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Abstract. We investigate Green functions for heavy
quarkonia in a stochastic vacuum. We derive rigorous
results for an Abelian model and expressions for the
non-Abelian case which are suited for phenomeno-
logical analysis.

1 Introduction

Recently, a model of a vacuum has been investigated,
where its dynamical properties, i.e. the fluctuations in
space time, play an essential role [1,2]. This picture
is especially promising and simple for heavy quarkonia
[2,4-7], which in this way can be treated as a
quark—antiquark pair interacting with an external
color field and among themselves through (short-
range) gluon exchange. Both interactions are repre-
sented by potentials in the phenomenological models
of quarkonia [8]. In the QCD sum rules [9] one makes
use of the operator product expansion, where the
coefficients of the operators represent the perturbative
contributions, whereas the interaction with the
external field is taken into account by vacuum
expectation values of local operators. In this way one
effectively exploits the space time region, where large
fluctuations of the vacuum field can be disregarded.
There is a third [10,11], connected approach
especially suited for very small systems, where one
treats the one gluon exchange by a Coulomb potential
and interaction with the vacuum fields as perturbation.
The energy shifts of quarkonia levels can in this model
again be expressed through vacuum condensates.

It was shown that the fluctuations in space time of
vacuum background fields can create a linear
confinement both for heavy quarks [2] and for light
quarks [4,5] and gluons. It was also shown that the
scale of the vacuum fluctuation plays an essential role
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[12-14]. If the quarks move slowly with respect to the
time fluctuations of the external field, ie. if there
correlation time T, is large as compared to that of the
external field T,, the fluctuations can effectively be
treated as-a white noise, and one obtains the potential
model. In the opposite case, if T, « T,, the dynamics
is essentially non-instantaneous and cannot be
described adequately by potential models, as was first
remarked by Voloshin and Leutwyler [10, 11]. In this
situation one can use QCD sum rules or perturbation
theory for the external field.

With all that qualitative understanding it is of
interest to have quantitative estimates of validity of
all mentioned approaches, especially since for many
interesting applications one expects both correlation
times to be of the same order of magnitude. For that
purpose one should take into account the color
Coloumb interaction between the quarks and the
interaction with the external color field on the same
footing. Recently a first step in this direction was made
[15]. The ground state of a quark—antiquark pair in
an external Abelian field with Gaussian fluctuations
was calculated exactly. In this paper we take into
account both potential quark—antiquark interaction
and their interaction with the fluctuating vacuum field.
In Sect. 2 we treat the exactly solvable case of two
colorless quarks bound by a hormonic force in an
external Abelian Gaussian stochastic field. The exact
result for the ground state energy is discussed and it
is investigated, under which specific limiting conditions
the Voloshin—Leutwyler (VL) result [10,11] can be
obtained for the Abelian case. Specifically we also
compare with a modified version of the VL model
[14], where a finite correlation time of the external
field is taken into account.

In Sect. 3 we introduce and investigate a pair of
colored quarks in an external color field. Here arises
the problem of path integrals with non-commuting
interactions in the action integral. To establish a
gauge-independent formalism we introduce gauge
covariant kernels which have to be disentangled. By
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choosing the modified coordinate gauge one can
diagonalize the potential matrix and we obtain
compact final formulae. The influence of higher than
bilocal correlators is discussed. In two limiting cases
we obtain a formulation of the problem either in terms
of functional integrals or in the form of an integral
equation. In Sect. 4 we summarize our results and
discuss possible applications in realistic situations.

2 Solvable Abelian model

In this chapter we introduce a solvable model which
already shows some characteristic features of the
realistic problem. We consider a pair of colorless
particles bound by a harmonic force in an external
stochastic field E. The latter shall be Abelian,
space-dependent and shall be described by a centered
Gaussian process, i.e. the generating functional for that
process is given by

W[J]=exp {—- ~[fp(x — ]kJJ(a)Jk(r)dadr} 2.1

é
5Jk1(t1)

CE(8) - Ey (t)) = WLJ];5=0

2.2)

8, ()

with
c=3<E*), ¢0)=1, ¢(oc—1)=9¢(t—o)
We work in Euclidean space time, hence the action

is given by
+T m D

SIX,E,T]= | dt{zkz(t) + —2—x2(t) +iE@x() ; (2.3)
-T

and the Green function is expressed by a functional

integral, averaged over the field E.

