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We present an analysisof the eigenvaluespectraof the Dirac operatorM and related
operatorsM’ and MtM in an SU(2)®SU(2) and a Z(2)®Z(2) fermion—Higgsmodel in the
quenchedapproximation.We especiallystudythe spectrain the symmetricandbroken symmetry
phasesalong the crossover line which was recentlydiscoveredin these models in numerical
simulations.It turns Out that in the symmetricphasesof both modelszero modesemergealong
the crossoverline. In the caseof the Z(2) model the zero modesfollow the crossoverline into
the broken symmetry phasewhereasin the caseof the SU(2)model they appearto stop at the
phasetransition line betweenthe symmetricandthe broken phases.

1. Introduction

Non-perturbativeunderstandingof the spontaneoussymmetry breakingin the

standardmodel of electroweakinteractionshas beenthe subjectof many recent
investigations.Studiesof lattice regularizedpurescalar c1~theoryhavebeenable
to confirm the perturbativepicture of triviality and have determinedan upper

bound on the Higgs mass (for recent reviews see refs. [1—31and references
therein).The nextstageof the calculationnaturally involvesthe so-calledYukawa
modelson the lattice involving both scalarandfermion fields interactingthrough
Yukawa couplings. Initial studieshaveconsideredscalar—fermionmodelson the
lattice with Z(2), U(1) and SU(2) symmetries.For reviews see refs. [4—61and
referencestherein.

The non-perturbativeinvestigationsof the latticeYukawa modelshaverevealed
a variety of interesting and unusual properties.At intermediatevalues of the
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Yukawa coupling there exists a region which the fermionic observablesarevery
sensitive to [7,81.Let us call it the crossover region. Across the crossoverthe
behaviourof the fermion masschanges,as explainedbelow. For smallerYukawa
couplings, perturbativeexpectationsabout fermion massgenerationare fulfilled.
For Yukawacouplingsabovethe valuecorrespondingto the crossoverthereexists,
on the contrary, a symmetricphasewherethe fermions aremassiveand a broken
phasewhere the fermion massincreasesas the vacuumexpectationvalue of the
scalar field decreases.For suchstrong Yukawa couplings, the fermion massdoes

not notice the phasetransitionbetweenthe symmetric andthe brokenphaseand
decouplesin the continuumlimit. Nevertheless,it hasbeenproposed[9] thatusing
a secondderivativeYukawa coupling known as the Wilson—Yukawacoupling [10]

which is chirally invariant, this apparentlyunphysicalregion may cometo use in
decouplingspeciesdoublersof chirally coupledfermions on the lattice while the
massesof thephysicalfermionscan scale.The decouplingof the fermion doublers
by making them heavyand scalingof the physical fermion masseshavenow been
demonstratedin these theoriesusing both analytic and numerical techniques
[11—171.Although it is very unclearat the momentwhat kind of a theoryemerges
in the continuumlimit usingthe Wilson—Yukawaapproach[13,18],from the point
of view of understandingYukawa couplings alonenon-perturbatively,investiga-
tions on curious phenomenalike the crossoverwould be very valuable.

In this paperwe study the eigenmodesof the fermion matrix in the vicinity of
the crossover.The peculiaritiesof the crossover,e.g. the failure or at least agreat
difficulty to invert the fermion matrix at and aroundthe crossover,canbe studied
in a more quantitativeanddirectway in this approach.In particular,we would like
to makedefinite statementsabout the existenceof zero eigenvalueseven in the
limit of infinite latticevolume. Analogousstudiesof the eigenmodesin other field

theorieswhich involve fermions, such as QCD and QED, have proved useful
[19—22].Detailsof the quality of the lattice approximationfor fermionscanalsobe

judgedfrom the spectra[16,23].
We investigatetwo different lattice Yukawamodelsin thequenchedapproxima-

tion. Oneis with the discretesymmetrygroup Z(2) 0 Z(2) and the otherwith the
continuous symmetry SU(2)® SU(2). The Z(2) model uses staggeredlattice
fermions. The SU(2) model is studiedbothwith andwithout the above-mentioned
Wilson—Yukawacoupling.

