtain 

{Ya, Yn} = f anc yc, (2.32) 

so that the structure constants are defined by 

f ABC -- S d2a x / ~  YA(a){ Y,(a), Yc(a) ). (2.33) 

Note that fa~c is totally antisymmetric in A, B and C. 
As we have already indicated, the treatment of the Lorentz algebra in this 

formalism requires further tensors. One of them is the (fully symmetric) overlap 
integral between three Y's (readers curious to see where these definitions come 
from are invited to glance at the following section), 

dAnc -- ~ d2a w~v/~ YA(a) YB(a) Yc(a). (2.34) 

A third tensor arises in the harmonic expansion of(2.29) for V,. v: Y8 r Y'. It is given by 

CA,C =-- -- 2 ~ d 2 a x / ~  w"S(a) 8, YA(a) Y~(a)8~ rc(a). (2.35) 
COA 

There are several important identities for these tensors that follow from the 
above definitions. For instance, the Jacobi identity is simply a consequence of the 
Jacobi identity (2.7) for the Lie brackets, 

ftABEfcl,~ = 0, (2.36) 

used. Another relation follows immediately by partial 

CAnC + CaCn = -- 2dAn c. 

Two identities similar to (2.36) are 

(2.37) 

CDetAf ~cle = 0, (2.38) 
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A B dABcf tDEf FJG = 0. (2.39) 

The proof of these identities is simple and follows from writing the left-hand sides 
as an integral of ~ 1 ~  r I1o{ yeS, yC}~r yAl and { YW, YE} { YF~, Y6} Yo respectively. 
Subsequently one makes use of the Schouten identity, which in the present context 
expresses the vanishing of any tensor antisymmetric in three membrane indices. 

The proof of the following identity requires a little more work, 

f AB%ECD = CEABfEco -- 2 faor dAce + ~ C;,A~f "~cD, (2.40) 
2 

where f2As and CXAB are antisymmetric in [AB] and defined by 

f ~aB = ~ dZa ~ cI)(a)t(a)~t YB(a) YA(a), (2.41) 

C ~AB = - 2 ~ d2 ag  s cl)~ ~)(a) ~s YB(a) Y A (a). (2.42) 

Observe that f~aB is precisely the structure constant corresponding to the 
commutator  (2.10). To derive (2.40) one substitutes the definitions (2.33) and (2.35) 
on the left-hand side, such that the contraction over the functions YE takes the 

(1)E (1) form 0r YE(a)0s YE(p)~{ 1. This is just equal to Yr (a) Y~ (p). Subsequently one 
uses the completeness relation (2.28), which leads directly to (2.40). 

Before continuing let us examine the index structure of (2.40). Using the fact 
that the CZABfDC ~ is antisymmetric in [AB] and [CD], symmetrization of (2.40) in 
either one of these index pairs leads to 

fa(BEdcm~ = 0, (2.43) 

where we have made use of (2.37). From this result we can rewrite (2.40) in the form 

f a~E CEtcDI -- CE[ABlfI~CD -- 2 f EDw~ dAIclv~ = ~, C 2ABf "~CD . (2.44) 
J, 

As the left-hand side is now antisymmetric under the interchange of the index pairs 
[AB] and [CD], we conclude that also the right-hand side of (2.44) must exhibit 
this antisymmetry. This result can also be justified on the basis of independent 
geometric arguments. 

Furthermore, one may contract (2.40) by fea c and antisymmetrize in the three 
indices [FGD]. Using the Jacobi identity (2.36), this yields 

f aJa(CEctD f Faw) = -- 2dAcv.fEBWf Falc. (2.45) 

This result is obviously consistent with (2.38) and (2.39). Observe that in the 
derivation of (2.45) we have also used the Jacobi identity for structure constants 
that involve one index 2. 

ftABefc~Ea = O. (2.46) 

Clearly there are more identities for products of the various tensors, such as 

d E A I B d c ] D  1~ -= - -  I~A[Bt~CID. (2.47) 

However, these identities are not needed in what follows, and we will not further 
elaborate on them. 

Let us now return to (2.36) and (2.43), which suggest that f and d are invariant 
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tensors under the subgroup G of the area-preserving diffeomorphisms. Actually, 
it is easy to see that f and d, as well as gAB, defined in (2.15), are invariant under 
all area-preserving transformations, not just under those contained in G. This 
follows from the observation that f ,  d and t /are defined in terms of integrals that 
are invariant under general reparametrizations, provided that one also transforms 
the metric wr~ in the usual manner. On the other hand, wr~ is supposed to be a 
given metric. However, since f does not depend on wr~ while d and t/depend only 
on the determinant of w~s which is invariant under area-preserving diffeomorphisms, 
f ,  d and q must be invariant under the change of the functions YA induced by these 
diffeomorphisms. 

