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The algebra of local and rigid symmetries of N=16 supergravity in three and two dimensions is considered. The conserved
currents of the non-compact rigid Eg and E4 symmetries are explicitly given. On the physical states, the associated charges are
found to commute with all local symmetries and, in particular, with the Whecler-DeWitt hamiltonian. The solutions of the latter
are therefore infinitely degenerate. This analysis sheds some new light on the significance of non-compact symmetrics in extended
supergravitics. Furthermore, [ argue that E, plays the rolc of a “solution-generating group” for the Wheeler-DeWitt equation of
N=16 supcrgravity in two dimensions, which should thus be completely integrable.

Among the attempts to quantizc gravity, the
Wheeler-DeWitt (WDW) cquation is perhaps the
most promising with respect to a possible “pre-gco-
metric” formulation of quantum gravity [1]. None-
theless, it has so far not proved as fruitful in promot-
ing our understanding of quantum gravity as onc
might have hoped. Even if one puts aside the diver-
gence problems of pure quantum gravity, solutions
are cither rather formal and thus difficult to interpret
(2], or can be obtained only under very restricted
circumstances (such as the assumption that the evo-
lution of the universe can be understood in terms of
its radius and, say, a spatially constant scalar field,
see e.g. ref. [3]). There is widespread agrecment that
these difficulties cannot be overcome without bring-
ing additional elements into the picture, for instance
by embedding gravity into superstring theory. In this
paper, the WDW e¢quation is considered in the con-
text of three- and two-dimensional extended super-
gravities, and for the sake of definiteness, I will re-
strict attention to the maximally extended N=16
theories. The main emphasis here will be placed on
the algebraic structure of local and rigid symmetrics
and their possible interpretation. A crucial difference
between simple and extended supergravities is the
presence of non-compact rigid symmetries in the cx-
tended theorics [4]. As will be shown below, these
commute with all local symmectries on the physical

subspace defined by the constraints. In particular,
they commute with the WDW hamiltonian, thus im-
plying an infinite degeneracy of the WDW eigen-
states. Of course, this presupposes the absence of
negative norm states in the physical Hilbert space,
which 1s far from evident as it is already quite diffi-
cult to construct a suitable Hilbert space of WDW
wavc functionals [2]. Assuming that this problem can
be resolved, it follows that, if one solution of the
WDW hamiltonian is known, infinitcly many others
can be gencrated from it through symmetry transfor-
mations. This is also true for extended supergravitics
in higher dimensions.

Another new elcment is the proposal to study the
WDW cquation for supcrgravity theories in less than
four dimensions, where gravity (or purc supergrav-
ity ) has no physical degrees of freedom. This mav ap-
pcar rather non-sensical at first sight since the WDW
equation is then a statement about “supermatter”
rather than gravity. Nonetheless, the “supermatter”
here just corresponds to the transverse degrees of
freedom of the higher-dimensional supergravity from
which it originates. Consequently, onc may learn
something about the hidden symmetries of extended
supergravities in higher dimensions by integrating the
WDW equation in lower dimensions. Below three di-
mensions, the hidden symmetries become infinite di-
mensional. The N=16 theory in two dimensions was
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shown in ref. [5] 1o be integrable in the scnse that
therc exists a linear system for its equations of mo-
tion. As will bec shown below, its invariance under
rigid E, is also reflected in the cxistence of a con-
scrved E, current. The eigenstates of the WDW ham-
iltonian now form representations of the algebra gen-
crated by the associated charges, and this should lead
to an even larger degencracy of the WDW cigen-
statcs. It is then an almost obvious conjecture that
the N=16 theory is quantum-integrable, with Eq (or
some descendant thereof ) playing the role of a “so-
lution-generating group” for the WDW cquation.

The prominent role of non-compact symmetries in
disentangling the non-linearitics of extended super-
gravity is well known, yet beyond this technical as-
pect, few attempts have been made to understand
their physical significance. In refs. [6,7], unitary su-
permultiplets of “one-particle states” and their pos-
siblc phenomenological manifestations were studied.
In contrast, we are concerned here with the action of
the non-compact symmetries on the physical states.
These must be solutions of the WDW equation, and
should rather be thought of as *‘multi-particlc states”
which encode all the information about the thcory,
even in situations where no asymptotic statcs can be
defined (c.g. in the presence of non-trivial gravita-
tional excitations). Whether the “‘onc-particle states™
of ref. [6] correspond to observable states in any
sense remains, of course, a difficult dynamical prob-
lem. A proper understanding of this issue and of the
true physical significance of the non-compact sym-
metries is intimately tied to the interpretation of the
WDW equation itsclf and beyond the scope of this
paper.

