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The lattice regularized U(1); ® U(1) symmetric scalar-fermion model with a mirror pair of
fermion fields is investigated in the phase with spontaneously broken symmetry. The reflection
positivity condition, ensuring unitarity in Minkowski space, is proven in this lattice formulation
in a wide range of bare parameters. Numerical Monte Carlo calculations with dynamical
fermions are performed on 43X 8, 4*x 16 and 6% X 16 lattices at moderately strong bare
Yukawa couplings and at very small and infinite bare quartic scalar coupling. It is shown that not
only the lattice fermion doublers but also the mirror fermion can be made heavy, and therefore
the light fermion spectrum is “chiral” as in the standard model. The “vacuum stability” bound
on the Higgs-boson mass is discussed in lattice perturbation theory and non-perturbatively. It
implies that for heavy mirror fermions the Higgs-boson mass has to be close to the non-perturba-
tive upper limit.

1. Introduction

Recently the experimental lower limits on the masses of the Higgs boson and top
quark increased considerably [1,2]. Since large masses are due to strong couplings
to the Higgs field, the more likely existence of a strongly interacting Higgs sector
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makes the non-perturbative investigations of the scalar-fermion sector of the
standard model more and more important. At present the numerical simulation of
the complete Higgs—-Yukawa sector of the standard model would certainly be
premature, if not impossible. One can, however, expect that at least the qualitative
features of the non-perturbative behaviour can be discovered in simple prototype
models. In fact, recently several groups stated a series of non-perturbative investi-
gations of simple lattice scalar-fermion models [3-8}. (For further references see
the review in ref. [9].)

In previous papers we started the non-perturbative study of a U(1), ® U(1),
symmetric Yukawa model with a complex scalar field and a mirror pair of fermion
fields [10, 11]. Both these papers are dealing with the symmetric phase: in ref. [10]
the limit of infinitely heavy fermions is studied, whereas in ref. [11] numerical
simulations on lattices with different sizes are performed and compared to the
results of lattice perturbation theory and hopping parameter expansion. In the
present paper we start the investigation of the phase with spontaneously broken
symmetry in this U(1); ® U(1); symmetric model. In fact, the standard model is
defined in the broken phase, and therefore the primary interest is in this phase.
The study of the symmetric phase is only a preparation and a supplement to the
study of the broken phase. The U(1); ® U(1); model has many important qualita-
tive features in common with the SU(2), ® SU(2); model [12] and with the
SU(2), ® U(1)y symmetric model for mirror pairs of standard fermion families
[13]. In particular, due to the breaking of a continuous global symmetry there is a
massless Goldstone boson in the broken phase. From the point of view of axial
anomalies this model is particularly interesting, because a U(1) axial symmetry can
be anomalous (unlike SU(2)). As far as numerical simulations are concerned, the
smaller number of degrees of freedom saves computer time. In the same way as in
refs. [10, 11, neither the full U(1), ® U(1)g symmetry nor its U(1), subgroup are
gauged here. The gauge interactions are left for later studies. Similarly to ref. [11],
the numerical simulations are performed here by starting from the vicinity of the
gaussian fixed point at zero bare couplings where the perturbative standard model
is usually defined. The bare Yukawa couplings are increased only to moderately
strong values but the bare quartic scalar coupling is allowed to become infinitely
strong. Very strong bare Yukawa couplings will be considered in a subsequent
work [14].

The main results in ref. [11] are:

(i) The lattice fermion doublers (there are 30 of them in this formulation) can be
kept heavy;

(ii) The renormalization of the Yukawa couplings is rather weak, therefore the
Callan-Symanzik B-functions are small, their qualitative behaviour is closer to the
two-loop than to the one-loop approximation;

(iii) The measured values of the renormalized Yukawa couplings are surprisingly
large, at least twice the value of the tree unitarity bound;
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(iv) For moderately strong bare Yukawa couplings the dependence of physical
quantities on the bare quartic coupling is very weak.

These findings have qualitative consequences also for the broken phase which
have to be taken into account in the strategy of the numerical simulations. Due to
spontaneous symmetry breaking the fermion spectrum in the broken phase consists
of a pair of split-up states which are, in general, mixtures of the original fermion
and mirror fermion. For zero mixing the fermion masses are given by the renormal-
ized vacuum expectation value of the scalar field times the renormalized Yukawa
couplings. The possible large values of the renormalized Yukawa couplings open
up the possibility of decoupling the mirror fermion by a very large mass (and zero
mixing). In fact, if there is a non-trivial fixed point for Yukawa couplings as
suggested by the qualitative behaviour of the two-loop B-functions, then the
renormalized Yukawa coupling and the mass of the mirror fermion can be
infinitely large. The decoupling of mirror fermions is only difficult if there is an
upper limit for the renormalized Yukawa couplings. The advantage of the decou-
pling by a heavy mass is that it can be extended immediately to the case of weak
gauge interactions, unlike the decoupling with zero coupling and zero mixing
suggested in ref. [15]. Therefore in the numerical simulations one can try to make
the mirror fermion heavy and its mixing to the light fermion small. This will be our
approach in the present paper. Of course, it remains still interesting whether the
other way of decoupling is possible or not, but up to now we did not try to follow
the suggestion of ref. [15]. Heavy mirror fermions can be obtained by large values
of the bare Yukawa coupling of mirror fermions (G, ), and therefore an extension
of the numerical simulations in the symmetric phase to G, # 0 can supplement the
studies in the broken phase. We performed a series of runs for G,,G, #0 at
infinite bare quartic coupling (A =) and found a qualitatively very similar
behaviour as in ref. [11] at G, =0. (These results will be published elsewhere.)

Besides the very important question of doubler- and mirror-fermion decoupling
there are also other important issues in the broken phase, such as the problem of
cut-off dependent limits on the scalar and fermion masses. These have to do with
the behaviour of the B-functions. If the only fixed point is the infrared stable one
at zero couplings, then the continuum limit is trivial and there are cut-off
dependent upper limits for the scalar and fermion masses. The property that in
some region of the couplings the perturbative B-function of the quartic scalar
coupling is negative implies that there is also a lower limit for the Higgs-boson
mass which depends on the value of the fermion mass. In the literature this is
called “vacuum stability bound” [16]. Both upper and lower limits depend crucially
on the properties of the continuum limit. If there is a non-trivial fixed point, then
the continuum limit is non-trivial, there are no cut-off dependent upper limits and
also the discussion of the vacuum stability bound is quite different from the case of
a trivial continuum limit. Therefore the most important question is the fixed-point
structure of the B-functions. To investigate this it is better to return first to the
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symmetric phase where the study of the renormalization is easier. Under the
assumption of triviality (no non-trivial fixed point) the simulation data presented in
this paper can give some hints about the upper bounds in the broken phase. From
the investigation of the A-dependence one can also draw conclusions concerning
the vacuum stability lower bound on the Higgs mass.

In general, the evaluation of the numerical simulation data in the broken phase
is more difficult than in the symmetric phase. First of all, there is the zero-mass
Goldstone boson due to spontaneous symmetry breaking. This causes serious finite
size effects culminating in the infrared singularity of some zero-momentum Green’s
functions. There are elaborate techniques to deal with this [17] but in a first
exploratory study these would be too demanding. Therefore here we shall follow
simple pragmatic ways to extract the physical quantities. A second difficulty in the
broken phase is that the scalar and fermion masses cannct be tuned separately. If;
for instance, zero mixing between fermion and mirror fermion is assumed and the
Higgs-boson mass is tuned to some desired value then the fermion masses are
already determined by the renormalized couplings. In some range of renormalized
couplings the implied scalar-fermion mass ratio can be either very small or very
large, which makes the control of finite-volume effects in the numerical simula-
tions difficult. (Note that this is different from the symmetric phase, where both
scalar and fermion masses can be tuned by the hopping parameters at any values
of the couplings.) The consequence for the present paper is that sometimes we
have to live with possibly large finite-volume effects. Nevertheless, some efforts
will be taken to see the change of the results with the lattice size.

An important requirement for the euclidean lattice formulation is the Oster-
walder-Schrader reflection positivity [18]. This axiom plays an important rdle in
the reconstruction of the quantum field theory in Minkowski space from the
corresponding euclidean quantum field theory, because it implies the existence of
a self-adjoint hamiltonian with non-negative spectrum. The problem of reflection
positivity of lattice Yukawa models received up to now little attention (for lattice
gauge theories with fermions see, for instance, ref. [19] and references therein). In
the present paper this question will be considered in our formulation with mirror
pairs of fermion fields.