However, the above arguments are not applicable to the tensor CABC, because 
it depends explicitly on the metric; consequently we have 

6CAnc = 2 ~ d2a w~/~ l~-o,Y,4(a)Ys(a)OsYc(a)(O'~ ~ + O~ff), (2.48) 
09 A 

which does not vanish. On the other hand, the covariant variation suggested by 
the index structure of CABC, gives 

(~CAB C ~ ~ E ( f  AEDCDn c "4- f ,  eOCAo c + fcEDCABD) 

= r E + CADE) + fBCXQAE), (2.49) 

where we have made use of (2.38) and (2.44). For the transformations generated 
by the harmonic vector fields, we can derive a similar result, which takes the same 
form as (2.49) upon changing the index E into 2. This leads to the definition of 
new tensors CAB 2 and C~Aa'. Furthermore we note that there are identities similar 
to (2.38)-(2.40) in which one index is replaced by 2 (for example, see (2.46)). 

In Sect. 3 we will argue that C~8c is only relevant up to terms proportional to 
fnc ~ On the other hand, (2.49) shows that eABC is invariant up to precisely such 
a term. This would seem to suggest that CABC can be made invariant by making 
a suitable modification proportional to fBc ~ Under such a modification the 
identities (2.37) and (2.38) would remain valid by virtue of the Jacobi identity (2.36), 
whereas (2.40) and (2.44) would acquire an extra term proportional to fan ~ dcor. 
Assuming the existence of the Killing-Cartan metric 

OAS = - - f  AcD fCDB, (2.50) 

one can indeed write down a modified tensor C'ABC, which is formally invariant. It 
reads 

CtABC = C ABC -- f ncD CDgP feVG(g- 1)GA" (2.51) 

From (2.49) and (2.50) one can easily verify the invaiiance of C'ABC. However, in 
the case at hand, these conditions cannot be applied because the Killing-Cartan 
metric is singular for the group G of area-preserving diffeomorphisms. Therefore 
no modification will render the tensor CAB c invariant, z On the other hand, the 

2 This conclusion is in agreement with a more general result in Lie algebra cohomology, according 
to which there are only nontrivial cohomology classes in representations where the second-order 
Casimir operator is invertible. See, e.g., [17] 
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modification is possible if the group G is truncated to a finite group such as SU(N). 
Then any tensor with the same properties as CAne is actually expressible as a linear 
combination of the invariant three-index tensors of the finite group, up to the 
modification given in (2.51). Therefore it appears that the existence of a tensor CARe 
different from either fAnc or dABC is a genuine property of the infinite-dimensional 
group G. 

This brings us to the question of how the definitions and results described so 
far are affected when the group G is replaced by a finite group. As already mentioned, 
such an approximation is possible for spherical and toroidal membranes, where 
the structure constants fABC can be obtained from the ordinary SU(N) structure 
constants in the limit N---> ~ .  We have demonstrated the necessity of further 
numerical tensors for the Lorentz generators, and this raises the question whether 
these, too, can be approximated by SU(N) tensors. The tensor dABC defined in (2.34) 
evidently corresponds to the symmetric three-index tensor of SU(N)~ and in the 
appendices we will confirm this expected correspondence (which, incidentally shows 
that the SU(N) groups are the only finite-dimensional simple Lie groups that can 
possibly serve as a regulator group, since no other simple Lie groups admit an 
invariant symmetric three-index tensor). As for the tensor CABO the arguments 
presented above show that it has no counterpart for finite-dimensional groups. In 
accordance with these arguments we can try to represent it as a linear combination 
of the known SU(N) invariants daBc and fABc. Quite independently of the explicit 
representation, however, it is impossible for finite N to simultaneously satisfy all 
of the identities that we have derived in this section; it is even impossible to satisfy 
the ones involving only dABC and fABC. This is most conveniently checked by means 
of the explicit formulae of Appendix A. For instance, (2.39) and (2.47) are invalid 
for finite N; substitution of the relevant expressions in Appendix A shows the 
violations to be of order O(1/N 2) for finite N. As the identities involve only invariant 
tensors, this conclusion is independent of the explicit basis chosen for the SU(N) 
matrices. To be sure, there is a certain ambiguity in the choice of CAne for finite 
N. Since it has no proper SU(N) analog and since the identities we relied on in 
deriving (2.51) are anyhow violated for finite N, we can just as well regulate it by 
any tensor whose components differ from their exact values by O(1/N 2) (further 
details are given in the appendices). In this way, it is possible to satisfy all identities 
up to terms of order O(1/N2). 

3. Lorentz Invariance 

In this section we will apply the formalism developed in the foregoing section to 
establish the Lorentz invariance of the classical supermembrane formulated in the 
light-cone gauge and to show that it holds independently of the topology of the 
membrane. We will not repeat the basic results about supermembranes here but 
rather assume that the reader is familiar with them (see e.g. 1-1]); in particular, we 
refer the reader to [71 for our conventions and notation as well as a derivation of 
the results needed here. 

