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We nvestigate the QCD corrections to the cross section and smgle-particte nclusive
differentsal distributions tor p + f — Q(Q) + X where Q and Q are heavy quarks We calculate
the order e, corrections to the parton reactiong+§ - Q + O which mvolves the comput2tion
ot the wvirtual gluon contnbutions and the soft and hard contnbutions from the reaction
q+G—2Q+0Q+g The contributions tsom the channels g+ g(@ —Q + Q + qlG) are also
calculated Including the order ay corrections to g+ g — Q + Q from our previous paper we
give exact results for the order a.: cross sections and single-particle neclusive differential
detnibutions for the production of t and b quarks in pp collisions dat energies presently available
at the CERN SppS and the Fermalaby tevatron Results for future pp colliders are also presented
Finally we compare the results of the simple approximations to the order a, correcnions with the
exact results

1. Intreduction

The subject of this paper is heavy flavour production 1n singie-particle inclusive

hadron-hadron processes
H, +H,-Q(Q) + X,
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where H, denote the hadrons, Q(Q) the heavy quarks such as ¢, b and t and X
stands for any hadronic final state. In lowest order the heavy flavour production 1s
described by the following parton—parton processes [1}

qg+§-Q+0Q, (1.2)
and
g+2-Q+Q (1.3)

The tirst and second process are known as quark—-antiquark anmihilation and
gluon-gluon fusion, respectively Recently the order ag corrections to (1 2) and
(1.3) have been calculated [2, 3]. These include all the virtual corrections to (1 2)
and (1.3) as well as the contnbutions from the bremsstrahlung reactions

q+3~»Q+Q+g, (1.4)
g+g-»Q+Q+g, (1.5)
g+q(g) ~Q+Q+q(d). (1.6)

The work reported here is part of a serics of papers. In ref. (4] we presented the
caleulation of the order gy QCD corrections to the heavy flavour production cross
sections and single-particle inclusive difterential distributions from the gluon-gluon
channel (1.3) and our results agreed with those published in ref [2] We have now
completed the calculations for the other two channels (1 2) and (1.6), and therefore
finishied a compleicly mdependent ¢alculation of the exact order a corrections
o (1 1)

There are several reasons for doing this Theoretical predictions for reaction
(1.1) arc used o sct limits on the mass of the top quark {5-7] They are also used
to understand lepton signals from b(b) semileptonic decays, yielding both experi-
mental distributions for b(b) production {8), as well as backgrounds in the search
for new physics. These experimental tests confirm the piedictive power of pertur-
bative QUD. Fnally the conttibutions from (1.3) give us mformation on the
behaviour of the gluon structure function, which plays an important role 1n
predicting cross sections for future accelerators It is therefore very important to
know that the complete order ay corrections to (12) and (1 3) have been calcu-
lated correctly.

Our results for the corrections to the parton-parton cross sections (1.2) and
(1,3) agree numerically with those reported in ref. [2). Hence we also agree with
their predictions for hadron-hudron eross sections. We have olso checked numeri-
cally that both caleulintions ngree on the single-partwle inclusive diffesential
specirn of the heavy quark in rapidity and transverse momentum in the
parien=purton collisions. We would like (o thank P. Nason {« r his help in making
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these checks There are. however, small differences between some of our results
and those in ref [3] for the hadron-hadron differential spectra. These are not
caused by differences at the parton—parton level and will be commented on in due
course. Since the details of the work in refs. {2, 3] have never been pubhshed we
have written up our calculation in some detail so that it complements the write-up
in ref. [4].

The paper 15 also a continuation of an investigation begun mn ref [9], which was a
study of simple approximations to the complicated formulae for the higher order
corrections The reason for such work can be summanzed as follows First, the
actual calculations of the various distributions in heavy flavour production {2-4]
show that the order ag corrections are large. It is now common to descnibe QCD
corrections oy a so-called K-factor which in this case ranges from 2-3 depending
on which heavy flavour 1s produced. Since the order ag calculation is so mmvolved it
15 unhkely that exact corrections beyond this order will be computed. Second, some
approximations and their resummations are used in current Monte Carlo programs
[10-12] A comparison between the exact and appreximate distnibutions gives an
indication of the usefulness of these programs.

The construction of approximate formulae will clearly only be successful if the
theoretical and experimental uncertainties are so large that the differences be-
tween the exact and the approaimate corrections will hardly be distinguishable.
Further, the approximation has to contain all terms which dominate the order aq
correction Moreover, 1t has to be generalized to higher orders. This approach
works very well in the case of the Drell-Yan vector boson productionp+p—> V +
X [13), in radiative W-boson production p+ p— W+ y + X [14] and in direct
photon production p+p — ¥ + X [15). However, in the case of heavy flavour
production this approach does not work so well as far as the total cross seciions
are concerned [9] This can mamly be attributed to the fact that i the latter case
the K-factor on the parton level shows too much structure contrary to what we
observed for the three processes mentioned above. The reason for this will be
explained below

A thorough analysis reveals that the corrections to (1.2) and (1 3) are dominated
by the following production mechanisms [3,9] mtial state soft gluon bremsstrah-
lung {(ISGB), flavour excitaiion (FE) and gluc . sphitting (GS) The first mechamsm
(ISGB) accounts for the threshold behaviour whereas the latter two explain the
high-energy behaviour of the parton-parton cross section A fourth mechanism 1s
represented by the final state quark fragmentation (FSQF). Howe¢ver i turns out
that the latter 15 rather small for the whole range of energies and wg will not
discuss 1t anymore. Initial state gluon bremsstrahlung occurs 1n processes (14} and
(1.5) whercas gluon sphtting and flavour excitation show up 1 (1.5) and (16).
Howcvel the above mechanisms fail to explain the behaviour of the parton-parton
cross section at meJinm energies [9], for instance n =s/4m?’ — 1 values 0.1 <75 <
10, where m denotes the heavy quark mass and Vs 1s the total parton-parton ¢ m.
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energy. In this region all parton cross sections show a dip which can even become
negative, Unfortunatefy this region gives very important contributions to the
hadronic total cross scction when the parton cross section 1s convoluted with the
total parton flux The consequence is that in most cases the approximate order aq
hadronic cross section exceeds the exact one by 20-40% [9} In this paper we
examine the difterential distributions to see whether one gets reasonable agree-
ment between the exact and approximate expressions n specific regions of phase
spuce. This is possible since we have completed our independent calculation of the
order a, corrections to (1.2) and (1 3)

The paper is organized as follows. In sects. 2 and 3 we present the calculation of
the OCD process (1.6) and corrections to reaction (1 2) which nvolves the
computation of the cross section for the channel (1 4). We follow the procedure in
ref. [4] In sect 4 we perform the mass factorizations on the cross sections 1 two
different schemes, 1e. MS and DIS. Sect 5 15 devoted to a discussion of the
parton--parton cross sections and differential distnbutions, 1t 15 at this stage that
we can check our results with the plots in ref [2] and with results from therr
computer program. In sect 6 we present our exact results for the heavy quark
differential distributions in the reaction (1.1) and compare them both with those
obtained from the approximations given in rel. [9] as well as the exact results in ref
[3]. Details and long formulag will be presented in appendices A, B and C,

2. Radiative corrections to the quark-antiquark reaction

The momentum assignment of the lowest order process as given m (1 2) wilf be
denoted by

qlhyr Glky) = Q(py) +Q( p,) (21
Unless stated otherwise we assume the heavy antiquark to be detecicd The graph

which contributes to the Born amplitude 1s shown n fig 1. For the kinematical
variables we choosc

v QA Ry f,%f—-:nZW(k2~-pz)2~—m2,

Uy mu—m'=(k,~p,)" ~m. (22)

<

Pig. 1. The towest arder Foynman diagram contetbuling 1o the aniphitude for the reaction gk )+
WA = Qlp)) + B py)d The nrrows denote the NMow of chaurge of the quarks. The thicker lines are
Those of the heavy quink,
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Since the cross sections for the Born process and its radiative corrections have to
be evaluated in n-dimensions the algebra was performed by using the program
FORM* The square of the Born amplitude summed over the immial and final
spins can be wnitten as

L MPM®* = 4 NCp A gy, - (2.3)

where N refers to the gauge group SU(N), Cp. = (N2~ 1)/2N 1s the colour factor
corresponding to the fundamental representation of the quarks and A qggp stands
for the QED analogue of the process n (2 1). It 1s given by

ti+ul 2m®

Agep = t—t
QED T g2 s 27

(2.4)

with e =n — 4 Notice that hke in the gluon—gluon fusion process (see ref. {4]) the
€ terms are mass independent Averaging over the initial quark /antiquark spins
and colours we find that the result for the Born cross section in #n-dimensions can
be expressed as follows [4]

2 dzﬂ"ﬂ-:' IK WSE flll| - sm
* dt,di, T BL(1+¢/2) pos

2 /2
) s+t +u)MBMB* (2.5)

where K ;=N ~2 15 the colour average factor for two quarks in the imtal state
The mass parameter u in eq. (2.5) originates from the dimenstonality of the gauge
couphng constant g m a-dimensions, The constant S, =(47)7%"¢/2 ongmates
from the n-dimensional integration over the sohd angle and the remaining factor
comes from the two-particle phase space integral.