In the next section the lattice action will be defined and the problem of
reflection positivity will be investigated. In sect. 3 the renormalized parameters will
be considered and the definitions suitable for numerical simulations in the broken
phase will be given. Sect. 4 is devoted to lattice perturbation theory in the broken
phase. The results of the numerical simulations will be presented and discussed in
sects. 5 and 6. Sect. 5 is concentrated around the question of the mirror symmetry
breaking and the possibility of making both doublers and mirror fermions heavy. In
sect. 6 the vacuum stability bound will be discussed. The last section contains a
short summary and some concluding remarks.
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2. The lattice action and reflection positivity

Throughout this paper the same notations will be used as in ref. [11]. For the
reader’s convenience first we repeat a few basic formulas. The lattice action with a
general field normalization is

S

S¢+ Syye = Y {,u.¢¢+¢ +A(d] P, ) -KZ APY
+ ey l(X0) + (Fx,)] - X [K.:.(Jﬁ,mtllx) + K (X a¥uXs)]
M

+K, X [(Xeth) = (Xevathe) + (#eXe) = (Fevixc)]

+Glll($x[¢l.\’ - i75¢2x]¢x) + Gx(;x[(blx + i75¢2x]Xx)} . (1)

Here x is a lattice point and the sum E“ runs over cight directions of the
neighbours, x4 is the unit vector in the direction of x. The fields for the mirror
fermion pair are ¢, and x,, the complex scalar field is ¢, =, +id,,. A
normalization convenient for the numerical simulations is defined by

s=1—2A, K,=K, =K, K, =K, E=p, +8K=1. (2)

The fermionic part of the action S,,, can be written with the help of the
“fermion matrix” Q(¢),, as

:l:xtb ZIII Q(¢)\x (3)

Here the fermion field ¥, =(¢,, x,) stands for the mirror pair, and the 8®8
matrix Q is given in the fermion—mirror-fermion basis in 4 ® 4 block notation by

Gyl —ivshsy) n
yY = 6“\‘ —_— .
Q(d)) . ® Gx(¢l.\‘+175d’2.r)

r
KZS\ x+u( r 'y”)'

(4)

Here r is the Wilson parameter, which is usually chosen to be 1. For negative
indices the definition of the euclidean Dirac-matrices is y_, = —7,.

In order to be able to use the Hybrid Monte Carlo algorithm for dynamical
fermions in the numerical simulations, the fermion spectrum has to be flavour-
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doubled. Therefore the fermionic part of the lattice action will be, instead of
eq. (3),

Spxe= 2 X THO($) . (5)

f=L2x,»

For the value f=1 of the flavour index the fermion matrix is given by eq. (4):
OV’ = Q, but for the other value f= 2 the adjoint is taken: Q® = Q*. This means
that the y-field of the second flavour (¢®) is a mirror-field with respect to the
y-field of the first one (V). The flavour doubling of the fermion fields leads also
to an extension of the chiral symmetry from U(1), ® U(1); to U(1), ® U(1)y ®
U(1),_, [11]. If the model is described in terms of the left-handed fields (the
right-handed fields are represented by the left-handed component of the charge-
conjugate field as ¥, =C «_I;{), then the quantum numbers of the 8 fermion fields
and of the Higgs field are

U U()e UD)- U(l)e U()e UQ)
oM 1 0 1 P 0 1 -1
W 0 -1 -1 e -1 0 1 (6)
X0 1 1 X2 1 0 ~1
x&$: o -1 0 -1 X 0 -1 1
o: 1 -1 0

The mass terms allowed by the chiral symmetry U(1), ® U(1); ® U(1),_, are those
connecting ¢" with " or ¢® with xy® but not ¢ with ¢ and x" with y?®
(these latter are forbidden by U(1),_,). The vacuum expectation value of the scalar
field breaks U(1), ® U(1)g to its diagonal subgroup, but U(1),_, is not sponta-
neously broken, at least in the phase which is considered in this article. A ‘“chiral”
set of fields can be defined by the requirement that no mass term is allowed by the
symmetry and /or generated by spontaneous symmetry breaking. In this sense, for
instance, the subset {¢(", (]} is “chiral” and “anomalous” (that is, has a non-zero
U(1)-anomaly). A subset i ln\e W, o, x{D, x$} is “non-chiral” and “non-anoma-
lous”. Finally, the subset {¢:{", ¢{0, ¥, ¥}, which is obtained after decoupling
the mirror (y-) fields, is “chiral” and “non-anomalous”. (With respect to the
subgroup U(1), ® U(1), this latter subset is “non-chiral”, but there is no reason
why only this subgroup should be considered.) Therefore, in some general sense
the subset {¢(", g0, ¢, ¥} is similar to a fermion family in the standard model,
although there the pattern of anomaly cancellation is different.

The above form of the action is convenient for the physical interpretation of the
fermion spectrum in the broken phase, but for some purposes, like the hopping
parametcr expansion in the symmetric phase or the proof of reflection positivity, it
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is better to introduce another form based on the fields

‘I’AxE"’Lx'*-Xva 'l’BxEXLx+‘I’Rx’ ;I;AxEJLI.I-YRI’ JBXEYLI-‘-JR"
@)

Denoting now the (5, ¥g)-pair by ¥, =(4,,, ¥, ), and using the field normaliza-
tion condition in eq. (2), & = 1, the fermion matrix in eq. (3) becomes

8y~ K28, ..i(v,+r) 8yx#+(G. — v5Gp)

O(d)yx= . (8)
g 3,05 (G, + VSGB) Oy —KZ,0, c1i(vut71)
The coupling constant combinations G,,Gg are defined as
GaE %(Gdf-*—Gx)’ GﬁE%(GJa—Gx)' (9)

In the rest of this section the reflection positivity of chiral Yukawa models will
be investigated in the lattice formulation with mirror pairs of fermion fields. The
U(1), ® U(1); symmetric model will explicitly be considered, but the results can
immediately be generalized to other cases, as for instance to the SU(2), ® SU(2),
symmetric model. The positivity axiom asserts that there exists an antilinear
operator © which transforms an arbitrary function F of the fields at positive times
into a function @F of fields at negative times such that

((OF)F) >0. (10)

The time reflection of the points can be defined on the lattice in two different
ways: one can reflect either with respect to a plane between two time layers, say
t=0 and ¢t =1, which we call link-reflection, or with respect to the ¢ =0 plane,
which is called site-reflection. The transformation in the first case is £ »>1—1¢, in
the second case ¢t = —t. If reflection positivity holds for either type of reflections a
bounded positive transfer matrix can be defined for time shifts with an even
distance [19, 20]. Since the definition of the transfer matrices depends on O, they
can be different, and also the regions of bare parameter space where they are
positive can, in principle, be different. Of course, in the continuum limit when the
lattice spacing is going to zero, the positivity of any of them is sufficient to
guarantee the existence of a self-adjoint hamiltonian with non-negative spectrum.
At finite lattice spacings, for instance, in numerical simulations, the best thing is to
have reflection positivity of both kinds, because then for the determination of the
spectrum one can safely consider correlations at arbitrary time distances and the
positive transfer matrix is the usual one, which acts on wave functions defined at
fixed times, e.g. t =0 [21].
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Let us first consider the link-reflection positivity condition, that is the time
reflection ¢t = 1 —¢. In this case the effect of the antilinear operator ® on the
fields in the U(1), ® U(1); symmetric Yukawa model is (with x = {x, ¢}):

0d, ,= :.l—t’ @‘px,z: Wx.l—t'y‘h @Wx.t=74lpx.l~l' (11)

The piece of the action connecting the two time-halfs of the space can therefore be
written as

So=—2« Zd’x, l(6¢x.l)

-K Y Y{¥ (1-ry)(0¥, ) +¥, (1 +ry,)(0¥,,)}. (12)
I=AB x

Here the form of the lattice action in eq. (8) was used for convenience. Since So
does not depend on the local Yukawa interactions, reflection positivity can be
proven for k>0 in the same way as for the pure scalar model and for free
fermions [20]. In case of non-zero Yukawa couplings the non-negativity of the
scalar hopping parameter « seems to be crucial. In principle, for k < 0 one can try
to introduce a different @-mapping, but for non-zero Yukawa coupling we did not
succeed to find a suitable choice. (The fermion hopping parameter K can be
negative, but negative K can be transformed away to a positive one by going to the
opposite corners of the Brillouin zone [11].)

In case of the site-reflection positivity condition the @-mapping is defined in the
same way as in eq. (11), only 1 —¢ is replaced everywhere by —t. The proof of
reflection positivity for r = 1 goes along the same lines as in ref. [19]. Defining the
t = 0 field variables by

S=d,0, &=3(1+v)¥,, =V, 3(1+7y,),

(I-%), #2/T=3:(1-v)¥.,, (13)

[ 1

WI =-Y,,

the interactive part of the ¢ = 0 piece of the action on the A, B-basis is
S(),im = Z {Gad":(g;xg/\x + n/:anx) + Ga¢x( §/tx§Bx + nl;-anx)
X
+Gﬁ¢:(n};x§/\x - ggxﬂ/-\’-.;r) + Gﬁ¢x( _nXxfo + g;xn;.;r)} . (14)
The total ¢t =0 action can be written in matrix notation as

So=(£"B,¢) + (n*Bm)+ (n7CE) + (e*C*n*T). (15)
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The matrices B; , and C occurring in the proof of reflection positivity [19] are, in
a block notation on the A, B-basis

By, G,9, By G,b}
B{ = + ’ B n = ?
G.bs By G.¢:. By

Cﬂ -Gp¢x
C‘(Gpeb: Co ) (16)

Here B, and C, are the hermitian matrices occurring in the case of free Wilson
fermions.

A sufficient condition for reflection positivity is the positivity of the matrices
B, ., which is satisfied for A =  and

Kl <+(1-1G,l) (17)

irrespective of the value of the other bare parameters. It is remarkable that the vy,
piece of the Yukawa coupling proportional to Gg does not influence the positivity
domain at all. Correspondingly, in case of simple Yukawa models with one
component scalar fields, Wilson fermions and local Yukawa couplings, the pseu-
doscalar couplings do not squeeze the positivity domain, unlike the scalar ones, for
which a bound similar to eq. (17) holds. Obviously, the bound in eq. (17) cannot be
satisfied for large bare scalar Yukawa couplings. In some special cases one can,
however, derive site-reflection positivity also for very large bare Yukawa couplings
by starting from another form of the action with composite fermion fields (similar
to the ¢! field in ref. [9]). Without going into details here we just remark that, for
instance, at A = and G, = 0 a sufficient condition in terms of K, =K/G,, is

K| <3(1-1G,17"). (18)

This is interesting for small G ' (that is for large G, ), where the relevant fermion
hopping parameter is K.