The canonical Hamiltonian H in the light-cone gauge is given by 
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(3.1) 

Here, P(a) denotes the canonical momenta conjugate to the (transverse) coordinates 
X(~r), which transform as a density under reparametrizations of at; 0(cr) are the 
fermionic coordinates, which transform as a spinor under the transverse rotations 
and as a scalar under reparametrizations? Our choice for these coordinates is 
such that the only nonvanishing Dirac brackets take the form 

(X"(a), pb(p))on = t~ab~(2)(O ", p), 

i 
(O=(a), O~(p))D, - ~ 6,r p). (3.2) 

The quantity P~- represents the total momentum of the supermembrane in one of 
the directions along the light-cone; as indicated in (3.1) the other momentum 
component along the light-cone is related to the Hamiltonian. Regarding the 
light-cone components of the coordinate vector, X + is related to the time z, the 
dependence on which we have suppressed above, while X -  does not explicitly 
appear in the Hamiltonian, but is determined through the condition 

O , X -  (a) = - P(a) .~rX(a)  + ~ 0(o-)Or0(o-) . (3.3) 

As was first observed by Goldstone [2] this condition can be solved by means of 
the Green's function G' introduced in Sect. 2, provided the following conditions 
hold (cf. (2.22)), 

x/w(a) J + ~ {0(a), 0(a)} = 0, (3.4) 

We then obtain (cf. (2.29)) 

where q-  denotes the center-off-mass coordinate of the membrane, which is 
canonically conjugate to Pg.  Therefore we have an additional nonvanishing Dirac 
bracket, 

(q-, Pg)DB = l. (3.7) 

3 If the membrane moves in a l 1-dimensional space-time, the fermionic coordinates 0 are thus 
16-component spinors of SO(9). In contrast with the coordinates used in [7], we have rescaled 0 by 
x/~- times a numerical factor. The gamma matrices ~a are real and symmetric 
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The part of phase space that satisfies the constraints (3.4) and (3.5) will be referred 
to as the "physical subspace." 

The supermembrane is invariant under Lorentz transformations and space- 
time supersymmetry, although not all these invariances are manifest in the 
light-cone gauge. Furthermore, the invariance under general diffeomorphisms of 
the three-dimensional world tube is broken in this gauge and one is left with a 
residual invariance under area-preserving diffeomorphisms, which we have exten- 
sively discussed in Sect. 2. According to [18] the first-class constraints (3.4) and 
(3.5) are also the generators of the area-preserving diffeomorphisms. These 
generators therefore take the form 

go((7) = ~ w/~-) "2((7)} i - ~ { 0(,~), 0(~)}, (3.8) 

To calculate the Lorentz and supersymmetry generators of the supermembrane 
in the light-cone gauge, we apply the Noether procedure to the original super- 
membrane action, pass to light-cone coordinates and impose the light-cone gauge 
conditions. This straightforward but somewhat tedious calculation leads to the 
following result for the Lorentz generators: 

Mab= ~ d2a(--P"Xb + PbXa-4 0,'*bO ) 

M + - = 5d2~r(-p+x - + P-X+), 

M+~= ~ d2a(-p+x~ + P"X+), 

( ' ) eox--P-XO-3 o O:Oeb- 8P; {xb'xc}~176 " (3.,0) 

The supersymmetry generators read 

Q+ =-~p~Sd2(T(Pa]:a-Jl-~{xa, xb},ab) O, 
Q- (3.11) 

where Q + and Q- transform according to inequivalent spinor representations of 
the transverse rotation group. 

Following the analysis of the previous section, we expand the membrane 
coordinates into a complete set of orthonormal functions, so that all relevant 
quantities can be expressed with the help of the tensors fanc, dA~c, CABC and the 
metric t/a s. For instance, the generators of the area-preserving reparametrizations 
now become 
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and the constraints 

~ B  ~ C  l B C 

(3.12) 

(3.13) 

(PA = 0, ~0 a = 0 (3.14) 

hold on the physical subspace. 
In this formulation the canonical brackets are given by 

(X"a, P~)Dn = 3"brlAB, (O~A, O,B)OB = -- i6~fllAB, 

(q - ,  P ~ ) o n  = 1, (0~,o, OaO)OB = - -  i6~r (3.15) 
The solution (3.3) for the light-cone coordinate X -  can now be written explicitly 

with the help of the coefficient Ca•c defined in Sect. 2, 

1 - ~ i 1 ~ B ~ c  i B C  

In view of the remarks made towards the end of Sect. 2, it is clear that X A does 
not transform covariantly under the group of area-preserving diffeomorphisms. 
Using (2.49) we find 

a X f 4 = ~ B c  C X -  2~0  a AB C + ((CcAB + CACB)tP c + CaAB@), (3.17) 

and a similar result for the diffeomorphisms generated by harmonic vectors. 
However, the anomalous terms in the transformation rules of X~ are proportional 
to the constraints q& and @, so that X j  transforms covariantly in the physical 
subspace. Of course, the same remark applies to the Lorentz generators M -a, 
which depend on X~. 