The virtual corrections to the differential cross section 1 eq (2.5) require the
calculation of the Feynman diagrams shown in fig 2 The ultraviolet (UV),
infrared (IR) and the collinear or mass (M) singularities which appear 1n the
graphs are regularized by n-dimensional regularization In order to distingwish the
quarks which show up m the internal fermion loop from the produced heavy
flavours, we indicate the first ones by the mass m;. For the mternal gluon
propagator we have chosen the Feynman gauge. The computation of the virtual
amplitude MV has been done as follows For the Lorentz algebra we used the
program FORM®*. The Feyhman integrals which contam loop momenta in the

* The symbolic mampulation program FORM was written by JAM Vermaseren at NIKHEF-H
Versien | 0 of thrs program and its manual are available from the author
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Fig 2 The order a Feynman diagrams for the virtual corrections o the reaction g4 )+ Gtk,) -
0(”[)"‘ O(PJ)

numerator have been dealt with using an adapted version of the reduction program
of Passarimo and Veltman [16]. This program has been extended (see ref [17]) to
account for the IR and M singularities. In this way we could reduce all the
Feynman integrals to a set of elementary integrals which are listed in appendix A
of ref [4] The virtual cross section 1s obtained from the interference term between
the virtual and the Born amplitude Summing over the imtial and final quark /anti-
quark spins this terms will be denoted by

L AMYMP 4+ MBMV*) =g NCIV: + NC\Cel) + NCV, ], (26)

where C, = N 1s the colour factor corresponaing to the adjomnt representation of
the gluon The three contributions fo the iterference term, e. Vi, V, and ¥,
stand for the abelian (QED), the non-abihian and the fermion loop parts respec-
tively In the last contribution the sum over afl flavours 15 implicitly understood
The expressions for V, and ¥, are so lengthy that they will not be given here.
However they can be casily reconstrocted from the reduced virtual plus soft cross
section which is obtained after performing renormalization and mass factorization
The expression for ¥, can be derived from (2.11) and (2 17) below
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The virtual unrenormalized cross section becomes

b v 2y E£f2
d (ré;‘ =J_K ) n’Sc t,ul——sm‘)
dt du, TR +e/2) ws

X8(s+1, +u )2 (MVMB* + MBAYV*), (2.7)

where K . 15 defined below (2 5) Using the same shorthand notation as in eq.
(2 6) we can split the virtual cross section as follows

(doP) = (do®;)" + (do )" + (do®,)". (2.8)

In the explicit expression for the virtual cross section we observe single and double
pole terms of the type € ~* (i = 1,2} which are due to UV, IR and M singularities.
Double pole terms only appear when IR and M singulanties coincide The latter
show up 1n the F part of the virtual cross section only Moreover this part contains
all the M singularities and has no UV divergences related to coupling constant
renormalization. These divergences can only be attributed to the A and f part. UV
divergences related to mass renormalization appear at the external fermion legs of
the Feynman graphs contributing to the F and A part These two parts aiso contain
all IR divergences. The UV divergences are removed by renormalization Since the
cross section is a renormalization group invariant we can lmit ourselves to mass
and coupling constant renormalization. Starting with mass renormahzation we
choose the on-shell renormalization scheme This can be achieved by replacing the
bare mass in the Born cross section by the renormalized mass

{ o2 f R #2 i
m,,—bmil+16 CF{ + 3y — 3!n41r——4~3lnm2)}. (2.9}

For the coupling constant renormalization we allow ourselves more freedom as
long as we limit ourselves to gauge invariant subtraction schemes. In the first
mstance we choose the MS scheme which can be achieved by replacing the bare
coupling constant in the Born cross section by the renormalized one

2
gb"’g(ﬂzk){i aS(P) +yE ln41r+ln )391, (2.10)
g

with B,=11N/3 —2n./3 where n; is the number of flavours m the nternal
fermion loop. Furthermore we have used g2(u%) = 4waynk), where u} stands
for the coupling constant renormalization scale. The renormalized virtual cross
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section is now given by

v 4 Y
digth) dertt wh d2e®
(\ 2 ¥ T ) - ( R ) + m'(#' ) ( +yg—Indm + ln )ﬂu( Ta )
R df|dll| 2Tr € dfld“l

dt, du,
(2.11)

where mass renormalization in the first term of the r.h s of the above equation 1s
already implicitly understood, The fermion loop contribution to the renormalized
virtual cross section in (2.11) for s > 4m7 is given by

mi 5 4m?

d‘l"m Y “s(”n)
‘s ) Y In— -3~

d’|d“| 31? fl M Kr R}
T PR TS JR
- e B Inx ps?=—=, (217)
3 de, du,

wheee the suramation is taken over the light (LY and heavy (H) quark contributions
aad

1= yiZamis

X, = s (2.13)
. \/I hnf/s

I the o that s « 4m we have the replacement

ﬁ;iw i)
J! et X, - w“’V - e | arelan w,. . (2.14)
' ' mi/s - |

Besidies the wsual ME scheme we can choose another one {2, 3], This scheme is
piven by the prescription that in the limit of small momenta the heavy quarks i
the fermiom luop ure decoupled This can be achieved by subtracting the heavy
fermion loop at 1o external momenta, In this case we get

L ¥
daa;é’; aﬁ(u“) 4m} dmi { 2Imi
sd l Ty T | - I+ In x,
‘g‘“’ i “ L] ;‘ k ¥
4 doll)
i d’o, T
1 ¥ I e o et (2,15)
Pt Pc%:d ‘-“ld Iy
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AL
% K

Fig 3 The order g' Feynman dragrams _contributing to the amplitude for the gluon bremssirahlung
process (k) + alk,) — glk3) + Q{p ) + Qf p2) The graphs for the processes (k) +Tlk,) > §lk ) +
M p Y+ Q p,)and gl )+ qlk-) — qlk )+ Qlp )} + QX po) can be obtared via Crossing

Notice that the it m, — 0 mn the sum over the light flavours 1s well defined The
latter renormalization scheme implies that the heavy flavours do not contribute to
the evolution of the running coupling constant From now on we will suppress the
scale dependence of the coupling constant and refer to it as g or a mnstead of
g(uk) or a(ul)

Next we have to calculate the real gluon bremsstrahlung corrections to the
lowest order process (1 2) The gluon bremsstrahlung cross section 1s given by the
following process

a(k,) +8(k,) = g(k;) + Q(p)) + QA p,) (2 16)

The five Feynman diagrams which contribute to the amplitude MR are shown n
fig 3. In the calculation of these diagrams we introduced the following ten
kinematical invariants [4]

s-—=(k.+k3)2, u,s(k,—-pzjz-fn2=u-—mz,

2 2 ' 2
so={ky+p,) —m*, w'=(k,— k)",
S.;=(p,+p2)’=—u5, uﬁﬁ(kz_pi)z“mz,
H={ks—p)=mP=t-m?,  u,=(k, —-p) —-m?, (2.17)

where k, + k, =k, + p, + p,. The invariants s, ¢, and u, were already used in the
calculation of the Born graphs (2.2) and the virtual graphs, Since we are consider-
ing # two-to-three body process only five of the invariants are linearly independent.
The squarc of the amplitude was calculated in n dimensions up to order €’
(e = n — 4) in order to account for the IR and M singulanties which show up 1n the
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real gluon cross section. We checked algebraically that the n = 4 part of the square
of the matrix clement agrees with the expression found in ref [18] The square of
tha amplitude will be denoted by

Y MRMRY = g [ NCER, + NCAC, R, ] (2.18)

Here the summation over smitial and final spins /polarizations 1s implicitly under-
stood. The colour factors Cp and C, were already defined in (2.3) and (2 6).
Averaging over the inttial spins and colours the cross section can be written n the
following form (se¢ appendix B in ref [4)),

R _ + E/z
d?er D Sk (nuy—sm” shre
9 udl $ £ 1 4 RasR«
2= =iK < = | di2 MBMP*,
( dt,du,) s "“I‘(1+e)( LS ) (34+”r:)l+e/-f "Z

(2.19)

with s;=5 +¢,+u, and d2, = sin' " 8, d@, sin ¥, d6, Analogous to the virtual
gross section we can decompose (2.19) into
(aoiy)" = (dagp, )" + (do'a)”. 22)
In order (0 compute the real gluon cross section we follow the procedure as
outlined in refw. {4, 19, To thus purpose we split the cross section into a hard gluon
(g = b)) ind a 0t gluon (s, < ) part, The parameter 3 is chosen i such a way
that it can be neglected with respeet to mass terms bike i and the kinematical
invariunis s, ¢, umdl &, Starting with the hard gluon corrcetion we can neglect the
lerms in the matnx element squared which are proportional to e, This 18 because
the hand collinear divergences only provide us with single pole terms | /e In order
 perform the angulsr integrations the expression for SMEMRY hay to be
partsally fractioned so that the whole angular dependence can be attributed to only
iwo (actors conteining the angular 1erms, This procedure is extensively described
i seen. 4 and appendix C of ref, [4]. The hard gluon-parton ¢ross sections become
1

iy | | TR 'L
L..fﬁiﬂ) w gl K . NCE- - (' e ...,,..)
{} diy du, KN {4#)”3 Fil+e/2) w\

L e l & T i y
# 1 ¥i Ady + 00 "r(

pe(s,+ )

v /3

l(uf%{sﬂ,)”)(f,’«é(wq)z 2m (s + 1)) e)}

sds 4 1,) e st -

S T LT Sy TS ™ PR ars TR Fr e "r 1’; [ ] “ I ’

5t Hyh

i {'?""Hg&'ﬂfnn 3”%"1'}1 - r

l LI | ) fise

e 3Lt 3
) K Lo Mﬁ{junﬂm , (2.21)
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and

[ 2 E ol e "ad
sm) =(-2-) 7rK NCCFS UdﬂR] (222)
The amplitudes squared Ry and R, can be obtained from expression (10) in ref
[18] The pole terms origmating from t' ' and w«'~' which appear m the ¢
(: =0, 1) parts of the matrix element are presented between the curly brackets of
expression (2.21) Notice that (da ', )" does not have collincar divergences This
feature has also been observed for (dofi’,)Y [see eq. (2.8)]

Finally we have to calculate the SOfl. gluon cross section The soft gluon
amplitude can be obtamed from the matrix element in (2.18) by applying the
etkonal approximation. In the limit when the gluon momentum &, i (2 16) gets
soft the kinematical tnvarianis in the two-to-three body process become

5,0, 5,0, t' -0, u -0,
U= —S, Ug-u, U3, (223)

while the other invariants remamn unaltered. The soft matrix element M* can be
wntten in the same forin a< in (2 18)

Y MSM S = g6 NCESe + NC,C S, ] - (224)
with

s 2:, 20, 2u, 2 (s-2m?) m? m’
g 16 !r : Ty - - + T T3 - Ty AOED’

u t's; u's, t's, u'sy 3184 555

(2 25)

and

S wg $ ! ¢ 20, 2, s-2m° y (2.26)
& = - - 2 s . + + - Ty - -
A M sy usy sy u's, 5454 QED

The soft gluon cross section (s obtained from the expression

- /2
dod | S (10, - sm*\"
3 4ij i ] i*i
S"—-aw oo 8 S+‘ +"
( dt, du, AL 4 €) pis ( v