It is remarkable that, although the parameter region where link-reflection
positivity could be proven is much wider than the one for site-reflection positivity,
there is a region at negative x and A = where the site-reflection positivity
condition could be proven but the link-reflection positivity condition not. As it was
remarked before, this is not a contradiction, but one has also to keep in mind that
the above proofs give only sufficient conditions and not necessary ones. Therefore,
the full domain of reflection positivity can, in fact, be larger.
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3. Renormalized parameters

The difficulty for the numerical simulations in the broken phase is the infrared
singularity of some Green’s functions at zero four-momentum, due to the presence
of massless Goldstone bosons. The finite volume acts as an infrared regulator.
Therefore there are very large finite-volume effects even in large volumes. In case
of the O(N )-symmetric pure scalar models there is by now an impressive amount
of ingenious work done, which shows that the problem can, in fact, be solved in a
theoretically clean and rather appealing way (see, for instance refs. [17] and [22]).
In practice, however, the procedure is rather demanding because it requires the
introduction of an external source and the careful study of finite-size effects on
large lattices. Another way to deal with the problem is to introduce the gauge
interaction which has to be considered at some point anyway and which renders
the Goldstone bosons massive [23]. The difficulty in this case is that one has to
deal with a relatively large ratio of the Higgs-boson mass to W-boson mass, which
is about 8-10 at the upper limit [24,25]. In a first exploratory study both these
ways of dealing with the Goldstone boson problem would be too difficult. There-
fore one has to return to simple pragmatic ways which are known to give
satisfactory results in pure scalar ¢* models [26, 27].

For the definition of the vacuum expectation value of the scalar field on a finite
lattice one has to take into account the drift of the direction of the symmetry
breaking. For a given configuration of the scalar field the average of the field over

the L - T lattice is
1

¢=Dr

Lo (19)

An infinitesimal external source field is imagined to point in the direction of ¢,
given in our case by the phase angle a:

¢ =ldle. (20)

The vacuum expectation value is then defined by the absolute value of the average
field:

v=L|ol). (21)
In order to have the imagined external source field always in the direction of the

real axis, a global U(1), ® U(1), transformation is applied to the field configura-
tion. This defines the longitudinal (¢, ,) and transverse (¢,) field components:

by=e"d, =, +idy,. (22)
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Similarly, since @ =a,; —ag [11], for the chiral components of the fermion fields
we have:

‘,Il'_x = e—ia 'I’Lx ’ d’l'lx = .ll’Rx ’ ”’l,.x = ‘I’Lx eia ’ 'Zl'lx = ERI ’
Xi{x=e—mXRx’ Xl’.x=XL.t’ /?l'lx=ikxeia’ YLx=iLx' (23)

(This holds for the f=1 flavour, for f=2 the transformations of ¢ and y are
exchanged.)

In a numerical simulation the renormalized quantities for the scalar field are
defined by the timeslices of the longitudinal and transverse correlations

1 1
S, = VB Z (DLerPrLoo)c = FE Z((¢th¢Lw> - L.z),

1
St = FE Z (DretPro0? - (24)

Here it was taken into account that (¢, > =v and {¢y,) =0. The behaviour of
the longitudinal correlations is dominated by the physical Higgs boson mass m; .
On a periodic lattice with time extension T one can determine m,, at sufficiently
large time separation ¢, from a fit

S,,=a+b(e ™! +e - mT-0) (25)

The constant a is due to the non-zero expectation value of ¢, , [28].

The wave-function renormalization constants of the scalar field have an infrared
singularity at zero four-momentum, but they can be extracted from the behaviour
at non-zero momenta [26, 27]. In case of a not very large lattice the lowest non-zero
momentum can be used and then suitable definitions of Z; and Z are

™ 2w
Z, = (m2L + 4sin® —) Y cos(—t)(¢u¢w)c ,
x={xt} T
LT 2w
Z,=4sin’= ) cos(—Ft)(d)Txd)To). (26)
x={xt}

The renormalized vacuum expectation value vgz and renormalized quartic scalar
coupling gy are then defined as

v (¢, 3m?

wTVE V& BT

(27)
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The renormalized quantities in the fermionic sector are defined by the 2-point
function of the transformed fermion field ¥' = (¢'x'):

Au(p)= Le O W), (28)

For small momenta let the behaviour of A, and 4;' be
Ay=A—ip-yB, A;'=M+ip-yN. (29)

For the fermion fields we use antiperiodic boundary conditions in the time
direction such that the smallest momenta in the time direction are +u/T.
Therefore suitable definitions of 4 and B are

A I[J (000 +w)+A~ (000 ")]
_2 yr s Uy Uy T L4 Iy Us Uy T

= cos[—t](‘l’o‘l’ )= ( :7) ’

x={xt} -

B=———|4 0 0,0, 4,10,0 il
e 25m(1r/T)[ v +T)— "’(O’ ’O’—F)]
B sin[wt/T] =_ [b1 b
= —xzz{mmw’u‘l’ﬁ =‘Y4( b bz)' (30)

Here the matrices are in a block notation in the (¢, ') space. The connection to
the matrices M, N in the inverse propagator is

(M my\_ -1 —a, a
M.—_(m mz)_A '=(a*-a,a,) ( a “an)’

N= (n‘ " ) =A"'B4"!
noon,
"2\ a%b —aa,b, — aa,b, +a,a,b a’b, +aib,~2aa\b |
(31)

The wave-function renormalization has to transform N to the unit matrix:

ZY INZY? = ( ! (1’) . (32)
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In the symmetric phase Z}/? is diagonal, but now, due to n # 0, a rotation is also
needed:

Z,/2=(cos{ —sinZ)| VZe 0

U sin re cos ¢ 0 JZ_X (33)

In terms of the matrix elements of N in eq. (31) we have

-1
zZ,= Z[nl +n, + sgn(n, -—nz)V(n, —n2)2+4n2] s

Zx=2["1+"2"Sgﬂ("|—"2)\/("|‘"2)2"‘4"2]_]- (34)

Multiplying the unrenormalized mass matrix M by Z}/> from left and right gives
the renormalized mass matrix Mp:

(35)

Gryl'r KR
M EZI/ZTle/.’ZE
R ¥ ¥ KR GRXL.R

This defines the renormalized off-diagonal mass ui and the renormalized Yukawa
couplings G, and G X (the renormalized vacuum expectation value ry is given
by eq. (27)). In terms of the matrix elements of M in eq. (31) we have

MR = \/szx [m cos(2Z) — %(m, —mz)sin(2£)] s

V4
Ggy= i[%(ml +m,) + 3(m; —m;)cos(2{) +m5in(2§)] ’
z
Gy = T 30m, ) = Jm = my)eos(24) ~msin20)]. (30

The renormalized fermion mass matrix (35) can be diagonalized by a rotation with
an angle ai. Let the mass eigenvalues be denoted by wu,g and p,gz. The corre-
sponding eigenstates are then mixtures of the original - and x-states with the
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mixing angle agi. The explicit relations to the matrix elements of My are

H—R\/Z_

2

sin ag =

b

2
KRR = %[UR(GRub + GR,\') + Sgn(GRa}; - GRX)\/Ulzz(ka - GRX) + 4”‘2R] ’

2
(37)

These expressions are valid at the zero corner of the Brillouin zone. The other
corners at p = (e,m, e,m, e;m, e,m); e, 23,4 = 0,1 can be reached by a transforma-
tion of the fermion field

W:\. N ( _ l)(‘l.l'|+(.’2.\'z+€3.l'3+e4.\'41‘p:t , W-‘ . ( _ 1)e|x|+ezx2+e3x3+e4x4¢x . (38)

If one wants to calculate the fermionic renormalized quantities at the other
corners, then one has to take these transformed fields in eq. (30). Otherwise the
same formulae as in egs. (31)-(37) apply.