The Hamiltonian (3.1) reads in this basis, 

if2 ~ 2  
H = * o +  

2P~- 2 P ~ - '  (3.18) 

where J/l is the invariant mass of the supermembrane, which is given by 

j/12 = P A--2 -I- 1 ( (  x B x C $ 2  �9 A a B C --~WA~C a bl ifA~cO ~ X , O  . (3.19) 

Observe that ~ does not depend on the center-of-mass coordinates and momenta, 
and neither does it depend on Po- 

It is straightforward to substitute the mode expansions and (3.16) into the 
Lorentz generators listed in (3.10). The first three generators take a simple form, 

Mab a b p b  g a  l O .abn a bA b aA i 0 " aboA  
-- -'b PA X ~ Aj r , (3.20) = -- P o X o  + - o " o  -- ~ ~oY % PA X 

M +  - --- -- n o  q -  - Hz ,  (3.21) 

M + a  + a a = -- Po Xo + zPo, (3.22) 
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where we have substituted X + = z. It is convenient to write M-" ,  which contains 
many more terms, in the following form: 

M_a=(M_.)(O)+pl~(pob~ia b_2i 0 a~+'~ 1 ~--a 07 Q ) + ~ M  , (3.23) 

where (M-")  ~~ represents the contributions of the center-of-mass modes, 

(M-a)(~ = q - pa ~ + X.oH _ o ~  O07"bOoPbo' (3.24) 
8P o 

and 0 +, ~ab and 2~ -a refer to contributions of the nonzero modes; those are 
defined by 

O +  = (.~aA ]la 1 B C a b  A + �89 Xb ~ )0 , (3.25) 

i 0 " aboA Mlab = -- paaxbA + P] XaA -- 4 A/ , (3.26) 

~ - ,  ~AABCva(~ ff ~ C ~ X b X C ~ C F G x b x ~  �9 De b = ~ "  ~'At B" c - ~ w ~  o ~JtJC v o J - ~ c  XvO~bOE) 

I : 3 A B C D  t~ .abt~ 1 ABC a ~ ~ 1" 
- -  g t u  r a b U B  / v c + gC P A ( P B ' X c  + g l O e O c )  

I : t A B C . z  D E v  v ,~ .abcn (3.27) 
- -  g O  UA ABb 'ACcf fD 'Y  fiE" 

In principle, the construction of the Lorentz generators ensures that they are 
conserved charges i.e., 

d M = ~ M + (M, H)o" = 0, (3.28) 
dz & 

where M generically denotes all the Lorentz generators. 4 Explicit verification of 
(3.28) can thus be viewed as a check on the consistency of the light-cone gauge. 
However, in the formulation that we employ the classical check of the Lorentz 
invariance is reduced to a purely algebraic problem for the tensors defined in the 
previous section: what we intend to show is that Lorentz invariance is a 
consequence of some of the tensor identities derived in Sect. 2. This has the 
advantage that we can explicitly see where the Lorentz invariance breaks down 
in the SU(N) approximation. 

The verification of (3.28) for the generators Mab, M +- and M +a is 
straightforward, and does not depend on the properties of the various tensors. 
The proof of the r-independence of M -a is more involved. In order to simplify 
the discussion somewhat, we first note that the Dirac bracket of (M-a)(~ and H 
vanishes. Using the decomposition (3.23) one can then easily show that M -~ is 
conserved, provided that 

(~ab, jg2)o 8 = 0, (3.29) 

* In principle one should use the total Hamiltonian, but as the Lorentz generators are invariant under 
area-preserving diffeomorphisms in the physical subspace (cf. (3.17)) it is sufficient to consider the 
canonical Hamiltonian 
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(Q +, J/2)D B = 0, (3.30) 

(M'-", Xg2),~ = 0. (3.31) 

The first equation is obviously satisfied as a consequence of the manifest invariance 
of dg 2 under transverse rotations. While the second equation represents the 
well-known fact that the invariant supermembrane mass is supersymmetric (see, 
e.g. [7]), its explicit verification is not entirely straightforward, and depends on 
the Jacobi identity (2.36) and an identity for anticommuting spinors, 

0 1 7 b 0 2  0 3 7 a b 0 4  "F 0 3 7 b 0 4  017abO 2 - -  0 1 7 b 0 4  037abO 2 

-- 037002 O17abO 4 + 20402 0 3 7 a 0 1  - -  20103 0 2 7 a 0 4  = 0. (3.32) 

This identity is derived from a similar identity for Lorentz spinors in the covariant 
formulation of the supermembrane [5]. As is well-known, the necessity for these 
identities leads to the restriction that supermembranes can only live in a d = 4, 5, 7 
or 11 dimensional space-time. Using (3.32) one derives 

(0 + , J/Z)D. = 20A~O A, (3.33) 

so that (3.30) is satisfied in the physical subspace. 
Finally, we are left with the proof of (3.31). We find it convenient to write the 

result in the following way, 

(~/l --a ~ / [ 2 ) 0  B 7___ A~ + A 2 + A 3 + A 4 + A 5 + A 6 + A7, 
with 

A1 = paA(cABC + d A B C ) P B ' P C ,  

A2 = PaA(�89 r X ~ ' X  6 

-- cABCfOt~F fBOG~c.XFX E.XG), 

A 3 iP~(-JABCr DE "tfb n n 1 ABC." D E , r b  r~ ,'1 
= a J c  A D U B T b f f  E - -  ~C J B  A C U D 7 b U E  

1 ABC DE b 1 ABC DE b --~c fc  XoOsTbO~+~C fB XoOcybO~), 

1,~,BDE,'AGF.," C,~ 2C.2FOSbOIz A4 = -2tt u J d AB aGb 
- -  cBD~ f AF6 f aBC XaF Xc "X~ OD O~ 