S" ]
x [ b ),W,[dn JIMMY. (227)
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Performing the integrals over the angles and the invariant s, we get

d’a”‘ v
ALY w K NCIF(s L 0)8(s + 1, bu,)
" 1] ]

ti: d!
i6 & wm? s’ i 4(s-~2m )
* e + =~ 0t e 4 20— 4L, |~ S
€ € L, fu, Lty v/;'-dsm

2
x{w:lnx*lnx+2l.i2(t)+2Liz(~—x)—ln2x

+2Inx In(1 =) -=§(2)}

K R 4 /
i el R [ R | R
€ ¢ " i,

2] i
rml.i,;‘t , ,,,.',} b mu;(i - mL) « ﬁ;(:)]‘ (2.28)
¥, Al

Qﬁ L &
:}jf; ¥ J ¥ + -
( e e ) ﬁh{ﬁ*”(*(f,,‘(ﬁl;’ul‘!)ﬁ(i‘*"* 4‘“]’

dj ‘hji
dl i’ I s’ 21 s 25~ 2m)
8 BT | AT L . o e § N
€ L, Ty, f Es —~ by’

2
x{w;anﬁ 2Lx)+ 2L -x) -t x4 2 In() ~ x3) wm)}

11w T ; .
O R 1/ RN IR [ L SR I e
¥ £ H, i,
M 1y

~HLi, - +Ghi {1 -~ |], (2.29)
m; Ay

whih

befi=dm’n
fr‘ GEW T e g T " e 4 A, }e (2150)

Loyl < dmi
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and the common fac.or F defined by

i s
F(s,t,,1)) = ——gf et
(s:fm) = 8 F e /2)

€ tau, —sm?2 P A
Xexp(§(75~1n41r)) 5

€/2
7 ) Agep (231)

ﬂzmz

In the above expressions £(2)=m2/6 and y is the Euler constant Li,(x) 1s the
didoganthmic function as defined n ref. [20] Note that all differential cross
sections are proportional to the Born cross section This i1s 1n contrast with what we
observed in the gluon-gluon fusion process (1.3) (see ref. [4]). Addition of the
renprmalized virtual contribution (2.11) and the soft contribution (2 27) leads to
the cancellation of the IR singularities present in both of them The left-over
collinear divergences from the imtial state gluon radation are responsible for the
single pole terms. The latter can be removed by mass factorization as will be shown
in sect. 4, Finally we want to comment on the cross sections calculated above All
cxpressions except for the fermion loop contribution in eq. (2.15) arc asymmetric
under interchanging ¢, and wu,. This 1s in contrast with our findings for the
gluon-gluon fusion process which is symmctne in ¢, and . In the case of the
virtual cross section this asymmetry can be traced back to the interfercnce between
the Born and the box graphs In the real gluon cross scction 1t can be attnbuted to
the interferences between initial and final state gluons, In the abelian (QED) part
of the above process this phenomenon 1s known as forward-backward asymmetry
or charge asymmetry. It is caused by interference between C= + and C= -
states, where € denotes charge conjugation.

Notice that the above cross sections have been presented for the case that only
the heavy antiquark is detected. Here the variables ¢ and «, denote the squarc of
the four-momentum transfer of the detected heavy antiquark with respect to the
incoming light antiquark and quark respectively [see eq, (2.17)). The cross sections
in the case that the heavy geark is detected can be derived in an analogous way
The expressions are related to those obtained for the heavy antiquark as will be
shown in sect 4

3. The (antl)quark-gluon subprocess

The matrix slement M, of the antiquark-gluon process

gky) +0(ky) = 8(k,) + Q(p)) + QU py). (3.1)

can be obtained frum the amplitude calculated for the quark—antiquark reaction
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(2.16), ke, M® via crossing. The latier can be achieved by multiplying EM M7
with an overall minus sign and interchanging &, « ~k, This implies that the
invariants listed in cq. (2.17) which appear in the squared amplitude LM ML are
obtained from those present in M M ¥ in cq. (2.18) via the following replace-
ments

ser Syevye,, S, €y, (3.2)

whereas the other invariants remam unchanged The expression for EM M2 can
againt be decomposed in its colour parts like in eq. (2.18);

Y MM =g {NCIR g o + NCACy Ry A] (3.3)

where one has summed over all initinl and final spins and/or polanzations. In
computing the differential cross section one has to bear in mind that in n
dimensiom the gluon has # - 2 degrees of freedom. This one has to implement in
the cross section when one averages over the initial gluon polarization, Therefore
fit each gluon in the initial state one gets o factor (n — 2) ' instead of 1 /2. This is
very important if we have 10 dead with non-diagonal processes in which the parton
splitting functions (we soct. 4) are non-diagonal. In this case the reduced cross
sections have either one gluon more or one gluon less than the original parton
process, When the oumber of gluons in the initial state of the cross sections
memtioned above are the sume thep one cun extract an identical overafl tuctor
Hence it does not matter it one tukes the limit 2 - 4 before or after the mass
tactorigation. An example s the gluon~gluon fusion reaction (1.3 where dal,! and
del” have the same numbers of gluons Chere two) i the initial state. The
antiquark~gheon ditterential.cross saibun is therefore given by

3%{*1%#}3 . w-m.m«ig..fi;m o 1t wf:ii e/
d!fd”i ” lﬁl(i 4 G/E)F(I ‘f““!, m“;’i‘;
s f(fﬂ S M My (3.4)
| » . )
(s,+m?) " 1 det M g Mgy

with K, o (NON? - 1Y) anad the (1 + ¢ /2 ¥ originstes from the avernging over
the taidal gluon polacization, Since there arv ao gluons o the fleal sale one
gigounters collinesr divergencos only, Thorefore, we only have to include the ¢
part of the mateix element sguared. The partial Fractioning proceeds in (b same
way dae i, 2 (vee rel. [4]). According to expression (1.3) we find the foliowing
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Cross sections.

2 (1)
( da Ty, F

|""Sm /2
dr, du

)
) ZabK NCI ( )6/2 F(l +€/2) (

: Indm +1 s
X|{—+yg—Indmr+In —5p—————s7
€ e pz(s4+m2)

s+t (24 (s+e)\[1i+(s+,)  4mds : m’s
X + -
ui (s+1,) —H{s+1) Ly I,
1 sj+1f ((s+u,)2+u;" Zmz(s-i-ul))}

ty (5 +u) s? st

s+, [s2+(s+1,)° 4m’s m?s
Uy (v +1y) i, L,

1 +(,s+r) 3+ 1}

s+ s+

25, ((s‘-i-u,)z—t-uf 2mi(s+u,) )]

(s~+~u,)2 52 st

i qa: [y tinute.
(.,2.) ?KEQNC,:M_i_mz(fd!),,Rm r) , (3.5)

and

/2

1
. h!me(«AC[-(4 PYE] ’(l“lf'E/Z)(

fit) ~ sm")

2 I+ I
X = + vy, ~ Indw + In—r—r—y
e Tk w8y +mt)

y LS+ 0 (834 (8 F 1) :;’+(s+;1;3+4m%(l m’a))}
s uf (s+1,) (840 L ft

il(.f+!‘)a(s§+(is+!,)“)( 2}«4:"35(‘ :n".v)) ercH,)z]

S (s +1,) ¥, 1ty s(541,)
| 5613} 'y iy
¥ (2) ~ KN T ( [un, pm,,\) . (3.6)
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Natice that der'dy contains pole terms of the type ' ' as well as »'~' whereas in
dff"‘ only pﬂ!ea of the type +*~" appear. Like in the quark~antiquark subprocess
!Iw abtwe cross sections are nol symmetric under 1, & «;, Notc that in the above
expremsions the variables 1, and | are the squate of the four-momentum transfer
of the heavy antiquark with respect to the light antiguark and gluon respectively If
the light ontiguark in the initial state is replaced by the light quark the above
expressions will change, However we will show explicitly in sect. 4 that do, (1, u )
and do (1), u)) are relaed to cach other. A similar relation holds if the heavy
antiguark in the final stafe is replaced by the heavy quark.

4, Mass factorization

The various parton ¢ross sections which have been computed in the previous
sections still contain initial state collincar (M) divergences. These singularities have
1o be removed via mass factorization. The collinear-singular parton cross scction
da, can be written to afl orders in ag as

dlo, (5.1, 4y 1% €) da,

dx
e [ )? Nk
ettt [l [T a0, Q7 ) (10007 %)

d l?{m(ﬁ fl.ﬂ Q )

LT TS

(4.1)

whure €= x x,9, f, = x 1, @ = x,u,. The I, are the splitting functions which have
been caleulated ap to onder al and can be found in the literature [21], They
contuin the collinear singuluritios indicated by ¢ and further depend on the mass
factorization scale QF, which is of the order of s, 1, u,. The parameter p° is an
artefact of n-dimensional regularization because in this method the gauge coupling
constant g gets a dimension. The reduced cross sections dd),, have no collinear
divergences and are therefore finite in the limit € ~ (0, They lurther deperd on the
[actorization scate 07 and the variables §,7,,4,. For convenignce we have set the
tacturization scale equal 1w the renormallzation seale ud in eq. (4.1). Like the I,
the parton ¢fuss wovtions do,, and ddy, can be expunded in a power scrics in ay.
Up to tist ordes in aq. 1, takes the following form

. , a 2
FAx, Q% p €)= 8,800 ~x)+ :,wg; P,}(.t");" +f e, Q)] (42)

whore P denotes the Altarelii-Parmi splitting functions [22]. The functions f),
depend on the chosen misss factarization scheme, In this sreticle we will compute
this pedieed piirton eross seetions in two differost schemes, Le, M and 118, 1n MS
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the function f, gets the form
QZ
(x, 0% u2) =P”(x)(yE—In41r+ In -P-) , (4.3)

whereas in DIS f, 1s determined by the parton cross section in the corresponding
deep inelastic lepton-hadron scattering process. Starting with the quark-antiquark
anmtulation process we get the following expressions

2

I+x \
P (x)=Cglo(t —x—8) . +8(1-x)(2Ié +3)],

(4.4)

and (cf [19,23))

fS(x, 0% u?) =Cy

81 5 1+.s|r2l 1-x 3 9+5
(1-x-8) lq..x(" " ‘z)u zx}

+6(1 —x){In?8—-3In5 - % - 25(2)}]

+ EE(x’Qz‘#z) (4.5)

The pole at x = | has been regulated by adopting the convention in ref [19]). The
parameter & enables us to distinguish between soft (x > 1 — 8) and hard (x < 1 —8)
gluons It is related to the quantity A which appears 1n the soft gluon factor in
(2.31) via mass factorization Up to order ag the reduced parton cross section has
been computed in the following way

1 .{”(S fp uszJ
d¢, du,

Lo @ (s 1y, 17 €)
di, du,

w8

rdx, LD x5, x,t.u)

2
_— — 1 2 A
Zﬂ'{j{.} r‘ [ qq(xl)f +qu(x“ '“ )]“ df'dul

Lt

Ipmi(x" +f!m('r’!Q s BT )]

Inx" dztf‘:g}(xz.i,l‘“xzu|)

dr, da,

} . (4.6)

Using the Born cross scction dey’ in eq. (2.5) and the parton cross section dea’
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in sect, 2 we get the following results, Like dﬂ"(("} the reduced parton ¢ross section
dels’ can be split nto a virtual plus soft (V + 8) and o hard gluon (H) part. The
virtual plus soft gluon part of the reduced cross section can be written as

(@) = (dafl)" o+ (Ao )+ (o) (47

The cxpressions tor (d6)Y > and (i )V*™ are rather long and will be
presented in appendix A ThLy can be sphit into a symmetric and an antisymmetric
part with respect to the interchange of ¢, and u,. The sum and difference of these
two parts represent the production cross sections tor a detected heavy antiquark
and a detected heavy quark, respecuvely.

