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In this paperwe presentthe calculationof the gluon—gluon contribution to the Drell—Yan
K-factor. The sizeof the crosssection for g + g —~V + ‘X’ is comparedwith thosecoming from
the threeother subprocesses,i.e. q + i~—~V + ‘X’, q + g —~V + ‘X’ and q + q -. V + ‘X’. Fur-
thermore,the dependenceof the K-factor on the factorization and renormalizationscales is
analyzedfor the Currentandfuture colliders.

1. Introduction

During the lastfew yearsa greatdealof progresshasbeenmadein calculating
higherorder correctionsto inclusive andsemi-inclusiveprocessesin the framework
of perturbativeQCD [1]. At presentit seemsthat mostof theorder a~corrections
to n —‘ m partonreactionswith n + m ~ 4 havebeencomputed.An analysisof the
existing calculationsrevealsthat it will be very difficult to extendthe radiative
correctionsbeyondthe first order in a~.This in particularholdsfor semi-inclusive
processes.This statementalso applies to order a~correctionsto Born processes

which involve more than four partons,like in multi-jet production.
However, in the case of inclusive processesthe situation is a little better. An

exampleis the quantityR defined in the reactione+ + e— —p X, whereX denotes
any hadronic final state,which is now completely known up to order a~[21.
Anotherexampleis the ordera~correctionto the two-jet crosssectionof the same
process[3]. Finally, we want to mentionthe K-factor in the Drell—Yan processfor
whicha partial result existsat order a~[4].
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Higher order corrections are necessaryfor practical as well as theoretical
reasons.The practical reason is that the statistics in the ongoing and future
experimentswill improve,so that higherordercorrectionswill be measurable.This
is expected,as the size of the various K- and R-factorscanbecomerather large.
Also it is interestingto seehow the K-factors will behaveat very large energies,
which arecharacteristicof future acceleratorslike LHC andSSC. Herewe expect
that processeswith gluons in the initial statewill play a veryimportant role. From
the theoretical point of view higher order correctionsare interestingbecausewe
can learn somethingaboutthe behaviourof the perturbationseries. In particular

one wants to understandby which type of terms the seriesis dominated. An
exampleis the soft gluon part of the K-factor, which can be traced back to
reactionswith oneor more gluonsin the final state.Furthermore,we expectthat
cross sectionscorrectedto higherordersof a~,are lesssensitiveto variationsin
the factorizationand renormalizationscalesthan the lowest order ones. In this
paper we will study the effect of the order a~correctionsto the Drell—Yan
K-factor, correspondingto the total crosssection for vectorbosonproduction.

The Drell—Yan processis givenby the reaction

H1 + H2 —‘ V + hadronicstates

(1.1)

+

where V is a vector boson(W, Z or y), which decaysinto a lepton pair (z<’~~‘2~

The four parton subprocessescontributingto the aboveare given by

q + ~ —~ V + partons, (1.2)

q(~)+g—sV+partons, (1.3)

q(~j)+q(~)—sV+partons, (1.4)

g+g—sV+partons. (1.5)

The quark—anti-quarksubprocessis known in zeroth and first order in a~[5—71,
whereasa partial result exists in order a~[4]. The (anti)-quark—gluonsubprocess
showsup for the first time on the order a~level. Its result can be found in refs.
[5—7].The lowestorder crosssectionfor the reactions(1.4) and(1.5) are alreadyof
order a~.The result for the (anti)quark—(anti)quarksubprocessis given in refs.
[8,9]. The gluon—gluon subprocesshas not been calculatedup to now. We will
presentthe calculationof this processin sect.2. In sect.3 we studyits contribution
to the K-factor and compareit with the results for the other subprocesses.The
dependenceof the K-factor on the renormalizationandfactorizationscalesis also
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studied. Furthermore,we make predictionsfor current and future accelerators.
Detailsof the calculationand some useful formulae can be found in the appen-
dices.

2. The gluon—gluon subprocess

The contributionof the gluon—gluonsubprocessto the Drell—Yan crosssection
canbe written as

d~ gg
= TUvf dxf dx1 f dx2 ô(T ~1x2)g(x1, M

2)g(x
2, M

2)

XCvLIg
5(x,Q

2,M2) (2.1)

with
T—Q2/S, ~ (2.2),(2.3)

c~=(i+[1_~sin2Ow}2)int(~nf)+(1+ [1_~sin2Ow]2)int(~(nt+1)), (2.4)

Cw=int(~n~). (2.5)

In the above equations o~ stands for the pointlike DY cross section. The
kinematicalvariablesQ2 andS denotethe di-leptonpair massandthe c.m. energy
of the incoming hadrons,respectively.The gluon distribution function g(x,, M2)

dependson the mass factorization scale M. Furthermore,n~is the numberof
flavoursand Ow the Weinbergangle. In this sectionwe will discussthe calculation
of the Drell—Yan correctionterm ~igg(x, Q2).

In ordera~the processunderconsiderationis (seefig. 1)

g+g—sV+q+~. (2.6)

Fig. 1. The Feynmandiagramsfor the gluon—gluonsubprocess.
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The partonstructurefunction W~gof this processis given by

J~fr~(x,Q2,E)=A—cf dPS~3~~M’-’~M~, (2.7)

where

1
A = 2: averagingovergluon helicities andcolours, (2.8)

4(N2 —1)

-N
C = : normalizationfactor, (2.9)

2ir(1 +

Mi’: amplitudeof theg—g process. (2.10)

The normalization factor C is due to the conventionsintroducedfor the Born
crosssection.The summationin eq.(2.7) is overall the quantumnumbersof M,~.
We usen-dimensionalregularizationto handlethe collineardivergences(~= n —

4). Notice that we have only averagedover the two physical helicity statesof the
gluon. Actually, usingn-dimensionalregularizationonehas to averageover(n — 2)
helicity states.This implies that eq. (2.8) and thereforealso eqs. (2.12) and (2.13)
haveto be divided by a factor (1 + +e)2 (two initial stategluons!). However, in the
DIS schemethis is not necessary,becausethe massfactorization(see eq. (2.14))
involves productsof parton structurefunctionswhich are obtainedfrom subpro-
cesseswith one gluon in the initial state.Therefore,one has an overall factor
1/(1 + ~1~2 in eq. (2.14), so that it doesnot matter whether the limit E —* 0 is
takenin this factorbefore or aftermassfactorization.Notice that in the literature

[6,7] one also has averagedover the two physical helicity statesonly. In the case
of the M3 mass factorization scheme,however,one has to include the factor
l/(l + ~ since the helicity averagingfactor does not appearin the splitting

functions.
For the calculationit is convenientto divide the parton structurefunction W~g

into two colour parts

Jg(x, Q2,E) = J~~A(x,Q2, e) + ~ Q2, E), (2.11)

where and ~4Z~F correspondto the CACF and C~colour partsof the matrix
element (CA = N, CF = (N2 — 1)/2N, N = number of colours). After partial
fractioning the phasespace integration dPS~31has beenperformed in the cm.
frameof the incominggluons.The calculationaldetailscanbe found in appendix
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A. We then find for the partonstructurefunction Jg(x,Q2,~)

WCA ( x, Q2 ~)
/ a~\2 N2 Q2 ~F~(i + ~ — 2~

=1—I x (1—x)
\41TJ (N2—1) 4~~,j2F2(1+e)

x {(i +x)2[16S
1 2( —x) + 24Li3( —x) + 16~(3)— 241nx Li2( —x)

+161n(1+x)Li2(—x) +81n(1+x)~(2)— l2ln
2xln(1 +x)

+8lnxln2(1 +x) + ~Li
2(—x) + ~2) + ~lnxln(1 +x)]