+ dABCfAmfcDEXFbXGcXDd OBTobcTdO ~ 
ABC DE FG a b c + 2d fc  fE XAXDXFOBTbTcOG), 

A5 = X"A(2dA"Cf.~ XF X~'PG 

- 2dABCf~aFfcF'XF" PB X . ' X G  

- CBC'fAEFfB~G2O'PC XF'XG), 

A6 = �9 a ABC DE b 
- -  tXAd (fc PoOBTbOE + fc~ boE ) 

A 7 

Observe that the 
We will now 

+ i d A B C , ~  �9 OEp X 0 ab c O 
[ J B  Cb Dc A7  7 E--�89 

licABC," oEp ~ 0 ~0 
- - 2  J A  B" C D7 E, 

ltcABEr CO + 2dABCc 0~0 0 
4~, J A d A ) B E OCTaOD �9 

(3.34) 

(3.35a) 

(3.35b) 

(3.35c) 

(3.35d) 

(3.35e) 

(3.35f) 

(3.35g) 

evaluation of the 04-terms requires the use of the identity (3.32). 
show that (3.34) vanishes in the physical subspace by virtue of the 
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tensor identities derived in Sect. 2. Using (2.37) and (2�9 one first shows that 
A~, A2 and A3 vanish�9 Subsequently, one rewrites A 4 and A 6 in the following form: 

A4 = if SC(dAnO fcGE -- ~c~ ~ C DG,..,,)a o Xr" X~  OBO E , (3.36) 

A 6 = -i(�89 Ac~ + dABCfaDE)OcY"O o ~gE'ffB, (3.37) 

where, for A4, we made use of (2�9 and (2.43), while, for A6, we only used 
(2.43)�9 Combining the previous results, and using again (2�9 and (2.43), one finds 

( 

 2)'B = t - dcO+U ACPUAEB X " 

It is now easy to see that (3.38) becomes proportional to the constraints ~o A 
and @, as result of (2.40), 

DE a ~ . ~ 1 a ABC ~.BC ( J ~ I - a , ~ 2 ) D B : - - ( f B  X D X c  X E - - 2 O B ~  Oc)(C Q)A ~-C (t92), (3.39) 

so that also the Lorentz boost operators M -" are conserved in the physical 
subspace. We should stress that this result is valid irrespective of the topology of 
the membrane�9 In the SU(N)  approximation we get of course additional terms 
and Lorentz invariance is inevitably broken for finite N. As the relations (2�9 
hold for finite N modulo terms of order O(1/N2), these additional terms are of 
order O(1/N2), too. This shows that in the limit N ~ oe the Lorentz symmetry is 
restored�9 

From the fact that the Lorentz generators are conserved, it follows that these 
generators must  close with respect to the Dirac brackets, at least in the physical 
subspace. On the other hand, an explicit verification of this closure seems to require 
various new identities, such as identities for products of the c-tensors. As the 
closure is already guranteed by the calculation of this section, we must conclude 
that these new identities are already contained in the set of identities used above�9 
Another issue concerns the evaluation of the quantum Lorentz algebra, but as we 
have pointed out in Sect. 1, this requires more insight in the structure of the 
quantum divergences of supermembranes. 

Appendix A: Area-Preserving Diffeomorphisms on T 2 

Choosing torus coordinates a = (al,02) with al,a2E[0,2rc), we label the basis 
functions Ya by two-dimensional nonzero vectors with integer components 
A = (A1,A2). They are given by 

yn(a) = exp( i (A la  ~ + A2a2) ) = (yA(a))*. (a.1) 
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With wrs(a) = (4n2)- 1firs it is straightforward to check that the basis functions are 
normalized and to compute the various tensors defined in Sect. 2. We find 

~]AB = ~ A + B '  (A.2) 

fABC = --  4~C2( A • B)6A+ e+ c, (A.3) 

dABC = (~A+ B+ C' (A.4) 

2 A ' C 6  
CABC = A~  A A+B+C (A.5) 

where A x B - A1B 2 - A2B 1. The normalized harmonic vectors are 

g)~a)(a)= 1-16 a (2=  1,2). (A.6) 
27Z7 r" 

From these we compute the tensors (2.41) and (2.42), 

f~BC = 2rciCA6B+ O (A.7) 

CaRc = - 4rciszrCr6B+ C" (A.8) 

The identities of Sect. 2 and, in particular, the noninvariance of c can now be 
explicitly verified. 

