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We describethe programDTRACE that is capableof calculating productsof tracesof 7-matricesin d dimensions.
DTRACE givesthe result in a form suitableasinput for algebraicmanipulationprograms.

PROGRAM SUMMARY

Title ofprogram:DTRACE Keywords: Dirac algebra,gammamatrices,symbolic calcula-
tion

Cataloguenumber:ACBX
Nature ofphysicalproblem

Program obtainable from: CPC Program Library, Queen’s Thecalculationof the multi-particlecross-sectioninvolves the
Universityof Belfast, N. Ireland(seeapplicationform in this calculation of long tracesof Dirac matrices. Even symbolic
issue) manipulationprogramsarenot capableof doing this because

of the largenumberof terms.
Licensingprovisions:none

Methodofsolution
Computer:Micro VAX Thetermsof the traceof a y-stringare generatedrecursively.

Operatingsystem:UNIX Restrictionson thecomplexityof theproblem
Applicability depends on the available computing power;

Programminglanguageused: C tracesof 18 y-matricescan becalculatedin a reasonabletime.
The length of the output dependson the number of free

Memoryrequiredto executewith typical data: 3000 kBytes vectors.

No. of bits in a word: 32 Typical running time
Dependson the length of the trace, 30 minutes for 16

Numberoflines in distributedprogram, including testdata, etc.: matrices.
3000
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LONG WRITE-UP

1. Introduction ucts of a polynomial in the space—timedimension
d = 4 — 2e and a product of inner products of

For the calculation of cross-sectionsof pro- d-vectors.Here the polynomialshave integerco-
cessesinvolving fermions and multi-particle final efficients. These integer coefficients are calcu-
states,the calculationof long tracesof y-matrices latedby usingthe algorithmgivenbelow.
is necessary.The calculationof five-jet cross-sec- The outline of the paper is as follows. In
tions and four-jetone-loopcontributionsinvolves section2, we describethe generalmethod.Sec-
tracesof up to 16 y-matricesleadingto 2027025 tion 3 contains a description of the algorithm,
terms that must be summed.On the tree-graph section 4 briefly describesdetails of DTRACE
level, no regularizationis needed,and in 4 di- andsection 5 gives a simpleexample.
mensions,there are very efficient algorithmsby
Kahaneand Chisholmthat simplify the calcula-
tions considerably(see a recentreview by Velt- 2. Calculation of traces
man [1] and referencestherein).Thesemethods,
however,do not work in d dimensions.Here it First we will describethe method if only one
seemsto be that usingthe generalrelations tracehas to be calculated.Laterwe will general-

ize the method to a productof severaltraces.{y~,yU} = 2g~
(1.1) Let p

1,.. , Pm be a set of momenta and
g~= d, (1.2) ~ a set of indices that are summedim-

plicitly from 1 to d, the space—timedimension.
onehasto anticommutethe matricesin the trace Eachof theseindiceshasto appearexactlytwice,
andusethe cyclic invarianceto reducethe prob- so that the trace consistsof 2n = m + 2k y-
lem to the calculation of shortertraces. These matrices.We assumethat m is even,otherwise
formulae finally leadto the expression the tracevanishes.Foran arbitrary indexwe have

Tr(~1~2 ~~2fl) a situationlike

2n Tr(...~ ... y~...). (2.1)
=2 ~ (—1)~(a1.a~)

1 = 2 The bracketon the top of the traceindicatesthe
XTr(~2~3 ... ... ~fl~’ (1.3) implicit sumandwill be calledan uppercontrac-

tion. During the calculation, the uppercontrac-

wherethe factor underthe hasto be omitted. tions are fixed sincethe positionsof the summed
Algebraic manipulation programs like RE- indices do notchange.

DUCE [2] andSMP [3] use eq.(1.3) anddo this A well known formula [4] that can be derived
task very well up to a certain number of ~ from (1.3) statesthat
matriceswherethelimitation is availablememory Tr(~1~2 ~2n)

and computer time. General traces of 16 and
morey-matricesin arbitrarydimensionsd cannot = 4E�(i, j)(a,1 . a,1) ... (~ . as), (2.2)
be calculatedby theseprogramsin a reasonable
time. where(i1, fr),. . . ,(i,~,Jn) runsover all (2n)!/2”n!

