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Effects of a fourth generation in B?—B__‘" mixing (x,) and CP violation in the B system are discussed. Although four-gencration
models can accomodate practically any value of x,, most of the four-generation parameter space predicts x; to be in the standard
model range. At most ~ 1% of the parameter space predicts smalt BY-B? mixing (x,<2). The effects are much more striking in
CP violating hadronic decay asymmetries. The CP asymmetry in B4—WKq is found to be negative in about half of the four-
generation parameter spacc. and ~ 40% of the space predicts an asymmetry |A(B,—»'¥¢)|>0.2.

It is well known that the measurement of_B‘S’—BE mixing will be an important test of the three-generation
standard model (SM) [1] *'. In thc SM, BJ-B{ mixing is dominated by t-quark exchange [3] (fig. 1), so that
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where the mixing parameter x,=AMy /I'g.. Ineq. (1), ny, are QCD corrections, [&, By, represents our lack of

knowledge of the hadronic matrix element (B | [g7#(1—75)b]?] BE; 5. and the I, are the Cabibbo-Kobayashi-
Maskawa (CKM ) matrix clements. Using the Wolfenstein parametrization of the CKM matrix [4].

1442 p Api® exp( —id)
= —A[1+4%2%exp(id)] 1 —3i2—4%pl®exp(id) Azl . (2)
A1 =pexp(id) ] —AA[1+2%pexp(id) ] 1

where 2=0.22, 4~ 1.00, and p<0.9 [5]. onc would naively expect x,~ xq/A*~ 14. In fact. taking all uncertain-
ties into account, and assuming that #g, My, Ty, /5, Be, = s Mp, Toy/ B Bse. the SM prediction for x, becomes

2<x €35, (3)

(SU (3 )q-breaking effects generally act in favour of increasing v, — for instance. lattice calculations [6] indicate
that /3, Be,/f3,Bes ~ 1.5.) Therefore a measurement of x, <2 would be a clear indication of physics beyond the
standard model.

' Address after October 1. 1989: Nuclear Physics Laboratory. Université de Montréal. Montréal, Quebec. Canada H3C 337.
A1 For an overview of mixing in heavy quark systems with three and four generations, sce ref. [2].
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Fig. 1. Standard model contribution to Bg—B_Z mixing.
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How can one obtain values of x, <2? Apart from certain extremely fine-tuned left-right symmetric models
[7]. the only possibility is to add a fourth generation [8]. In this case, the expression for BJ-B) mixing is
altered. In addition to the SM contribution, one must also consider diagrams in which one or both of the t-
quarks in fig. 1 are replaced by t'-quarks. Ignoring again SU (3 )y-breaking effects. and assuming all QCD cor-
rections to be equal. one has
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Here 1t 1s possible to obtain small .. First of all. in the three-generation SM., CKM matrix unitarity constraints
gave 1'y~2V,. which led automatically to large x,. With four generations. these constraints are relaxed, so that
the t-quark contribution to B?-BY mixing nced not be sizeable. Secondly, one can have cancellations among the
terms in the numerator of eq. (4). It is clear. therefore. that small values of v, are possible in fourth-gencration
models.

One might wonder, however, how likely this is. That is. what fraction of the allowed paramcter space actually
predicts small .x,? In a recent paper {9]. it was claimed by Hewett and Rizzo that this fraction is quite large.
Using x,/xy< 1 to be their definition of smail x,. they found that. depending on the t- and t'-quark masses.
between 20% and 45% of the parameter space gave v, < .x! This is an extremely surprising result. First of all, one
would expect the cancellations needed 1n eq. (4) to give x, <.xy to be rather delicate, and thercfore less probable.
Secondly. the experimental limit on the CKM matrix clement | 1, rweak: [ V| >0.66 (90% CL) [10].
It 1s only unitarity which restricts it to the range 0.9733< | V| £0.9754 in threc gencrations [10]. With four
generations. this unitarity constraint no longer applies. In fact. large values of Py (and I, ) are allowed. There-
fore, one would guess that four-genceration models favour farger values of x, than the SM. not smaller values.
For these reasons it seems worthwhile to repeat this analysis, and it is this work which is the main point of this
paper.

I will use the Botella-Chau [11] parametrization of the four-generation CKM matrix shown in table 1. This
paramctrization is particularly convenient because the allowed ranges of the angles are casily obtainable from
experimental information about the F. Thatis. s, =4 (from I',), 5. <2 (Fup). i =A% (F ). and 5, <27 (unitar-
1ty ). Since. in four-generation models. 1 can be as small as 0.66. s, can be as large as 0.72. s, and the phases ¢,
are free. The t and t” masses are taken in the ranges

]

78 GeV <, <200 GeV. m<n €400 GeV. (6)

The lower sz, limit comes from the latest CDF measurements [ 12]: the upper bound comes from considering

Table 1
The four-generation CKM matrix.