G m T, — T) =< [Dxe  SETT (2.4)

The functional integration 2x runs over all continuous
paths [ — T, T] — R with end points

x(—T)=n, x(T)=&. (2.5)

Due to the assumption of a Gaussian process, the
averaging over the field can be performed most easily,
yielding

G T,—T)=|PDxexp— { +j'T (sz(r) + gxz(r)> dt

+ET T bt — o r)x(a)drdo}
25 ¢

(2.6)
It factorizes in three 1-dimensional Green functions:

G4(¢, n,T, T)= [Zxexp — §,[x]
Si[x]= I < (1) 4 — xz('c)>

+T T

-dt+§j | ¢(c—Dx(o)x(dodr.  (2.7)

This Green’s function can be expressed by ordinary
integrals of expressions containing only solutions of
classical mechanical problems. The method is similar
to the one proposed by Feynman for the polaron [16].
An alternative method of deriving the Green function
(2.7) is given in the Appendix.

As a first step, we evaluate the logarithmic derivative

d
K(C7 é, ’17 T; - T) Ed_lnGI(éarl’ + 'T" - T)
C

— ~1{9x] | dodid(o—)x(0)

x(t)e 51/ [P xe 514, (2.8)

We introduce the effective action

+T
S Ix)1=8,[x1— [ f(t;x,«,7,0)x(t)dt (2.9a)
-T
with
flt,k,k',1,0) = Kkd(t — 1) + K'O(t — o). (2.9b)
With this action we can write
K(c,&n, T,— T)= —1[2x| j dodid(o — 1)
2
g e 51 e~ Silx, (2.10)

axa ; /K K7 =0

The classical solutions x ; and x[; are obtained from
§, and §, respectively:

N 387
Sxal =0, SiLx

mXq(t) = — f(t, K, K',7,0) + Dx (1)

[ cl] 0

to wit,

+c f x,(0)¢(t —o)do (2.11a)
-T
mxX (t)=c jT x.(0)p(t — o)do (2.11b)
-T
with the boundary conditions
X (T)=x(T) =& xa(—=T)=xa(—=T)=1n. (2110

We expand S, and S’ around these classical solutions
and obtain
2¢

1648
SiIx1=S8x )+ 5~ Dy, y=x—x;

2 ox?
Si[x1=35, [xcl]+2(S 2[y],xl Y=X—Xq
W) =y(—T)=0. (2.12)

Since both S and S, are quadratic and differ only by a
linear term (2.9), the expansion (2.9) is exact and
moreover

628, <52S >
Sx? i 6x% ),

(2.13)



Therefore we can write (2.10) as:
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i.e. the functional integrals cancel.

Using the equations of motion and a partial
integration in the kinetic term, the classical action
becomes

30551 = 2 (E(T) ~ (= )
— J(exy (1) + K'x0(0)) (2.15)
Sy [xa] = %(becm — k(= T))

and hence
62

K(C, fa f, ’T, - T) = - %jdad‘rd)(a - T)
Oxox’

"exp {— %(%,(T)f —Xy(=T)n)
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k=xk'=0
"exXp {%(*LI(T)E — Xa(— T)ﬂ)}-
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Since for ¢=0G(n, T, —t)=Gu(&,n, T,—T), the
explicitly known Green function of the harmonic
oscillator, we obtain

-exp j dcK(c,En, T, —T). (2.17)
0

This is the promised expression for the Green’s
function in terms of classical solutions. Matters are
simplified if we consider only the ground state energy
E,:

OE 1
%= _ lim —a,In G(0,0, T, — T). (2.18)
(3(3 T 2T

In that case the solution x(f) of (2.11a) with the
boundary conditions

lim x(T)= lim x(T)=0 (2.19)

T—-w T——ow

can be obtained explicitly:

tody . (ke 4 K'e ) /m
v = | B )/

Zwlm

(2.20)
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m
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with
we=/Djm, (1} =[Pl *dt. (2.202)
We then obtain
Eg .. 1 T
— = lim ——| | dod -
dc TI_If:OSTmj~ _IT adip(e =)
J J .,
{MXCI(T) + &xcl(a)}
2T T
=1 do —
Tl—r»rolo 8T'm —IT (=2
-+de ¢(a‘—r)(ef“("_’) _‘\_e—iﬂ(v—r})
o < ~
{u’ +of + —¢(u)}
m
1 + Y
= [ dp Sluym 2.21)

C ~
12+ g+ —p(u)
m

Integration over ¢ gives for the three-dimensional

oscillator the final result for the ground state energy

of the system described by the stochastic problem (2.2):
3 37 c/m(p)

Eq=-wo+-— | duln<{t + .
R 4n_w# { u? + w?

(2.22)

0

In Appendix A we give an alternative and more
direct derivation of this result.