4. Perturbation theory on the lattice

Green’s functions and other quantities in the Yukawa model can be studied by
means of perturbation theory. In bare perturbation theory the expansions are in
powers of the bare couplings, namely the scalar self-coupling A and the Yukawa
couplings G, and G, . Reexpressing these in terms of the corresponding renormal-
ized couplings leads to renormalized perturbation theory. In order to obtain
Feynman rules similar to the case of perturbation theory in the continuum, the

fields and couplings have to be rescaled. We define the bare scalar field ¢, and its
components ¢, through

1 -
Vkd=¢,= 7—2_(¢()| +idy). (39)
The lattice lagrangean for the scalar field is then

2
; + m 4
2o = (%ub0) by = 2 by + 2 (i 0)’, (40)
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where J, denotes a lattice derivative (i.e. finite difference) and the bare mass m,
and bare coupling g, are given by

2p, 6A
mi=16—- — 8 =—7- (41)

The potential has its minima at

V21do(x)| =s50= V/3m3 /g, (42)
and the shifted fields are defined by
o(x) =@p(x) =do(x) =59,  7(x) =@gr(x) = dgp(x). (43)
In terms of these fields the lagrangian is

2
- 2 MMy 2 1
Ly = %(8#0) + 70'2 + %(3“17) + 5‘/3g0m00'(0'2 +72)

8
+4—?(a’2+77'2)2+c0nst. (44)

From this expression we read off the Feynman rules for the scalar field. The
perturbative expansions are most conveniently derived in momentum space. On a
finite L*- T lattice the allowed momenta are in the Brillouin zone

27
pi=_l—4—nis ni=0,1,25---,L—1’ l=1’2’3
2
p4=?(n4+84)’ l’l4=0,1,2,...,T—1, (45)

where for bosons 8,=0 and for fermions &,= 3. For later convenience we
introduce the following abbreviations:

p,=2sin(3p,),  Pp,=sin(p,). (46)
The scalar propagator is diagonal in the field components with

A(p)=(p*+m3)™",  dn(p)=($?)"" (p=#0). (47)
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The scalar three-point vertices are
—8050> for coo, (48)
—1845, forwwo, (49)
and the scalar four-point vertex is

_g()Sijk[’ isj7k31=192 (50)
with

ukl 3(81181\l+811\ l+811 k) (51)

The bare fermion and mirror fermion fields are defined by

o= ‘/2_"1 s Xo= ‘/Z_KX (52)

and the free part of the fermion lagrangian for one flavour is

Zy=— , {%(Eo.xﬂi - ‘Zo..\-—,z)yu*po..\- + 3 (Xo.x+a + Xo.x—i — 2Xo.x o« + (¥ "’X)}

e

+ o Xo.x%o.« + Yo Xo.x) + GoySolo. Wo. « + GoxSoXo.xXo.x (53)
with

%

=T, G = d ’ G = X . 54
Ko 2K 0y 2KV2r Oy 2KV2k (54)

The explicit mass terms are due to the spontaneous breakdown of symmetry. For
simplicity of the notation we display the conventions for one fermion flavour only.
The perturbative results below, however, refer to the full model with two flavours
of fermions and mirror fermions. In terms of the two-component vector

(2

the free fermion action can be written as

'l/ Z 1[’" y y,u'q,(l.x . (56)
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W,, is a two-by-two matrix in (¢, x)-space whose Fourier transform is

- e Iy P+ pg, I
W(p)=Ye Pt—oW = ! , (57)
x Ky ry-p+p,
where
F s
Kp=mo+ ‘2'1’ ’ Eay = GoySo, Ko, =Gy, Sy- (58)
The fermion propagator is given by
=2 2 2 -
W(p)~ = B(p)"" (P*+ 1d)ros —Bopo, (PP + 15— moshto, ),
(l-’z +F’i _”'ﬂlb"‘()x)”'p (l-’z +“'%]l]l)”’0x -"’i”'ﬂ(b
=2, 2, 2
o=, ol PPAuL — Koy + oy )1t
—iy-pD(p)~" poTx W TR (59)
—(""()dl-*-’l'ﬂx)"'p p-tp,+us, /
with
- _ 2 _ 2
D(p) = (P + 1} — Rogtoy) +P*(soy+1o,) (60)
The Yukawa interaction is
Sy= Z iio,xl/;"POi‘I'o,x s (61)
X
where the coupling matrices V; are
Gy, I 0
V.= (62
! ( 0 G()x[;'+ )
with

The Yukawa interaction vertex between two fermions and the scalar field ¢, is
given by the matrix —V,.

Given these Feynman rules the Green’s functions and vertex functions can be
calculated perturbatively in the usual way. Let us consider vertex functions

I‘("B’ZHF)(pa)s a=13-.-,nB+2nF

for ny bosons, ny fermions and np anti-fermions. They refer to the fields
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&,¢, x,¥ and ¥ in the original normalization. Below we present results in the
one-loop approximation. Momentum sums or integrals respectively only run over
the Brillouin zone specified above. They are denoted by

f=

14

—4

if L,T=oo. (64)

If the integrand contains massless propagators the momentum sum is understood

without the point p = 0.
I'®9 js the negative inverse propagator of the field ¢(x). It is diagonal in the

field indices:

(65)

I 0
F(Z’m(")=( ai)p) r(p))'

For the inverse m-propagator we find

1 . 80 o oy —1
_ﬁrw(P) =p>- ?f,,(qz"‘mo) t3 f( ) - Jm"f( +m(,) [(p+q) ]
+8 f,, D(q) '{@*(G3, + G3,) — 212G oy Goy + 2G3,G}, 53}
‘quD-(fI) - lD~( pt+q) l{( 2Gy + Gn.pGoXSo - F'%,Go.yan)

—\2
X ((P +q) G(z)w + G(Z).pG(Z)xs(?i - #i+qG()¢an)5(2)
- —\2
—(g*+n2- GowGoxS(Z))((P +a) +uh, - G()lIIG()xs(Z))G()wG()X"Lq#’p-i-q
+(g2+p2 + G2 s2)((pFa)’ + w2, + G2 53)Gd P Fa
q ”‘q ()XSO 4 q) :u‘p+q+ ()XSOJ ()a]:q ptq
2 - —
—Rgtp+g(Goy + G()X) G(,,,,G(]ngq ‘pra+ (¥ “’X)} . (66)
The wr-field is massless and the inverse propagator behaves like
-I(p)=2z;'{p*+0(p')}, (67)

which defines the wave-function renormalization constant Z,_ corresponding to Z;
in the infinite-volume limit.
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Our result for the inverse o-propagator is

1 _
= 5T (P) =B+ mh—go [ (4 +m)”
8o " 38 -
_‘3_];(‘1 __"’"0[( +m(,) [(P""I) +m0]
8o

x{g%(G}, + G3,) — 262G, G, + 2G3,G3, 53}
+SfD-(¢I) B lD-( p+q) —l{(fI-ZG(Z)w + G(";,,,G%xs% - ﬂ':}GowGox)
q

((P + 4) G, + G§ wGoxso Fv‘:'n+qGo.pG()x)sg

_ —2
+ (qz + 15— GoyGoyS6 )((P +q) t g GowGoxsc% )GowGaxﬂqﬂp+q

— —2 ~
—(@2+u2+G3,s3)((PFa)’ +12ey+ G3,s8)Goa P+

2 e —
_”’q"“p+q(G(ldl + Gox) anGoxSi’iq pra+ (¥ "’X)} - (68)

This expression is infrared singular at p =0 due to the massless -propagator in
the sixth term. Therefore the renormalized sigma mass has to be defined at
non-zero momentum. We choose to consider the physical sigma mass m_, which is
given by the complex pole of the propagator through

I, (im,+1y,,0,0,0)=0. (69)

At tree level its value is

m,, = 2log(m,/2 + V1 +m5/4). (70)

The one-loop correction can be derived straightforwardly from eq. (68) but is too
lengthy to be displayed here.

In the infinite-volume limit the vacuum expectation value of the scalar field
v = {¢) is related to the vacuum expectation value of the shifted o-field by

V2kv =54+ (o). (71)
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In perturbation theory (o) is given by the sum of tadpole diagrams, which in the
one-loop approximation yields

8o N -1 ary—1
@)= =sozo [[(@+md) "+ 3(a1) 7]

"lfuun 3*(Gj, + G3,) — 212G, Gy, + 2G3,G3, 52} . (72)
0

Next we come to the fermion propagator. Let @ and b be indices which assume
values ¢ and y. Then the inverse fermion propagator matrix in one-loop order is

2K lS: ,)( p) ab( p) + 6abG()a<0>

—— . _l -
- {G()acob];[(p _‘1)2 + m(z)] Wa'(g) + (my— 0,50 ‘So)} .

(73)
From this expression the matrices M and N, which describe the behaviour of the

inverse propagator near p = 0 according to eq. (29), can be derived. The result is

2—1'('"11 = Gow(so + <0‘>)

<{1-Guf[(@ emi) (@) 60) (@ + GhA)Gu - w360 ]

(74)
1

2sz—dlttownh (Yex), (75)

1
2Km Ko — G(,,,,G(,Xf[(q2+m(,) +(éz) ]D((I) (‘I +Mq Go.pG()XS())ILq,

(76)
! =1 A2 2y~ 2 A7 2| ~1f=2 2 ~2
2Kn' + G(m,f[(q +mo) +(‘I) ]D(‘I) (q +P«q+G()XS())q » (77)
1
Skm= ditto with (¢ & x), (78)

ﬁ" ZG(h// (,X(G(,,,,+G(,X)S(,f[(q +mu) )-2]15(4)_.‘721% (79)
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The diagonalization of these matrices leads to the definition of the fermionic
wave-funciion renormalization factors, renormalized Yukawa couplings and
fermion masses as explained in the previous section. The one-loop expressions for
these quantities are straightforwardly obtained by inserting the expressions for M
and N above into egs. (34)-(37).

The perturbative relations between bare masses and couplings and their ccrre-
sponding renormalized counterparts discussed above can be inverted in order to
express the bare quantities in terms of the renormalized ones. If these expressions
are substituted into the expansions of other physical quantities, say higher vertex
functions, renormalized perturbation theory is obtained, where divergencies are
eliminated. A particular example are perturbative finite-size effects. The finite
lattice-size dependence of various quantities can be obtained from the formulae
above in the same way as in ref. [11] and can be evaluated numerically.

Particularly interesting for the investigation of spontaneous symmetry breaking
is the effective potential for the scalar field. For constant fields ¢ the coefficients
of its power series expansion (if they exist) are the zero momentum vertex
functions:

* 1
U#) = = T 270 0,....008, ... (80)
N=2 -

As is well known the effective potential can be obtained by perturbation theory
around the point ¢ =0 in the case of a spontaneous breakdown of symmetry as
well. In this case the Feynman rules of the symmetric phase [11] have to be used,
where in our case m2 has to be replaced by —mg/2 according to eq. (40).

