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Pomeron and odderon in QCD 
and a two dimensional conformal field theory 
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The problem of solving the Bethe-Salpeter equations in LLA for t-channel partial waves corresponding to Feynman diagrams 
with many reggeized gluons is simplified significantly by using their conformal invariance in the impact parameter representation 
and the separability property of their integral kernels. In particular, for the three gluon system with the odderon quantum numbers 
we obtain a one dimensional integral equation. 

It is known [ I ] that in the leading logarithmic ap- 
proximation (LLA) the gluon production ampli- 
tudes at large energies x/~ have the multi-Regge form 
and are expressed in terms of  the reggeized gluon tra- 
jectory j =  1+o9, t o ~ g  2 and the reggeon-reggeon- 
particle vertex y~g ,  where g is the QCD coupling 
constant. High order radiative corrections to these 
quantities and many reggeon vertices can be calcu- 
lated using a dispersive approach [ 2 ]. 

The hadron scattering amplitudes in LLA are ex- 
pressed through the solution o f  the Bethe-Salpeter 
equation for t-channel partial wavesf ,  o(k, k ' ,  q) de- 
scribing the pomeron built from two reggeized gluons 
[ 1,3]. Further, the analogous equation for the three 
gluon compound state ~u(k,) ( i =  1, 2, 3 ) with the od- 
deron quantum numbers ( P j = C = - I )  is con- 
structed with the use of  the integral kernels for pair- 
like gluon interactions which are proportional to the 
pomeron kernel [ 4 ]. 

It is convenient to perform the Fourier transform 
of  the function f,o(k, k,  ) depending on transverse 
components  k,, kc ( i =  l, 2 ..... n ) o f  virtual gluon mo- 
menta and to pass to the impact parameter represen- 
tation f,o(P,, Pc) (here p, and Pc are the transverse 
coordinates o f  the initial and final gluons in the t- 
channel).  The Bethe-Salpeter equations in this rep- 
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resentation are conformal invariant and their solu- 
tionsf,  o(p,  Pc ) can be interpreted as the Green func- 
tions o f  a two dimensional euclidean field theory [ 5 ], 

f,o(p,,pc ) = (01 I-I ~(p,) 11 ~(pc )10) • (I) 

Here the fields tp(p~), tp(pc ) describe virtual gluons 
and belong to the adjoint representation of  the SU (N) 
gauge group. 

By inserting in eq. ( 1 ) the unit operator expanded 
in the sum of  projectors into the complete set of  states 
corresponding some local operators Ok(po) one can 
express f,o in terms of  simpler matrix elements Z(P.  

Po): 

f,o(P,,P," ) :  ~ k f d2poZk(P,,Po) Z~(P,',Po) , 

z~(p, ,po)-  (01 I-I ~(p,) ok(po)10>. (2) 
i 

The n gluon wave function Z satisfies in LLA the fol- 
lowing homogenous equation [ 3-6 ]: 

oJX(p,, Po ) 
g2 

-- ff-~2r~<s(-TaTa) K(pr, ps) Z(p,,po),  (3)  

where the colour group generators T~, T, and the in- 
tegral operators K(p~, p,) act as the variables of  the 
rth and sth gluon. 

The eigenvalues and the eigenfunctions ofeq.  (3) 
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determine the position of the singularities of the par- 
tial wavesfo in LLA and their discontinuities on these 
singularities. In the complex coordinates p,, p* for 
impact parameters p~ the operator K in eq. (3) has 
the surprisingly simple separable structure [6 ] 

K(p,, p,) = k ( M  2) + k(M*, 2 ) ,  (4) 

( 21+1 _ 2 
k(M2,,) (5) 

"-" \ l ( 1 +  l ) - M ~ ,  l +  l )  " I=0 

Here 

2 - -  0 2 + - -  + Mr, = (Mrs) - ½ (Mrs Mrs +M7~ m , ,  ) = _ p 2  0,0 , ,  

0 
p, ,=-p , -p , ,  0,-- Opt' (6) 

is the Casimir operator for the M6bius group of con- 
formal transformations and 

M°s=Pr Or+PsOs, 

M + 2 2 =p~ 0 ,+p ,  0,, M7~ = 0 , + 0 ,  (7) 

p _ _  v are their generators (Mr, - M ~  +M~" ). 
The total momentum squared M 2 = ( ~, Ms) 2 com- 

mutes with all K. Therefore X belongs to a represen- 
tation of the M6bius group: 