Three-dimensional supergravity was constructed in
ref. [8], and I will here only bricfly summarize the
essential and pertinent results. The conventions and
notation are the same as in rcf. [8], cxcept for some
minor additions to be indicatcd below. The physical
ficlds of the thrce-dimensional N= 16 theory consti-
tute an irreducible N=16 supermultiplet with 128
bosons and 128 fermions transforming as incquiva-
lent fundamental spinor representations of SO(16).
In addition, the theory contains a dreibein V' and
16 gravitino fields ¥, which do not correspond to
physical degrees of freedom. The actual construction
of the theory is greatly facilitated by exploiting the
rigid non-compact Eg invariance of the theory. As in
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ref. [8], the 248 generators of Eg are split into 120
gencrators X*= — X”" and 128 generators Y~ in ac-
cordance with the decomposition 2481209128 of
Eg under its SO (16 ) subgroup, where the indices /, J,
w=1,.,16and 4, B, ...=1, .., 128 (or 4, B, ..=1,
.... 128) label the vector representation and the fun-
damental spinor (or conjugate spinor) representa-
tion of SO(16), respectively. The rigid Eg invariance
of the theory can be linearly realized in the usual
manner by introducing a local SO(16) invariance.
Consequently, the scalars ¥'(x) are properly de-
scribed as clements of the coset space Eg(+3,,S0(16),
and the “composite” SO(16) gauge field Q% (x) is
obtained from the Eg Lie algcbra decomposition

V8,V =3Q0 X+ PLYA . (1)
The supersymmetry transformations are given by

SVe=ieyyt,, (2)
Oy, =D, = iy ey, (3)
Syt=LiyHe PA (4)
Y1y =EyAr, YA, (5)

where P4 denolcs the supercovariant extension of
P4 (seeref. [8] for details). The derivative D,, is co-
variant with respect to all local symmctries; for
instance,

D€' = (3, +iwumy?)e'+ 0l e’ . (6)
The cquations of motion read

DH(PE— 7Ly 2 Tha)

= e Ly DaPy + Y TPl ()
¢ D,y =4y v P s (8)

where the hat indicates the supercovariant curl, and
—ip* Dy = 47"y wl Pk — 3 ()X

+2%1(ZY#FUX)F;:,]}}};‘XB . (9)
(I omit Einstein’s equation as it will not be needed.)

The Eg invariance of N=16 supergravity implies
the existencc of an associated conserved current. To
construct it, we procecd from the known form of this
current in non-lincar o-models, which is ~ ¥ P, ¥~
[9,10]. Requiring that thc corresponding current
contain this piece in the limit of vanishing fermion
ficlds, one finds
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Jr= V(P =gy Tha) Y

+ (e h + i T ) X919 (10)

To verify that this current is indeed conserved [i.e.
9,(VJ#)=0, where V=det V{], one has to make use
of (1) and the cquations of motion given above. Note
that the expression for the conserved current con-
tains no quartic or higher order terms in the fer-
mions. This is in contrast with the expressions for the
WDW hamiltonian and the supersymmetry gencra-
tors. The absence of higher order fermionic terms in
the Eg current is, of course, in accord with one’s ex-
pectation that the non-compact symmetry acts line-
arly on the fermions. The associatcd Eg charges

:J2=JVJ°d2x=5.’JZ“X”+Q"Y" (11)

are conscerved if the fields satisfy their respective
equations of motion and vanish at spatial infinity or
are appropriatcly periodic.

From its definition, the invariance of 2 under gen-
eral coordinate transformations in two dimensions as
well as under local SO(16) is'manifest. Inserting the
supersymmetry variations given above and making
use of the equations of motion once more, it is not
difficult to show that (taking into account higher or-
der fermionic terms)

H(VI*)y=0,(VM**) (12)
where

M# =4 (&g AT YA+ 2627k e/ X ) 1=
(13)

Therefore, the Eg charges are supersymmetric (i.c.
02 =0) under the same conditions that ensure their
conservation.