—8(1 —x)
2S

1 2(1 —x) + (~x2+~x— 4)ln2x

— (50x2+ ~x + 4)ln x + ~.Lx
2— 48x — ~}, (2.12)

and

a. 2 Q2 ~r2(1+I~)
~F(x,Q2,e) = (~)(~~)~ ~ x~(1_x)2E

x {4[_8(1 + 4x + 4x2)ln x — 16(1+ 2x — 3x2)1

+_[_(1+4x+4x2)(16Li
2(1_x) +41n

2x)

_(20+32x)lnx_86x2+88x_2]

—8(11x2+ 14x + 2)S
1 2(1 —x) — 16(1 +x)

2S
12( —x)

+32(4x
2+ 4x + 1)Li

3(1 —x) + 8(x
2— 2x — 1)Li

3( —x)

+4(2x
2— 2x — 1)~(3)— 20(4x2 + 4x + 1)lnx Li

2(1 —x)

+8(x
2 + 4x + 2)ln x Li

2( —x) + 4(10x
2+ lOx + 3)ln x~(2)

—16(1+x)2ln(1+x)Li
2(—x)—8(1+x)

2ln(1+x)~(2)

—~(3x2+3x+1)ln3x+ 12(1 +x)2ln2xln(1 +x)

—8(1 +x)2 In x 1n2(1 +x) + 8(3x2 — lOx — 6)Li
2(1 —x)

+8(1 +x)Li2( —x) + 4( — 12x
2 + 9x + 5)~(2)

—(12x2+22x+ 15)ln2x+8(1 +x)lnxln(1 +x)

+(38x2+ 4x — 15)lnx + ~x2 — 128x — ~}, (2.13)
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where ~2 is an artefactof the n-dimensionalregularization,which can be traced
back to the dimensionalityof the coupling constant.Notice that W~Ais free of
mass singularities;only the C~part of W~gcontains collinear divergences.To
handlethesedivergenceswe perform massfactorizationin the DIS scheme.In this
schemethe contributionof the gluon—gluon subprocessto the Drell—Yan correc-
tion term is given by

~ Q2) = 14’g(x, Q2,~)+ 1(g-(1),g ® ~~-(1).a)(x Q2, E)

—

2(~(1),g® J’~~)(x,Q
2,e) , (2.14)

where ,~(1).g and ~ are the partonstructurefunctions belonging to the deep
inelasticscatteringprocessV + g —+ q + ~ andtheDrell—Yan processq + g —‘ V +

q, respectively[6,7]. Furthermore,the symbol ~ denotesthe convolution,i.e.

(f®g)(x) = f1dyf’dz~(x -yz)f(y)g(z). (2.15)

Dividing the Drell—Yan correction Zlgg also into two colour parts,we have

~igg(x, Q2) = z1~(x,Q2) + ~1~(x, Q2) (2.16)

with (seeeq. (2.12))

= J4/~A(x,Q2,g =0) (2.17)
and

= (~){_4(10x2+ 16x+ 1)S
1 2(1 —x) — 16(1 +x)

2S
12(—x)

+4(4x
2+ 4x + 1)Li

3(l —x) + 8(x
2 — 2x — 1)Li

3( —x)

+4(2x
2—2x— 1)~T(3)—6(4x2+4x+ 1)lnxLi

2(1 —x)

+8(x
2+4x+2)lnx Li

2(—x) —4(4x
2+4x+ 1)ln(1 —x) Li

2(1 —x)

—16(1 +x)
21n(l +x)Li

2(—x) — 8(1 +x)
2 ln(1 +x)~(2)

_(4x2+4x+ ~)ln~x+ 12(1 +x)2ln2xln(l +x)

—2(4x2 + 4x + 1)ln xln2(1 —x) — 8(1 +x)21nxln2(l +x)

+(16x2 + 16x + 6) ln x~(2)— (6x2 + lOx + 7)1112

—6(8x2 + 8x + 1)Enx ln(1 —x) + 8(1 +x)ln x ln(1 +x)

+4(3x2 — 2x — 1)1n2(1 —x) — (l2x2 + 72x + 18)Li
2(1 —x)

+8(1+x)Li2(—x) +(—12x
2+12x+8)~(2)—(26x2+96x+24)lnx

+(51x2—36x—15)ln(1 —x) + ~x2—5x— ~}. (2.18)
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3. The results

First we will introducesomenotationswhich will be helpful for thediscussionof
our results.Generalizingeq.(2.1) the colour-averagedcrosssectionof the process

in eq. (1.1) is given by

du/dQ2= TcTv(Q2, Mfl W~(r,Q2), (3.1)

where,accordingto the DY mechanism,the hadronicstructurefunction WV(T, Q2)
canbe written as

WV(T,Q2) = ~ f1dxf dx
1 fdx2 ~(T —x~1x2)PD~(x1,x2,M

2)

i,j 0 0 0

x ~
1(x, Q

2, M~). (3.2)

The function PD~(x
1,x2, M

2) is the usual combination of parton distribution
functions,which dependson the massfactorizationscaleM2. The indices i and I
referto the type of the incomingpartons.Moreover,it containsall theinformation

on the coupling of the quarksto the vectorbosons,such as the quarkcharges,the
WeinbergangleO~andthe Cabibboangle O( (the otheranglesandphasesof the
CKIVI matrix are neglected).The total cross section if for W/Z-production is
obtainedby integratingeq. (3.1) over Q2 usingthe narrow width approximation.
Therefore,the relevantmassscalewill be Q2 = M~(M~is the massof the vector
boson).

Notice that the parton distribution functions do not only dependon the mass
factorizationscaleM, but also on the renormalizationscaleR.This is becausethe
calculation of the anomalousdimension involves the operator renormalization
(= massfactorization)as well as the coupling constantrenormalization.However,
in the existingparametrizationsof the parton distribution functionsthe two scales
M and R are put equal. Also the DY correction term ~i~

1(x,Q
2, M2) (Wilson

coefficient) dependson thesetwo scales.This canbe seenby expandingthe DY
correctionterm in a powerseriesin the running coupling constanta

5(R
2)

~~
1(x,Q

2, M2) = ~ a~(R2)~7>(x,Q2, M2, R2). (3.3)
n = I)

If a
5(R

2)is expandedin a power seriesin a~(M2)the explicit R2-dependencein
eq.(3.3) dropsout.

The parton distribution functionsas well as the DY correctionterm are scheme
dependent.In our calculationsthe massfactorizationhasbeenperformedin the
DIS scheme,whereasthe renormalizedcoupling constantis determinedin the MS
scheme.Therefore,one has to choosean appropriateparametrizationfor the
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distribution functions in the DIS scheme. We will use the DFLM (set-4)
parametrization[10] for our main computations.However, in order to check its
reliability at high energycolliders,like the LHC andSSC,we also havedone some
of our numericalcalculationswith the leadinglog parametrizationsDOl [11] and
EHLQ [12]. For the running coupling constantwe takethe two-loop correctedone

definedin the M3
5 scheme[13].

In the presentationof our tablesandfigureswe haveusedall expressionsfor the
various DY correctionterms ~, which are known up to now, including the one
calculatedin sect. 2. Startingwith the reactionin eq.(1.2), ~ receivescontribu-
tions from the processes

4~: q+~—*V (3.4a)

L1~: q+~—sV+g, (3.4b)

~(2). Jq+~—*V+g+g 34
q~ ~q+~~V+q+~’ ( .

z1~
5: q+~—*V+q+~. (3.4d)

We have divided the contributionof the subprocessq + ~ —~ V + q + ~ into two

parts. The first one (~i~)shows up in both the singlet and the non-singlet
contribution to the DY correctionterm. The secondpart (zt~~)appearsin the
singlet contributiononly. The abovereactionsalso include the virtual corrections
to the processesin eqs.(3.4a)and(3.4b).The correctionterms canbe found in the
literature [4—7],except for the hard gluon contribution to (3.4c) and a part of
process(3.4d), which havenot beencalculatedyet. The known part of is
equalto ~qq(seebelow)without the identicalquarkcontribution.