The fermion loop contribution (d(i;:é’, )Y does not need any mass factorization
and hence its result can be found mn eq. (2 i5) Notice that like in the gluon—-gluon
fusion process the F part of the virtual plus soft cross section behaves near
threshold (e, s — 4m?) as 72/§ where 5 =5yl —dm’/s This implies that the
total parton Cross section goes to a constant in the threshold limit, This ettect can
he attributed Lo the Coutomb singularity caused by the exchange of massless gauge
bosons between massive fermions and originates from the vertex correction graph
in fig, e

The hard gluon reduced cross section is equal to the sum of the following parts
[ree ey, (220))

1
digl
| .
(s MO AR m b K o NCE [ {in

¥ | -
d/ du m(s, + n* )°
L i

Efud+ (s N [e74 (o+0)) 2mi(s41))
XL v : ~
iyl v+ 4y) 8" “ys

"y 1 (s +0) 2mi(s + 1))
- - b+ (1 )

¥

(s +1y) v’ T
| K m: B tirity
+(§) ?K““N('m;;;:(fdn” R,) , {48)
d“r“’ " N
1. A
s - LK NC ( a0, R ) 4.9
‘ di "“u)ms (2) A e fani ks (49)

As han been mentioned helow (2,223 the A part doos pob sced any muass factoriza.
ton, The expronssinn for C )™ gre wn long to be presentet in this article, They
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can be found 1n our Fortran program and are available upon request Like mn the
virtual plus soft (reduced) cross section (see appendix A) the second term n eq.
(4 8) and expression (4 9) can be split into a symmetric and an antisymmetric part.
In the case that the heavy antiquark 1s detected we have

hiride
s (fdn R )0 = Soor(S: £y 1t)) + Agor(s.t),u,),  (4.10)
Syt

e ([dm RA)ﬁ = SqoalS: 1. 10) + Agoals ), (411)

where Spor.3goa are symmetric whereas Agge, Agoa are antisymmetric with
respect to the interchange of ¢, and u#;, Here ¢, and «, denote the square of the
four-momentum transfer of the detected heavy antiquark with respect to the
incoming hight antiquark and quark respectively If we detect the heavy quark in
the final state the production cross sections for the latter are given as follows. The
first part of the expression (4 8) remains unchanged The second part of (4 8)
becomes

lirtie
df2, R =Y W, - A St U ), 4.12
s4+m (f F)) oor{ s, 1. 1)) oor( 18 ( )

and expression (4.9) now reads

1.4-[’-"1“ (fdg"‘ RA) &SQ()A(S tl U ) AOQA(‘; Il,u ) (4.13)

It is clear from the above remarks that the expressions (4 12) and (4 13) can be
derived by interchanging ¢, and u,; in (4 10) and (4 11), where tn the defimitions of
t; and u, the role of the heavy antiquark 15 now taken by the detected heavy quark
Finally we want to mention that replacement of the heavy antiquark by the heavy
quark is the same as iterchanging the role of the incoming hight quark and hght
antiquark with respect 1o ¢, and 4.

While going trom the MS to the DIS scheme one has to add the following
cxpressions to (4 7) and (4 8

S |
( —In~
s+,

d1a“ V+hy d Aty Vs .
(s -.-mﬁ.ﬁ) m( "”) + 3a K g NC}
DIS
3 A O
3 + 1 2((2) ) + (1 o uy) Agend(sy), (4.14)
¢ i

dry du, ds | du,
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with Aggp defined in eq (2.4) and

say \H 4 sy \H
d Tad F ] 3d Osg F H 2
§sP— ol BT +tadK  NCE
dry auy | ar, au,y fyys

P (a4 (s+1) Ss 3 9 5 u
| — n——Z|+=-=
{

24 (s+1}) 2m(s+1)
+{t,>u)|, (4 15)
5 s, j

respectively

As has been mentioned before the (anti)quark-gluon subprocess is a non-diago-
nal one Therefore, one has to be careful with the gluon polarization average
factor which 1s (n —2)~! m n-dimensions. To render the cross section for the
(anti)quark-gluon process 1n sect 3 finite we need the followmg sphtting func-
tions

1+{(1—x)°
P (x) =CF!——;-—-—], (4.16}
Px)=T 22+ -x)]. (417)

with T;= 1/2 In the DIS scheme we have the following expressions [19,23]

fo8(x, Q% k) = W(x, 0%, 1), (4 18)
fOS(x, Q% u?) = Ti{{x? +(l--.1)]ln +8x(l—r)—~l + 5%, 07, )
(4.19)

Notwe that f2 cannot be directly calculated in deep inelastic lepton-hadron
scattering iHowever, other choices for fgq are possible, e.g one can choose it n
stch & woy-that the momentum sum rule 1s satisfied (see refs [2,24] and appendix
B). The expression for f, differs from the usual one quoted m the Literature
[19,23]. In the latter the fcICtOI' 1/2 was used nstead of (# —2)~' for the gluon
polarization. It turns out that thus does not affect the final results given in refs,

[19,23] The reduced patton cross section for the gluon-—ai 1quark subprocess is
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given by
 Eo 5.1y, )
de; de,
xszd:“éé’(‘-':vff;vﬂ:w‘f) _ “sf 1dx;
de, du, Pl \ju X,
2 o (x5, x,1,.u,)
X| Pl xy) = + f (%, 0% ) |52 B
[.,gt D2+ ful 0 m]s G

]d.\':[ 2 - Ny
+f,, —;:Ipﬁ(h); +fﬁ(x:.g~,,;-)‘s¢

dzﬂ'{ﬁj(ft"ﬂ,t « Xall ’
g ‘} (420)
dr, da,

The Born cross sections doy’ and de!" are given by expression (2.5) and

E &’ 2 N 1 tu, — sm’ 2
e = 5 3 ¥
dr, duy, " 47)? (1+e/2)° T (1 +€/2) ws
tu,
x[CF Ca—= ]Bowﬁ(s*+t, +u,). (4.21)

where the factor (I +e/2) ~ arises from the polanzation average lactor m n-
dimensions and

B 1, u, 4m’ (1 ms s? NErs (422)
=—+—+ - +el -1+ +€” .
R S i, tu, € 1, ¢ 4t,u,

The gluon—antiquark reduced cross section 1s equal to the sum of the followng
EXPressions:

0 u’s K NCE{1 S o™
=1 2l ———as + In =
T dul 205K NC mi(sy+m*)  Q°

sy [sit(+a) | i+ (s+0)" am’s [ s
I 2+1} (s~+—u,)2-l-u,2 2m*(s +uy)
_I_l(s+u,)3( s? B Sy )’
+s+t.(342+(s+t,):](4m:5(l_mls))__‘|2+(5+‘l)3
ThH (s +1,)° {ylty byt t(s+ 1)
2s, (s+u) +u2 2m(s+u,)
(s+ui):( s? ) Sty )
-r(l)sf—gx NCI—2 (fcm R, )ﬁm (4.23)
2] 7 R A\ T ey e .
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and

']A(])
) d g A
de, du,

2 2
I 53 iy nm
n—m—-—-—u—.—u—— .

m?( sy +m?) Q?

{r,(s+r,)3( 24 (s + 1) (z§+(s+r,)2 4m’s
X

+

] m%a"KmNCACF

=)

(s 1,) (sj'+ (s+t‘)z) [ dm*y (] mzs)) (G + (s +t,)zi

s3u? (s+0y 1, s (s +1))

limate

( ) ——K NCACri s (fdn RMA) (4.24)

The expressions for { Y™ are too long to be presented here. They can be found
IN OUr computer program

Like n the quark—-antiquark subprocess the last terms of eqs (4 23) and (4.24)
can be split into a symmetric and an antisymmetric part with respect to ¢, and u,
For the gluon-antiquark react:on we get

{imag

sd f

5, +m? fd.f)” Rm')() = Saor (8.4 1) +Agor(s. 1.1y, (425)
5y HITREE L

54+ m? Lfdﬂ,,quA)a = Scoalss i #1) + Agoals: tin01), - (426)

where Siore Sooa @r¢ symmetric whereas Ay Ao are antisymmetric with
respect to the mterchange of ¢, and «, Here 1, and 1| denote the squares of the
four-momentum transfers of the outgoing heavy antiquark with respect to the light
incomung antiquark and the gluon respectively. Analogous to the gluon—antiquark
reaction the matrix element for gluon—quark scattering can be obtained from the
one calculated for the quark-—antiquark process (2.16) via crossing, 1.¢ A, & —A,
and adding an overall minus sign to the square ot the amphtude

This implies that the invanants listed 1n eq. (2.17), which appear in the squared
amplitude EM, M, are obtained trom those present i LM EM®* meq (2.18)
via the following replacements, s e u’, s, e21,, s, <4, Notice that in the
gluon~quark subprocess ¢, and u, denote the momentum transfers of the heavy
antiquark with respect to the gluon and the light quark respectively.