It has been recognized only recently that the structure constants of the torus 
algebra can also be approximated by SU(N) structure constants [19, 10, 12]. The 
essential trick is to exploit 't Hooft's twist matrices [20]. These are SU(N) matrices 
t21, g22, obeying [20, 21] 

~Q1 ~2 = z122121, (A.9) 

where the phase factor z must satisfy zN= 1 (explicit representations for these 
matrices can be found in [20, 21]). For  later convenience we choose N odd and put 

f 4rci'~ 
z -  exp~ - ~ - ) .  (A.10) 

To each vector A we assign a N x N matrix 

T A  - -  I~T~(1/2)A1Az OAI  o A 2  . . . . . .  2 "~1 �9 (A,11) 

Making use of the explicit representation of the twist matrices given in [20, 21] 
we can now show that 

T*n = T-A, Tr TA = 0, (A.12) 

TA=TB iff A r = B  rmodN.  (A.13) 

According to (A.13) we can restrict the vectors A to some fundamental lattice, for 
instance the sub-lattice defined by A1, A 2 = 0 . . . .  , N ,  1, with the exception of the 
origin A 1 = A 2 = 0. Hence we conclude that there are precisely N 2 - 1 traceless 
independent matrices TA, which we will use as the generators of SU(N). 
Furthermore, if we also include the identity matrix, To = N1, we have a complete 
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set of N x N matrices, which close under multiplication. One easily derives 

TA TB = N z - ( 1 / 2 ) ( A  x B) TA + B, (A.14) 

Tr (TA TB) = Na6A+ a, (A.15) 

where 6A+ n equals 1 iffA r = Br rood N, and zero otherwise. From (A.15) we define 
an SU(N)-invariant tensor g/AB, 

1 
~AB -= ~5  Tr (TA TB) = 6A+B, (A.16) 

which coincides with (A.2). The coefficients appearing in the product rule (A.14) 
decompose into two SU(N)-invariant tensors. One corresponds to the SU(N) 
structure constants 

_ = _ i  
fABC Na Tr([TA, TB]Tc)=2Nsin2n(A xB)(~A+B+C, (A.17) 

N 

the other to the symmetric invariant tensor 

1 • dABC=---~Tr({TA, TR}Tc)=2cos 27z(A B) CSA+B+ C. (A.18) 

In (A.18) we have extracted an extra factor N in order to ensure that dA~c remains 
finite in the limit N ~ oe. At this point, the advantage of choosing the phase factor 
as in (A.10) becomes clear: the tensors fABC and dABC now satisfy the proper 
periodicity requirements for shifts by N unit lattice vectors. In the large-N limit 
it is obvious that 

JTABC = -- --fABC + O , (A.19) 
7Z 

dAB c=2dA~ c+ ~ " 

Thus, the torus tensors fABC and dAB c can be approximated by the SU(N) tensors 
fABC and dAnc, and moreover the large-N corrections can be determined explicitly. 
As an example, let us look at (2.39) in the finite-N approximation. Substituting 
(A.17) and (A.18), we find 

dABcf EDEf FIG = O 6 C + D + E + F +  G, 

so that (2.39) is only valid in the limit N--, oo. 
As already pointed out in Sect. 2, the definition of CAB c for finite N is ambiguous. 

We may, for instance, adopt the following definition, 

~ 2rCsin2ZCA'C~2 cos2rCA~ 2 7 ] - ~  CABC=N N L - ~ - - c o s  2 6A+B+C ' (A.22) 

which is periodic and tends to (A.5) in the large-N limit. Another question is 
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whether, for finite N, one can also incorporate the structure constants fxAB 
associated with the vectors (A.6) by an extension of the SU(N) algebra. However, 
imposing the Jacobi identity (2.46) for the case of A + B + C = 0, we find that 

faA(-A) + laB(-B)+ f~(- A- B)(A+,) =0" (A.23) 

Furthermore f~AB must be antisymmetric under the interchange of A and B. Under 
these conditions we can show that there is no periodic solution to (A.23) so that 
no consistent extension of the SU(N) structure constants exists that includes fzAB' 
Nonetheless, at the level of the group, it is possible to include the corresponding 
finite transformations. For the infinite lattice, the transformations generated by 
(A.6) are simply the shifts a r ~ o -r + c ", where c ~ is a constant vector. On the basis 
functions (A.1) this induces the transformation 

YA (tY) -+ exp (ie-A) YA (a). (A.24) 

For the finite lattice, the phase factors for finite shifts by (4irc/N)e, where e is a 
unit lattice vector, are obtained by conjugation with ~1 and ~t~2, 

f 4rciAl ~ 
~ t  TAF2:' =exp! , , - -~- - )  TA, 

1/ 47ciA2 ~ 
\ iv / 

Appendix B: Area-Preserving Diffeomorphisms on S 2 

Several discussions of area-preserving diffeomorphisms o n  8 2 have appeared in 
the literature [3, 7, 9, 11], which mainly deal with the structure constants and their 
SU(N) approximation. In this appendix we present a uniform treatment of all the 
tensors that were introduced in Sect. 2. To facilitate their derivation we make use 
of a two-component (SU(2)) notation for the spherical harmonics. 