Following the notation of ref. [14] we can split L1~into a “soft + virtual”
(S + V) anda hard (H) gluon part. The structureof the (S + V) part is given by

~(s~+V)(x Q
2, M2,R2)

a(R2)

n=1

2n — 1

x ~ a~~(Q2,M2,R2)~(x)+b~(Q2,M2,R2)5(1—x) . (3.5)
i=0

The coefficients ~ and b~canbe found in refs. [4] and appendixC. The hard
gluon part ~ doesnot contain distributions of the typesshown in eq. (3.5). Its
expressionfor the secondprocessin eq.(3.4c) can be found in ref. [15].
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The DY correctionterm for reaction(1.3) is only known in lowest order [5—7].It
will bedenotedby

: q(~)+g—sV+q(~fl. (3.6)

In sect. 2 we havecalculatedthe correctionterm due to the gluon—gluon fusion
process

Lt~: g+g-sV+q+~. (3.7)

Finally, the correctionterm for the subprocess

~i~: q(~)+q(~)—sV+q(~)+q(~) (3.8)

can be found for identical as well as non-identicalquarksin refs. [8,9] (see also
appendixB). Besidesthe general structureof the (S+ V) part of we found
that the functions L~s, L1~and vanish in the limit x —s 1. This feature
explainswhy the contributionsof the processes(3.4d), (3.7) and(3.8) are verysmall
at the current and future accelerators,as we will see below. Notice that this
property is schemeindependentsince any finite massfactorization involves only
convolutionsof regularfunctionswhich vanish in the limit x —s 1. Contraryto the
correctionsterms mentionedabove, ~ and iqg do not vanish for x = 1, so that
their contributionsbecomeappreciablein particular at very high (V~~ 16 TeV)
energies.

We will now presentthe Drell—Yan crosssectionand its K-factor for both pp
andpp-colliders.The input parametersareM~= 91 GeV, M~= 80 GeV, ~hYe~
= 0.227andsin2O~= 0.05. The numberof light flavours, n~,is takento be equalto
five. The QCD scaleparameterA, which appearsin both the running coupling
constantand the parton distribution functions is chosento be 0.2 GeV. Unless
stateddifferently all theresultsare producedusingthe DFLM (set-4)parametriza-
tion [10]. Furthermore,we take M = R = M~(M~is the vectorbosonmass).The
stability of the cross sectionsunderchangesof the massfactorization andrenor-
malization scaleswill be presentedat the end of this section.All the numerical
results in this paperareproducedby our FORTRAN programZWPROD, which
can beobtainedon request.

Startingwith the Z-productionat p~-colliderswe showin fig. 2 the zerothorder
(u

0), the O(a~)corrected(o~1)and the O(a~)corrected(°~2)DY crosssection for
0.5 TeV ~ ~ 50 TeV. From this figure we infer that a-, increaseslogarithmically

as a function of ~ This is not surprisingsinceat large S(small T) the seaquarks
dominatethe processandtheir distribution functionsbehavelike I /x for x —s 0.
For the discussionof the variouscontributionsto the Drell—Yan correctionterm it
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Fig. 2. The total crosssectionfor the Z-productionat a p~-colliderin threeapproximations.Solid line:
Born; dottedline: Q(o~)corrected;dashedline: O(a~)corrected.

is convenientto introducethe K-factor. It is definedby

Kth = ~ K~, (3.9)
n = (1

where~ is the O(a~)-contributionto the theoreticalK-factor, which is given by

Wt”~(TQ2)
~ = (3 10)

W~°~(r,Q2)

The function W~”~(r,Q2) is the order a~term of the hadronicstructurefunction
W~(r,Q2) in eq. (3.2).The ordera~correctedK-factor follows from eqs.(3.9) and
(3.10) andit equals

K~= ~ (3.11)

In fig. 3 oneobservesa slow decreaseof K
1 and K2. In K2 the decreasedue to

K~
1~is somewhatcompensatedby an increaseof Kt2~.The latter becomeseven
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Fig. 3. The K-factor for the Z-productionat a pp-collider (seeeqs.(3.10) and(3.11)).(1): K
1, (2): K2,

(3): K
11~,(4): K~2>.

larger than K~1~for v~~ 25 TeV. In particular this implies that at SSC energies
the O(a~)-correctionsare larger than the O(a~)ones*.The reasonfor this effect
canbe seenin fig. 4. Herewe havesplit ~ into thevariouscontributionscoming
from the different productionmechanismsin eqs. (3.4a)—(3.8).We observethat the
q~-process(i.e. K~ and K~)dominatesthe theoretical K-factor. However, at
very largeenergieswe seea steeprise of ~ (quark—gluonsubprocess)becoming
larger than ~ Notice that the contribution of the quark—gluon processis
negative,thereforeit is responsiblefor the decreaseof K”~,observedin fig. 3. At
first sight the rapid growthof the qg-contributionis not surprisingsincethe vector
bosonproductionat very large energiesimplies very small T =x

1x2 = M.~./S.Near
x, = 0 the gluon distribution function rises very steeply, so we expect that the
gluonswill give a very importantcontributionto the DY crosssection. However,
the large size of ~ is not only due to the gluon distribution function. If that
would be thecase,wewould alsohavea sizeablecontributionfrom thegluon—gluon
subprocess(eq. (3.7)) calculatedin this paper.A quick glanceat fig. 4 showsthat

* This we find in theapproximationusedhere.The complete K
12~might behavedifferently. Seethe

discussionof K~1below.
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Fig. 4. Thevarious contributionsto the K-factor for theZ-productionat a p~-collider(seeeq. (3.10).
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this is not the case.To understandthis we rewrite eq.(3.2) as follows

W~(r,Q2) = ~ ~
1(x, M2)4~1(~, Q

2, M2), (3.12)
T x x

where cI~denotesthe partonflux

1dy x

~jj(x,M2)=f ~PD~1(Y,_,M2). (3.13)

It appearsthat for all subprocessesthe flux ~11(x,M
2) getsvery large for x —s 0,

whereasit goes rapidly to zerowhen x —f 1. Hencethe behaviourof ~~
1(x)in the

limit x —‘ I is very important.As mentionedbelow eq. (3.8), it turns out that the
DY correctionterms ~ ~ and vanish in this limit, which explainstheir
rather small contribution(less than 1%) to the total Drell—Yan K-factor. This is
clearly shown in fig. 4. However, 1i~does not go to zero for x —~ 1. It even
divergeslogarithmically. The sameholds for L1(~” and the known part of
For this reasonwe show in fig. 5 the contributionsfrom the “soft + virtual” and
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Fig. 5. The“soft + virtual” and hardgluon partsof K~ for theZ-productionat a p~-collider(seeeq.
(3.6)).(1): K~’”~, (2): _K~,H,(3): K~’~”

1,(4): K~,M.

hard gluon parts of ‘~1qqseparately.We observe that although the (S+ V) part
dominatesthe hardgluon contributionover the whole energyrange,the hard(H)
gluon piece is not completelynegligible. This holds for both K~Wand ~ One

also has to bear in mind that the completehardgluon contributionto ~ is not
known yet. The sameapplies to ~ In the light of the discussionaboveit is not
improbablethat for high energycolliders the missing partswill give appreciable
contributionsto the DY K-factor, for theywill havethe samebehaviournear x = 1
as the lower order DY correctionterms and ~

The abovediscussionalso holdsfor Z-productionat pp-colliders,as canbeseen
in figs. 6—9. Becausethe sameappliesto W-production at proton—(anti)proton
colliders,in thesecaseswe only give the figuresfor thetotal crosssection (seefigs.
10 and 11).