In the one-loop approximation the effective potential is

m? g
U(¢) = - —2—"|qf>(,|2 + fl%l“ +LTrlog D —Trlog Q - Trlog Q*, (81)

where

828
D

L= (82)
¥ 28¢0(x)dd(y)

&y =const.

and Q is the fermion matrix of eq. (3). The matrix

2 2

m, 8o 2 1 0 8o . ool dndo2

D, =|-00 — 2%+ 224, 5.,( )+—ox. (83)
O BT ) 0 1) 3 "\ pdn o5

is easily diagonalized and yields
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2

1 myg mg g, 2
1 - — A2 _ 9 2 32 - —  — ol B
1Trlog D= qu{log(q 5 +8oldol )+log(q > 13 ol )) (84)

We write the fermion matrix as

0
E_E =W+ V., (85)

where W is as in eq. (57) but without the sy-term. For the fermionic contribution
we obtain

2Trlog Q = 2Trlog(1 + W™'V,¢,;) + const.

= f trlog{(c72 +1u3,)2 ~ 2| by’
q

X -q 2G(;;.y, + #iGowGOX —iy-q I‘LqG()x(G()c[; + Gox)
=17 G Goy(Goy + Gyy) “ézG(z)x + I-‘%;Gowcox
2
= 4[{(@+ K2~ 260Gy 190l) +23%(Gos + Gy Yidol}.  (86)

q

The vacuum expectation value of the scalar field is determined by the minimum of
the effective potential. Through differentiation of the one-loop expression for
U(o) the result (72) can be confirmed.

Expressing the bare fields and parameters in terms of the renormalized ones in
the effective potential yields a renormalized potential Ug(¢g) which is free of
UV-divergencies. The infrared singularities of the scalar propagator mentioned
above show up if the effective potential is expanded around its minimum. We
obtain a contribution of the form

1 &r 2 2
m(%ngRch + —6—(0,% + wa)) log'(ZngRaR +gr(og +7R) )/3m,2,l ,

(87)

which cannot be expanded in powers of the shifted fields.
For large |¢g| the leading term in the one-loop effective potential is the
logarithmic contribution

2
Blogl* log Id":' (88)
UR
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with

1 10
B= A ( ?gﬁ -32G}, — 3ZG§X) . (89)
It reveals the breakdown of the one-loop approximation for large fields and makes
the summation of the leading logarithms with the help of the renormalization

group necessary [16). This leads to the consideration of “vacuum stability” bounds,
which are discussed in sect. 6.

S. Mirror-symmetry breaking: heavy mirror fermions

The vacuum expectation value of the scalar field induces non-zero diagonal
clements in the fermion mass matrix (35). Therefore the physical fermion states
are mixtures of the (¢, x)-states with a mixing angle ay and with two, in general
different, mas eigenvalues u,g and p,,. From the point of view of chiral Yukawa
models the most interesting situation is zero mixing: ag = 0. In this case a U(1),
gauge field has a pure V— A coupling to one of the states (and pure V+ A
coupling to the other). In the present paper we shall only be interested in agp =0,
which can be achieved, for instance, by an appropriate tuning of the fermion
hopping parameter K. (Since ap =0 corresponds to zero off-diagonal fermion
mass pp =0, it is natural to tune by K but, of course, one can in general speak
about the four-parameter subspace defined by ag =0 in the space of five bare
parameters {«, K, A,G,,G,}.)

For zero mixing the two fermion masses are given by Gg,rx and Gr,lr»
respectively. Therefore a heavy mirror fermion corresponds to a large value of the
renormalized Yukawa-coupling G - If there were similar upper limits for renor-
malized Yukawa couplings as in pure scalar ¢* models for the renormalized
quartic scalar coupling (see, for instance, refs. [26,27]), then it would be impossible
to make the mirror fermion really heavy. Nevertheless, we have seen in the
symmetric phase that the renormalized Yukawa couplings can be rather large [11].
It is expected on general grounds that the qualitative features of renormalization
are the same in both phases. Therefore in the broken phase the mirror fermion
can presumably be rather heavy. It is also possible that there is a non-trivial fixed
point for the Yukawa couplings (which would correspond to the qualitative
behaviour of the two-loop B-functions). In this case there is no upper limit on the
renormalized Yukawa couplings and the mirror fermion can be infinitely heavy.
This opens up a new possibility for removing the mirror fermion from the physical
spectrum. Therefore, after knowing the results in the symmetric phase, we changed
our strategy for the numerical simulations in the broken phase. Namely originally
we were planning to follow the suggestion of ref. [15] and to try to decouple the
mirror fermion by tuning it to zero mass and zero mixing. On the other hand the
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decoupling with a heavy mass is more natural and it can also immediately be
extended to the case of weak gauge fields. Thus in the present paper we try to tune
the mass of the mirror fermion to large values by increasing G, .

As a consequence both bare Yukawa couplings G, and G, have to be non-zero.
A few test runs with G,G, # 0 showed, both in the symmetric and broken phases,
that compared to G,G, = 0 the doubler masses are decreasing for G,G, >0 and
increasing for G,G, <0. Since we want to make the doublers as heavy as possible,
in the following we always consider G, positive and G, negative. Note that an
overall sign of the Yukawa couplings can be compensated by the transformation
¢, — —¢,, but the relative sign of G, and G, cannot be transformed away. The
signs of the renormalized Yukawa couplings usually remain the same as those of
the bare ones. This means that we get a negative renormalized fermion mass for
one of the states. The sign of the fermion mass, however, is insignificant, because
one can change it by an appropriate ys-transformation (see ref. [11]). It is
remarkable that the opposite signs of G, and G, are also preferred by the
site-reflection positivity condition in eq. (17) in the sense that in the overwhelming
part of the region |G, + G, | <2(1 - 6|K|) the signs of G, and G, are opposite.

The Monte Carlo simulations were performed on 4% X 8, 4> X 16 and 6> X 16
lattices with periodic boundary conditions in the space directions. In the (longest)
time direction periodic boundary conditions were taken for the scalar field and
antiperiodic ones for the fermions. The larger time extension is favourable for the
definition of fermionic renormalized quantities because of the smaller value of the
smallest non-zero momentum in the time direction. In the molecular-dynamics
step typically 15000 to 40000 trajectories per point were calculated, with a few
thousand at the beginning used for equilibration. The number of leapfrog steps per
trajectory was chosen randomly between 4 and 10. The step length was tuned so
that the acceptance rate for the trajectories was near 75-80%. The typical average
trajectory length was between 0.5 and 1.5. The necessary inversions of the fermion
matrix were done by the conjugate gradient iteration, until the residuum was
smaller than 108 times the length square of the input vector.

The Wilson parameter in the lattice action (1), (2) was always chosen to be r = 1.
We have seen in the symmetric phase that the value of bare quartic coupling A did
not influence the results at all, at least within the typical statistical errors and as
long as A was within the range 0.1-10.0. This should be qualitatively similar in the
broken phase, too. Therefore here we only performed numerical simulations at
A = and at almost zero A, namely A = 10™% and A = 10~%. (We did not choose A
to be exactly zero, in order to be sure about the convergence of the Monte Carlo
process.) A summary of our data points is collected in table 1. Some global
expectation values in these points are given in table 2. The results for the
renormalized couplings and for the wave-function renormalization parameters, as
defined in sect. 3, are included in table 3. In the present section we shall
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TabLE 1
The chosen points in the parameter space and the measured renormalized masses m; , pg, g
and p,p. Statistical errors in last numerals are in parentheses. Points with labels in capital
letters are at A = x, others with small letters at A = 10~* and those with a greek letter at
A=10"°

Label L[*T G, G K K my ER iR KR

4x8 01 -06 0088 0125 1304 -00123) 0232450 0.9834)
43x16 01 -06 0088 0125 1105 —0.031(21) 0.2091(5) 0.945(13)
6°x16 01 —06 008 0125 0.78(7) -0.05914) 0.194(1) 0.701(14)
43%x8 02 -06 0080 0.127 09%7) -0.04927) 0462(1)  0.964(8)
43x8 03 -06 0072 0133 1115 -0.28(2) 0.619(2)  1.041(10)
43x8 04 -06 0050 0142 1276) —0.16(11) 0.702(11) 0.968(11)
43x8 05 -06 0032 0153 16030 -020(17) 0856(5)  1.017(6)
43x8 06 -06 0030 015 1594) -038(2) L1174  1.119(5)
43x8 01 -—07 0073 0125 136(6) -—0011(8) 0.2384(3) 1.116(10)
43x8 01 -08 0059 0.125 139%6) —0.0399) 024634 1.30(2)
43%x8 01 -09 0046 0125 1.628) —0055(13) 02530(5) 1.51Q2)
43x8 01 —10 0030 0125 1608 —0073(11) 0.2583(3) 163(2)
43%x16 01 -10 0030 0125 138) —027(7 0.2386(3) 1.53(6)
43x8 01 -01 0110 0.130 0.51(9 0.22(4) 0.286(4)  0.286(3)
43%8 01 —-02 00% 0130 0724 -0.001(3) 0286(2) 0.555(3)
43x8 0.1 -03 0081 0130 0903 -—0001(3) 02656(8) 0.54(3)
43%x8 01 -04 0065 0130 1.143) -—0007(3) 0249%(1)  0.895(6)
43x8 01 -05 0049 0130 1273} -0016(3) 0246(7) 1.025(6)
43%x8 01 -06 0032 0129 1286) —0.021(5 0.25946) 1.05(2)
43%x8 01 -06 0032 0129 1326) -00256) 0261(7) 1.06(2)
6°x16 01 -06 0032 0129 0737 -0.11Q2) 0207(1)  0.65(2)

Do =m0 o ZrRe=TOMMTUO®>

concentrate on the A = « points. The data at very small A will be discussed in the
next section in connection with the vacuum stability bound.