ColCs CuS - cus-expl(—io)) S CXp(—105)

— 55,0 OXP1(0:—03) ) — ¢S« —55.8,C-expliler—03) | ooy S5 expli(o;—0:—0,)]  s.caexp(—io;)
08, s-exp(io)) — . 588-explio) — (5L
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F5,508,5: eXpli(0;+0,) ]+, +5,5.58,5: xp(1(6;+6,) ] — 08, — 8,85, eXp103) + ¢ 0000
— - expio)) — 508 explioy)

= OO CXP IO, ) S8 €XPLiBs) =~ ,08.8.0: eXPi9)) — €, 50,6, eXp(i0: ) ¢u05.5: expi(@:—0,) ] [
+o5055.exp[1(03+0)) ] =559, +os s S sexp(i(o3+ o) ]+ 5,08, = 88,02 CXP 103 ) — S0,
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radiative corrections to the p parameter [13]. The upper bound on n1,- comes from perturbative unitarity [14].
Above this valuc perturbation theory breaks down and the simple box diagram approximation is no longer valid.
Note that the upper bound of 200 GeV from the p parameter applies also to the t'—b’ mass difference. Thus.
unless the t and b’ quarks are fairly degencerate (which seems somewhat unlikely, based on our experience with
t and b quarks). the bound of 200 GeV applies to the t” as well.

The above angles, phascs and masses must also satisfy constraints from AMy, € and x4. The theoretical expres-
sions are
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The experimental values are #

AMyg =(3.521+0.014) X 10" "2 McV. €] =(2.28+0.02) %1073, xy=0.70%0.13. (10)

In the above equations, the s are QCD corrections. For the kaon system, they are taken 1o be #* 5% ~0.7,
M ~0.6. pX ~0.5. 7% =~0.5. n% ~0.5, 5%, ~0.6. In the B system, yB ~n¥ ~»B, is assumed and a value 38 ~
0.85 [ 3] is used. although it must be noted that a recent calculation [17] obtains a lower value, 38 ~0.63. (The
diffcrence 1s basically due to the scale at which the QCD corrections are evaluated. ) In eqs. (7). (8), the bag
parameter By denotes our ignorance of the hadronic matrix element (K| [dy*(1—75)s]? lK“) Recasonable
ranges for the hadronic uncertaintics are

V<Be <1, (100 MeV)2</f3, By, < (200 MeV )2, (11)

In the casc of Adf. long-distance effects are important, so that considering only the short-distance contributions
{eq. (7)) is not a good approximation. However. i1 is reasonable to demand that the short-distance contribu-
tions do not exceed the experimental value.

In principle, there are other experimental data which could further constrain the four-gencration parameter
space. For example. the NA31 group has measured ¢ /etobe (33.321.1) X 107" [18]. Theoretically, however,
the hadronic uncertaintics are enormous, making it very difficult to relate the experimental value to the CKM
matrix elements. In fact, realistically, the only information which is useful is the sign of €' /€. But this only has
the effect of cutting the allowed parameter space in half: the fraction of this space which predicts any particular
range for x, is unchanged. Furthermore, preliminary results from Fermilab [19] give e’ /e=(—0.5% 1.5) X 103,
in mild conflict with the above measurement. For these reasons. €' /e is not included in the analysis. Other
processes. such as D’-DY mixing (given a value for the b’ mass). K—nvv, etc.. constrain the parameter space
very little (if at all), and are likewise not included.

One problem is that the criteria for deciding which points in the parameter space satisfy experimental con-
straints are somewhat arbitrary. For example, should one require that the central values of [ €| and .x, be repro-
duced exactly. or should one take a 90% CL (or 3a) region? Similarly. onc must deal with the fact that some of
the 1, have only 90% CL limits, while others have becn measured.

One possible prescription is to use only 90% CL limits. The angles and phases (s;. ¢, k=x.v. z. i, v, wy [= 1,
2, 3) are required to reproduce the ¥, within their 90% CL ranges. #, and m,- are varied randomly within their

*2 For AMy. |¢]. see ref. [10]; for xg, see ref. [15].
#3 Standard mode!l QCD corrections in the kaon system have been calculated in ref.[16].
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allowed ranges. This set of points (sg. &y, 771 1, ) is then considered to satisfy experiment if there exist values of
By and f3, By, in their allowed ranges such that the calculated value of AM is less than the experimental value.
and such that the calculated | €| and x, fall within their 90% CL ranges. (In this paper. this will be referred to as
the “90% CL prescription™.) Using this sct of points. the value of the ratio /vy is then determined (eq. (4)).