We discuss first some general properties of this
integral. If ¢(c — 7) falls off with a characteristic decay
time T, the Fourier transform falls off with a
characteristic frequency p, ~ 1/T,. Since ¢(0)=1 and
correspondingly [@(p)du = 2n, we have
&0 ~ T,

Jo(wuldy ~ %5 etc. (2.23)

g
If T,—0, then () varies slowly and we can replace
¢(p) in the integrand by ¢(0) and obtain by analytic
integration

Eo =3/} + ¢/m(0). (2.24a)

This result can be also read off from (2.6), since for a
white noise the time spread term in the exponent
becomes an additional oscillator with strength

cim | (t)dt.

The condition for a safe replacement of ¢(p) by ¢(0)
in (2.22) can be obtained from (2.23) to be (sece
Appendix B):

2
T2+ 0y T, < . (2.24b)
c ¢
If on the other hand T, co, the integrand increases
logarithmically with T, but the integration interval

shrinks like 1/T, and thus we have for T,— o0
Eo— 3w, ie. the static stochastic field does not yield
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any level displacement. This result is interesting in
itself, but of little practical interest, since first we expect
the vacuum fields to have correlation times of the
order of the hadronic scale and secondly the validity
of Gaussian approximation becomes questionable, i.c.
the importance of neglected higher cluster terms
increases with growing 7T,. The energy shift obtained
by Voloshin and Leutwyler, adapted to the harmonic
oscillator can also be obtained from the general
formula (2.22), in the following limits:

(c/m)(w) < U2 + w? (2.25a)

{12 P(w)dp <« w2 (2.25b)

With condition (2.25a) we can expand the logarithm
and obtain

3 3t ¢

Eox-—wg+-— | du—

L 47r_j00 #mu2+a)(2)
3 3cte~ 1wl
X—wy+—— — =t 2.26a

100 Mmidmt%(% } (2.26a)

under the second assumption (2.25b) we then obtain
3 3¢l

Egmowo+— S~ 2m=Eq+ AE,. (2.26b)
2 4nmw}

With (2.24,2.26) we can express the conditions (2.25) by
AE,T,«1 and 1/T,<m,. 2.27)

The method of Voloshin and Leutwyler is easily
applied to the harmonic oscillator, yielding for the
energy shift of the ground state

2 .
aE, — <OI¥710)-c
(E: — Eo)

The ground state expectation value of y? is obtained
by the virial theorem as

3w 3
0y?[0)=""= :
<0ly*10> D 2ogm
and hence
AE =3 3¢ (2.28)

o 2wgm  2mw}

Thus in a stochastic model the static VL result is
obtained under conditions (2.254, 2.25b). (a) states that
not only the strength of the perturbation, ¢, but also
the value ¢(0)= [$(¢)dt has to be small in order to
justify the expansion of the logarithm. Only in that
case an averaging over the Green function and an
averaging over the energy shift yields the same result.
Condition (2.25b) states that the characteristic
correlation T, of the field has to be long as compared
to the oscillator period 1/w,. It can be released easily
by modifying the VL method to time-dependent fields.
For a correlation function ¢(t) = e ~1"s the VL result

AE, "
1 T
'05 |
a 02 AT

T Y ! ! T '

R e

P ——
=2 o
05
bloz. g Y w.)

Fig. 1a,b. Exact results for the energy displacement of an harmonic
oscillator with frequency w, in an external stochastic field. a Solid
curve: exact result (in units 30/2mwf)) for the correlation function
exp{—|t|/T,}, dashed curve: Ratio of the exact value of the
displacement to the modified VL result (2.29). b Ratios of energy
displacement for different correlation functions ¢(t) as compared to
@o(t)=cxp {— |t|/T,}, dashed dotted curve: ¢(r)=exp{—t*/T;},
dashed curve: ¢(t) =1 for t < T, 0 elsewhere

is modified to [14]:

__3c 1

AE, = ——— .
2mwowo + 1/T,

(2.29)

For that correlation function the integral (2.22) can
be performed analytically, and we obtain

Ey = 3% +3{(02 + 1/T? +(2c/mT,) + 0}/ T2\

—wo—1/T,}. (2.30)

In Fig. 1a we display the exact result for ¢(t) = e!!/Ts,
where « is the abscissa, measured in units of w,, and
the energy shift E, — 3wy is given in units of 3¢/2mw}
for ¢/(mw3)=0.1. '

Also displayed is the ratio of the exact vs. the
modified VL result and we see the very satisfactory
agreement for AE, T, <.5. In Fig. 1b,c we give the
ratio of AE, for different correlation functions as
referred to the exponential decay ¢(f)=ell/Ts. A
Gaussian function e~ */Ts yields results for AE,
differing from results with an exponential function by
at most 15%, whereas the extreme case of a square
d)=1 for |t| < 1/w, O elsewhere, differs from the
exponential by up to 25% (for ¢/(mw}) = 0.1). In order
to get an idea of the orders of magnitude, we express



¢ by the gluon condensate. Simulating the non-Abelian
8

case by replacing (E*) by £ > (E?) we obtain

c=1
c=%%'ﬂ2<asFﬂvF"v> ~6.6:1072GeV* (2.31)
T

we obtain for bottomium with m =m,/2 ~22GeV,
wo ~ w(1P)— (18) = 0.44 GeV

& 0.035.