This paper describesthe programDTRACE pairssuchthat
that can calculatethesetracesby usinga limited 1 = i1 <i2 < <i~<2n and

tk <.1k, (2.3)
amountof computermemory giving the result in
a form that may be read in by SMP for further and �(i, j) is the signatureof this permutation.
calculations. The principle of DTRACE is the If ~ is y~,then a . b := a~,if ~ = y~,~ =

following. The evaluatedtrace is a sum of prod- then a . b := g~.
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Every permutation will be symbolized by a 3. The algorithm
completelower contraction(i, j):

Now the algorithm for the calculation of the
Tr(c~~1. 4,~... ... c~j). (2.4) tracesmay be formulated.

Given a distinct complete lower contraction,
It is easyto seethat the sumover all permuta- determinecontinuouslinesconnectingtwo exter-
tions satisfying(2.3) is equivalent to a sum over nal d-vectors p~,p3 giving a factor p1 ~ Deter-
all complete lower contractions.Of course,the mine the numberc of closedloopsof upperand
sign of eachpermutationhas to be determined lower contractions,resulting in a factor dc. De-
separately. termine the sign of the permutation.Now sum

Now, a typical term in the sum of over all possiblecompletelower contractionsof
(2n)!/2”n! = 105 contributionsis the trace.

_____________ The generalizationto a product of several
Tr(j11y~2y~’jI~ 114~~y~), (2.5) traces is straightforward. If there are summed

___________ indices ~ in two different traces, there is an

which is equalto uppercontractionbetweenthem. Again, accord-ing to the rule (2.3) we have to sum over all
— (p1 ~p3)p~p41~g~ possiblecompletelowercontractions,butwe have

to restrict ourselvesto the case that the lower
= (p1 ~p3)(p2 .p4)d Tr(1), (2.6) contractionsdo not connectdifferent traces.The

whereTr (1) = 4. rules for the various factors are the same as
The inner product p1 p3 is the result of one above.

lower contraction.The product p2 p4 comes in If the lower contractionsare generatedrecur-
becauseof the lower contraction (yb, p2), the sively, then there is a very simple rule to deter-
uppercontraction(y~,y~)andthe lowercontrac- mine the sign of the permutation.We will de-
tion (p4, y~).The factor d is the result of g’~, scribethe caseof onetrace,the caseof a product
which comesfrom the lower contraction~ ~,) of tracesis thena straightforwardgeneralization.
andthe uppercontraction(~,~,). Obviously,all we needis arecursivealgorithm

Of course, this is not the only contribution generatingall (i, J) that satisfy (2.3).
proportionalto(p1 .p3)(p2 p4). If all theseterms We define L0 := (1, 2,...,2n}.
aresummed,we obtain (16 — 16e2)(p1 .p3)(p2•
p4). In the kth stepwe assumethat (i1, J1),. . .

Theserelationshold in general:We may start Jk—1) is alreadyconstructed.
with an external d-vector ~ in the trace.Then Define Lk:=LO\{jl, fl,...,~k_l, -‘k_I),

we haveto follow a continuousline of lower and := mm Lk, L’k := Lk\fi,j.

uppercontractionsuntil we reachanotherexter- Now let hk be the unique stronglyisotonicmap
nal d-vector p1. Clearly this will contribute a
factor of p ~ The other possibility is a closed hk: (1, 2, . . . , 2(n — k) + 1) —~L’k.
loop of upper and lower contractions.Here, no There are2(n — k) + 1 elementsleft in L’k corre-
d-vector may occur. Finally, theseclosed loops spondingto 2(n — k) + 1 different choicesfor fk
reduceto factors g~eachgiving a factor of d. In = hk(ak, 1 � ak < 2(n — k) + 1. We fix an ak.

additionwe haveto determinea sign.
In the exampleabove, the sign is (— 1), be- If k ~ n, we continuewith step k + 1.

causethe permutation Thisgeneratesall completelowercontractions.