Another possibility is to assign a statistical weight to cach set of points [20]. In this case. SU (3 )y-breaking is
ignored. and it is assumed that all values of By and /3, By, in the ranges of ¢q. (11) arc cqually likely. Each set
of points (sx. O 1. M. By. f3,Bs,) is required to satisfy the constraint from AMy. |€] and x, are calculated
and this set of points is then assigned a weight exp( —x/2). where

2 |€|c;xlc_ |é|c,\p>2 <(~\.d)calc — (-‘ﬂ)cxp)z
1= N — T e e - — . 12
z < Alel M Axy (12)

(This will be called the “x2 prescription™.) The value of v, calculated from this set of paramcters is given the
same weight: when the entire parameter space is integrated over, this yields a probabihty distribution for the
prediction of x, in the four-gencration SM. That is. the probability of finding x, with the value x{ is

fdz expl—x7(2)/210(x(2) = x]) (13)
Vdzexp[=x3(z) /2] ) ‘

where the z, are the parameters in the space. (The shape of the distribution 1s, of course. somewhat dependent
on the assumption that all values of s, m,.. By and [3, By, arc equally probable within their allowed ranges. )
From this. the fraction of the parameter space which has x, < x4 (or v, <2 or x,~ 35) 1s casily obtained.

In this paper the results using both prescriptions will be presented. There turns out. however. to be little
difference between them. The parameter space is sampled using a Monte Carlo lottery technique. 107 sets of (s,.
op. . my ) are generated. consistent with experimental limits on the |}, |, and tested against AM. €] and x,.

Let us first consider the 90% CL prescription. s, is taken to be cqual to 0.22. Values for | 14| and | },] arc
generated according to [10]

1y =0.2140.03. |F.4]=0.046+0.010. (14)

P(xd) =

except that values more than .64 (90% CL) from the central values are not allowed. |1 | and |1',,| are
generated in the ranges
0.66< | Ve s\/l = VealP =1Vl 0S|Vl €02Vl (15)
From the I, values for s,. s.. 5, and s,, arc obtained. Random values of s, and the ¢, are also gencrated. as are
i, and /.. Each set of points is tested to sce if it passes the constraints for Ad . | €] and x4. This was done for
two cases: first. when the upper bound on m1,- was the unitarity bound (400 GeV ), and second, using the bound
from the p parameter (200 GeV). The number of sets which had x, <.y, was counted, as were those with v,/
Xg< 2.2 (minimum SM value) and x,/xy> 71.4 (maximum SM value).

The results are as follows. For s, <400 GeV, of the 107 initial sets. ~ 12000 satisfied the constraints from
AM,. |€] and v4. Of these,

0.09% had x, <vg. 0.7%had v,/xy <2.2. 3.3%had v,/xy>71.4. (16)
In the case of i <200 GeV. ~ 16000 sets of points passed the AV, {¢| and x, tests. Here.
0.03% had v, <v4. 0.2% had v,/xy<2.2. 0.3% had x,/x;>71.4. (17)

From these numbers. it 1s obvious that. even with four generations, small values of x, are quite unlikely. I find
that x, <.v4 less than 0.1% of the time, which clearly contradicts the results of ref.[9]. In fact. most of the param-
cter space predicts x,/x, in the SM range. And. consistent with expectations. those scts of points in which larger
values of m1,- are allowed predict x,/xy> 71.4 more often.

Similar results are obtained when the z° prescription is used. In this case. the parameters are generated as in
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the 90% CL prescription, except that | V.| and | I, | are not restricted 1o be < 1.640 from their central values.
Since we have no other information. |17,] and |},,] are still taken to be in their 90% CL ranges. Probability
distributions arc obtained as detailed above for the two cases m, < m,- <400 GeV and m, <m, <200 GeV. These
arc shown in fig. 2. The curves are clearly quite similar. For the /1, <400 GeV distribution. of the total arca
undecr the curve,

0.1% has x, <vg. 1.2% has v, <2, 7.0% has x, > 33. (18)
In the second (11, <200 GeV) distribution.
0.07% has x, <x4. 0.6% has v, <2. 1.1% has x> 35. (19)

Again, small values of x, are disfavoured - at most 0.1% of the parameter space predicts x, < x4. Furthermore.
x> 351s more likely than v, < 2 (particularly for m,. €400 GeV). which is precisely what one expects. However,
the three-gencration prediction (eq. (3) ) is largely reproduced even with four gencrations. i
Another area which is of great interest is C'P violation in the B system. Because of mixing. an initial B® or B’
state will evolve in time into a mixture of B® and B®. A nonze¢ro value of the asymmetry
F(B%(t) -f)=1'(B°(1) »F)

o C(B (1) »DYy+1'(B°(1)-1) (20)

will indicate C'P violation. The most interesting (P asymmetrics are those in which the final state f is purely

hadronic and a C'Peigenstate (f=+1f) [21.22]. In this case, the asymmetries measure the quantity

;= ~Im (/)f”) . (21)
q
where
AB =N ¢ [un 5
B =D g ML 22.23
PEEB D p T N M (22.23)

where M, is the off-diagonal element of the B)-BY mixing matrix (.IM,=2]3/,]).