3

may,

Another very simple example of solvable model is
the two-level model with an external stochastic source,
which mediates transitions between the two levels, i.e.

H, = <H1 0 >; E =< 0 Ew). 2.32)
0 H, Et) 0

The action is given by
T

S(F) = [{Hq + iE(z) }dt (2.33)
¢}

and the Green function by

G(T)=<{(Te 5D)> . 2.34)

We separate the time-ordered exponential and obtain

G(T) = (T e~ [Hot)(T e~ IHDA)),

= ¢~ HOT (o= (B (2.35a)

where
E(t) = e"o'E(t)e ~ Hor, (2.35b)

We assume again for the stochastic field a Gaussian
process, i.e.

CEMEE)> = (E* )¢t — 1) (2.36)

z(T) zZ(T)

Y(T)

S Y P

_______

Y(0) 2(0)

a

z(0)
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and all higher cumulants vanishing. We then obtain

E2NTT
00

eH1—Hli—v| 0
0 e(Hz*H1)|t't’| :

If we put specially ¢(t —t')=e “""*! we obtain for
the ground state energy from

<1T1n G(T))

CE*>
H,-H +to

G(T)=e "oTexp —

(2.37)

T

E, +H,. (2.38)

This is exactly the result of the modified LV method
and approaches for the w—0 the static result.

3 Non-Abelian interquark and background
interactions

We start from the path integral representation of the
gauge-invariant nonrelativistic Euclidean Green func-
tion of the gg system [7, 14]

Glx,, x 3 T,0) = [[dz][dZ]e” "4 4 Peiofotr@izy (31
f

where x =(z — z) and the closed path Q is composed
of the paths from z; to z,, zZ, to Z; and the lines
connecting Z; to z; and z, to z,. The latter two lines
correspond to a Schwinger string between the quark
and antiquark in the initial and final state. The
averaging is done over all color fields.

We now assume that we can express the average of
the Wilson loop by two contributions: A color-
dependent non-Abelian interquark potential (due to
the exchange of not so soft gluons) and an additional
non-Abelian background field. From perturbation
theory the color structure of the interquark potential

z{0}

Fig. 2. a Deformation of the Wilson loop in
order to arrive to a gauge-invariant for-
mulation of the interaction. b Use of the

Z(0)

b “color Fierz relation”
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is assumed to be of the structure
V(z — 2)t“t* (3.2)

where ¢ acts on the quark at position z and * = — t**
on the antiquark at position Z.

In order to give a precise gauge-invariant meaning
to the potential, we insert ¢ and 7 at the same time
in the contour Q and deform it, as indicated in Fig.2a.
We form tentacles above and below the point 7, where
t* and #* are inserted going from the position of the
quark, z(7) and antiquark z(r) to the line Y;Y,, which
can be chosen as the center of mass trajectory.

We do the same for the time interval Az, where
there is no interaction via the potential, but only with
the background field A, We call this part of the
interaction C, also shown in Fig. 2a.

Now it is convenient to use a kind of “color Fierz
relation”, which can be derived as follows. Let ¢, be
the generators of SU(N_) in the fundamental
representation ie. N, x N, matrices, with the usual
normalization

tr(£°1") = 16, (3.3)

We now introduce the N?N,x N, matrices i,
—0,--N2—1 by

=5,
af \/ﬁc B
f:/x:\/itsﬂ a=1--

From the relations of the SU(N,) generators

N —1. (3.4)

1
Ztlu ix 5lx N 5"'(53-11 (35)
one obtains the completeness relation
Z f;ﬂt;ﬁ = 04,005 (3.6)

Using (3.6) we can now dissect the contour integrals
across the line Y(0) to Y(T) inserting the operators £*,
as shown in Fig. 2b. In this way we obtain the gauge
covariant matrix operator V, .