M 2 x = r n ( m - l ) x ,  M * 2 x = r h ( r h - 1 ) X  (8) 

and the eigenvalues co are some functions of the con- 
formal weight m and rh: 

co=co(m, r~) , D = m + r h = l  +2iv  , 

n = m - r ~ ,  (9) 

where D and n are the dimension and the conformal 
spin of the operator Ok(po) respectively. 

From eqs. ( 4 ) -  (6) one can obtain the normaliza- 
tion condition for T- 

llxll2= I ~ d2pIz* I-Ir ] 0 r  [ 2 ~  " (10) 

It is remarkable that the function co (9) has simple 
analytic properties in the variables m and n~: it con- 
tains poles at integer points k= 1, 2, ... and/~= 1, 2 .... 
accordingly. To find the residues in these poles let us 
notice firstly that in integer rn, rh the operator O(p0) 
can be constructed as a conformally covariant poly- 
nomial in the derivatives of  the free fields ~. There- 
fore the matrix clement (2) for re=k, r~=~" equals 

C_:~_~,of,ll. • .k: x Z Z U P" - / 
- ~,~ ~*~/ " kprop,o] 

~ k , = k  , ~, kr=k  , 

where the coefficients C{k~}{~} can be calculated from 
a secular equation derived from eq. (3). However, in 
the pole approximation for co(m, r~) it turns out that 
the corresponding anomalous dimension matrix is 
degenerate. 

To show this in general, it is necessary to consider 
a trial function X which is nonsingular at Pu = 0 for all 
i and j, has the correct dimension and coincides with 
( 11 ) in the limit m ~ k ,  m--.~. But when on the RHS 
of eq. (3) we apply one of the operators K(p,, Ps) to 
this function it is possible to restrict ourselves to the 
simpler expression 

. . m - k  . * - - ~ - E  

[ p,, ~ [ p,~ ~ x~,~, z=b- Zd (12) 

because K(p,, p,) does not strengthen its singularity. 
Moreover, X(12) is an eigenfunction of K(p,, p,). 
Then using the same procedure for each kernel (5) 
on the RHS ofeq. (3) we obtain its eigenvalue in the 
pole approximation, 

g 2 n . [  1 1 ) 
co l m ~ k. r~ . l; = -8---n 2 ~ N ~ ~-----_ m + ~---_ r h_ , (13) 

where we used the identity Y,<, ( - T " , T ~ ' ) = ~ n N .  
The result (13) is valid for arbitrary linear combi- 
nations of eigenfunctions ( 11 ) with k,  kr~> 1, which 
corresponds to the matrix elements of  the gauge in- 
variant operators. The simple analytic structure of co 
(13) and the large degeneracy of the anomalous di- 
mension matrix in the pole approximation are pre- 
sumably important for finding an exact solution of 
eq. (3). 

Let us return now to the separability relation (4) 
for the kernel K. In the cases where the colour struc- 
ture o fx  is factorized (it takes place for n=2 ,  3 and 
N=oo)  we can write it down due to eq. (4) in the 
form 

X(P,, Po) = ~'. X~(P,,Po) ,~2(p. ,  p~)  , (14) 
r 

where X" and ~" satisfy the simpler equations in which 
K is substituted by k. The functions X', X' are analo- 

(11 
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gous to "conformal  blocks" o fconformal  field theory 
[7].  

To construct k ( M  2, ) in the form of  an integral op- 
erator one can use its following representation: 

-i-oo 

f 
e x p ( - I r l )  ) 

- ' ( 1 5 )  

where " t r "  in front o f  the subsequent operator  means 
the sum over  its matrix elements between the states 
inside the irreducible representation with the highest 
weight m -  I (X(m- i)__p~l-,. ). 