Notice that thereis a differencebetweenW~and W productionfor pp-colli-
sions. At low energiesthe valencequarks dominate the q~jcross section, where
W~and W are producedvia uv-seaand dy-seaannihilation, respectively.The
dominanceof the valencequarks also explains the difference in vector boson
productionat pp- andp~-colliders.However, at very large energiesthe seaquarks
determinethe crosssection,so that the above-mentioneddifferencesdisappear.
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Born; dottedline: 0(a~)corrected;dashedline: O(a~)corrected.

The size of the various contributions to the DY cross section dependsvery
heavily on the specific set of parton distribution functions. Thesefunctions are
extractedfrom the deepinelasticlepton—hadronscatteringdata,which are taken
at x ~ 0.01. However, vector boson production at future, high energy colliders
requiresthe knowledgeof thesedistributionsat x ‘~M~/v~.For LHC andSSC
this implies x ‘~ 6 x i0~ and x 3 X iO~,respectively.Therefore,we haveto
extrapolatethe parton distribution functionsto x-regions,which werenot accessi-
ble to the deep inelasticexperimentscarried out up to now. In the future this
situationwill improve, when the HERA machine is put into operation.At this
momentthe only way to estimatetheaccuracyof our predictionsis to comparethe
resultsobtainedfor different setsof distribution functionsavailable in the litera-
ture. Here we have chosenthe sets DOl [11] and EHLQ [12], which will be
comparedwith DFLM4 [10] usedabove.

The results for Z-production are displayed in table 1 for %/~= 0.63 TeV
(pp,SppS),1.8 TeV (pp, Tevatron),16 TeV (pp,LHC) and40 TeV (pp,SSC).The
agreementbetweenthe threesets is excellent at = 0.63 TeV. They start to
deviatefrom eachotherat = 1.8 TeV. However,the differencesare still smaller
than the O(a~)correction. This situation changes,if we go to LHC and SSC
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Fig. 7. The K-factor for the Z-productionat a pp-collider(seeeqs. (3.10) and(3.11)). (1): K~,(2): K
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1~,(4): K~21.

energies,where the differencesbetweenthe threesets are of the sameorder or
even larger than the 0(a) corrections.Notice that the results for the threesets
start to divergealreadyat the Born level andthat adding higherorder correction
doesnot changethe situation appreciably.

In table 2 we presentthe O(a,) and O(a~)radiatively correctedcrosssections
for W ± productionat the sameenergiesas mentionedabove.Herethe deviation
betweenthe threeparametrizationsstartsalreadyat = 0.63 TeV. Thisis mainly
dueto thevalencepart of the d-quarkdistribution,which is more importantfor W
than for Z-production.

From the two tableswe infer that the EHLQ set leadsto a considerablysmaller
cross sectionthan thoseobtainedfrom the other two sets.At the SSCenergythe
DOl set gives a result,which is largerby more than 25% than found for the two
other ones. Summarizingthe abovewe canstatethat the uncertaintyin the cross
sectionscan be estimatedto be up to 20% for LHC and30% for SSCenergies.It
is for this reasonthat in studying radiativecorrectionsit is better to look at the

K-factor than at the crosssection,sincethe uncertaintyin the latter will drop out
in the ratio of eq. (3.10).
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In tables 1 and2 we also give the sum of the contributionsfrom the hardgluon
part of the first order q~(~i~1~’)and the qg subprocess(~i~)separately.The
resultsareput betweenbrackets behind the O(a

5)-correctedcrosssection. From
thesetables it is clear that the contributionfrom this sum increasesrapidly with
the c.m. energy of the collider, viz, from — 6% of the Born cross section at

= 0.63 TeV to around —25% at = 40 TeV. Moreover,from figs. 4, 5, 8 and
9 onecan infer that this growth is mainly dueto the qg-subprocess.Thereforewe
expect that 4~,which has not been calculatedyet, will give a non-negligible
contribution to the cross sectionat large energies.The sameholds to a lesser
extent for the hard partof

For s/~ = 0.63 and 1.8 TeV (CERN and FNAL) we compareour predictions
with the measurementsby the UA2 [16] andCDF [17] collaborations(seetables3

and4). For this purposeonehasto multiply the resultsobtainedin tables 1 and2
by the branchingratios BR(Z —~ e±e)* and BR(W —~ er’) [19], respectively.We
find that for the Z-productionat CERN oneneedsthe secondorder contributions
to get an agreementbetweentheory and experiment.For the other casesthis

* This branchingratio is calculatedusingthe programZSHAPE [181.
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statementis no longertrue. At Tevatroneventhe Born approximationagreeswith
the measurements.

Finally, we are interestedin the stability of our results if the massfactorization
scaleM and the renormalizationscaleR deviatefrom the “natural” ones,i.e. if
oneno longer has M = R = M~.For this purposewe studythe quantity

a-(Q2=M2 M2 R2)
S 1M2 M2 R2~— V (3 14)nk V’ ‘ ~ o,,(Q2=M.~.,M~,,Mfl

where o-~denotesthe 0(a~’)-correctedcrosssection.In tables5—8 we presentthe
valuesfor 5,, at = 0.63, 1.8, 16 and40 TeV in the caseof Z-production.Since
the functions 5,, for W ±productionexhibit the samebehaviour,we do not show
them separately.Notice that the results havebeen obtainedfor the DFLM set
only. In this set the scale dependenceof the parton distribution functions is
determinedby the next to leadingorder anomalousdimension.The secondorder
anomalousdimensionalso showsup in the 0(a~)correctedDY Wilson coefficient
~i(x, Q2, M2). Thereforewe expectthat the O(a~)-correctedcrosssectionbecomes
less dependenton the parametersM and R than the 0(a~)one.Notice that the
DY cross section is less sensitive to scale variations than reactions like direct
photonproduction [20] or heavy flavour production[21]. In lowest order the DY
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cross section is independentof a~,whereasthe other two start at a~and a~,
respectively.If a crosssectionat lowestorder is proportionalto a~or a~,it is very
sensitive to variations in the renormalizationscale, which will only be partially
compensatedby higherorder corrections.

Our results haveto be interpretedwith some careand that for the following
reasons.Firstly, we only take into accounta part of the 0(a~)-correctionsand
neglectthe contributions ~ and z~q2~”~,although for the latter we include the
effectof the parametersM and R as explainedin appendixC. This is not a serious
defect,since for SppS and Tevatron energiesthe neglectedsubprocessesdo not
contributetoo much.The secondreasonwasalreadymentionedbelow eq. (3.2).In
the existing parametrizationsfor the parton distribution functions one never
distinguishesbetweenM and R, althoughthe secondorder anomalousdimension
dependson the operator renormalization(= massfactorization) as well as the
coupling constantrenormalization.Therefore,changingR in the O(a

5)-corrected
DY correction term has to be solely compensatedby the 0(a~)corrections.
Bearingtheseremarksin mind we canproceedwith the discussionof the tables.

In tables 5—8 both scalesare taken in the regions: ~‘M~~ M, R ~ 2M~.At
= 0.63 TeV we observean improvementin the stability of the crosssection (or
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TABLE 1
The total crosssectionfor Z-productionin threeapproximationsatSp~S,Tevatron,LHC and

SSC. Thevaluebetweenbracketsis thesumof the contributionsfrom ~j(1).H and L1~q~.