An important question to be investigated is whether the doubler masses are kept
large by the off-diagonal Wilson term, as is suggested by lattice perturbation theory
and has been shown by the numerical simulations in the symmetric phase [11]). A
slight complication in the broken phase is the mixing and the mass splitting of the
doublers due to the scalar vacuum expectation value. In an unfavourable situation
the mixing could push down one of the states with respect to the mean value. This
does not happen if the off-diagonal terms in the mass matrix of the doublers are
sufficiently dominating, because then the two masses are nearly degenerate. The
numerical data show, that for the chosen points with G,G, <0 all the doubler
masses remain above 1.7-1.8 in lattice units (see fig. 1), and the mixing angles are
always roughly about /4. A closer look at the results shows that the splitting of
the doubler masses is sensitive to the quality of the tuning to ag =0 at the zero
corner. If the mixing at the zero corner is closer to zero, then the splitting of the
doublers is usually smaller.
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TABLE 2
Some global expectation values in the points with label defined in table 1. / is the normalized
link variable defined in eq. (120) of ref. [11]. |$| denotes the absolute value of the average scalar
field, ¢y is the renormalized average scalar field and ay is the mixing angle. The other
notations are self-explaining. Statistical errors in last numerals are given in parentheses

{ (sl () (XX rg ag

A 0.244(1) 0.371(1) 0.930(6) —0.376(3) 0.267(1) —-0.010(2)
B 0.246(2) 0.353(9) 0.91(1) —0.356(4) 0.297(15) —0.027(18)
C 0.205(2) 0.273(8) 0.65(2) -0.271(D) 0.183(63) —0.066(16)
D 0.2132) 0.313(4) 0.779(8) —0.395(4) 0.229%(5) -0.034(19)
E 0.2312) 0.347(4) 0.819(3) -0.519(5) 0.246(4) -0.169%(12)
F 0.218(1) 0.345(3) 0.814(5) —0.624(4) 0.253(5) —0.098(75)
G 0.248(1) 0.405(3) 0.922(6) —0.819(5) 0.299(8) —0.115(97)
H 0.2718(6) 0.431(1) 0.937(2) —0.936(2) 0.304(4) -0.4(2)

1 0.233(3) 0.360(5) 1.020(6) —0.376(2) 0.262(7) —0.0084(43)
] 0.238(2) 0.375(4) 1.182(9) —0.400(3) 0.274(7) -0.025(6)
K 0.246(2) 0.393(3) 1.36(1) -0.4223) 0.296(7) -0.031(5)
L 0.235(1) 0.389(3) 1.461(9) —0.426(2) 0.288(7) —0.03%6)
M 0.241(1) 0.374(3) 1.43(1) -0.408(4) 0.33(2) —~0.16(5)

a 0.445(4) 0.780(8) 0.464(4) -0.463(5) 0.425(5) 0.44(10)
b 0.411(2) 0.752(4) 0.709(3) -0.513(2) 0.406(4) -0.00203)
¢ 0.356(1) 0.674(2) 0.859(2) —0.501(1) 0.363(4) -0.001(3)
d 0.301(2) 0.594(3) 0.946(4) -0.472(2) 0.322(4) —0.006(2)
€ 0.2592(9) 0.538(2) 1.019(4) —0.447(2) 0.293(4) —-0.012(3)
f 0.203(2) 0.444(4) 0.982(7) ~0.384(3) 0.259(5) —0.016(4)
@ 0.206(2) 0.443(4) 0.989(9) —0.387(4) 0.254(7) —=0.01%(5)
B 0.160(2) 0.269(9) 0.58(2) -0.237(8) 0.18(2) -0.13(2)

The second question in the broken phase is whether the mirror fermion can be
made sufficiently heavy by choosing G, large. Also here the first general observa-
tion is that this is rather sensitive to the smallness of the mixing angle ag. For
fixed values of the bare Yukawa couplings, the smaller a, the larger can the mass
splitting of the dominant - and y-states be. The opposite of this statement sounds
more familiar: for large mass splittings the mixing has to be small. The sensitivity
of the mass values of the tuning of ay is also a difficulty because, unfortunately,
the fluctuations of ay during the Monte Carlo process turned out to be large.
Therefore the tuning of ay requires long runs, especially at large bare Yukawa
couplings. The measured masses of the fermion and mirror fermion on a 4*> X 8
lattice are shown in figs. 2 and 3. According to fig. 2 the mirror fermion mass can
be kept near 1 for decreasing fermion mass. The opposite is done in fig. 3: for fixed
small fermion mass the mirror fermion mass is increased beyond 1. The maximum
value of the mirror fermion mass in the last point at (G, =0.1; G, = —1.0) is about
1.6-1.7, which is practically the same as the lowest doubler mass.

The masses in the tables and figures were obtained, according to the formulae in
sect. 3, from the behaviour of the propagator at the lowest timelike momenta. An
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TaBLE 3
Renormalized couplings, Z-factors and the angle ¢ defined in eq. (33) in the points with label
defined in table 1. Statistical errors in the last numerals are given in parentheses

8R Gry Gry Z, Zy Z, z, ¢

A T105) 0.87(2) -3.68(11) 296(12) 1.93(9) 1.07(7) 3.28(2) 0.26(1)
B 42(7) 0.70(4) -3.1717) 2.71(13) 1.4115)  2.15(1) 3475) 02402
C 54012) 1.04(13) -3.82(35) 28216) 2.22(37) 1.96(2) 3213) 0.35(2)
D 574) 2.01(4) —4.20(7 2.73(9) 1.86(5) 2.3%(1) 3173) 0.4003)
E 60(4) 2.33(6) —4.05(8) 2.66(14)  2.03(8) 2.66(1) 3.093) 04802
F 754) 2.7(3} —3.7128) 2.8%9) 1.87(6) 2.66(2) 286(3) 0339
G 878) 2.67(9) -3.21(15) 291(9) 1.84(7) 2.62(2) 2.73(3) 0.20(10)
H 82(4) 2.5(3) -2.53) 2.63(7) 2.01(5) 2.75(2) 2772) 05(Q2)

I 81(6) 0.91(2) —-4.26(12) 3.08(12) 1.89%(10) 1.121(5) 3.31(3) 0.26(7)
J 77(6) 0.8%(2) -4.7313)  2.77(11) 1.87(7) 1.171(5)  3.34(5) 0.26(8)
K 90%7) 0.85(2) -5.09013) 3.1(1) 1.76(7) 1.21(5) 3354) 02509
L 93(9) 0.87(2) -5.65(13) 2.54(14) 1.82(7) 1.247(4) 327(3) 0.262(9)
M 46(5) 0.5%(11) -45(2) 2.30(12) 1.27(12)  2.38(3) 315(9) 0.36(5)
a 4.2(4) 0.43(6) —0.43(6) 3.61(7) 3.3%5) 1.34(2) 134(2) —-0.49%7)
b 9.4(5y 0.703(5) -1.365(12) 4.28(8) 3.42(5) 13%1) 254(1) 0.032(3)
c 18.3(8) 0.733(7) —2.08(2) 4.7109) 3.45(6) 1.248(4) 296(2) 0.081(4)
d 38(2) 0.774(7) —2.78(3) 4.91) 3.41(5) 1.14(7)  3.09(2) 0.133(3)
e 57(3) 0.84(2) -3.50(5) 5.5(2) 3.38(8) 1.127(5)  3.16(2) 0.179(4)
f 72(6) 1.00(2) —4.05(8) 5.4(2) 2.93(9) 1.218(6) 3.14(3)  0.264(6)
«a 80(5) 1.033) —4.18(9) 5.7(3) 3.1(2) 1.232(6) 3.13(4) 0.267(7)
B 46(9) 1.09(9) -3.6(3) 4.3(3) 2.3(3) 2.01(2) 307(5) 0473)

alternative possibility is to use cosh and sinh fits to the appropriate matrix
elements of the fermion propagator. This is particularly simple for degenerate
fermion masses (e.g. at G, = —G, ). Therefore, as a check, the fermion mass at
G, = —G, = 0.6 was determined also from such fits. A cosh fit to matrix elements
like (Y, v,XL> gives p;g=p,r =1.05(2). A sinh fit to matrix elements like
(P Xr> gives p,g =g = 1.02(4). This has to be compared with the values in
table 1. w,g = 1.117(4), p,g = 1.119(5). The agreement is reasonably good, but the
fits give 5-10% lower values.