In terms of the standard angular coordinates o n  S 2, ffl =~bE[0,2~Z) and 
o" 2 = 0 E [0, 7r), the induced metric for a two-dimensional sphere of unit area reads 

= w,s(4),o) 4 ~ \  0 ' (B.1) 

The basis functions YA are now the spherical harmonics, which can be represented 
as symmetric traceless polynomials of a three-dimensional vector X'(~b, 0) of unit 
length. It is convenient to adopt a two-component notation, where three-vectors 
are written as 

X ~ = X ~ = Xi(a2 ai) ~0, (B.2) 

with ~, f l , . . .=  1, 2 and ai the Pauli spin matrices. For a real vector X we have a 
corresponding reality condition 

X,p =_ (X~t~) * = e,~e~X ~~ (B.3) 

Consider now the set of functions Y~(2")(qS, 0), where c~(2n) denotes an array of 2n 
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symmetrized indices el,  a2 . . . . .  a2n , which are defined as the symmetrized product 
of n coordinates X='(qS, 0), 

y~(2n) = X(~I~2X . . . .  ... X , : ,  - ~2,). (B.4) 

For given n we have thus 2n + 1 independent polynomials, which transform 
according to an irreducible representation of SO(3). Observe that the y~(2,) are 
not normalized, 

Sdc~dO ~ Y ~ t 2 m )  y#t2n) _ ( m!2m)2 (~mns~B8~.. .e~//, (B.5) 
(2m+ 1)! '~ ~ , 

2 m  

where symmetrization (with unit strength) over the indices in each array ~(2n), 
fl(2n), etc., is understood henceforth. Furthermore, we have 

D,Dr y~(2n) ----- __ -~2 y~(2n) = __ n(n + 1) y~(zn), (B.6) 

where Z are the angular momentum operators, L~=-ieijkX@/t~X k, or ,  in, 
two-component notation, 

8 
U p = 2 i e r ( ' X a ) a - -  (B.7) 

8X~a" 

Here 8 /8X  =p -l(ffi62)~ , so that 

8 ~ ~ o (B.8)  
8X~r X = 6(,6p), 

[U p, U ~ ] = - 2ie('(~L ~)t~). (B.9) 

Any product of two functions y,(2m) and yp(2,) can be decomposed into the 
same basis functions, 

y~(2m) y/~(2n) = E D"~ %~ae'p''" e~p y~tm-, + k)p(,- m +k), (B. 10) 

m-l-n-k 

where k = m + n, m + n -  2, . . . ,  I m -  nl. The real tensor D~ n" is directly related to 
the tensor dAR c, after the appropriate normalization factors for the basis functions 
YA are taken into account, and satisfies the following relations, 

2m 
D m n  n . . . . .  1 __ 1' (B.11) k Dk ' D m + n - l '  D " - i  2m+ 

r e + n -  k + 2  k 2 - ( m - n )  2 
O m n  - -  O mn  (B.12) 

k - 2  k ' m + n + k  + l 4 k 2 - 1  

n - m + k  2 k + l  
D~" - --k-Ore " -1 1 �9 (B. 13) 

2n m + n + k + l  

The above equations are sufficient to determine D~'". While (B.11) is still rather 
obvious, the proof of (B.12-13) is more involved and will be discussed later. After 
multiplication of (B.10) with another spherical harmonic and integration over S 2, 
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T mn one readily deduces that ((k!2k)2/(2k+ 1).)DR must be symmetric in m, n 
and k. 

For the evaluation of the tensors fanc and CAB c we first derive the following 
expressions for arbitrary functions A and B of X~O((a, 0), 

~A 8rcX~do__OA 8B (B.14) {A,B} = 4 u i ~ ( U ~ B ) =  - 
~X~ ~X aa' 

w"DrAD,B = - �89  = ( X ~ X  ~a- 2 X ~ X  p~) OX ~aaA ~X ~a't3B (B.15) 

Choosing A = y,(2,,) and B = ya(2,) and decomposing into the same set of basis 
functions leads to two real tensors, Fm"k and C~,"", which are related to the tensors 
faBc and CAB c after proper normalization, 

m. ,r ,a y , ( , , - ,  + k)a( ,-  m + k), (B.  16)  {y,,(2,,,), ya(2,)} = ~ F  k e e "..d'" 

m + n - k  

- 2  D r y~(Z,.)Or y#(2n) = E c~ n e~Pa~"" a~ yce(m-n+k)#(n-ra+k) (B.17) 
m(m + 1) k 

m + n - k  

where 

F'~" = - 8rc mn(2k + 1) D~'- 
m + n + k  - I " - 1 '  (B.18) 

k(k + 1) -m(m + 1 ) -  n(n + 1) D~,,. 
(B.19) 

m(m + 1) 

In deriving (B.18) and (B.19) we made use of (B.10) and (B.13). Note that F~'" and 
C~" are zero whenever m + n - k is even or odd; respectively. Obviously the Jacobi 
identity (2.7) for the Lie brackets gives rise to a corresponding identity for the 
tensor F~'". 