Zproductionrate(nb)

,,/1~(TeV) DOl EHLQ DFLM4

Born 0.63 1.37 1.37 1.36
0(a~) 1.78 (—0.08) 1.79 (—0.08) 1.79 (0.07)

O(a~) 1.95 1.95 1.96

Born 1.8 4.71 4.55 4.93
O(a~) 5.85 (—0.53) 5.64 (—0.52) 6.16 (—0.52)
O(a~) 6.45 6.22 6.78

Born 16.0 40.8 32.4 39.9
0(a~) 46.3 (—9.0) 37.0 (—6.9) 46.7 (—7.4)
O(a~) 52.3 41.8 52.5

Born 40.0 100.0 71.1 76.1
108.0 (—28.0) 79.0 (— 17.0) 86.2 (—17.0)

O(a~) 124.0 90.6 98.3
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TABLE 2
The total crosssectionfor W~+W productionin threeapproximationsatSp~S,Tevatron,LHC and

SSC. Thevaluebetweenbracketsis thesumof thecontributionsfrom ~(1),H and

W~+W productionrate (nb)

V3~(TeV) DOl EHLQ DFLM4

Born 0.63 4.69 4.16 4.39
O(a,) 6.11 (—0.31) 5.42 (—0.28) 5.76 (—0.26)
O(a~) 6.70 5.95 6.33

Born 1.8 15.4 14.5 16.3
0(a) 19.0(—1.9) 17.9 (— 1.9) 20.3 (— 1.9)
0(a~) 21.1 19.8 22.4

Born 16.0 127.0 100.0 131.0
0(a) 141.0(—31.0) 123.0 (—23.0) 153.0 (—25.0)
O(a~) 161.0 128.0 173.0

Born 40.0 300.0 213.0 232.0
0(a) 313.0 (—95.0) 233.0(—56.0) 262.0 (—53.0)
0(a~) 362.0 269.0 300.0

TABLE 3
o-~BRand aw++~~Rfor CERN.We haveusedBR(Z —~e~e)=3.35 x 10~and

BR(W —s ev) = 0.109 (seerefs.[18] and[19]).

= 0.63 TeV

DOl EHLQ DFLM4 UA2 [16]

x BR(Z —s e~e)(pb)

Born 45.8 45.9 45.7
0(a) 59.8 59.9 60.0 70.4±5.5 ±4.0
0(a~) 65.4 65.5 65.6

~~+÷~-X BR(W -s eE)(pb)
Born 511 453 479
0(a) 666 590 628 660 ±15 ±37
0(a~) 731 649 690

moreprecisely5,,) underchangesof M and R, while goingfrom the Born to the
0(a~)level. The sameapplies to the results for ~ = 1.8 TeV, although the
differencebetweenS~and ~2 is hardly noticeable.What is very striking is that
thereis almostno differencebetweenS0 (Born) on the onehand andS~,S2 on the
otherhand.At ‘/~= 16 and40 TeV the resultfor S1 is muchmore stablethan for

S~’but for ~2 the stability diminishescomparedto S1. The latter is probablydueto
the fact that we havenot included the mass factorization and renormalization
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TABLE 4
azl3R anda,~,*÷~-BRfor Tevatron.We haveusedBR(Z -.* eke) = 3.35 x 10~and

BR(W -.~cv) = 0.109 (seerefs.[18] and[19]).

= 1.8 TeV

DOl EHLQ DFLM4 CDF [17]

X BR(Z —~e+ e ) (nb)

Born 0.158 0.152 0.165
0(a) 0.196 0.189 0.206 0.197±0.012±0.032
0(a~) 0.216 0.208 0.227

~w~±w->< BR(W —s ev)(nb)
Born 1.68 1.58 1.77
0(a~) 2.08 1.95 2.21 2.06±0.04±0.34
0(a,~) 2.30 2.16 2.44

TABLE 5
The functionsS

0, S1 and S2 (first, secondandthird row, respectively)for Z-productionatSp~S

(v~= 0.63 TeV). ThevariablesM and Rarethefactorizationandrenormalizationscales.

R/Mz

M/Mz 1 2

1.09 1.09 1.09 1.09 1.09
1.05 1.04 1.03 1.02 1.01
1.02 1.01 1.01 1.00 0.99

1.04 1.04 1.04 1.04 1.04
1.04 1.03 1.01 1.00 0.99
1.02 1.01 1.00 1.00 0.99

1 1.00 1.00 1.00 1.00 1.00
1.03 1.01 1.00 0.99 0.98
1.02 1.01 1.00 0.99 0.98

0.96 0.96 0.96 0.96 0.96
1.02 1.01 0.99 0.98 0.97
1.02 1.01 1.00 0.99 0.98

2 0.93 0.93 0.93 0.93 0.93
1.02 1.00 0.98 0.97 0.96
1.02 1.01 1.00 0.99 0.98
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TABLE 6
The functionsS~,S

1 and~2 (first, secondandthird row, respectively)for Z-production
atTevatron(~/~= 1.8 TeV). ThevariablesM andR arethefactorization

andrenormalizationscales.

R/Mz

M/M~ 1 2

0.99 0.99 0.99 0.99 0.99
1.02 1.01 1.00 0.99 0.98
1.00 0.99 0.98 0.97 0.97

1.00 1.00 1.00 1.00 1.00
1.02 1.01 1.00 0.99 0.98
1.01 1.00 0.99 0.98 0.97

1 1.00 1.00 1.00 1.00 1.00
1.02 1.01 1.00 0.99 0.98
1.02 1.01 1.00 0.99 0.98

1.00 1.00 1.00 1.00 1.00
1.03 1.01 1.00 0.99 0.98
1.03 1.02 1.01 1.00 0.99

2 1.00 1.00 1.00 1.00 1.00
1.03 1.02 1.01 1.00 0.99
1.04 1.03 1.02 1.01 1.01

terms from L1~.This shows once more that for LHC and SSC the O(a~)
contributionfrom the qg-subprocesswill not be negligible. However, it is also
possiblethat at very small x-valuesthe parametrizationof the parton distribution
functiondoesnot exactlyreproducethe M-evolution.From the tableswe infer that
at fixed M the function 5,, (n ±1) decreasesfor increasingR. For fixed R the
behaviourof 5,, dependson the energythat one is considering.At ~ = 0.63 TeV

S~decreases,whereas~2 nearly remains constant,when M gets larger. For
Tevatron S~remainsalmostconstant,whereas~2 increases.At ~ = 16 and 40

TeV bothquantitiesincreasefor growing M. Moreover,thereis a large variation
in ~2’ if M is varied between 4M~and 2M~.The dependenceon R is less
pronounced.Putting M = R we seethat 5,, growswhenbothparametersincrease.
Therefore,we do not seeany minimum in 5,, contraryto what hasbeenobserved
in DY productionat fixed targetenergies(e.g. ~ = 27.4 GeV, seeref. [22]). The
PMS scheme[23] doesnot seemto work here.

Summarizingour resultswe concludethat the contributionof the gluon—gluon
process(3.7) to the DY crosssection is very small. This also applies to the singlet
partof the q~(3.4d) andthe qq (3.8) reactions.This statementevenholds at very
largeenergy,wherethesecontributionsneverexceedthe 1% level. The minor role
of the gluon—gluonfusion in the DY processcontrastswith that observedin other
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TABLE 7
The functionsS

0, S1 and~2(first, secondandthird row, respectively)for Z-productionatLHC
(~I~= 16.0 TeV). ThevariablesM and Rarethefactorizationandrenormalizationscales.