After defining the two models in sect. 2 we briefly describein sect. 3 the

Lanczos algorithm used to obtain the eigenvaluesof the fermion matrices M,
MtM and the relatedmatrix M’. In sect. 4 we describethe eigenvaluespectraof
the fermion matricesM andM’ in different regionsof the phasediagramsfor the
two modelsand discussthe appearanceof small eigenvalues.In order to obtain
information about the volume dependenceof the small eigenvaluesof M we
analysein sect. 5 the small eigenvaluesof the hermitian operatorMtM which
allowsus to uselargerlattices.In sect. 6 we discussfermioncondensatescalculated
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from the eigenvaluesand show in sect. 7 that an effective free fermion mass
calculatedfrom the fermion condensatesurprisinglyhas reasonablequalitative
behaviour.

2. The models

The modelsunder considerationare defined by the following actions on an
euclideanlattice. The Z(2) model with staggeredfermions and on-site Yukawa
couplingis definedby the action

S = SH + SF,

SH= —2K~~~4~+
4, (2.1)

SF=,~MX

= ~ ~ ~ (2.2)

where = (. ~)xl+x2+ ... ~ and x~and ,~ denote the staggeredfermion
fields. The action for the SU(2) model is given by

S = S11+ SF,

SH= ~ (2.3)

=

= ~ — ~iç~) +YEWX(~XPR +

+ wE{~X(~XPR+ cPXPL)~1’X

—~[~X(~XPR + ~+~PL)~PX+~ + + ~_4PL)~1’X~J}. (2.4)

In bothactionsthe scalarfields / E Z(2) and 1 E SU(2)are radially frozenand M

denotesthe fermion matrix. In the caseof the SU(2) model the Dirac—fermion
fields ~1’~and~1’J~areSU(2) doubletsand ~L,R are theleft- andright-handedchiral
projectors.There are two kinds of coupling presentin both models,namely, the
Yukawa coupling and the scalar field hopping term with parametersy and K,
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respectively.In the SU(2) model, in addition, thereis a secondderivativeYukawa
coupling calledthe Wilson—Yukawacoupling involving the parameterw.

The action in (2.1) and (2.2) is invariant under global chiral Z(2)0® Z(2)e

transformations

X ‘~(iT2e1’e + Q0P0)~, ,~ —‘.~(Q~P~+ 12oPe), 4? -4 fl~fI0cb, (2.5)

where ~e and P0 projectonto evenandodd sites,respectively,

~ex = ~(1 + es), P0~= ~(1 — ri), E~= ( — 1)X!+x2+X3+Xl (2.6)

and ~eo= ±1.
In a correspondingmanner(e, o ~ R, L) the action in (2.3) and(2.4) is invariant

underthe global chiral SU(
2)L 0 SU(2)R transformations

~P—*(~~LPL+ ~~R1~R)~”, ~ ~(flLP~ +~~PL)’ ‘17 ~L~R’ (2.7)

where ~L,R E SU(2)LR.
The fermionic part of the action for the Z(2) model can be rewritten via a

transformationon the fermion fields,

X(4?x’~ox~ex)Xx’ =~x(4?xPex+Pox), (2.8)

giving

5F =XMX =k’{M~ff±~I~.)x

+Y~x~x~,(2.9)

where M~ffis the off-diagonal part of the fermion matrix M’. Under the above
Z(2)

0 0 Z(2)e transformations~‘ transformsas x’ —~heX’ and .~‘ —~ ~

Analogoustransformationscanbe performedon the fermion fields in the SU(2)

model. Whenwritten in termsof the fermion fields

~i’~= (17~PL+PR)WX, ~i’;= ~I’~(
1’xPR+PL), (2.10)

which transformas 0 SU(2)R, the Yukawaterm takesthe form of a bare mass
term and the Wilson—Yukawa term the form of the standardWilson massterm
familiar from QCD,

5F ‘I”M~W’= ~It’{M~~~+(y +4w)]i}tIt’

= E Y~{(~~X+~PL+ PR)~+~— (~~X_~PL + PR)1~_~}

(2.11)
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where~ againdenotesthe off-diagonalpart of the fermion matrix M’.

An alternativetransformationon the fermion fields to, for example

‘=(17XPR+PL)sIc=17X~I1~, ~ (2.12)

which transformas SU(2)L ® ~ correspondsto just a unitary transformationon
M’ andhencegives the sameeigenvaluespectrum.However,note that the Wilson

term in the action for the ~I’~’,~[‘~‘ fields containsthe scalar field in a non-trivial
way.

The eigenvaluesof ~ are particularly useful in the quenchedtheory, since

they are independentof y + 4w and need only be shifted by y + 4w to give the
spectrumof M’. The eigenvaluesof M~’ffand M’ can be easily seen to be
invariant underZ(2) 0 Z(2) or SU(2) 0 SU(2) transformations.