The gluon—quark cross section can be obained from the gluon~antiquark ong
by intevchangtng ¢, and u, in the first parts of expressions (1 23) and (4.24). The
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second parts of these equations can be written as [see eqs (4.25) and (4 26)]

\ fimte

S4+m (fdﬂ Ry Fls = Scor(s. t1,u;) ~Agoe(s, 8,4},  (427)

y fimite

(fdﬂ Ry 2ls = Scoa(5, 1 1)) —Agoa(s, f1,2)  (428)

s4+m

If the final state heavy antiquark 1s replaced by a heavy quark the cross sections
for the latter process can be derived from the former via the relation

, &6 , &6

k dt,du,Jgﬁ_,Q= KT duy | (429
dza'(” (, d°¢V
S dn, oo S an dn, . (430)

where 1n the defintiions of ¢, and u, the role of the heavy antiquark is now taken
by the detected heavy quark
The reduced cross sections in the DIS scheme are given by

Lo\ (0
dr duy |6 dtydu |5

A Bt,s, “1}{(“'“1)2‘“‘?_2m2(3+"l)” (431)

(s+u) s? st

5 In
(S+M1) 'tl

+ la e NCE

1{ si+t3 5,

Before fimishing this section we would like to stress that the part of the matrix
element lcading to the asymmetry in ¢, and u, never contributes to the collinear
divergences. Thi» holds for the collinear divergences in the initial state (1/€ poles)
as well as in the final state (when m — 0) Since the first parts of eqs (4.8), (4 23)
and (4 24) are remnants of the inibal state collinear divergences they will be
unaltered (apart trom the ¢, «» u, interchange) when the quarks are replaced by
antiguarks irrespective of whether this occurs in the iital or the final state. The
same applies to the extra terms needed to go from the M3 to the DIS scheme [sece
eqs. {4 14), (4.15) and (4.31)).

§. Parton-parton cross sections

Before presenting the results for the hadronic distributions we first discuss the
parton-parton cross sections and compare them with thosc already presented in
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the literature [2]. The total cross section 15 defined by

T a 3
. (v e0/2 ¥ d*d, (s, 1,11, Q%)
fm(a.nr"“)m'fH / d(*h)f‘ " d( -y —

., (51
(v 172 -t d‘|d“| ( )

where § msw ~ 4m?/y. When we have a gluon i the final state we follow the
procedure in ref, [4] and split the cross section in a hard (H) and a virtual plus soft
(V + S) part, The lattcr is obtained from the expressions tn eqs. (2.15), (4 7) and
{A.1), (A.2) by removing the In 3 /m* terms. These terms are added to the hard
cross section so that the latter will become independent of In 4 when 4 - 0 It we
exclude the fermion loop contribution we can express the perturbative expansion
of the parton-parton cross section in terms of scaling functions (2], 1¢e

-

-

&5, m?) = -Eff[f:‘;"(n) + 4ws{f,f,' (n) +"(n)n %}] (5:2)

where f1™"(%). £"(n) stand for the Born contribution and the order a correction
respectively and 1 = s/dm* ~ 1. The {unction f,‘,“(n) shows up il the mass
factorization seale QF deviates from the heavy flavour mass m?, Since the fermion
loop contribution depends on the internal Mavour mass m; it cannot be expressed
as a scaling function in n, However if one chooses a renormalization scheme where
the heavy fMavour quarks are decoupled in the limit of small momenta scaling will
be restored provided the following conditions are satistied.

First, all flavours lighter than the produced one are taken to be light quarks and
thedr muss i vel cgual 10 2era, Second, the sum over the internal heavy flavours in
e, (23 5V only includes the contribution of the quark which 1s produced n the final
Y 41 £

In fig 4 we have plotted fi(n) and [Un) for the MS scheme. The latter
guantity has been split m a hard and a virtual plus soft gluon pait. The fermion
loop contribution has been included in the Jirtual part where we have chosen tour
light flavours and one heavy quark (this holds tor bottom pair production). From
fig 4 wenfer that ror n < 0.01 the order a, carrection dominates the eroth order
one, bearing 1 mind that tor the cross section f4(n) has to be multiplied by
drra. This effoct cun be atiributed 1o the soft gluon terms of the type s; ' [In' 5, /m?
which sre present In the hand gluon part of the cross sections in eqs. (4.8) and
(4.9), Another feature is that the function f1(n) becomes negative in the region
L7 « 7 = 2. This region is very important for the hadromic cross section das we
have mentioned in sect. 1,

At threshald the virtwal plus soff picee contwns a large contribution from the 72
terms discussed below eq, (4.7 . This term origimates from the Coulomb «ingularity
pesent dn the verlex comection graph In fig. 2o, Near threshold 4 0 the
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Fig 4 The quark-antiquark scahng functions from our exact order a calculations in the MS scheme

fi and f3 are defined in eq (5 2) and plotted as sohd lines versus 9 = (s — 4m~)/4m” The soft plus

virtual contributions fét’i‘[S+V] {see sect 5) with log 3/m” terms removed 15 represented by the

dashed lme The sum of the hard and the log d/m* coniributions fAVTH] 1s represented by the
dash—dotted hne

parton—parton cross section can be exactly calculated from the expressions given 1n
eqs (A 1)and (A.2) because there exists a one-to-one correspondence between the
s, ' In'sy/m® terms in 6] and the In'*'A/m® terms in 65" In the limt

s — 4m* we obtain

2

2 2 1 a 4|7 o 3
Goil 8o m* ) g = #agKm—,; [NCF;B + fNC;{T + 28 In*{86°)

2

) Q :
-82 In(88%) - 28 |n-r;-'3 ln(452)} - %NCACF{- -’-} -B ln(S}BZ)}], (53)

with B8 =1 ~4m?/s In the case of QCD (N = 3) the above ¢xpression agrees
with that given i eq (2.6) of ret [2] It describes the threshold behaviour of d;
very well for values of n <(.001. Notice that the large corrections near threshold
can be resummed since the leading part exponentiates like expQRa Cr(in? 882) /7)),
cf. ref. [25]. In hig § we show the difference in the behaviour of f{' in the MS and
the DIS schemes. Adopting the DIS scheme suill yields a negative contribution 1n
(L7 < n < 20. Moreover we also plotted the mass factorization part {1 in (5.2) In



§17 W Beenakker et al  / Hacdron-hadron coflnions

0 15 T T rrrig T T T 'r"F'l 1 | B ) TFI‘I L o |1T1Tll L) 13 ¥"|'|TI T LIRS AL

I J

f qh']’ i ]

010} a '

005 -

i o
0

&15} i 3] ]

o 4

_00 i il g annd b bbbl gt o rauul Jodrahndt bk
10 10? 10’ 10° 10° 10° 103

1]__.5_'5'._."‘.'!2

Lm?

Fig 5 Tha exact resulis for the qnmrk-,mliquurk waling funchions in the MB acheme The diiference
£IADIS] ~ fAAMST s also plotted here

the cuse of fiP1 - fAMS anq fUV we observe the same features as in £V

except for thu 7 term mt.nlium.d above which does not «<how up here. The
thrashold behaviour of the contribution of jj},’ to the cross scction has siready
been shown in ¢q (5.3). The difference between the DIS and the MS scheme for
¥ = 4dm* is given by

gl s.m?)lpes = Gl s, m* )|M<“05K“q N(,"'ﬂ{mln 4+ Hindptl. 34

which agrees with eq (40) in ref, [2] provided the same Limit has been taken.

In fig 6 we have made simular plots lor the gluon-quark reaction, Here we used
the DIS scheme as defined in appendix B, which implements the momentum sum
rule for the gluon structure functions, We will continue to use this scheme for all
the results bn this artele. We have however cheched that the ditterence between
the two DIS schemes mentioned in the text is extremely small in this channel. The
large platcnu behaviour of the functions fOMS and fib for 7> 100 can be
attributed to the gluon splitting and flavour excitation mechanisms (see refs, [3,#
in the gluon-quark channel. Thiy effect can be explained by the exchange of a
gluon in the rchannel of the subproccss g+ g—q+g where g* = O+ 0O (gluon
splitting) and g -+ § + g* where q* + § ~ Q + § (Mavour excitation), Boils subpro-
censes dominate the cross section g, in the high-energy Umit (2,9] In He, 6 we
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Fig 6 The exact results for the gluon-quark or gluon-antiquark scaling functions fIMS], 78 and
the difference f{}{DIS] - fi}'[MS] where the momentum sum rule )s imposed

also show the difference f&'°'S ~ F™S which turns out to be very small. Notice
that in our case f{)'°1® - ;(:’m is derived from the deep nelastic Wilson coeffi-
cient in eq. (4.19) (see also eq. (4.20) in ref [3]) and not from (3.7) of ref [2]. We
remark that the parton-parton cross section ¢!’ which 1s positive before mass
factorization becomes negative when the collinear divergences are subtracted (see
the region 002 <7 <2 fig 6} Like 1n the qf anmhilation process this region 1s
very ugportant for the hadronic cross section

The functions f,,, f, , have already been presented in ref [2] and they agree with
ours. To further check that there are no differences between the two calculations
at this level we have also computed the rapidity distribution of the heavy quark
and antiqguark We obtained the subroutines listed in the appendix of ref. [3} from
P. Nason and linked them to our own Monte Carlo programs, The comparison has
been made in the case where the differeni.al distributions are calculated in the MS
scheme The transitions from the MS to the DIS scheme as expressed in eqs
(4 14), (4.15), (4 31) and appendix B have only been checked analytically, They
agree with those presented 1n sect 4 of ref. [3]. The results for the rapdity
distribution @ the heavy antiquark in the reaction k, + k, — Q + X, where k, and
k, represent the incoming partons, are given in fig. 7 for Vs = 100 GeV, m,=5
GeV/e? and i =S, The rapidity y is defined to be positive when the momenta of
k, and O ate parallel. At Vs = 100 GeV, m, =5 GeV/c? the g3 contribution
becomes very small so that we have multiplied the q@ contybution in this plot by a
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factor of 30). to make it more visible, The asymmetry in the rapidity distribution in
the gif channel is clearly seen in this plot. There is obviously a much larger
asymmetry in the qg and Gg channels As expected the gg contribution is symmet-
ric. These tests show numerical agreement between the two calculations at the
tevel of three significant places.