_____________ R/Mz _______

M/Mz 1 2

0.83 0.83 0.83 0.83 0.83
0.96 0.94 0.93 0.92 0.91
0.94 0.92 0.91 0.90 0.89

0.91 0.91 0.91 0.91 0.91
0.99 0.98 0.97 0.96 0.95
0.97 0.96 0.95 0.95 0.94

1 1.00 1.00 1.00 1.00 1.00
1.02 1.01 1.00 0.99 0.99
1.01 1.01 1.00 0.99 0.99

1.08 1.08 1.08 1.08 1.08
1.03 1.03 1.02 1.02 1.01
1.05 1.05 1.04 1.04 1.03

2 1.16 1.16 1.16 1.16 1.16
1.04 1.04 1.04 1.04 1.03
1.09 1.09 1.08 1.08 1.08

processeslike heavy flavour production [21]. This implies that besidesthe gluon
flux, the behaviourof the Wilson coefficientis of utmostimportancein determin-
ing thesize of the higherorder radiativecorrections.Furthermore,we haveshown
that the reliability of the partondistribution functionsbecomesmuch less if one
makespredictionsfor crosssectionsat energiesmuch largerthan 1.8 TeV. This is
also corroboratedby the sensitivity of the crosssection to the massfactorization
and renormalizationscalesat very large energies,such as for LHC and SSC.
Finally, we observe that the missing parts given by ~ and are not
completelynegligible andthereforehaveto be calculatedtoo. This will be donein
the nearfuture, so that the completeO(a~)-correctionto the DY K-factor will be
known.

Appendix A

THE PHASE-SPACE INTEGRALS

A large part of the calculationof the gg-contributionto the Drell—Yan correc-
tion term consistsof performing threeparticlephasespaceintegrations.Herewe
will discusssome of the details of thesecomputationsand also will give some

useful results.
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TABLE 8
The functionsS

0. S1 and ~2(first, secondandthird row, respectively)for Z-productionatSSC

(~I~= 40.0 TeV). ThevariablesM and R arethefactorizationandrenormalizationscales.

R/Mz

M/Mz I ‘/~ 2

0.77 0.77 0.77 0.77 0.77

0.95 0.94 0.93 0.92 0.90
0.93 0.92 0.90 0.89 0.88

0.88 0.88 0.88 0.88 0.88
0.99 0.98 0.97 0.96 0.95
0.98 0.96 0.95 0.94 0.93

1 1.00 1.00 1.00 1.00 1.00
1.01 1.01 1.00 0.99 0.99
1.02 1.01 1.00 0.99 0.99

1.12 1.12 1.12 1.12 1.12
1.02 1.02 1.01 1.01 1.01
1.05 1.05 1.04 1.04 1.03

2 1.23 1.23 1.23 1.23 1.23
1.01 1.01 1.02 1.02 1.02
1.09 1.09 1.09 1.08 1.08

For the subprocess

g(k1) +g(k2) —sV(q)+q(p1) +~(p2) (A.1)

the threeparticlephasespaceintegral is definedby

f dPS~= )2fl3fd~fdPlfdP2~(~Q)o(Pi)(P2)

x&(k1+k2—q—p1—p2). (A.2)

In the c.m. of the incoming gluonsit canbe parametrizedas

t—n/2fdPS~= 1 fdOfd~(sinO)~
3(sin~)~4

(4n-) F(n—3) 0 0

xf ds
1js~2si ds2{(s1s2 — sQ

2)(s+ — s
1 — s2)}”

22 (A.3)
Q2 sQ2/s

1
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with s = (k1 + k2)
2, s

1= (p1 + q)
2 and s

2 = (P2 + q)
2. Furthermore,in this frame

the momentaaregivenby [24]

k
1 = ~ .,0,O,1), k2 = ~ ,O,O, —1),

s—s2
p1= (l,O,...,O,sinO,cosO),

2~

s—SI . .

P2 (1,0 sinxsin4,cosxsino+sinxcos4coso,
2V~

cosx cos0 — sinx cos4 sin0), (A.4)

where x is the anglebetweenthe momentap1 and p2. It satisfiesthe relation

s(s + — s1 — s2)
sin

2(~x)= . (A.5)
(s —s

1)(s—~2)

For the actualcalculationswe rewrite eq.(A.3) as

1 2f dPS~= (4~)fl F(n 3) x
3~(1_x)2” 5f dof d~(sinO)~3(sin~)n_4

x dy f1 dz{z(1 —z)}~~22{y(1—y))~3{i—(1 —x)y}1~2.

(A.6)

The variablesx, y and z are definedby

x=Q2/s, s
1=s{1—(1—x)y},

~x+ (1 -x)
2y(l -y)(l -z)}

S
2S 1— (1 —x)y (A.7)

Beforegiving the results,let usfix thenotation.We expressthe matrix elementin
termsof the invariants

P~~=(l~+l~)
2,B

1=P13+P14, B2=P23+P24 (A.8)

with i~=p1, 12 =p2, 13 = —k1, 14 = —k2 and 15 = q. The last two invariantsappear
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afterpartional fractioning, i.e.

____ = ~_{~-_ + -~_}, (A.9)

____ = ~— {-~_+ -~_} (A.1O)

which is neededto handlethe angularintegrals.After this partionalfractioningall

the angularintegrationscan beperformedusing

n—4

,.n- ,.71- (sinO) (sin~)
I dOI dçb

‘o -‘o (1 — cos0)’(l — cosacos9 — sina cos4, sin 0)

F(~n— 1 —j)F(~n— 1 — i) F(n —3) . . 2 1

=2 ~ F(n—2—i—j) p
2(~~_1)F(t~3;2fh;c0s ia),

(A.11)

where F is the gamma function and F(a,b; c; x) denotesthe hypergeometric
function.

To perform the remaining integrationsover y and z, the following set of
integralsturnedout to be veryuseful.

(1—z)

dzz~(1_z)~’F(a~P;Y; — ~

1F(y)F(1 +a+r)F(1 +13+r)

F(l +y+r)F(1 ±a+~3+T)

XF(l+a+i-,1+/3+r;1+a+f3+i-;1—w). (A.12)
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Furthermore,defining

l+l~

1(i,j) = fdy y ~ ~F(~e,e 1 + e;(1 —x)y), (A.13)
o (l—(l—x)y)

J(i,j) = f1dyy~(1—y)~{i—(1 —x)y}~~2 (A.14)

we find

I( — 1,0) = 1/B — e~(2)+ e2(2~(3)+ ~ Li
3(l —x)), (A.15)

1 xlnx
1(0,0) = 1—

2e + ~2[~ Li
2(1 —x) — ~(2) — ~ ~ + ~], (A.16)

1 (x
2—2x) 1 (29—31x)

1(1,0) = —E +~2 3Li
2(1 —x) — ~(2) + ~ (I —x)

2 ln x+ -j-~ (1 x)

(A.17)

1(0,1) = (1 ) {—lnx+E[—2Li
2(1 —x) — ~ln2x]

+E2[_3S!2(1 —x) +4Li3(l —x) — ~lnxLi2(1 —x) +~(2)lnx—~ln3x]),

(A.18)

1(0,2) = ((1 —x) +E(I +x)lnx
x(1—x)

+ 3x)Li2(1 —x) — (1 —x)~(2)+ ~(2 +x)1n
2x} }, (A.19)

1(0,3) = 2(11) {~(i—x2) + E[~(1+x2)ln x — ~(1 _x2)]

+E2[+(5 + 3x2)Li
2(1 —x) — ~(1 —x

2)~(2)+ ~(2+x2)ln2x

_~(2+3x+2x2)inx+~x(1_x)I}. (A.20)
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For the integralsJ we have

J( —1,0) = i/c + ~ Li2(1 —x) — ~(2)] + c

2[2~(3) — ~S
12(1—x) — Li3(1 —x)],

(A.21)

J(0,O)= (1 -x) {(i -x) + c[~x In x - ~(i -x)] + ~2[~(1 +x)Li2(1 -x)

_(1_x)~(2)+~x1n2x_~xlnx+~(1_x)]}, (A.22)

J(1,0)= 1 2{~(1_x)
2+E[_~(x2_2x)lnx_k(5_7x)(1_x)]

(i—x)

+ 2x —x2)Li
2(1 —x) — ~(1 —x)

2~(2)

— ~~(x2— 2x)1n2x + j~(7x2— 8x)ln x + 27 — 45x)(1 —x)1 }, (A.23)