The generalization of these results to higher di-
mensions is very straightforward, requiring little more
than notational changcs. Even if the rigid symmetry
is not an invariance of the lagrangian but only of the
cquations of motion, the existence of an associated
conserved current can be ascertained on very general
grounds [10]. To cxtend the above considerations to
two dimensions is, however, more difficult, mainly
because the symmetry becomes infinite-dimensional
in this case (a gencral discussion of bosonic non-lin-
ear o-model in flat space can be found in ref. [9]).
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From refs. [5,111, we expect that, for N=16 super-
gravity, the Eg symmetry-is enlarged to its affine ¢x-
tension Eo, at lcast as far as the cxistence of con-
served currents is concerned. This is indeed the case,
as [ will now demonstrate. The fundamental ficld of
N=16 supergravity in two dimensions is the matrix
¥, which depends not only on the space-time coor-
dinates, but also on a spectral parameter ¢ [5]. This
matrix contains all the on-shell information about the
theory. Employing the notation, conventions and
gauge conditions of ref. [11], the conserved E, cur-
rent of d=2, N=16 supergravity can be parame-
trized as follows:

pIH=pK(t) ¥ (L) Y4 {b (1) P+ b (1)e* P}

+ Tl ics (NP 3 +ie (0w >y 5]

+3 XY e (O Gy Ty + 843y #y?)

+& () (v Ty + 8h v y”)

Fic, (OFhy s +is (D)@ y i} (1)

(14)

As explained in refs. [5,11], the scalar field p is a
remnant of the dreibein V¢ and satisfies the cqua-
tion 8%9,0=0. The dependence on the conformal fac-
tor 4 has becen absorbed through a rescaling of the
fields. The various coefficient functions appearing in
(14) depend on the spectral parameter ¢ and are de-
fined by

2

1+¢ ~ 2t
bi(t)= -7 b(t)y= 12

(0= G a0 =2k
cz(t)——lét((’(*%)‘w
(::2(!)=—16l(l+[2()1(—]_‘:'21)‘t[2+[4) ,
cﬂt):s“‘(T—j‘;’;;“_),

&)= (1+12251_t22)2312+z“) )

It is one of the peculiar fcatures of the two-dimen-
sional integrable modecls, which arc descendants of
(possibly mattcr-coupled) gravity theories in higher
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dimensions, that the spectral parameter depends non-
trivially on the space-time coordinates [12]. More
precisely, we have t=1(x, w), where w is the frce in-
tegration constant in the equation defining ¢:

14122 2t
lp“a,,p:l—_?aul—?tzeu,,a“t. (16)
The overall coefficient in (14) contains the factor X,
which is a non-local function of the spectral parame-
ter ¢, and is defined by #

4
K~'9,K= =75 €, 0" (17)

The integrability of this differcntial equation follows
from

()0 s
which itself is a consequence of (16). As before, cur-
rent conservation, i.e. 8,(p/#) =0, is implied by the
equations of motion, at least up to and including
terms quadratic in the fermionic fields (the details of
this somewhat lengthy calculation will be given else-
where). As for higher order fermionic contributions,
I have so far only verified the consistency of the
(7x)? sector. Note that the Eg current is re-obtained
for t=0. The lengthy expression (14) can be consid-
erably simplified by usc of relations between the
coefficients appearing in the linear system [11] and
in (15), such as

d 2

aax(i)=l—_7¢1(l):

d . 2

LW =1—pal), e (19)

where a,(t) and &, (t) are defined by [5,11]

-

212 S t(1+2)
(-2 2O={m

a ()= (20)

Furthermore, the following formula:

*!1 1f t depends on only one of the light-cone coordinates x* or
x~, K becomes local. Explicitly, one finds K(x*)=[(1-1¢)/
(1+¢)}?> and K(x~)=[(1+¢)/(1—¢)]> Observe that in a
flat space theory, where ¢ does not depend on x, we would have
K=1.
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d 2 9
[&,6,,:|f=(z“'6,,t+——ze,“,6"t>5{, (21)

l—¢

valid for any function f(x, t(x, w)), is useful. After
some algebra, (14) reduces to #

. 7.
pJr=1Lem a,,(/)K(l—tz)aa—t 1‘—‘). (22)

It is obvious from this result that the Eg charges

Aw)= J‘p(x)jo(x, t{x, w)) dx!

= OZO: _w—"fz,, (23)

n 0

can be represented as the difference of two boundary
terms. As before, the SO(16) invariance of J“ and
hence of 2(w), is manifest. The expression (23) is
also very convenient to analyze the behavior of the
E, current under the “superconformal” transforma-
tions considered in ref. [11]. Using the result for
¥°-18% given there (cq. (3.12) of ref. [11]), it is
not difficult to show that the variation of 2(w) is
again the difference of two boundary terms. To check
the quartic fermionic terms, which have been ig-
nored in this calculation, will be very tedious as the
spectral parameter ¢ must also be varied [11].