11 2 3 4 5 6 7 8
1 5 2 3 4 8 6 7) (2.7) The sign of the permutationis simply

e(i, j) = fl (_1)ak±1. (3.1)
is odd. k=1
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4. DTRACE
p1-k

The programDTRACE is written in C [5]. It
consistsof threeparts:
(1) a parser [6] that reads a programin the file

PROG formulatedin a context-freelanguage

[71,
(2) a part that calculatesthe tracesaccordingto

the instructions from a parameterfile PAR
usingthe algorithmdescribedin section3,

(3) a“pretty printer” thatprints the resultto an Fig. 1. A cutvacuumdiagram.

output file RES in a form suitable as input
for SMP (in principle, it is possibleto modify
the pretty printer such that REDUCE input
is generated). We split this sum into four terms. Each of

DTRACE createssomemore files, one con- themis calculatedseparately.The PROG-file for
tains information concerningthe parsingprocess this exampleis given in the Test Run sectionas
(e.g.asymbol table)andthe internal form of the PROGO1.Commentsareenclosedin [l’s.
tracesthat werecalculated,a temporaryfile used The parameter file for the calculation is
for storing someintermediateresultsand a file PARO1. The LOOP(1, 1, 1, 4) statementcounts
for error messages.All file namesaredeclaredat the symbolicvariables$1 and$2 from 1 to 1 and
the beginningof PAR. 1 to 4, respectively,and replaces$1 and $2 by

In PROG, vectors,indices, fermion lines and numericalvaluesin the following term.Text that
Lorentz scalarshave to be declared.Then there appearsin betweendouble quotes is copied to
follows a list of factors (called TERMs) that the output file. An exclamationmark in the file
represent products of y-matrices in different createsa new line in the output file.
fermion lines, scalars, inner products, compo- The programSUMO1 sumsthe termsfrom the
nentsof vectors,andso on. output file RES. The final result is in the file

The parameterfile is simply a list of expres- SMPRES.
sions(t1,. . ., t,.), where t1 areTERMs defined in In a similar manner, arbitrary products of
PROG. DTRACE then calculates the relevant tracesmay becalculated.On a 1~VAX,the 15!! =

tracesof t1 t2~... tr. 2027025termsof a tracewith 16 y-matricesare
In the Test Run section we give an SMP calculatedin 27 minutes.Tracesof 18 -y-matrices

programSUMO1 that sumsall contributionslead- need approximately9 hours CPU-time. Another
ing to a result in the file SMPRES. limit is the numberf of free d-vectors in the

trace.Therewill be (f — 1)!! termsin the output
file, and f = 10 seemsto be a reasonablelimit

5. A simpleexample (9!! = 945).

We will calculatethe tracefor the cut vacuum
diagramwith masslessfermions, given in fig. 1.

6. Summary and conclusions
Using the Feynmanrules,we obtain
Tr(i1,y~(j11— ~)~v~((112+ a~t))yPj12y~) In thispaperwe havedescribedDTRACE. By

using this tool, very long tracesof y-matrices in
= Tr(~~11i(— Y~II1Y,~

112’Y”— ~ the dimensional regularization schememay be
calculated. The algorithm is a straightforward

+ yy~L1Ly)11
2). implementationof the well known formula (2.2).
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TEST RUN

PROGO1

BEGIN

[ Decl..rat ions

SC&LAR minusi;

VECTOR p1, p
2

VECTORk;

INDET my, ny;

FLIER 11;

[ ]

[ Propagators ]

TERM PL1 {
GSTRING(11, pi);

TERM P&.2 {
GSTRIIG(11, p2);

[ ]

TERM tl.ft -C
GSTRING(11, my);

TERM trighti {
FACTORmirn~s1;
GSTRING(11, fly, p1, my, p2, ny);

1;

TERM tright2 {
FACTORminusi;
GSTRING(11, ny, p1, my, k, ny);

3;

TERM tright3 {
GSTRING(11, ny, k, my. p2, ny);

3;

TERM trighs4 {
GSTRING(11, fly, k, my, k, fly);

3;

II

END

C )
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PARO1

Parameter file for Example I

I J

Filenames of external files

‘progOl’

“r.sOl”
“piuf 001”
“fitempOl”

I ]

BEGIN

determines shich information is printed to the file pinfoOl

‘2

? 4
1 -5

6
‘7

‘8

I I

‘/~> Example I... <==*/“!