The structure constants can be approximated by those of SU(N). To show this 
one introduces the matrices I-3] 

T , ( 2 , ) _ (  4 ~ ( a / 2 ' ( " - l ) L (  . . . .  L,3 . . . . .  tOt . . . . .  2.) (8*20)  
\ N  2 - 1] 

where the U ~ are the generators of S0(3) in the N-dimensional representation, so 
that L'PL,r = �89 2 - 1). These matrices satisfy the following conditions: 

T "(2")=0 for n > N ,  (B.21) 

T ~(2"J (B.22) (T~(2")) + = ~a...e,a , 

T r T  "(2")=0 for nO0.  (B.23) 
N - - 1  

As all the T "(z") are independent, there are ~ (2n+ 1 ) = N  2 -  I traceless 
n = l  

independent matrices T ~(2"), 0 < n < N, which we may choose as the generators of 

SU(N). If we also include the identity matrix, TO= .x/((N 2 -  1)/4)1, then these 
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matrices close under multiplication, 

m + n - k  

where k = m + n, m + n - 1 . . . . .  I m -  n l. We note the following properties of the 
coefficients {ink"}, 

{~ = k ' (B.26) 

{ mm + nn } = ~ l, (B.27) 

{mm + n_ l n} - (B.28) 

1 = 2 ~  1 N-2~-i (B.29) 

2m 

From (B.30) we may define an SU(N)-invariant metric, which, up to normalization 
factors, yields the tensor t/A 8 for the spherical harmonics in the N--* oo limit 
(cf. (B.5)). 

If the matrices U p were commuting then {mk" } would coincide with D~", up 

to an overall factor x/ (N:  - 1)/4. The fact that the U a are not commuting gives 
rise to additional contributions, but those will be suppressed by powers of 

x/4/(N z-  1). Using this observation and the intermediate result shown in (B.14), 
one can establish the following result, 

~ [ D ' ~ " + O ( ~ ) I ,  for m+n-keven 

- F k + , for m+n-kodd 

Observe that (B.31) is indeed consistent with various results that have been listed 
above. As far as the large-N behaviour is concerned, there is a qualitative agreement 
between (B.31) and the coefficients that arise in the products of the SU(N) generators 
for the torus (cf. (A.19-20)). The SU(N) approximation to the tensors fABC and dABC 
is therefore given by the coefficients {"k"} and x /4 / (g  2 -  1){mkn}, multiplied by 
the appropriate product of e-symbols and the normalization factors for the spherical 
harmonics. The S U(N) approximation of the tensor CARC then follows from (B. 19). 

The coefficients {mk"} are subject to the following recurrency relations, which, 



Area-Preserving Diffeomorphisms 61 

when combined with (B.26-28), allow their complete determination, 

m+n-k+2{mm+n+k+l k - 2  n } k2-(m-n)2N2-k2{mkn}~l ~ i  

_ _  n} 
~ 2 _ 1  m + n + k + l  k - 1  ' 

2n m + n + k + l  k - 1  

= _ i k(k + 1 ) -  n(n - 1)+ m(n + k) t ~mkn-  1 l ~ (8.33) 
x/ /NZ-1 m + n + k + l  

~ k{m:12  m n+k+2N2 k + l n l }  

=--  i ( m + n + k + 2 ) ( m - n - k - 1 ) ( n - k - 1 ) { m  ln}. (B.34) 
x ~ - i  ~ + ~  k +  

These relations have been derived by using the associativity of the matrix product, 
(Ta(2m)TP(Z"))T~t2)= T~t2rn)(T#(Z")TYtZ)), and substituting (B.24) and the explicit 
expressions for {"kl}. The latter have been calculated separately (cf. (B.27-29)). 
For m + n -  k even, (B.32-34) become degenerate in the large-N limit and yield 
(B.12-13). Obviously, the associativity of the matrix product can be used to derive 
more identities for products of the {mR" } . 

Finally, we come to the relation between the area-preserving diffeomorphisms 
generated in the N ~ ~ limit of the torus and the sphere. Clearly, for finite N, the 
generators TA of the torus algebra can be decomposed in terms of the generators 
T "(2n) of the sphere algebra. For instance, using the results given above, we can 
explicitly compare the diagonal generators of both algebras. In a basis where L 12 
(which is equal to iL 3 in Cartesian coordinates) is diagonal, we may choose 
/21 = exp (4rcL12/N), so that 

=/4_U_ ~N-1 
TtA'~ X/N z -  1 ,=o ~ M"~ (B.35) 

where M,o are the elements of an N • N matrix M, defined by 

n 2 N 2 _ 1/2 
(ln M),_ a, = - 2~zA - -  

4n 2 - 1 N ~ '  

, / ~ -  1 ~B.36) 
( l n M ) , , _ l = 2 n A - - ,  n = 0  . . . . .  N - l ,  

N 

and all remaining elements of In M equal to zero. From the left-hand side of (B.35) 
it is clear that Moo = 0, unless A = 0 mod N, although this property is not manifest 
for the right-hand side of this equation. For N ~  ~ ,  (B.35) defines a map between 
the torus functions Y~A,O) and functions on the sphere, expressed as a series 
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expansion in terms of the spherical harmonics yl(n)2(n). Although the functions 
corresponding to (B.35) are relatively simple, as they are only functions of one 
coordinate of the torus and the sphere, respectively, this example demonstrates 
the complexity of the relation between the two sets of functions. However, in view 
of the different topological structure of the torus and the sphere, it is unlikely that 
the torus functions YA will always lead to functions that are differentiable on the 
sphere. 

Acknowledgements. We are grateful to E. Bergshoeff and M. Liischer for clarifying discussions. 

Note added. Recently, the relation between the algebra of area-preserving diffeomorphisms on S ~z and 
the algebras used for the description of higher-spin gauge fields [22] received some attention [11, 23]. 
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