Much of this analysis can be repeated in the ham-
iltonian framework (for the hamiltonian formula-
tion of N=1 supergravity in four dimensions, see refs.
[13,14]), and I will now bricfly indicate how to do
this for the three-dimenstonal theory, postponing a
more dctailed discussion 10 a later paper. In particu-
lar, higher order fermionic terms will be disregarded
in most of the remainder. It is convenient to make
use of local SO(1, 2) invariance to parametrize the
dreibein as follows (see c.g. ref. [15] ):

N N«
Ve = 24
M <O (’? > El ( )
where i, j, ..=1,2.and , §3, ...= 1, 2 are curved and

flat spatial indices, respectively, and ef is the spatial
zweibein; I will also use the positive definite spatial
metric h;= —efe,,. By means of a general coordi-

#2 For the bosonic non-linear o-model in flat spacc, this simple
expression for the current is duc to M. Niedermaier.
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nate transformation the lapse and shift functions can
be taken 1o be N=1 and N¥=0; then V=e=\/f_z. For
the gravitino, a convenient gauge choice is w=0.
Before inserting these gauge choices, however, we
must keep in mind that the variables N, N%, w{ and
Q¥ do not have time derivatives in the action, and
their variation thus leads to constraints. One must
therefore first perform the variations and use the
gauge conditions only afterwards. In this way one ob-
tains the WDW hamiltonian (or rather hamiltonian
density)

H=-— 2% =}eRD +4e~' (I1*—I1]1,)
+ie(PAPE+ PP _2iy'D,x
274 I PAT 4 ) (25)

Here R ) denotes the spatial curvature, and the dots
stand for higher order fermionic terms. I7¥ is the ca-
nonical momentum associated with the spatial met-
ric hy, and I7= h,J17. The generators of spatial coor-
dinate transformations read

3.y

Pi= s

= —2D/IT;— See*yiD,y}

+ie(PEPA —ipy°Dix+ Ay PY) . (26)

Finally, the generators of space-depcndent super-
symmetry transformations arc given by

Y% -~ L=

=5t = —ee’'Diyj+ ey Oy TPy
=_eeij[gi+%wialiyaﬁ-*-ze_l(hikH_Hik)ykyo]‘//Jl
el (APE — vy P+, (27)

where the SO(16) covariant derivative &, has been
split off, and the spin connection has been written out
explicitly in terms of its spatial part and the canoni-
cal momentum. 1 omit the explicit expression for the
gencrator of spatial Lorentz transformations-which is
straightforward to derive.

To proceed further, we need the canonical (Dirac)
brackets

(Wi(x), 7 (y)} =€~ '€, 076 (x—y) (28)
and
A (x), 22 (1)} =etipP6 M5 D (x—y) (29)
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where spinor indices have been suppressed and the
variables x, y parametrize the spacelike hypersurface
(all brackets arc understood to be equal time brack-
cts). Furthermore,

{hy(x), T¥(y)}=06438P 6 (x—y) (30)
and
{(IT9(x), Jex*(»)} = UT(x), Je chy(y)}

=0. (31)

For the matter bosons, it is also convenient to choose
the variables such that they commute with the fer-
mionic oncs and with [7%. As P§ does not, we define

Pi=e(PE+yln7x'Tl) , (32)

which commutes with the fermionic fields and with
ITY. Observe that use of the new quantity P¢ also sim-
plifies some of the previous expressions such as (26).
The relevant brackets are now given by

{P3(x), ¥ (1)} ==2(¥Y")6 P (x—y) , (33)
(P3(x), P§(»)}

=T (9" + iery° Ty +eeVily))

X3 (x—-y) (34)

from which all other brackets can be deduced. (34)
contains the canonical generators ¢ of SO(16) gauge
transformations, which satisfy

(94 (x), 9(»)}
= 48U Ig K (x)6 (x—y) . (35)

As a useful check on thesc brackets, one can verify
that, modulo the constrainis, the equations of mo-
tion are recovered from

aow(x)={co(x),jd2y .#(y)}, (36)
where ¢ stands for any of the fields. Likewise, the su-

persymmetry transformations with time-indepen-
dent parameter €’ (x) can be obtained from

50 ={p0), [ e} (37)

There is a subtlety, however, when this formula is ap-
plied to P§, because, from (5), 6P3 =Dg (€3I,
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which contains a time derivative and hence cannot
be obtained without use of the equations of motion.