6. Hadron-hadron cross sections

The badronic reaction in which heavy flavours are produced will be denoted by
Hy( P+ Hy(£0) - QU p)(Q( py)) + X, (61)

where Hy and H, represent the incoming hadrons and X stands for all the final
hadronic states which we sum over so that the above process 15 inclusive with
respect to the outgoing hadrons, Since we have calculated the corrections to the
single-particle inclusive reaction only, the Q(p,) or the Q(p,) 15 detected. Analo-
gous to the parton variables s, ¢ and o, we miroduce the Tollowing invanants

S=(P +P), To=(Py=p) =m, Uy (P =) ~m?,

T (Py=p) ~m? U= (P, ~=p;) =, (6.2)
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Here § denotes the collider c.m. ¢nergy squared whereas T, and U, stand for the
square of the four-momentum transfers of the detected heavy quark Q with
respect to the hadrons H, and H,, respectively. If the heavy antiquark Q is
detected then 75 and Ug are the square of the four-momentum transfers of the
detected heavy antiquark with respect to the hadrons H, and H, respectively. The
single-particle inclusive hadronic cross section 1s given by

zdzﬂ'(s,Tl,Ul) 1 (itl i de

d%a, (s,t,,u,,0?)
= _ —H , 2y..2 AT
dT, dU ij,_ X, her 1, ulxn 12, Q%)s dr, du, ’

(6.3)

where Q7 represents the factorization scale which has been set equal to the
renormalization scale u} The vanables 7, and U, stand for 74, U, or Tg.Ug
depending whether the Q or the Q is detected. The hadronic kinematical variables
S, T, and U, are reilated to the partonic analogues s, ¢, and u, as follows

S=x,X,8,
ty=x,T; u=x U, 1fk,=x2P; ky=x,P,
ty=x,Up; u =x,T, £k, =x,P, ky=x,P,, (6.4)

where k|, k, are the incoming parton momenta as defined im eqs (2 16) and (3 1).
The above relations are derived for Q but they also apply to Q since in the latter
case the role of p, 1n ¢, and u, 1s taken over by p.. If £, =x T, and u, =x,U,
then the lower boundanes x,_ and x§_ are defined by

_Ul " A*IlTl
T s+1, T is+u,”

X, (6.5)

where the cut-off parameter A, cf. eq. (2 27), 1s only relevant it the hard gluon
cross section 15 computed. After integration over x, one obtains In' 4 /m? terms
which have to be cancelled against the corresponding terms appearing in the soft
plus virtual gluon cross section This happens for instance in the reaction g+ g —
Q(Q) + X or in q + { — Q(Q) + X calculated up to the first order n a(Q?). Here
a (") now denotes the running coupling constant. The quantity H,, in eq (6.3) is
the product of the scale-dependent parton distribution functions. It 1s given by

Hu(xl’ X2, Q) =f,"'(x;, Qz)f;uz(vaQz) . (6.6)

In the case of the gg subprocess the combination of the parton distnibution
functions is very simple (see e.g. eq. (7.4) n ref. [4)) However for the qg or ga(q)
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subprocesses one has to be careful about the asymmetry 1n ¢, and u, appearing n
the corresponding parton—parton cross sections. If the heavy quark 15 detected the
crass section (6.3) takes the following form

doll,ll;—-o(svro,uo)f-f — -
i v

Ay 3

.

[fg”'( e ) f(x,) dby, L o X3 To, x,Up)

+ Y AL DA (6) ddg L o aTg, x,Ug)
4.4

+fa"( ‘l)fq"z( 5} dd g of *IUQs-’CzTQ)}

+ E[ g}ll("l)ftluz(xz) d6Gyq Lol x\Ug, x:75)
q

() 12 ddy o ¥5 T, x'UQ)’

+ S AL F(x) 46y L o2, Tos 1, Ug)
i

() f1Ha5) dbgg L of € Uy, 4:To)) (67)

In this equation we have suppressed all vartables not relevant for the asymmetry
The formula for the casc that the heavy antiquark 1s detected can be obtained
from ¢g. (6.7) by an overall replacement Q —» Q Notice that dd,, _ (1 ,u ) *
dé,, gl uy) which implics that the differential hadronic cross section for de-
tected heavy quarks differs from that obtained for detected heavy antiguarks 1 he
*atal hadronic cross sections are however the same

From the differential cross section in cq (6.3) one can denve experimentally
wore mteresting distributions like d*e/dy dp, or d’o/dxdp,. Here y denotes

rapidity, p, the transverse momentum and x¢ = p, /P .. 15 the longitudinal
wiomentum fraction of the outgoing heavy flavour with respect to the incoming
hadeon in the hadron~had) on can lrame,

Before discussing the results we would like to make a comment on the numerical
stability of our computer program and the correctness of the boundaries listed 1n
eq. (6.5) As one can infer from (5 1) and (6 3) there arc two different ways to
obtain the total hadronic cross section, The first one procceds via the total parton
cross section in eq (5.1) by convoluting t with the total parton-parton flux (sce eq.
(7.04) in ref, [4)), 'The second cne Is given by the double differential cross seetd 0 in
¢q, (6.3) vin integrations over T, and U/, where the boundaries of T, and U, are
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given by the hadronic analogues of the partonic ones in eq. (5.1). Both computa-
t.ons have to yield the same result. This we checked in the following way. Take a
simple expression for the two-to-three body matrix element of ihe parton-parton
process As an example we took [MIZ=1,s; ' s; " In(s,/m?). First we checked
analyiically that both procedures to compute the hadronie cross section lead to the
same result provided one takes a simple form for the parton distribution functions
(e.g f(x)=1 or f(x)=x). This serves as a check on the correctness of the
boundaries Moreover we also compared the analytic result with the numerical one
and we found agreement within less than 1%, which seems to us sufficient for
phenomenological purposes. Further we could also compare the analytically calcu-
lated distributions for the simple examples given above with the numencal ones
and perfect agrcement was obtained Fmally we checked that if the physical
distributions presented n the subsequent part of this section are integrated over
the whole phase space they agree with the total hadronic cross section determined
by the first method For our numerical results we expressed the hadronic differen-
tial cross sections as convolutions of the parton-parton differential cross sections
with the parton flux functions, cf ref [4). Then the order of the integrations was
inverted to leave the p, and/or the y integration to the last The three-dimen-
sional integral for the S + V piece was always converted into a four-dimensional
mtegral so that 1t could be directly added to the four-dimensional integral for the
hard part, and the sum computed by Monte Carlo In that way we could casily
project out all physically relevant distributions Detailled discussions and for-
malisms for calculating various dsstributions will be presented in appendix C.

In this section we are particularly interested i those hadronic reactions where
the pair (H,H,) stands either for {(p,p) or (p,p) with p and § denoting the proton
and antiproton respectively At the end of the section we will, however give some
results for pion—-nucleon collisions

In our previous paper [9] we examined the exact results for total hadronic rross
sections and compared them with simple approximate formulae, namely witial-state
gluon bremsstrahlung (ISGB), gluon splitting (GS) and flavour excitation {FE) The
analytic results for these approsimations were presented 1n sect 2 of ref [9], some
of them are used i present Monte Carlo simulations of heavy flavour production.
We found that the basic mechanisms mentioned above wielded values for the
hadronic cross sections which were too large simce they did not incorporate
correctly the structure found in the parton—parton cross section However we were
able to add appropriate fudge factors which made the results acceptable Now that
we have calculated all the order aJ(Q?) corrzctions to the differertial distributions
we cah examine the agreement between the exact p,. v plots and those derived
from the approximate formula mentioned above In ail cases we mcorporate n the
approximate formulae the fudge factors explamned in sect. 4 of ref. [9].

We remind the reader that although the parton distribution functions and the
;oducee narton cross scctions in eq (6.7) have to be determined m the same
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scheme (e.g MS or DIS), the hadron-hadron cross sections still depend on the
chosen factortzation scale Q% This 1s because the parton distribution functions are
resummed in all orders of perturbation theory via the renormahization group
equation whercas the corrections to the parton-parton cross sections are only
calculated to first order in ag{Q?). Since the lowest order cross section for heavy
flavour production s aiready of order «2(Q?), the order ag(Q?) corrected result
will heavily depend on the choice of the factonization (renormalization) scale. This
phenomenon is characteristic for all pure QCD cross sections To make a compari-
son with the results of {2,3,28] we choose the renormalization scheme for the
running coupbing constant where all the heavy fermions are decoupled 1n the limit
when the momenta entering the fermion loop contribution go to zero, cf. eq
(2 15) The results for the reduced parton—parton cross sections presented in sect
5 were calculated in both the MS and DIS schemes (where in the latier the
momentum sum rule has been imposed, which only arfects the gluon—-gluon and
gluon—(ant)quark partonic cross sections but not the quark-antiquark one) Since
the structure functions in the latter scheme are known we will now concentrate on
differential distributions for reaction (6 1) in the IS scheme.

To be specific we will use set 2 of the DFLM {[26] structure funchions and the
two-loop corrected formula for the running coupling constant a(Q?) (see eq (10)
m ref. [27] or €q. (54) in ref [9]) with A, =260 MeV and A;=173 MeV to
generate the curves presented n this section, The factorization scale (which equals
the renormalization scale u%) is chosen to be Q% =m? + pl unless stated other-
wise. Further like 1n ref [3] we take the average of the hedavy quark and the heavy
antiquark differential cross sections since the difference between them s small for
hadron-hadron colliders at large c.m energies

First of all to check that our results agree with those in ref [3] we present some
resuits for the production of top quarks in pp collisions for the same value of the t
mass, namely 40 GeV /c?, chosen m that paper. This, of course, 1s no longer a
possible value for the t quark mass since the present limuts [5-7] are much larger
However 1t 1s now clear that the t quark mass 1s so heavy that 1t can probably only
be produced near threshold at the Fermulab tevatron (f its mass 1s n the
appropriate range). Hence results near threshold are especially important and the
situation when the t mass has a value of 40 GeV/c® at the CERN SppS s
therefore typical.