It cannot be expected that on our 4% X 8 lattice the finite-size effects are small.
A detailed study on large lattices has to be left for later studies. In the present
paper we only report on a first look at the lattice-size dependence. Due to the
small masses one can expect that for fixed space volumes still larger time exten-
sions are needed. In order to see the effect of finite T, we increased it to 7 = 16 in
the points at (G, =0.1; G, = —0.6) and (G, =0.1; G, = — 1.0). Most quantities
change only little, but the Higgs-boson mass and especially the renormalized
quartic coupling becomes substantially smaller. An even larger change of these
quantities is observed if in the (G, = 0.1; G, = —0.6) point the spatial lattice size is
increased to 6. The change of the fermionic quantities, however, remains moder-
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Fig. 1. The fermion masses at different corners of the Brillouin zone on the 4* x 8 lattice at A = = and

x = —0.6 as a function of the bare Yukawa coupling G,,. The masses increase monotonously with the
increasing number of 7-values in the lattice momentum.
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Fig. 2. Masses of the fermion and mirror-fermion measured on the 4° X 8 lattice at A =% and

G, = — 0.6 are plotted as a function of G,,. Squares denote the fermion masses and crosses are for the

mirror-fermion masses. Errors are comparable to the size of the symbols.
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Fig. 3. The same plot as fig. 2 except that masses are now plotted as a function of — G, at G, =0.1.

ate. In particular, the renormalized Yukawa coupling of the mirror fermion is
similarly large as on the smaller lattice, in such a way that the ratios GRr,/Gry
and p,g/m,r are almost the same on the 4% X 8, 4° X 16 and 6> X 16 lattice. It is
clear, however, that the 4° X 8 lattice is orly indicating the qualitative behaviour.
For quantitative results considerably larger lattices are needed.

6. The “vacuum stability”’ bound on the Higgs mass

As has been mentioned at the end of sect. 4 the perturbative expansion of the
effective potential breaks down for large values of the scalar field ¢. This is due to
the appearance of logarithms of the field in the coefficient of the quartic term. In
the literature this situation has been dealt with by a summation of the leading logs
by means of the renormalization group [16). The coefficient of the ¢*-term is then
equal to the running quartic coupling at a scale which is given by the value of the
field. Given some values of the renormalized couplings gg, G, and Gy, at the
physical scale, the renormalization group equations can be integrated upwards to
some high scale to yield the corresponding quartic coupling. An important qualita-
tive feature of the Callan-Symanzik B-function of the quartic scalar coupling is
that in some region, namely at small couplings and large ratios Gg,/gg and/or
Gr,/8Rr> it is negative. Consequently it may happen that for large fields one ends
up with a running coupling which is negative, and the effective potential appears to
bend over to large negative values. This situation has been called “vacuum
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instability” and the corresponding values of the renormalized couplings, for which
it occurs, are excluded from the allowed region. This implies the “vacuum
stability” bound on the renormalized quartic coupling (that is, on the Higgs-boson
mass) [16]. _

Now the question poses itself, what is the meaning of vacuum stability in the
framework of the lattice regularized theory. Here the effective potential is a
well-defined quantity, which is known to be convex due to a theorem of Symanzik
[29]. Consequently it cannot possibly bend over to negative values for large fields
because it is finite (e.g. zero by convention) at its minimum.

The resolution of this apparent paradox is related to the fact that the running
coupling at the cut-off scale is essentially equal to the bare coupling. In order that
the theory be well defined the bare coupling A has to be positive. The renormaliza-
tion group flow may now be followed downwards from the cut-off scale to the
physical scale, where the renormalized couplings are defined. Those values of the
renormalized couplings that can be reached starting from any positive value of
the bare coupling form the physical admissible region. Those outside would not
correspond to any positive bare A and cannot be realized for the given cut-off. In
particular the boundary corresponding to A = 0 yields the vacuum stability bound.

To conclude, a non-perturbative formulation of the vacuum stability bound is
the requirement of a positive bare quartic coupling A. The problem is not primarily
the large field behavior of the effective potential. Furthermore the cut-off plays an
important rdle, which has not always been emphasized in the literature.

The exact effective potential and exact B-functions are, of course, not known.
Therefore one has to rely on some approximations like perturbation theory or
numerical simulations. Without knowing the qualitative behaviour of the B-func-
tions it is impossible to derive the vacuum stability bound. In particular, the
qualitative discussion is different in case of a trivial continuum limit, which is
qualitatively represented by the 1-loop B-functions, or if a non-trivial fixed point at
non-zero couplings exists, as suggested by the qualitative features of the 2-loop
approximation. (For the explicit expressions of the B-functions up to 2-loop order
see sect. 3 of ref. [11].) Since the qualitative behaviour of the B-functions is not yet
known, for the moment the vacuum stability bound can only be discussed if some
scenario is assumed for the B-functions.

Later on one can, of course, obtain information about the B-functions from
numerical simulations by studying the cut-off dependence of the allowed values of
renormalized Yukawa and quartic couplings. Before going into the discussion of
the vacuum stability bound let us mention three possible alternative scenarios. The
allowed region A in the space of renormalized couplings can be mapped out by
studying the A-dependence of GRry»Gr,» gr for every bare Yukawa couplings
within the broken phase near the gaussian fixed point. The region A will, in
general, depend on the cut-off, which can be defined, for instance, by the value of
the Higgs mass in lattice units. The first possibility corresponding to a trivial



L. Linetal 7/ U(1); ® U(1) symmetric Yukawa model 541

gr

G

Fig. 4. The qualitative behaviour of the renormalization group flows as indicated by the 1-loop

B-functions is depicted. The arrows on the flow lines are pointing in the direction of increasing energy

scale. The dashed line separates two regions where the RG flows are going to positive and negative

infinite values of the scalar quartic coupling respectively, and therefore gives us the lower bound on the

Higgs mass if we require that the vacuum of our model be stable. In the figure, Gg means Gg,,. We set
Ggr, =0o0r —Gg,. The qualitative feature of the flow lines is the same for both cases.

continuum limit is that for increasing cut-off A is shrinking to the origin Gg, =
Ggr, =8r =0. Another possibility is that, maybe after some shrinking for low
cut-offs, the region A starts to expand and fills a 3-dimensional part of the
(GRry>GRry» gr)-space (or even the whole space) for infinite cut-off. In this case
the continuum limit is non-trivial. A third possibility is that at infinite cut-off
region A becomes a lower-dimensional subset, say, a surface. In this case the
continuum theory is again non-trivial but the quartic coupling is a function of the
Yukawa couplings. In other words, for given Yukawa couplings the lower and
upper limit on the renormalized quartic coupling coincide.

Returning to the discussion of the vacuum stability lower bound, let us first
assume that the continuum limit is trivial and the 1-loop B-functions are qualita-
tively correct (small scale breaking corrections to the B-functions will always be
neglected here). In this case the renormalization flow of the coupling is as shown
by fig. 4. (For simplicity only one Yukawa coupling is considered. For instance, one
can imagine that Gg=Gpg, and Gg, =0 or Gg=Gg,= —Gyg,, which are
renormalization group invariant relations.) The renormalized couplings at the
physical scale (e.g. point P of the figure) are connected to the bare couplings along
a flow line (point C on the figure). The length of the flow line connecting P and C
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depends, of course, on the scale ratio at P and C. For a given scale ratio, i.e. for a
given physical mass in lattice units, one can put the point C on the positive G axis
where g =0. The set of corresponding points P defines a curve, which is the
vacuum stability bound for the given ratio of cut-off to physical mass. Namely, :f
one wanted to go with P along the flow line closer to the g =0 axis, then the
corresponding point C would have a negative bare quartic coupling, and the lattice
action would become unstable. Saying it differently, since the 1-loop contribution
of the fermion loop to the quartic coupling (at given bare couplings) is positive, it
can happen that the bare quartic coupling needed for some combination of
renormalized couplings is negative. (Note that here we refer to the true 1-loop
contribution, not to its leading log at large fields.) It is clear from the figure, that
for very large scale differences the lower limit implied by the requirement of
stability tends to the separatrix of the flow to g = and g = —. Of course, in
case of a trivial continuum limit one has to take into account also the cut-off
dependent upper limit on the renormalized couplings (see, for instance, fig. 2a in
ref. [11]). The numerical evaluation shows, that the allowed region in the
(G, gr)-plane is bounded by the upper limit for g, and by the vacuum stability
bound. Note that in the literature the effect of weak gauge couplings is usually also
included. Therefore there is an additional small excluded pocket near zero
couplings, which is due to the Weinberg—-Linde bound.

The small coupling part of the vacuum stability bound curve can be obtained
from lattice perturbation theory. If the cut-off is not very far from the physical
scale, in such a way that the logarithm of the scale ratio is not very large, the low
orders of perturbation theory give a goed approximation. Using at A = 0 the 1-loop
perturbative expressions given in sect. 4, one obtains for instance in the special
case Gg, = —Gg, =Gy

9662

]q 7+ (ne+d2/2)) . (90)

In fig. 5 this is plotted for the case that the cut-off is twice the fermion mass
and vg.