Sum over the foux contributions, the $2 is replaced by the numbers 1.4,

respectively

“prod
0”!

LOOP(1, 1, 1, 4)
(tieft, PR1, tright$2. PR_2)

“procll”

I ]

“/0——> End of File (——of”!

END

I I

RESO1

proclO

Is
procOO;
factl :minusl;
fact2: 10FF;

fact3[1]~

1*h[(pl.pl)]*h[(p2.p2)]
fact4(1]:

fl[( -8) +6ODD+(-1) ODD2]
fact3[23
1*h((pi.p2)]*h[(pi.p2)]
fact4[2]~

fl[16+(-i0)ODD+10DD2];

fact3[3] :
loh[(pl.p2)]Oh((pI.p2)]

fact4[3]:
fl[( -8) +60DD+(-1) oDD- 2]
fibs: 3;

doll 1;

doll 1;

procOl;
/0 *1

/ 0/
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SUMO1
procOO;

factl:minusl;

fact2:IeFF;
fact3[i]:
Ieh((pI.pl)]eh[(k.p2)];
fact4[i]:

fl[( -8) +65DD+(-1) eDD 2]

fact3(2]:

leh[(pl.k)]ShI(pl.p2)]
fact4(2]:

fl [16+(—1O)ODD+IoDD2];

fact3[3]:

loh[(pl.p2)]*h((pl,k)3;

fact4[3]:

fl[(-8)+6eDD+(-j)ODD2];

nos : 3;

doll 1;

doll: 2;

procOl;

/ of
/ of

procoO;

fact 1 :1;

fact2:IOFF;

fact3[l]:
lohE(pl.k)]sh((p2.p2)];

fact4(l]:

fl((—8)+600D+(—I)*DD2];

fact3l2]
leh((pl.p2)]oh[(k.p2)]

fact4[2]:

f1116+(—lO)*DD+15DD2];

fact3[3]:
loh[(pl.p2)]*h[(k.p2)3

fact4[3]:

fl[(-8)+6*DD+(-l)0DD2];

fibs : 3;

doll : 1;

dol2 :3;

procOl;
/5

/ 0/

procoO;

fact 1 :1;
fact2:leFF;
f.ct3[i]:
leh((pi.k)]eh[(k.p2)];
fact4(l]:
fl[(—8)+6SDD+(—l)eDD2];
fect3[2]:
lsh[(pl.k)]ehl(k.p2)]

fact4[2]:
fi [16+(—10)eDD+1oD~r2];
fact3[3]:

i*h[(pl.p2)]*h((k.k)];
fact4(3]:
fIL(—8)+6*DD+(—i)CDD2];
nue :3;

doll :1;

dol2:4;
pr000l;
/ e/

procil

/*~> End of File <—-5/
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/o Sum up all contributions of

DD:4—2eep.; Ic dimension of apace—time 0/

FF:4; /c trace of I
minuel : —1;

h($x] :$x;
flUx] :$x;

/* massleas particles of

p
1 .pl:O;

p2 . p2 :0;

/o relativistic invariant, 5/

pl.p2:si2/2
p2.pl:,12/2

lun[”rm ampres”];

proclO::Proc[ LprI”(proclO)”];

,um:O;

procll::Proc[ Lpr(”(procll)”];
Put[sum,”smpre.”];

procOO::Proc[ Lpr[”(procOO)”];

procOl::Procl Lpr[”(procOl)”];
Put[no.];
For[ ic:l, ic<nos, Inc[ic],

Put[ic];

a:Ex[factlefact2ef,c$3[jc] ofact4 ho]]

.um:eum+a;

LprE”Stert reading..”];

SMPRES

sum : ~8(ep.s.l22) + i6(ul2ok.p2) + 16(.i2Opl.k) + —32(k.p2*pl.k)\
+ 8(epe*si2ak.k) + 16(epso,120k.p2) + ~i6(eps*.i2*p1.k)\
+ 32(epeok.p2epl.k) + —8(eps2osllek.k) + 8(e122)