J(O,1) = (1 ~{—ln x + ~[ —2Li
2(1 —x) — ~ln2x] + E2[4Lil(1 —x)

—2S12(1—x) — ~lnxLi2(1 —x) +~(2)lnx—*ln~x]}, (A.24)

J(0,2) = x(1-x) {(i -x) +c[~(I +2x)lnx- ~(1-x)]

+~2[~(1+x)Li2(1 —x) —(1 —x)~(2)+ ~(1 + 2x)1n
2x

—~(1+ 2x)lnx + ~(1 —x)] }, (A.25)

J(0,3) = 2(1) {~(i—x2) + c[~(1 + 2x2)ln x — ~(1 _x2)]

+c2[~(1 +x2)Li
2(1 —x) — ~(1 —x

2)~(2)+ j~(1+2x2)In2x

— ~~(5 + 12x + 10x2)lnx + ~~(i _x2)]}. (A.26)

Using the integrals listed above and some properties of the hypergeometric
function [25], we were able to solve most of the 61 phasespace integralsfor the
gg-subprocess.However, we also encounteredsome integralswhich had to be
computedusing brute force methods. The results of the latter will be given
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subsequently.In the following list we haveleft out an overallfactor

IT Q2 ‘F2(1+~E)
(4)4 (4~2) F2(1 + c) x~(1_x)2E. (A.27)

List ofggphase-spaceintegrals

“propagators”—+ f dPSt3~“propagators”

16 1
_________ = —i- — {i+c2[~Li

2(1—x)—~(2)}
1 2 13 23 e ( x)

+E~[—~S12(1—x) — ~Li3(1 —x) +2~(3)]}, (A.28)

16 1

BBP p 1 {1~ElnX+E2[_~Li2(1x)~(2)_~lfl2X}1 2 13 24 B ( x)

+c3[2~(3) 2S1,2(1—x) + ~Li3(1 —x) + ~~(2)lnx

—~1nxLi2(1—x)—*1n~x]}, (A.29)

= c~(1 ±x){ —2ln x + 4 4Li2(1 —x) — 2Li2( —x) — ~(2)

+.~ln
2x—2lnxln(1+x)]

+c2[2S
12(_x) +4Li3(1 —x) —3Li3(—x) +4Li3(~)

_4Li3(_ ~) — ~(3) + in x Li2(1 —x) + 2ln x Li2(—x)

+2ln(1 +x)Li2(—x) + ~(2)lnx+~(2)1n(1 +x) + +ln
3x

+ ~ln2 xln(1 +x) +ln xln2(1 +x)]}~ (A.30)

8 1
= —~—{—inx+c[—2Li

2(i—x)+2Li2(—x)
13 15 24 25 c x

— in
2 x + 21n x ln(1 +x)1
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+c2[—5S
12(1 —x) —3S~2(—x) + 8Li3(1 —x) + ~Li3(—x)

_4Li3(~__)+4Li3(_-~__±)+3~(3)_~lnxLi2(1_x)

—~InxLi2(—x)—3ln(l+x)Li2(—x)—~(2)ln(l+x)

+2~(2)lnx—~ln
3x+ ~ln2xln(1 +x) — ~lnxln2(1 +x)] (A.31)

8
= — — { — Li

2( —x) — ~-~(2) + ~ In
2 x — In x ln(1 + x)

p
15p23p25

+c[2512(1 —x) + 251,2( —x) — 2Li3(1 —x) — ~Li3( —x)

+2Li3(____) _2Li3(_.j___) — ~(3) +2lnxLi2(1 —x)

+ ~ln x Li2(—x)+ ~ln(1 +x) Li2(—x) — ~~(2)ln x+ ~(2)ln(1 +x)

+~ln
3x— ~ln2xln(1 +x) + ~lnxln2(i +x)1}, (A.32)

si’
14 s

2 4
=x + —{—lnx—(1 —x)

P
15P23P25 P15P23P25 B

+e[—(1+2x)(Li2(—x)+~(2)+lnxln(1+x))

—2Li2(1 —x) +x in
2 x + ~(3 — 2x)ln x + ~(1 —x)]}, (A.33)

4
_______ _______ — — {~(2x—1)ln x— ~(3 — 5x)(1—x) +E[(6x2 + 2x—1)
p

15p23p25 p15p23p25 ~

x(~Li2( —x)+~(2)+~-lnxln(1 +x))+(2x—1)Li2(l—x)— ~x
2ln2 x

+~(1Ox2_18x+7)lnx+~(13_19x)(1_x)I}. (A.34)

Appendix B

THE STRUCTURE FUNCTIONS FOR qq, qq AND qq, SINGLET

In this appendixwe will discussthe structurefunctionsfor the subprocesses

q+q—sV+q+q, (B.1)

(B.2)

q+~—~V+q+~,sing1et (B.3)
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in some detail, becausethey are non-trivial due to the somewhatcomplicated
structureof the Drell—Yan correctionterm.

The diagramsfor the subprocessesunderdiscussionaregiven in fig. 12. In case
of non-identicalquarksonly the diagramscorrespondingto the amplitudesA1 and
A2 haveto be takeninto account.However, if identicalquarksappearin theinitial
and/or final state,also the crosseddiagramscontribute(amplitudesA3 and A4).
Notice that each amplitude A, is gauge invariant. In ref. [24] the Drell—Yan

correction term has been computedfor V= y’~.The calculation was done by
dividing the Drell—Yan correctionterm into four parts:

~iqq~E)~

~qq4~5AiA~ and A3A~,

and A2A~,

~jfina! (*AAt and A2J4i~. (B.4)

They thenfound

a 2N
21

~iqq(x) = —~- ~ , (B.5)
41T N

a 2N2_1
ii~q(X) = ~~(x), (B.6)

41T N

/ a 2N2_ 1
~II1i1(x) = { 2 -2~(x) ,

\41T N

a. 2N2_1
~0nal(~) = (~)N2 (~(x) - ~x)ln(1 -x) - 12~(x)), (B.8)

where the expressionsfor ~~qq~ ~ and 1~canbe found in eqs. (6.9),(3.27),
(7.6) and(7.8) and appendixD of chapterIII in ref. [24], respectively.Notice that
in this referencecontraryto ref. [9] the momentumsum rules havebeen imposed
on the splitting function

Introducing also axial couplings the results of ref. [24] have to be slightly
adapted.Contraryto the otherprocesseswe studied,the axial part of the coupling
contributesdifferently to L1~q(x) from thevectorpart. This is dueto the particular
trace structureof the A

1A~(A3A~)interferenceterm. In this paperwe havenot
yet included this new contribution. Notice, however, that this only affects the
results for Z-production,as W-production hasno contributionsfrom
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1~ 3 1 ~—~—3 1 ~ 3 1 3
+ ‘~2~ +

2 42 4 2-~ 42 -..4

2~ 3 2 2 : 3 2

+ +

1 41 4 1~ 41 -.4
-..

Fig. 12. The diagramsfor the qq-subprocess.The amplitudes A
3 and A4 only contributein caseof

identicalquarksin theinitial and/orfinal state.