Voo = Viz = Dtr {$(2 VPTGV $(Y, 2)°)

3.7)

where

Ay, 2, 1) = Pexp idyA(y, 1. (3.8)

Using (3.5) we obtain

Vo= Viz - z’){ - %6 {4 V(D)
{2, Y)t“’d)(xz)}}. (39)

Similarly for an elementary background interaction
during the time slice A, we have the nonrelativistic
(m, — o) approximation:

z(t)

bpAt=g | dy;tr {PE(y, v, Y)I'}- At (3.10)
z(1)

where

E(y,7,Y)= (Y, y, 1) Ey,1)(y, Y, 7). (3.11)

Due to the completeness condition (3.6) the Wilson
loop {(W(Q)> over the interaction with the back-
ground field can be expressed in two ways: either
through the surface integral

T (1)
W(Q)> = <P expig fde (I)dyiEi(y, , Y)> (3.12)
0 Z(z 00

or through

(W(0)> = <P exp igidrc‘(‘c)> . (3.13)

00

If we choose the modified coordinate gauge [13]
A@0,1)=0; (x—X)A(x,1)=0 (3.14)

the string operators become unit matrices. The
potential matrix Vof (3.9) becomes independent of the
background field and diagonal:

N2 1
Voo=Vi=V(z—12) 2N,
Vac = 5ac VS - 5ac V(Z - Z)
V.o =0. (3.15)

The quantity relevant for the interaction with the
background field, namely

tr {"Edy,t, )i} (3.16)
becomes in that gauge
tr {&E4(y, 0t} (3.17)

and thus contains as well matrix elements with index
pairs (0a) as well as (a,c) (i.e. singlet-octet and
octet-octet transmons)

Now we are in the position to disentangle Vand &
We use the well-known separation of the interaction
representation

b b b

J(H -+ H )t {H (1)t [H y(0)dt
Pef = (Pe* pe*
with

T T

~ JH (@ {Hq(t)at
H,(t)y={Pe*  } VH,(1){Pe&" } (3.18)
which is most easily proved by differentiation with

respect to b. In our case with diagonal ¥ we obtain
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[ V(x(z)dr ijex)dx

WV, 0)=(e®  Pe g

=exp {— fdr’Vl(x(r’))} <P exp i}é(t’)dr’> }
’ ° (319)
with

B )

Jé@le ° 1. (3.20)

+} 17(x’r’)dr’
0

&) =[e

We now evaluate the second factor in (3.19) by using
the cluster expansion. We make a crucial assumption
that we need only bilocal contributions: In doing so
we obtain:

<P exp ifﬁ(‘[’)d‘['>
0

00
1 T T
=exp [ = gdf g dr' (50v(1)5v0(r’)>] (3.21)

i.e. due to the reduction on bilocal expressions in the
cluster expansion, and matrix elements of type ¢,
enter. Since ¢, vanishes (see (17)), we have only ¢, #0
and thus we obtain

f V(x(x)dr — [ Vixte e f {V1(x(e) — Vg(x(x}dt’
Coa=(e° drle ° 0a = €° ot

(3.22)

(Coul)Cao(T)) = A(x(1), X(z) { CodT)Coa(T)> (3.23)
with

A(x(7), x(')) = exp I (Vi) = Ve(x(z")1de". (3.24)

From (3.17) we obtain:

Z(t) z(t")

j dw; | dw, {tr(E{w,7; Y)E(w, 7))

cxr) A
= Q(z(1), 2(7); 2(v'), 2(1), 7, 7') (3.25)
where the gaunge (3.14) already used above should be
used to evaluate the expectation value. Combining all
terms in (3.19) and inserting into (3.1), we obtain an

expression for the heavy quarkonium Green’s
function:

G(«(T), 2(T), (0), 0), 0, T) = [ [dz][dz]
-exp {( - % [#(1)dt — % [#(c) —

{lodT)alT))

T
[ Vi(x(x))de

- fdf !E dt' A(x(t), x(7)Q(z(7), 2(z), z(7'), 2(7'), <, ﬂ))}-
4] 0
(3.26)

In the general case the correlator @ of (3.25) depends
on three vectors, which can be taken as the relative
distances x(7) = z(t) — Z(1); x(t) = z(t") — Z(t") and Z =
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Y(z) — Y(1), where Y(1) is the c.m. coordinate: Y(r) =
{mz(t) + mz(z) } /(m + m). In order to be consistent in our
nonrelativistic approximation, we neglect the depen-
dence on the c.m. motion and retain in all formulae
only the dependence on x(7) and x(1'). Especially we
deduce from (3.25) that we then can write the
correlator Q in the form

0= idaj"da’x,-(z)xk(r’)ar E(ax(7), T)E (o' x(7), T) >
0 0

= R(x(7), x(7'), 7, T'). (3.27)

In order to see the implications made by keeping only
the bilocal approximation, we expand the last
exponential term in (3.26}):