In the SM. for cach of By and B, there are only two distinct classes of asymmetries — those which involve the
quark-level decays b-»ces. ced (Cabibbo allowed ). and those which have b—uis. uad (Cabibbo suppressed)
[22]. Although the (P asymmetries in Cabibbo suppressed B, and B, decays may take any value in the three-

———-
1
>
5 -
o 3
2 @ ]
M <
[} m
I o
o @
a
C LR SR S SO RS S wtt
-1 -05 0 05 |
A(B——9)
Fig. 2. The probability distribution for the four-generation stan- Fig. 3. The probability distribution for the four-generation stan-
dard model prediction of x.. The solid (dashed) line 1s for dard model prediction of the C'Pasymmetry in the decay B, »¥o.

m, <400 GeV (200 GeV).
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generation SM, the asymmetry in Cabibbo allowed By decays (e.g. By »'\WKg, D* D) is predicted to be positive.
Furthermore. the CP violation in Cabibbo allowed B, decays (e.g. B,—'Yo. WKg) should be ~ zero!

These simple predictions should be altered in models with four generations [23]. First of all, because of the
two extra phases in the CKM matrix. one would guess that all values of the CP asymmetries in Cabibbo allowed
B, and B, decays would be possible. Secondly. since the phases of the matrix clements I,y and }, are, in general
ncither equal to one another nor zero. the asymmetries -1 (B4 »WKg) and A(By-+D*D~) are not expected to be
equal (and similarly for 4(B,»'¥¢) and 4(B,—'¥Ks)). However. it would be intcresting to sec if these expec-
tations are indeed born out. and how much of the parameter space predicts unequal asymmetries in the above
decay modes.

Asin the case of x,. the parameter space is sampled using one of the prescriptions described earlier. The limits
on m, arc taken to be m, < my- <400 GeV. For Cabibbo allowed By decays, the 90% CL prescription is used. |
find that. as expected. all values of the asymmetry in B, -» WK are allowed, with about equal probability. so that
roughly half of the parameter space predicts A (By— WKy ) <0. However. a difference in the asymmetrics in
By—¥Kgand By -D* D~ is rather rare. Only about 3.5% of the parameter space fulfills the requirement that

"’(Bd ’qll“(s) —.'I(Bd—>D+D_ )
A(By »¥YKy)

= 10%. (24)

Thus. although negative values of A(By—YWKg) are quite likely, the SM expectation A(By »WKg) ~
A(Bg-»D* D7) is reproduced in most of the four-generation paramecter space.

For Cabibbo allowed B, decays. it is convenient to use the y° prescription. A probability distribution of the
four-generation prediction for (B, »W¢) is obtained as in ¢q. (13). This is shown in fig. 3. As expected, all
values are allowed, although the distribution is still pcaked at 0. |4(B, »'*¥6)|>0.1 occurs in ~60% of the
parameter space, and ~40% of the space gives an asymmetry larger than 20%. In other words. a large fraction
of the four-generation parameter space predicts the asymmetry in Cabibbo allowed B, decays to be significantly
different from 0. I also find that ~ 12% of the allowed points predict A(B,-Y0¢) and A (B, -»¥Kg) to differ by
more than 10%. However, this is rather uninteresting, since a nonzero measurement of cither of these asymme-
tries would by 1tself indicate new physics. .

In conclusion. although essentially any value of B?-B? mixing can be accommodated in models with a fourth
genceration. small values of v, are unlikely - they occur in a very small region of the allowed four-generation
parameter space. At most ~ 1% of the parameter space predicts x, <2 (the minimum value in the SM ). And
Xy <.Xy in at most 0.1% of the space. in sharp contrast to the claim of Hewett and Rizzo[9]. In fact, four-gener-
ation models are more likely to give larger values of x, than the SM. in accord with naive expectations. It is more
probable that C'P violating hadronic decay asymmetries will show effects of a fourth generation. A much larger
region of the parameter space predicts non-SM values for these asymmetries. About half of the space predicts
the asymmetry in By »'WKq to be negative. (However, only about 3.5% of the allowed points vield values for the
asymmetries 4 (By -'WKg) and 1 (By-»1>* D~ ) which differ from one another by more than 10% (they arc equal
in the SM).) Furthermore. the asymmetry in the Cabibbo allowed B, decay B;-W¥o is found to be larger than
20% in ~40% of the parameter space (it is ~0 in the SM). Thus. although a measurement of x; is not likely to
reveal the existence of a fourth generation. measurements of C'P violation in the B system may well do so.

I wish to thank Paul Langacker for helpful discussions, and for the hospitality of the University of Pennsyl-
vania, where part of this work was done.
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