The contributions of the gluon-—gluon sub-process to the double differential
cross section for eq (6.1) in p, and v with m =m, =40 GeV/c? and VS =630
GieV arc shown in fig 8 Here we plot curves for both our exact and approximate
calculations at two different rapidity values y =0 and y =1 1. Notice that the
small chfference between our exact results and those of ref. [3] (fig 6) in the low p,
region, arc either caused simply by numerical problems, or possibly by the
imposition of the momentum sum rule in defining the gluon structure functions. If
we switch off the terms (B.7) und (B.8) in appendix B then we get exact agreement
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Fig 8 T_l_\c contnbuttons from the gluon—gluon sub-process to the differenbal cross section for
p+Pp—0Q+ X at twe different rapidity values y=0 and » =11 Our exact results are shown
for VS = 630 GeV with mg=40 GeV/c? and ;=173 MeV We choose the renormahzation scale

equat to lhe factorization scale up =0 = m%, =p? We also show the results of cur approximate
calculations

with their curves. The dashed curve for the approximate result 1s 10% too large for
small p, at y =0 However 1t is an excellent fitat y=11.

The corresponding curves for the guark-antiquark process are shown in fig 9.
Here there is excellent agreemcnt with the corresponding exact results m fig. 6 im
ref [3] The dashed hLnes for thc asoproximations are very reasonable in this
channel. Finallv in fig 10 we show the contribution from the gluon-antiquark
channel which is the smrallest of the three The approximate result is umiformly
positive since our approximation is based on a cross section estimate Hence it
cannot account for the negative piece of the gluon-antiquark cross section vistble
in fig. 6 of this paper. Since this channel only contributes a very small term to the
total distribr hon this 1s acceptable

We now turn to the production of b(b) quarks In figs 11, 12 and 13 we show the
mclusive differential cross sections in p, for values of y =0 and y =2 for the
channels gg, g3 and gq. We have chosen m, =475 GeV /c? and VS =630 GeV In
the gluon—gluon and quark-antiquark channels the approximate results are excel-
lent for small p, but are too large by as much as a factor of two at y =0 and
p, =80 GeV/c Ths 1s caused by the fact that the exact order ag correction 1s
negative at these large p, values so the Born value 1s reduced and our positive
approximation goes m the wrong direction In the gluon-antiquark channel the
approximate results shown mn fig. 13 are too small below p, = 15 GeV /c and too
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Fig 1t The same as in fig 8, but for m,, = 475 GeV /¢ 2. VS = 630 GeV. 1,=260MeVand y=10,2

large above that value Below p, ~5 GeV/c the approximate results dewiate
substantially from the exact ones since the approximations do not account for the
negative piece of the gluon—-antiquark cross section.

Next we present in fig. 14 the total a3 differential cross sections in p, for values
of y=0, 2 and 3 We have chosen m, =4.75 GeV/c? and VS = 630 GeV. The
curves at V8 = 18 T'eV, for y=0, 3 and 4 are shown 1n fig. 15. Note that we have
checked that our results agree with the corresponding curves n figs. 11 and 12 of
ref [3] which are unfortunately labelled mcorrectly The b-quark mass is given as
m, =5 GeV/c? whereas it should have been hsted as m, = 475 GeV /c?

The rapidity plots of the outgoing b quark are shown in fig 16 scparately for the
order a? and order a! contributions at the energies vS = 630 GeV and VS = 18
TeV. Agan to cross check our results with those of ref [3] we give a plot of therr
fig. 16 m our fig. 17. This 1s tor ¢ quark production at VS = 630 GeV and 1.8 TeV,
with a mass m_= 15 GeV/c? and scale Q° = 4( p} + m?). It 1s clear that the Born
resuit in ref [3] for VS =18 TeV s too low near y = 0. Qur other curves agree
with theirs We remind the reader that results for the production of charmed
quarks are very sensitive to the chor~ of the scale factor @2 and the mass of the ¢
quark,

Next we present in fig. I8 the sum of all contributions, namely the inclusive cross
section for the production of a bottom quark with p, > p_. . and a fixed rapidity cut
Iyl < 1.5 at ¥§ = 630 GeV. In this plot the scale Q° = mi + pl,, has been used n
the definition of the running coupling constaai. W2 have chosen a central value of
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Fig 18 The inclusive cross section for band/or b quark production at ¥S = 630 GeV versus Penin With

Mm,=475 GeVyed, uyp=Q=p,= ‘ﬁnﬁ + P« DFLM set 2 with 1, = 260 MeV and hxed rapidity

cut Iyf < B5 (sohd hoe exact result, dotted kne result of our approximate calculation) The upper

(lowee) dashed line is obtuined from the exact order aq calculation by using m,=45050 GeV/?,

=0 =py/2 Quyd and DFLM set 3 (1) with 1, = 360 (160) MeV The re-analyzed UA] data are
dabvo shown

the b-quark mass as 4 75 GeV /c?. The band bounded by the two dashed hnes 1n
fig. 18 is generated by choosing 4.5 GeV /¢ <m\, < 50 GeV/c?, 360 MeV > .4, >
160 MeV, (m} +pl,.)/4 <Q? <d(m} +p?i,) and DFLM set 3 and DFLM set |
In this plot we show the re-analysed data from the UAT group [28]. It is clear that
there s very reasonable agreement between theory and experiment

We also plot in this figure {dotted line) the sum of our approximate formulae as
presented in ref. [91 Onc sces that our approximate result i fig. 18 1s 1n good
agreement with the exact curve at small p, but 1s about a factor of two larger than
our exact result at p,,, =50 GeV/c To better understand the origin of this
discrepancy we plot in fig. 19 the indvidual contributions from the ISGB, GS and
FE mechanisms to the tranwerse momentum disteibisiovshe: o Toduc o b
quark with m1,, = 478 GeV/c? at V8 = 630 GeV. We see that the sum of the Born
and the 13GB part is fine at smoil 4, where the contributions from the GS and FE
mechanismys are small, 'he ISGB pait is, however, too big at larger p, where the
GS and FE mechanisms are also important. The total contribution from the
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Fig 19 The lranwtrsu momentum distribution for the production of b quarks p + 5 — b+ X, with
m, =479 GuV /%, Mp == \/}n,, +pd al V8 =630 GeV The contributions from 1$GB, GS and FE
are shown separately

approximation is about a factor of two too large at p, 0 GeV /¢ as compared to
our exacl result. Note that due to our choice of (- =p? +mji all approximate
results contain contrnibutions from the scale-dependent pieces of the a: corrcction,
which have also been multiplied by the appropnate fudge factors discussed in ref
[9). Given the present experimental error bars one can conclude that a very
reasonnble it 10 the data is to take the sum ot all approximate contributions for
2, < 10 GeV/e, but only those of the Born cross section plus the GS and FE
contributions above p, = 10 GeV /.

In fig. 20 we show predictions tor b-quark production at the Fermulab col'ider
The parameters are the same as in tig. 18, but we have changed the rapidity cut io
-~ 1.0 <y < 1O as appropriate for the CDF detector, Notice that our error band is
not exactly the same as in fig. 15 of 1ef. (3] since we do not add up various
unceriaiios in quadrature as they did in their calculation 1t will be interesting to
see whether these predictions fit the future CDF data

Since one would like to understand whether the ag corrections are describable
by a simple K-factor we have plotted in fig 21 the p, distribution for a heavy
t~quark with a mass of 120 GeV /c¢? produced in pp collisions at VS = 1.8 TeV. In
thie sitpation 1 K facror of 1496 reasonable ar farge pand v values However it
overesilinates the curves for small p, and y. We finalize thiy discussion of heavy
guark production ut colliders by giving a plot of top quark i sections for
tovatron and future colliders in fig. 22,



W Beenakher et al s Hadron-hadron collisions 547

1 ¥ L]

1 ¢ —~
F T T T T
3
-
b~

PP->beX, VS = 1800 GeV, lyi<L, py>p,

10

]

10!

102

Inclusive Cross Section [ub)]

1072

- i i i - L L 1
101 1 i L 1 ] —

00 100 200 300 400 500 600 700 800
[GeV]

prmn

Fig 20 The same as in fig 18, but for VS = 1 8 TeVand ly| < 1

We now turn to a short discussion of differential distributions for the production
of ¢ and b quarks 1n fixed target experiments This 1s a situation where the total
c.m. energies are small and the theoretical results are very sensitive to the choice
of the mass and the scales. A more complete discussion of these points 1s given m
ref [?] The reason we present car results here 1s to correct scveral of the plots 1n
the latter paper. We have checked that we agree with the plots for the total cross
sections in figs. 22 and 23 of ref. [3]. Also the plots for the p, distributions n figs.
19 and 26 agree with our results We disagree, however, with the plots for the
X =DL/Py ma distributions. Ore can check the areas under the curves in figs. 18
and 25 of ref [3] are not the same as the areas under the curves n figs. 19 and 26
of ref [3], respectively. In fig. 23 we show the x: distribution for charm production
in pp collisions at c.m. energies of 27 4, 38.7 and 62 GeV Here m_=15 GeV /c?,
the scale 1s Q%= 4(p? + m?), and we have chosen the DFLM structure functions
set 2 with A = 260 MeV, The corresponding results from ref. [3] are 1n their fig.
18, The xp plots for 7 p collisions at VS =23 GeV are shown n fig. 24. In this
case we have used set | of the pion structure functions of Owens n ref. [29]
Unfortunately the corresponding structure functions used by ref. [3] contamned an
crror leading to incorrect curves in their fig. 21, This same error also changes their
plots of the x distributions for b-quark production in =~ N colksions at ¥S = 23
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Fig 21 The diferential cross section tor p+p—tt)+ X with =, =120 GeV/(® and pp=0
=y mi+pt at VS = 18 TeV The cross section 1s shown at ditterent values of rapidity for (1) dashed
lines lowest order contribution scaled by an arbitrary factor {2 sohd lines full order @ calculation

GeV and VS =30 GeV, given in fig. 24 of therr paper The correct distributions
are presented 1n our fig 25 The final curves we present i fig 26 are those for b
guark production in pN collisions at ¥S =40 GeV and 1n pp collisions at VS = 62
GeV. This figure corresponds to tig 25 of ref [3]) which also seems to contamn
errors, To check that our results are the correct ones we have arso computed the
Ccross sections from the parton—parton cioss sections and they agree with the cross
scctions from the ¥, plots

We conclude our discussion of the heavy quark different.al cross sections in
hadron- hadron collisions with the following comments The comparison with the
UAI data on b-quark production, cf fig 18, shows the nccessity ot taking higher
order corrections into account, Even though there is still a small uncertainty 1n the
choice of the b-quark mass and the scale for a., perturbative QCD seems to
describe b-quark production rather well The differential cross section 1s not very
sensitive to the chowe of the gluon structure functions since the g, gq and gq
channcels are ali important at large p,. Note that we have only used the structure
functions provided by DFLM 1n fig 18 because the parton-parton cross sections
were calculated in a modified DIS scheme