G(x,y, T,0)= [[dx] exp {— gj)'(z(r”)d‘c” - V(x(r”)dt”}

%+2jﬂmm@a %

nln

-exp { f{ Vi(x(z") — Ve(x(z")}

“dt"R(x(t;), x(t;), T; — 7)) } (3.28)

We can now use that R(x(z;),x(t}),7 — ) is inde-
pendent from the path x(z") between 1;>1">1 and
thus perform the functional integral in the different
time segments. The first two terms are easily evaluated,
leading to

T 11
G(X, Vs FF’O) = Gl(x7 Vs T"O) - jd’rl jld‘cllGl(xaula ’T,Tl)
0 0

“R(uy, vy, 74
Gy}, ¥, 77,00+ . (3.29)

where G;; j = 1 or 8 s the color octet or singlet Green’s
functions:

G,(x, y,T,0) = [[dx] exp {— fgxz + V(x(z"))dz" }
0
(3.30)

For the next term, however, we have to distinguish
between natural and unnatural ordering. a) Natural
ordermg, where the intervals [t),7;] do not overlap:
T;> 1,2 7, > 1, yields

- 1-'1)'(;8(141314,1,'51 - 7'1)

jdrl jd‘c’lGl(x, uy, T,t)R(uy, uy, 1, — 7)) Ggluy, 4y, 7,77)
(4] 0

T

-(j)drzrfd‘c’zG

1(u/15 Us, Tlla ‘CZ)R(uZa ulza Ty — 1/2)
) 1(u2u ¥, 7:2’ )duh du,p duZa du,z
(3.31)

Unnatural ordering, however, where the intervals
[z;,7;] do overlap, yields more involved expressions.

8(”2’ uza Ty T
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Consider c.g. the case 7y >1,>1)>1,>0. This
ordering yields the contribution:

1T T1
Ej.drl G(X, Uy, Ta Tl) I dTZR(ula Uy, 7y, TZ)GS(ul’ Uy, Ty, TZ)
0 0

T2 1
g dT’lR(ub u,I’TZ,T,l)G(uZaull’szrll) g dT/Z

'R(ull’ u,Z’ 7,19 T,Z)Gs(ully uIZ’ tll’ TIZ)GI(.]IZa ya T,Za 0)
(3.32)
where

G(x,y,T,0) = {[dx] exp {—gsz(r”)— f(V1 —2Vg)dt" }
o 0
(3.33)

The occurrence of these terms is the price we have to
pay for the exponential form (3.26). We can see it also
from a more formal point of view: In assuming the
exponential form of the path integral, keeping only
bilocal operators, we have tacitly assumed that all
higher cumulants of van Kampen type are zero. For
the quartic term this means explicitly, e.g. for the case
T > T > 1, > 1,

(e(r)e(r)e(r2)e(rs) ) = Cer,)el(r)) ) el )elrs) )

+ &z )e(12)><er)ex,))

+ C&t1)e(75) > (E(r) )elTy)>
(3.34)

i.e. the natural ordered Lh.s. is expressed by terms in
unnatural ordering.

A radical way out of this dilemma is to discard all
terms with unnatural ordering. In that case we have
no exponential form for the functional integral, but
we can easily sum up the series (3.29) to form the
following integral equation:

T T
G(x, y, T,0) = G,(x, y, T,0) — {dr fdv'd*udw’
0 0

: G1(xa u, T’ ‘C)R(M, u/’ T— T/)
‘Gglu, v, 7,76, y,7'0) (3.35)

This integral equation is a consequence of the
“clustering” assumption, or more formally: all
path-ordered higher cumulants [5,17,18,20] are
assumed to be zero, e.g.

ez )eT)T,)8(ty) > = (T 1)) ) (er,)e(xs) > (3.36)

4 Summary and discussion

We obtained in this paper results of two kinds. First
we have solved exactly an Abelian model for
“quarkonium” in an external Gaussian stochastic field
bound by a harmonic oscillator potential. This model
is useful to test the different approximations usually
made in realistic situations: sum rules [9], local
potential approach and perturbation theory in an
external field [10,11]. In addition we also presented

in Sect. 2 a simple two-level model as an illustration
to the VL model [10, 11].

Comparing the exact result for the groundstate
energy (2.23) with the result of perturbation theory
(2.28) one sees that perturbation theory works only
under two conditions: One very plausible one, namely
that the average strength of the external field should
be small, and an less expected one, namely that the
correlation time of the background field should be not
too large (2.25a). The modified perturbation theory,
which takes into account the time dependence of the
external field, has a wider range of applicability. We
have compared it to the exact result in Fig. 1 and to
the two level model in (2.38).