Given thesc brackets, it i1s now possible to investi-
gatc the algebra of local and rigid symmetrics. We are
here primarily interested in those parts of the algebra
involving 2. Neglecting possible contributions from
higher order fermionic terms, onc finds

[(FUx), 2}==2(¥ X7y ~") P’ (x)

—(TIT5C) (7 Y =V ApRE (x) (38)
{Di(x), 2}=3T 5P (rYPy =)oY (x) (39)
and
CH(x), D= TH PA(F Yy =" )P (x) . (40)

This shows that, on the constraint surface .# = @, =
¢’ =%"=0, 2 indeed commutcs with all local sym-
metries. Commutators similar to (38) betwecn local
supersymmetry transformations and rigid symme-
trics have already been cvaluated in refs. [6,7,16].
The connection with these results is easily cstab-
lished by expanding ¥ in terms of the scalar fields in
the “unitary” gauge. The non-vanishing result of this
computation was interpreted as evidence for the ex-
istence of a “spectrum generating” supergroup, with
an infinite tower of ncw supercharges constructed out
of & and products of the scalar fields. Howcver, the
above result suggests a different interpretation, be-
cause (38)~-(40) only fail to vanish off shell. On the
mass-shell, the rigid non-compact symmetrics do
commute with supersymmetry, and the ncw super-
charges defined in this manner should thercfore be
regarded merely as generators of off-shell symmetries.

In the quantum theory, the constraints become op-
erator constraints on the physical statcs of the theory.
The bosonic physical state conditions are (including
the WDW equation)

H(XYP=@(x)¥P=0"(x)¥=0, (41)

where ¥is the WDW wave functional (“wave func-
tion of the universe™). I have here blithely ignored
ordering problems, assuming that possible quantum
divergences of the theory are sufficiently softcned (it
is probably here that mgximal symmetry is needed).

Furthermore, since the commutator of two local su- -

persymmetry variations contains all the other sym-
mctries with field-dependent parameters [17], onc
cannot a priori cxclude ordering problems and
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anomalies in the quantum algebra of constraints as
well; again, maximal symmetry may be necessary here
to ensure a safe passage to the quantum theory. Pend-
ing a morc detailed investigation of this issue, let us
assume that no such complications arise for the N=16
theory. Then all of the above conditions arc implied
by

F(x)¥P=0. (42)

This is the “square-root” of the WDW cquation. It is
at this point that Jocal supersymmetry is crucial; in a
rigidly supcersymmetric theory, such as a supersym-
metric non-linear g-model in flat space, we would also
have { ¥, ¥} ~ H, but acting with % on a statc would
just give another state and not an cquation with dy-
namical content. From (38)-(40), it is now obvious
that 2 commutes with all local gencrators on the
physical states. Consequently, if ¥is a solution of the
WDW equation then 2% is another, and thus all so-
lutions form multiplets of Eg. There exist well-devel-
oped methods to construct unitary representations of
non-compact Eg, see e.g. ref. [7].

While it is straightforward to verify that the Eg
charges 2 satisfy the expected commutation relations
on the physical states, the algebra of the Eg charges
(23) has so far not been evaluated. The explicit ap-
pearance of the matrix 7 in (14) implies that the
higher charges will be non-local, because ¥ - being
the solution of a linear system - is given by a path-
ordered exponential. Even in the much simpler case
of the principal chiral model in flat spacc, the com-
putation of Poisson brackets of non-local charges is
marred by technical complications and ambiguities
[18]. In particular, one finds that the commutator of
two non-local charges contains new charges made out
of products of the basic charges, and that the non-
local charges close into a Yang—Baxter type algcbra
rather than an affine Kdc-Moody algebra. For this
reason, it is far from clear whether the generators (23)
will simply close into an Ey Ka¢-Moody algebra.
Rather, there is the intriguing possibility that the re-
sulting algcbraic structurc extends beyond E, and
could even be related to E,, whose realization in this
context was conjectured long ago [19]. To find out,
one must, of course, first come to grips with the tech-
nical problem of calculating the relevant Poisson
brackets (or commutators). Finally, whatever the
outcome of these calculations will be, the emerging
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algebraic structure may lead to a complete classifica-
tion of the “observables™ associated with the WDW
equation of N=16 supergravity, and thus to the res-
olution of one of the outstanding problems of quan-
tum gravity [2], at least in this special case.

[ am gratcful 10 I. McArthur, B. de Wit, M.
Niedermaier and A. Sagnotti for stimulating discus-
sions related to this work.
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