We will now give the structurefunctionsfor the aboveprocesses.Keeping in
mind the correspondencebetween the Drell—Yan correction terms and the
Feymandiagramsin fig. 12 (seeeq.(B.4)), onefinds for theqq and~ contribution

to the Z-productioncrosssection

da-~~ 1 1 1

dQ
2 = ra-~fdxf dx

1 f dx2 6(T —~x1x2){Zqq(x1,x2)~1qq(x)

+Z,~q(xi,x2)4qq(x)+ Z~(x1,x2)(Llqq(x) + ~fInaI(x))) (B.9)

The structurefunctions Zqq are given by

= C~(u1+ c1)(u2+ c2)

+C~{(u1+c1)(d2+s2)+(d1+s1)(u2+c2)}

+ C~’~(d1+ s1)(d2 + s2) + (quarks—s anti-quarks), (B.IO)

Z~= C~{u1u2+ c1c2} + Cd{dld2 + ~1S2}

+ (quarks—s anti-quarks) (B.11)
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with

C~= 2(1 + (1 — ~sin2 (B.12)

Cd = 2(1 + (i — ~sin2 (B.13)

C~= ~(C~ + Cd), (B.14)

C~= 2(1 — ~s~n2o~)2, (B.15)

= 2(1 — ~sin2o~)2, (B.16)

C~d= —2(1—- ~sin2Ow)(i — ~~sin2Ow). (B.17)

Furthermore,u~,d~, s~and c• are the distribution functions for the up, down,
strangeand charmquarksfor x~,the barred quantitieswill representthe corre-
spondingantiquarks.For the q~-subprocessthe crosssection is given by

dQ2 T~zf dxf dxif dx
2~(T—x~1x2)

x {Zqq(xi, X2)~iqq(X) — Z4~(x1,X2)~qq(X)} (B.18)

with

Z~=C~(u~+c,)(ü2+~2)

+C~{(u1 +c1)(~2+~2) + (d1 +s1)(ü2+~2)}

+ C~(d1+s1)(d2 +22) + {1 ~-* 2}. (B.19)

The correspondingformulae for W-production are

I I 1

dQ
2 = TUwf dx f dx

1 f dx2 ~(T — ~1X2){~q(Xi, X2)~qq(X)

+ W~’
t(x

1,x2)~1~t(x)+ W~(x1, x2)~i~’(x)}, (B.2o)

= dx f dx1 f dx2 ~(r —~tt1x2)U’~(x1,X2)~qq(X) (B.21)
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with

Wqq = (u1 + E1)(c?2 +22) + (d1 +s1)(u2+ c2) + (1 ~-+ 2)

+ 2(ü1 + ~1)(u2 + c2) + 2(d1 + s1)(d2 + s2), (B.22)

= 2(ü~ü2+ C1C2 + d1d2+ s1s2), (B.23)

w~~~al= cos
2°~(i~

1J2 + C1S2+ d1u2 + s1c2}

(B.24)

= (u~+ ~1)(u2 + c2) + (d1 + s1)(J2+ f2) + (1 ~- 2)

+2(ü1 +c1)(d2+s2) +2(d1 +S1)(i~2+~2) (B.25)

The cross sectionsfor W~can be obtainedby replacingall the quarks in the
formulaefor W productionby anti-quarksandvice versa.

Appendix C

SCALE DEPENDENCE OF THE DRELL-YAN CORRECTION TERMS

When performing mass factorization in the DIS schemeone still has the
freedom to choose arbitrary scalesfor the running coupling constant and the
parton distribution functions. Mostly these scalesare chosen to be equal to
the invariantmassof the lepton pair (= “natural” scale). In this appendixwe will
give the additional contributionsto the Drell—Yan correctionterm when one no
longer restricts oneselfto the “natural” scales. Here we will only presentthe
scale-dependentparts of the Dreil—Yan correctionterm, the scale-independent
piecescanbe found elsewhere.

In the subsequentformulaewe will usethe shorthandnotations

LM=ln(-~-~)~ LR=ln(~-~-)~ (C.1)

where Q
2 is the invariantmassof the vectorbosonand M2 and R2 are the scales

to be used in the parton distribution functionsandthe running coupling constant,
respectively.Notice that for the “natural” scalewe haveLM = LR = 0, so that all
the expressionsgiven in this appendixare zero for this scale. Furthermore,we
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introducethe distribution

ln’~1~ ln’(l—x)

+0(1—~—x) (1—x) (C.2)

We will start with the scale-dependentcontributionsto the order a~Drell—Yan
correctionterms. In the following we will omit overall factors (a

5/4IT)’. For the

q~j-subprocesswe find

~1~(x, Q
2, M2,R2) = CF{6~(I—x) + 8.~

0(x)— 4(1 +x)}LM. (C.3)

The additional term for the qg-processis given by

~1~(x, Q
2, M2, R2) = (1 — 2x + 2x2)LM. (C.4)

In ref. [4] the secondorder q~j-subprocesshasbeen calculatedin the soft limit
x —~ 1. The scale-dependentpart, however,canbe determinedexactly,becausethe
secondorder non-singletanomalousdimensionhas beencalculatedwithout the
soft limit approximation(seeref. [26]). For numericalcomputationsit is convenient
to split the q~Dreil—Yan correction term into a “soft + virtual” (S + V) and a
“hard” (H) gluon piece,viz.

~t~(x, Q2, M2,R2) = L1(2.~~(S+V)(xQ2, M2,R2) + ~~‘1(x,Q2, M2, R2) (C.5)

with

~(2~?.(s±v)(x Q2, M2, R2)

~

+CACF{11L~— 22LMLR+ ~ + 176~.(~)— 24~(3))LM— (~ +

+nfCF(—2LM+4LMLR— (~ + ~T(2))LM+ (~ +

+C~[96LM~
2(x)+ (64L~+144LM)~Jl(x)

+(48L~+(52 + 64~(2))LM).~O(x)]

+CACF[3(LM + LR)P~/l(x) + (~L~—~LMLR

— 16~(2))LM—22LR)~/O(x)}

+nfCF[l(LM +LR)~?1I(x) + (— ~ + ~LMLR 9LM + 4LR)~/o(x)J

(C.6)
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and

~(
2~~H(x Q2, M~,R2)

ln x
=C~{[_32(l) _32(1+x)ln(1_x)+24(1+x)lnx_4O_8x]L~i

+ [_16(1 +x){Li
2(x) + ~(2) + 31n

2(1—x) + ~ln2 x — 3m x ln(1 —x)}

lnxln(1—x) lnx
—96 (1—x) 72(1—x) (176+80x)ln(lx)

+(72+24x)lnx_112_24x]LM}+CACF{_~(1+x)L~+~(1+x)LMLR

+[(1+x){8~(2)_4ln2x+~ln(1_x)_~lnx}+8(~21)

+~(~) 84WUX]L+[44(1+X)lfl(1X)+88+44]L)

+x)L~—~(1 +x)LMLR

32 mx

(1 -x) - ~(1 +x){In(1 -x)-2lnx} + ~ +

+[-~(1+x)ln(1-x) _8-~x]LR}. (C.7)

In eqs. (2.17) and (2.18)we havepresentedthe scale-independentpart of the gg
Drell—Yan correctionterm.The calculationwhichwe haveperformedalso enables
us to determinethe scaledependenceof ~gg~It is equalto

~x, Q2, M2,R2)

=[_2(1+4x+4x2)lnx_4(1+2x_3x2)]L~

+[_4(1+4x+4x2)(Li
2(1_x)+lnxln(1_x))_6(1+8x+8x2)lnx

— 8(1 + 2x — 3x
2)ln(1 —x) — 15 — 36x + 51x2]LM. (C.8)
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Finally, we give the results for the qq, ~j~jand q~(singlet) subprocesses.We find
that only Ltqq and ~finaI have scale-dependentterms (see appendixB for the
notationused),viz.

N2—1 21
~qq(x, Q2, M2, R2) = N [{(i +x)ln x + — + — — 4x~}L~i

+x)(Li
2(1 —x) — ~ln

2x+lnxln(l —x))

—x+ — 4x2)ln(1_x) + (~1 +4—5x+ ~x2)lnx

44 1

(C.9)

and

N2-1
~ Q2, M2, R2) = N2 2(1 +x)ln x + 4(1 —x)

1 +x2

— 1+x {ln2x—4lnxin(1 +x)—4Li
2(—x)—2~(2)} LM. (C.10)
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