In Sect. 3 we have considered the general non-
Abelian model, where the quark—antiquark potential
has color structure and also the external fields are
non-Abelian. This realistic case serves as a basis to be
applied to charmonium, bottonium (and eventually
toponium) systems.

We obtain an integral (3.35), which is valid when
the path-ordered higher cumulants are unimportant.
This assumption is justified if the correlation time (and
length) is small enough. For values of large T, the
overlaps of vacuum fluctuations can be important and
additional assumptions on higher order cumulants
must be made.

Equation (3.31) can be considerably simplified in
the case when T, which enters in this equation through
R(u,u',7,7") ~ f(t — ')/ T, is small. There are two other
time parameters which define the dynamics of the
problem: T(® and T'V; they are the period of motion
if the quarks in the color octet and singlet state,
respectively. For quarkonia T!" is approximately
given by the inverse Coulomb energy TV ~ 2n*/(m o).
In the octet state the potential ¥® is repulsive, but
the quark motion is defined by the initial and final
conditions, i.e. by the velocity in the singlet state. One
therefore expects that T'® ~ T{" and one can consider
the two limiting cases

i (8) , (1)
i) T,« T?S) thl)
) T,>T,~T..

In the first case we can take octet the Green’s function
G(u, ', 7, 7'} at coinciding time arguments, which gives

Gelu,t',7 = vy = 53(u—u). @.1)
As a result the integral (3.35) assumes the form

T
G(x, y, T,0) = Gy(x, y, T, 0) — [ drd*uG(x, u, T, )e(u)
0

-G(u, y,7,0) 4.2)
with e(u) = [R(u,u, 7,7')dr’.
0

For ©>» T, the function e(u) becomes independent
of 7 and thus the Green’s function G(x, y, T,0) is the

one of a local Hamiltonian
H=T +V, + &u). 4.3)



Spin-dependent potentials can be derived as re-
lativistic correlations [6, 7]. The potential (1) has been
shown in [2] to be asymptotically of the form

gu) = olu| — Cylu| - oo. 4.4)

In terms of the Lorentz invariant functions &2 and 2,
[4] it can be expressed as [7]:

ew) = B{2lul [ d2 | dvo(i,v)
1] 0

+§2dA ] dv[—29(3,v) + D, (3, 1)] (4.5)
0 0
where
09,
CE{2)E{2)) = ﬂ[%(@(z -2+ D(z—2)+ hzﬁ>
g (trFX0)) ,
ﬁ = s i=Zi—Z;
12N,(2(0) + 2,(0))

DA, v)= (A2 +v?)
D14, v) = f1(A% + ).

It is easy to derive the constants ¢ and C, in (4.4)
from (4.5). A confinement potential of the form (4.3)
is usually assumed in potential models for heavy
quarkonia, but we want to emphasize that the integral
(3.35) is more general, allowing both for non-local and
for non-instantaneous interactions.

In the case II, where T,> T, R is a non-local
operator which should be evaluated explicitly. The
only simplification occurs if the size of the heavy
quakonium system is much smaller than the
correlation length and time of the vacuum fluctuations.
(Actually one should require that the size in the octet
state is also small). In that case one can neglect in
(3.27) the space dependence of the correlator and
obtains

R(u,v',7,7) = x(0)x(1)daz C E@E() ). (4.6)

If the energy shift due to this quadratic stark effect
is small enough, one may use perturbation theory and
recover the results of Voloshin [10] and Leutwyler
[11] or the results modified for finite correlation time
[14].

In our intermediate (3.26) there occurs a sum of the
interaction ¥, and the modified background interaction
A. Q, which differs from the sum V[, + &) in our
potential case. The question arises whether one can
treat V; + AQ as a local potential for T, « T'". This
can be done only if the qg stays at a fixed distance r,
so that ¥, and V3 in A (see (3.22)) enter as a “local”
kernel. This is essentially the assumption made in [13],
and which is justified there by the limit of large quark
masses. However, even for large quark masses, one
cannot neglect their kinetic energy which is by the
virial theorem always of the same order as the
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potential energy. As a result one cannot use V, + AQ
as a potential and instead should do the path
integration as done in passing from (3.26) to (3.35).

Acknowledgements. It is a pleasure to thank for fruitful and critical
discussions with M.A, Shifman, M.B. Voloshin, and V.I. Zakharov.
Our thanks are also due to the Atomic energy Commission of the
USSR and the Deutsche Forschungsgemeinschaft for financial
support which made our collaboration possible. H.G.D. wants to
thank the Institute for Theoretical and Experimental Physics,
Moscow, for the warm hospitality extended to him, Yu. S. is grateful
to the staff members of the Theoretical Division of DESY for their
hospitality.