Expression ( 15 ) can be rewritten using the opera- 
lion of  the invariant  integration as 

l d3Z 

× e ( Z o )  0 ( - Z ~ )  exp(Zj,  M~, ~) - C ,  

i e x p ( - r )  
C = 2  dr  1 - e x p ( - z )  ' 

o 

r = x / - Z ~ , ,  ZF,=2 _Z~+Z~+Z22.  (16)  

Here Z ,  and M g  are vectors in the three dimensional  
Minkowski space. 

The factor exp(Z~,Mg) carries out the arbitrary 
M6bius t ransformat ion of  the variables p,, p, with the 
group parameters  Z~,. Therefore,  eq. ( 16 ) can be pre- 
sented in the form of  an integral operator  acting at 
the function depending on the t ransformed variables 

, p 
P~, p~. 

Let us consider now eq. (3)  in the simple case of  
the three gluon system ( n = 3 )  with odderon quan- 
tum numbers  ( P j = C =  - 1 ). Here the colour struc- 
ture of  X is factorized and we can substitute 
( - Tr  ~ T~ ) by ~N=~. After that we obtain the follow- 
ing equation for X ~ in eq. ( 14): 

g2 3 ~ k(M2t~ ) X ~, co=co' +co" . co'zr= 8 rt22 l~<t<S~<3 

(17)  

By putting here the conformally covariant  and sym- 
metric ansatz for a state Z (.8) with its conformal  
weight equal to m 

~m/3 
Z~ Pt2PI3P23 P,2P30 

= ~ i f ( X ) ,  x = - - ,  (18) 
~491 oP2oP3o,] P t 3,020 

we can construct the one dimensional  equation for 
the function f r ( x ) .  The numerical solution of  this 
equation will be published later [ 8 ]. 

An approximate  method of  solving eqs. (3) ,  ( 17 ) 
was suggested in ref. [ 5 ]. It consists in using a "dif- 
fusion approx imat ion"  for K (4):  

K ( p , , p , )  "-~8 In 2 +  14 ( (3  2 .2 )(Mrs+M,s +~) ,  
(19) 

which corresponds to expanding k ( M  2) (5)  in a se- 
ries near the point M 2 =  - ~ .  In this approximat ion 
eq. (3)  is simplified: 

- cox=Hz ,  

g2 ( nN 
H =  ~ - [8 In 2 + 7  ~(3) ]  ~ -  

a *,u 2 ) +I4( (3 ) [ (T~ ,M~, )2+(T ,Mr  ) ] . (20) 

Here the summat ion  over  a , / t  and r is implied. II 
commutes  with the operators 27=~ Tb, M~, ~7=, Th,, 

7= t M,  ~ which are generating elements of  an alge- 
bra. Therefore,  co can be calculated in terms of  the 
highest weight for each representation of  the algebra. 
These representations are infinitely degenerate be- 
cause t i  commutes  with the operators  ( ZeTeMeb u ) 2, 
( Z e T a )  2, (~eM~')  2 for all subsets ? o f  the set r =  l, 
2 .... , n. 

As is seen from eq. (20) ,  in this model the position 
o9 of  the leading singularity of  the partial waves grows 
linearly with the number  n of  reggeized gluons in ac- 
cordance with the pole approximat ion ( 13 ), which is 
apparently a general phenomenon.  Nevertheless, the 
"diffusion approximat ion"  is bad from the theoreti- 
cal point of  view because the operator  on the RHS of  
eq. (19)  in contrast with the exact one (4)  is not re- 
stricted from above for states with a large conformal 
spin n,s. Therefore,  the odderon intercept obtained in 
ref. [5] with the use of  this approximat ion is not re- 
liable. One of  the possible ways to correct this defect 
is to put some constraints on the solution ofeq.  (20)  
to suppress the contribution of  the states with non- 
zero values of  n~s. 

In conclusion, it is necessary to stress that contri- 
butions of  diagrams with many  reggeized gluons are 
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very important  for constructing the QCD scattering 
amplitudes at high energies satisfying general re- 

quirements  of the s- and t-channel unitarity. 
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