The approximate formule for the dilferential cross sections given in sect. 2 of
ref. [9] with the fudge factors mentioned there lead 1o very 1casonable distributions
in p, at Jow p, where the ISGB mechamism 18 domunant. However they are
uniformly too big at larger p, where the contributions from the GS and FE
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Fig 22 Predicted top quark total cross sections at Fermilab pp collider with energy VS = 1 8 TeV. an

upgraded Fernnlab pp collider with energy vS =36 Tev an LHC pp colider with energy VS =

16 TeV and an SSC pp colhder with energy J.ST =40 TeV The bands are indications of theoretical

uncertainties which are obtammed by using pg =Q =, /2 DFLM set 3 with 1, =250 MeV and
e =0=2m,, DFLM <et 1 with 1= 101 MeV

channels are relatively more important This result is consistent with the p,
distribution tor b-production originally shown 1n the UA] fit of their data [8] since
they only included the Born, GS and FE in their analysis The slope of thewr
prediction for the p, distribution was therefore smaller than that from the exact
calculation, since 1t locked the ISGB piece necessary to fit the data at Iow p,

One motwvation for this paper was to find if a simple K-factor could be found to
account for the higher order corrections. However the total and single-particle
inclusive differential cross sections for heavy-quark production show such compli-
cated behaviour that this approach has not been as successful as we had originally
hoped. The structure in the parton-parton cross sections seen in the results of
[2,4,9] are reflections of integrations over equally complicated structures in the
parton-—parton differential cross sections

We wuuld like to acknowledge useful discussions with A. Ali, G Ingelman,
G Kramer, D E Soper and J. Vermaseren R. Meng would like to thank LAA for
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DFLM set 2 for the prown structure functions and set | of ret, [29] for the pion steucture functions,
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Appendix A

In this appendix we give the results for the virtual plus soft parton cross sections
in ¢q (4., The cross sections can be split in symmetric and antisymmetric parts as
follows. The F part s cqual to
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Here a (u’) denotes the renormalized coupling constant at the remormahzation
scale ui, which will be put equal to Q7 in the end as mentioned 1n sect 6. For the
A part we obtain
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where Aggp and x are defined in eqgs. (24) and (2.30), respectively. Further we
have used the definitions

s, =4mi~s, F=syl—-dm’/s, 8=A/m*, (A.3)

where A is defined below eq, (2.20) {see also eq. (2.27)

A guick glance at the above formulae reveals that the first term of eqgs. (A1) and
(A2} is symmetric under the interchange of f, and u,, whereas the second term is
antisymmetne. The above cross scetions hold when a heavy antiquark 1s detected
in the final state. Like in sects 2 and 4 the vanables ¢, and 1, always denote the
square of the four-momentum transfer of the detected heavy antiguark with
respect to the hght antiquark and the light quark, respectively If we detect the
heavy guark an the final state the production cross sections of the latter are given
by the same expressions (A 1) and (A.2) provided the plus sign between the
symmetric and antisymmetric part is replaced by 4 minus sign

Notice that the unrenormalized virtual cross section in ¢q. (2.8) can be 1econ
structed from the reduced virtual plus soft expressions in egs. (A.1), (A.2) and
(2.15) in a straightforward </ . First we add the Born cross section folded by the
splitting function £ in (47 7 5) to the above expressions, Then subtract the soft
Cross sections in eqgs. (2.28) (2.29). In this way one obtains the renormahzed
cross section on the left-hand side of eq. (2 11). The unrenormahzed one (with
respect to coupling constant renormalization) follows from the right-hand side of

the last equation. The abehan (CF) part has already been calculated earlier in the
titeraturs In the contont of QFD anpractions ta the amrecs ol b pmes pt by ™ of
ref. [30}. To recover the QED expression one should use (he splitting function Iy
where the collinear divergences are rogutated by giving the lig'it partons a small

mass Con-shell regulurization).
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Appendix B

Here we present the formulae needed 1n case one chooses a DIS scheme where
the momentum sum rule 1s preserved Instead of eq (4 18) one chooses

faa S (x. Q% 1) = —fB(x. 0% p?), (B.1)

where f 2 DIS 45 given 1 ¢q. (4 5). Hence one has to add the following expressions to
eqs (4. 23) and (4 24), respectively
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| , 420 F . K NC? LY [ui+(s+1)°
S anda, ) T KN T TG

Grls+n) | dns (1 _ ffi)}] (B 4)

)(..._
( t(s+1)) Hty tu

‘ (s +1)) {u%+(s+102

Y  du, st s,(s+1,)

dzﬂr‘”A "
DIS

| 4 3 9 35 u
. — — +..........._._
(o8 —u,) 2] 77T a5+,

2 2 2 2
x{“t1+(.s'+fl) +4ms(1_.’3'_1)”. (BS5)
H(s+t) iy L,




554 W Beenakker et ul 7 Hadron-hadron collisions

Also the reduced cross sections calculated in the MS scheme for the gluon-gluon
fusion process which arc presented in egs, (6,16) and (6.17) of ref. [4] get modified.
Here we choose

DI"(I Q . )__ “"'2?!,|fl)h(ng2;ﬂz) (B.ﬁ)

Here n,, stands for the number of light flavours and 0 1s given in eq. (4.19).

The expressions tn the DIS scheme become
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X { - + | — =33+ {1, eu)|. (BR)

The colour factors appearing in the above expressions are the samc as the ones
used in ref. [4);

! 7~

K, o cemmees  Cy = N(N2= 1), -
Mg (szl)lz () ( l) CK N

(B9)

Appendix €

In this appendix we discuss the integrations necessary for the caleulation of the
hadronic differential and total cross suctions, The single-particle Inclusive hadronic
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cross section reads [cf. eq. (6.3)]

,d%0(S,T,,Uy) d’e(S,T,,U,)

dT, dU, dptdy

d d’d, (s, t,,u;)

1 X s
f f —2 .;(-tl,xQOz)S" dr. du . (C1)
X3 i 1

The hadronic invanants S,7,,U,, and their partonic analogues s,f,,u, were
defined 1n sect. 6 If ¢, =x,7, and u«, = x,U, then the lower limits x,_, x,_ are
defined by [see also eq. (6 5)],

- -x, T,

NS SET T T iseu (€2)

The rapidity and transverse momentum of the produced heavy (anti-)quark are
denoted by (the lower case letters) y and p,, respectively The rapidity 1s defined
by y = 3 In(T,/U,) Note that the transverse momentum squared p> =t u,/s — m’
=T,U,/S — m? is invariant under boosts along the beam direction

Denoting the Born cross sections (12) and (1.3) by the following shorthand
notation

dz "(u}

dt du,

=8(s+1,+u)oMs. b, u,), (C3)

thetr contributions to the hadronic cross section (C.1) can be written as

H |x _._ilT_’_ Q?
o U T

——

Ly xl

(8. T,, U \" 1 dx, 1
) (ﬂxlTl)

§ 3 ——
( dp;dy

x g™ -—*——szl S, ¢, T -—{—?—:---U (C4)
ST R SAUTTT T sy u )

with x,_ given by (C.2).
The order ag correction to the hadronic cross section s split into a soft plus
virtual (S + V) and a hard (H) gluon piece. The hard gluon piece of the hadronic
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cross section reads

: 1
dra(S,T,U)) ' 1 odxy 4 dx, 2
B R

yo X e A

’&(II H
x( ’d Py (x,x,8, 4,7, x,U)) . (CS5)
u,

where x ¥ 1 determined by the condition

sg=x x5+ ¢ T, + .U >4, (C.6)
which yields
oy =(4-xT)/(x,5+U)). (C7)

For the actual integrations 1t 1s convenient to change varniables from x, to s, with
the limits 4 <s, <sf™=x(§+T)+ U,

Loy e ds,
f — = [ (C.8)
VI 4 sy, T

The soft plus virtual piece 18 evaluated with elastic kinematics so that s, = 0. Thus
its contributions are proportional to 8(s,) and can be denoted by

d2 s

Vs
VS
dr du,] =8(s+1,+u)o,) (5.1, 4). (C9)

The »oft plus virtual piece of the hadranic cross section equals
(lzﬂr(S T“U]) e ] d‘tl | xITI p
Sm—-mm W_f | = | H, A -, @
dpidy o % x, T, X3+ U,

xag¥*9| - T'le.w Il u.al. (C10)
“ X8+ P xS+ u,

In our numercal program we rewrite the In(3) (1 =0,1,2) terms in
(e, )V %5, 1, 1,. ) into miegrations over

2
(0,)V (s, 0,0, ) = ¥ a; In*(A/m?)

k=)
2 Iy
o \!|"‘" { &.l
w3 ﬂff e ] (C.11)
et 3 l‘h:llll - i
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with certain coefficients «,. In this way the S +V piece and the H piece can
directly be added The result 1s a flat s, distribution for the total order ag
corrections (do)?***V and the lower limit A can be put to zero The gquantities
A, n (C 11) are given by

Ag=1,
Smd‘ smd‘( 4
m S5
, S;ﬂd( TEAX A S4
Azsln“( i ]-2—-————-—111 —2). (C12)
m 54 m

The total cross section can be derived by itegrating (do)® and (de)" V5 over
the variables p? and y with the appropniate limits

[S/-ldm (cosh™'YS)/2m, dy fl Inf(1 +ﬁ)/(]_ﬂ)] ]S/4L05h }} m?
2 ‘ — i1+ B -8By Im

" —tcosh "1YS ) /2m,
‘/ 2

1 -pi
- i —_— 1
lexF-/,-,,: dm; 2mcoshy’ (€13)

where 8 = \/(l ~4m?/S) and m, = ym*+p; In each case
T,= —VSmeexp(y), U= ~VSmexp(-y). (C14)

The second line 1n eq (C 13) was used for the v distributions Here 1 1s defined
in the (hadronic) c.m. frame, x¢ = p, /pp™*™, where the maximal longitudinal heavy

quark momentum is given by pP** = {/S/4 ~m* Finally, the rapidity y is related
to p; via p, =m, sinhy
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