Appendix A

In an aiternative approach, we evaluate the Greens
function G(0,0, T,0) with help of the fourier series
expansion.
Solutions with x(0) = x(T) =0 can be represented
by the Fourier series
g . nn
x(t)= Y x,sinw,t Wn = 0<t<T (A1)

n=1

The exponent in (2.7) then takes the form

{— %T Y xZwi+wh)— Y x,,xmb,,m} = — KpmXnXm
n=1

nm=1
(A.2)
where
T T
wi=D/m, b, ,=(c/2){sinw,t |sinw,7
0 0
~@(t — t')ddr’. (A.3)
We split the matrix K,
4
Kza(l +—ﬁ> with (A.4a)
uT
%= %- T(w? + w2)3,, and (A.4b)
Bom = L (A.4c)
nm — (Wé + Wf) nm* .

The path integration in position space becomes an
integration over the Fourier coefficients x, and we
obtain, using the known result for the three
dimensional harmonic oscillator in an external field:

3/2
G(0,0, T,0) = (A)
2nshw T

-exp(—%trln(l—i—i[?)). (A.5)
uT

The ground state energy of the system is given by:

1
E,= ~limIn G(0,0, ,0) (A.6)
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Inserting (A.5) yields

3 3
E,=—wq+ lim —trl 1+—~' A7
2wO im Trn( a7 ﬁ) (A7)

T

We expand the logarithm in powers of (4/uT)§ and use

4 k 4 k
tI'(ﬁB) =<7> ﬁnlnzﬁnzm"'ﬁnknl

(,uT ) > g!)(P(‘H — 1) f (2, Tyt —73)

S (@3, 75) - f (T, n)oln, — 1) f (T 14)
deydt, - dr, dv, (A8)

where we have defined

San ‘L’S]IIW 7

for)= Z* W2+ w

(A.9)

The sum can be performed explicitly.
Using sin w, sin w, 7’ =3(cos w,(1—1') —cos w,(t + 1))

we apply the summation formula 1.4452) of
Gradschtein a. Ryzik, obtaining:
flet) = Tshwo(T — 1 )shwyt < 5
2woshwo T
with
7, =max(r,t) 1.=min(71). (A.10)

We introduce the Fourier—Transform of @(a) by

+ w0

do
Pty —12)= _J;O@

and can write (A.8) as

4 \* lcl TY +tot+e
t — = ] - doty -+ -dot, @)+ -
rKuTﬂ >} (uTzznzwo) 11 o dedln)

21 77 3(g) (A.11)

"Bl flag, ) f o, 0y) (A.12a)
where
flo,o)= fdrjdr’ o' v =letghy (T — 15 )shwyt -
shwo T
Wy ei(a_a)lezsin (o« —a)T/2 L O(TO),
wi + a? (o — )
{A.12b)
In the limit T— co we obtain
Wo
V—4 2no(of — o). A.13
Slo, o) Wi+ a? ( ) (A.13)
We thus have
. . k + o0 5Kk
" AN (ewg n) T i da%_ (A.14)
uT wrwy) 2n e (W + of)

Furthermore we have not performed the limit (A.13)in

one of the f(o, o) but used that

Wo

fld,0)=4 T (A.15)

2 2
W+«

(This amounts to the same as putting 6(0) = T/2x).
Now the sume over k can be performed and we obtain:

+ o0 A
Eg:gwo+§i | docln<1 ¢ ¢(®) )
2" 22, m(w? + 1)

which is the same result as obtained in Sect. 2.

(A.16)

Appendix B

Be M a frequency which is small compared to the
characteristic frequency ug = 1/T; which characterizes
the fall-off of ¢(u). If we integrate (2 23) only up to M,
we may thus safely replace ¢(y) in the integrand by
$0).

This yields

M ¢/m(0)
(f)dﬂln{l " +w0}

=n{\/c;(2?+ co/m — g} —;\22%(75(0). (B.1)

The remainder, i.e. the integral from M to infinity, can
thus be estimated to be smaller than (2/M ¢/m- . The
replacement of #(w) by qb(O) in (2.22) is justified, if

Mi{ﬁ(()) «n{Jol+ cholm— wo}. (B2)
m

With the condition M < 1/T,; and $(0) ~
we thus arrive at the condition

—T « n{\/—o +cT/m—a)0}

T (see (2.23))

or
5  2m m B3
Tg"‘Tong«; (B.3)

Especially for the free case, one may neglect the
movement of the quarks if

T,«3mlc~103/m,/6.6 in GeV. (B.4)
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