The qualitative picture of the vacuum stability bound in case of a non-trivial
fixed point (as in the 2-loop expression) looks quite different. For instance, the
flow lines crossing the g, = 0 axis in the negative direction return to positive gRr’s,
because they go to the non-trivial fixed point F (see fig. 6 which refers to the case
Gr =Ggy, Gy x = 0). Therefore, points excluded by the vacuum stability bound
for some scale ratio can become again allowed for a larger scale ratio, because
point C goes again to positive quartic couplings. More generally, the existence of
the non-trivial fixed point F implies that for large enough scale ratios between the
cut-off and the physical scale there is practically no restriction on the values of ihe
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Fig. 6. The qualitative behaviour of the renormalization group flows as indicated by the 2-loop

B-functions is shown. The arrows on the flow lines are pointing in the direction of increasing energy

scale. We set G, = 0 in this figure. In the case where G, = —Gp,. there will be another ultravioiet
attractive fixed point at negative gp.
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renormalized couplings. This is due to the fact that near F the B-functions are
close to zero, and the flow can spend an arbitrarily long time there. This can be
used to tune C near F such that for a large scale ratio P is an almost arbitrary
point on the plane. Since, however, the B-functions are zero also at the origin O,
the flow can spend a long time also there, and therefore a small region near O
always remains excluded by the requirement of stability. For large scale ratios this
region is, however, becoming very small. In the exact continuum limit correspond-
ing to an infinite scale ratio every point of the plane is allowed. Note that this
discussion is based on the assumption that the 2-loop B-function is correct
everywhere. In reality it can happen that the non-trivial fixed point is associated to
a phase transition which implies a singularity in the B-functions, too. In this case
some limitations on the renormalized couplings can still arise because, for in-
stance, some region in fig. 6 is completely absent. Another possibility is the
existence of a non-physical attractive fixed point at gg <0, which occurs for
instance in the 2-loop B-functions for Gg = G, = — Gy, . In this case the vacuum
stability bound for large cut-offs is the separatrix of the flows to the fixed points at
positive and negative gg.

This discussion shows that the qualitative features of the B-functions, in particu-
lar the existence or non-existence of a non-trivial fixed point, have to be taken into
account in the numerical studies of the vacuum stability bound. Assuming that
such a fixed point does not exist and that the 1-loop B-functions are qualitatively
correct, a possible strategy in the numerical studies is to investigate the A-depen-
dence of gy for fixed Yukawa couplings. The extreme values of the renormalized
quartic coupling g; at A =« and A = 0 give, respectively, the upper limit implied
by triviality and the lower limit implied by vacuum stability. On the basis of the
results in ref. [11] one can expect that the A-dependence of the physical quantities
is weak if the bare Yukawa couplings are in the range 0.1-1.0. This is supported by
the numerical data in tables 1-3 at the points with label 4, f and @, which
correspond to (G, = 0.1; G, = —0.6) but the values of A are, respectively, A = o,
107, 10 The obtained values of the renormalized masses and couplings are
very similar in all these points. This shows that for such Yukawa couplings the
lower and upper limits practically coincide. A large difference can only be
expected at rather small Yukawa couplings. For instance, the peiturbative vacuum
stability lower bound in fig. 5 is substantially smaller than the upper limit at such
small Yukawa couplings, which is practically the same as the upper limit in the
pure ¢* limit (g = 40 in our case).

In models with fermion-mirror-fermion pairs the vacuum stability bound is, in
general, a function of the two renormalized Yukawa couplings G ry and G, . As a
first numerical test, we looked at the dependence of the renormalized quartic
coupling on G, for G, = 0.1, a fixed fermion mass of about 0.25 in lattice units and
very small bare quartic couplings A = 1074, 10~° (points a-f, @ and B in the
tables). The results for g, as a function of G R, are shown in fig. 7. Comparing
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Fig. 7. Data of gg vs. —Gp, at very small values of A at G, = 0.1 are plotted. The point denoted by
the cross is at A = 10~° on the 4* X 8 lattice and the full triangle on the 6° X 16 lattice. Full squares are
at A = 10 ? on the 4* x 8 lattice.

points f and a shows that between A =10"* and A = 107° there is practically no
difference if G, = —0.6. There might be a small difference at the other end of
G, = 0.1, where the order of magnitude of g, is the same as the value given by
perturbation theory (although this point is presumably already beyond the strict
validity of the 1-loop approximation). The actual value of g = 70 in point f has on
the 4° X 8 lattice a large-finite size effect. The point B on a 6> X 16 lattice gives
ggr = 46(9), a value equal within errors to the corresponding A = % point C, namely
gr =54(12), and also similar to the upper limit in the N=2 pure ¢* model
gr =40. This shows qualitatively that the vacuum stability lower bound and
triviality upper bound on the Higgs mass practically coincide if the mirror-fermion
mass is large. A quantitative statement of this kind needs further numerical studies
on 6> X 16 and still larger (but feasible) lattices.

7. Discussion and summary

An important axiom to be fulfilled by a euclidean lattice action is the
Osterwalder—Schrader reflection positivity. In sect. 2 of the present paper reflec-
tion positivity was proven in our model in a wide range of bare parameters. In
particular the so-called “link-reflection positivity”” was shown to be valid for every
non-negative scalar hopping parameter «. The “site-reflection positivity” could be
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proven only at infinite bare quartic coupling A = « either for sufficiently small or
for sufficiently large bare Yukawa coupling G, = %(Gl,, + G, ). The vicinity of the
gaussian fixed point at zero couplings, which has been numerically explored in ref.
[11] and in the present paper, is at k > 0. Therefore the link-reflection positivity
implies the existence of a non-negative self-adjoint hamiltonian (and the unitarity
of the S-matrix) in the corresponding quantum field theory in Minkowski space.

An important question in any lattice fermion model is the decoupling of the
lattice fermion doublers in the continuum limit. The numerical simulations in both
the symmetric phase [11] and in the broken phase here show that in the vicinity of
the gaussian fixed point the 30 fermion doublers can be kept at rather large masses
(roughly about 2 or higher in lattice units). This allows to define the desired
continuum limit near the gaussian fixed point with the physical particles corre-
sponding to the field content of the model (scalar bosons, fermion and mirror-
fermion). Therefore a potentially dangerous consequence of the hopping para-
meter expansion at infinite bare Yukawa couplings, namely the dynamical
mirror-doubling of the fermion states [30-32], does not occur in the investigated
region at small or moderately large bare Yukawa couplings. In order to be able to
draw qualitative conclusions from the present model for the Higgs—Yukawa sector
of the Standard Model, the mirror-fermions, which were up to now not observed in
nature, have to be decoupled too. The observed large values of the renormalized
Yukawa couplings in the symmetric phase [11] suggest that the decoupling can be
done similarly to the decoupling of the doublers, namely by large masses. The
results of the numerical simulations in the broken phase show, that indeed the
mirror-fermions can be made almost as heavy as the doublers. Theoretically, if a
non-trivial fixed point would exist, then there were no upper limits for the
renormalized couplings at all, and the mirror-fermions could be infinitely heavy. If,
however, the gaussian fixed point at zero couplings would be the only fixed point,
then the continuum limit would be trivial and the mirror-fermions would have to
exist as “new physics” at some large energy scale. Already the present simulations
together with the results of ref. [11] suggest that this scale can, indeed, be rather
large, say, four times the vacuum expectation value. Nevertheless the conclusions
in the present paper can only be qualitative since the lattices are small. Obviously
this limit has to be made more precise in further numerical studies on larger
lattices [14]. At this point it is worth to emphasize that the present phenomenology
does not exclude the mirror doubling of the three fermion families even near 100
GeV [33]. Therefore the light sector of the U(1), ® U(1); model can be as
“chiral” as the standard model is known to be “chiral” phenomenologically.

A closer look at the obtained renormalized couplings in the broken phase
reveals that the values are somewhat (by about 10-20%) smaller than the values in
the symmetric phase at the same bare Yukawa couplings. This can, however, be
due to the fact that in the broken phase the parameters are not perfectly tuned to
zero renormalized fermion-mirror-fermion mixing ay =0. The numerical data
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clearly show a strong correlation between ai and the renormalized Yukawa
couplings G, Gg,: the smaller ay, is, the larger are G, and Gy, . Therefore it
is not excluded that by an exact tuning to ag =0 one would obtain very similar
renormalized Yukawa couplings in both phases. If this is the case, then in the
broken phase the upper limits on the fermion and/or mirror fermion masses
would be rather high. The corresponding renormalized Yukawa couplings could be
as high as 2-3 times the tree unitarity upper bound. This interesting question
awaits further detailed numerical studies.

An interesting new feature of the Higgs-Yukawa models compared to the pure
scalar ¢*-models is the possibility of a (cut-off dependent) lower limit on the
Higgs-boson mass, the so-called “vacuum stability bound”. This lower bound can
be deduced from the negative B-function of the quartic scalar coupling. (For its
non-perturbative definition see sect. 6.) The discussion depends substantially on
the assumed fixed-point structure. In case of a non-trivial fixed point the vacuum
stability bound can be very weak or not present at all. Under the more conven-
tional assumption of a trivial continuum limit the lower bound is similar in nature
to the upper bound: for fixed Yukawa couplings the largest renormalized quartic
coupling is reached at infinite bare quartic coupling (A = =) and the smallest at
zero (A = 0). The numerical simulations show that, in accordance with the expecta-
tions based on the perturbative renormalization group studies [16], for large
Yukawa couplings the lower and upper limits are almost the same. The observed
quartic coupling is almost entirely induced by the Yukawa couplings. In other
words, except for very small Yukawa couplings, the renormalized quartic coupling
is practically a function of the renormalized Yukawa couplings. As a consequence,
if the mirror-fermions are heavy, then the Higgs boson mass is predicted within
close upper and lower bounds. The simulations in two points on 6> X 16 lattices
show that these upper and lower bounds at the given Yukawa couplings are within
errors equal to the non-perturbative upper limit in the pure ¢*-model. Concerning
the existence of a non-trivial fixed point the present numerical data are not
conclusive. This question will be investigated in the future [14] by studying the
cut-off dependence of the upper and lower bounds on the Higgs-boson mass.

We thank Martin Liischer for helpful comments and discussions about reflection
positivity. The Monte Carlo calculations for this paper have been performed on
the CRAY Y-MP of HLRZ, liilich.
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