The phasediagramsof the two modelsarequalitatively quite similar and much

is already known about them. In the quenchedtheory the phasediagram is
independent of y (and w for the SU(2) model) and given by the respectivepure
scalarZ(2) (K~ = 0.07483(2))or SU(2) 0 SU(2)/Z(2)— 0(4)model (K~= 0.3045(7)).

There exist a symmetric or paramagnetic phase (PM) (K~ > K> —Kr) and two
broken phases: a ferromagnetic (FM) phase (K > K~), and an antiferromagnetic
(AM) phase (— K~> K).

Weillustrate in fig. 1 a schematic phase diagram applicable to either model. For
the SU(2) model fig. 1 shows the phase diagram only at w = 0. For w> 0 the zero
of the Yukawa coupling axis is to be shifted in the positive y-direction by an

IC ________________ _______

FM(W) FM(S)

/CC

0 PMW I PMS 0

AM(W) AM(S)

*

y
y

Fig. 1. The schematicphasediagram of either of the models in the quenchedapproximation.The
roughlyvertical dashedline at y = y * representsthecrossover.For theZ(2) model i~ = 0.07483(2)and

for theSU(2)®SU(2)model ~ = 0.3045(7).
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amount of 4w [24]. The phasesare distinguishedby the local order parameters
(17) (the scalar field vacuum expectation value) and (‘~~~)= ((

1)(xI±x2+xS+x4)17)

(staggeredscalarfield vacuumexpectationvalue). We usethe following abbrevia-
tions for the regionsof the phaseswe havefound:

Symmetricphases:
PMW: Paramagneticphasewith weakYukawacouplings:

(~) = ~St~ =

PMS: Paramagneticphasewith strong Yukawacouplings:

Brokensymmetryphases:
FM(W): Ferromagneticphase(weakYukawacoupling region):

K’17>>0, @I~>=0,
FM(S): Ferromagneticphase(strongYukawa coupling region):

K’P>>0, K’17~~)=0,
AM(W): Antiferromagneticphase(weakYukawacoupling region):

(‘17)=0, K’P~~)>0,

AM(S): Antiferromagnetic phase (strong Yukawa coupling region):

KcD)=0, KcP~>0.

In fig. 1 the FM, the PM and the AM phases are separated by solid lines

representing second-order phase transitions. The dashed line approximatelyparal-
lel to the s-axisat intermediatevaluesof the Yukawacoupling y = y * (~ 1.3—1.4)
representsthe position of the so-called crossover.In the following we describe
briefly the peculiarfactsaboutthe crossover.The discussionapplies to bothof the
models. For the SU(2) model the crossoveris discussedin the following only at
w = 0 but can trivially be extended to the w> 0 case keeping in mind the shift of
the phasediagramfor nonzero w.

The FM(W) and FM(S) regions are distinguished by the behaviourof the
fermion mass [7,8]. In the FM(W) region the fermion mass mF decreased as K \

for fixed y and w whereas, in the FM(S) region, mF followed approximately
mF ~yz~ [161with z

2 = ~TrK17~D~+~),increasingas K \ K~.Associatedwith this
crossoveris the technicalfeaturethat the numberof conjugategradientiterations
N~

0requiredto invert the fermion matrix to a given accuracyshoweda maximum
in bothmodelsat the crossover.

The crossoverin the SU(2) model is seento continueinto the symmetricphase,
showing little dependenceon K, andsplits this phaseinto two different regions:a
masslessweak coupling region(PMW) and a strongcoupling region(PMS) where
the fermions are massive [24]. NCG peaks again around the crossover. The
maximum of N~0becomesmore pronouncedand higher as K decreased. The
observedpeak of NCG indicated the presenceof the crossoveralso in the AM
phase,though its fate deep in this phaseis not known. Similar observationsare
madein the Z(2) model in this work, andaredescribedat the endof subsect.4.2.
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The correlationof the crossoverphenomenonwith NCG is not well understood
but shouldbe a reflection of the appearanceof small eigenvaluesin the fermion
matrix. This is investigatedin detailbelow.If thereappearexactlyzeroeigenvalues
at thecrossover,someof the weak andstrongregionsdescribedabovemay not be
analyticallyconnectedandevenin the contextof the quenchedapproximationthey

canbe regardedas two distinct phasesseparatedby the crossover.

3. The Lanczos algorithm

We haveusedthe Lanczosmethodfor non-hermitianmatrices[25] for calculat-
ing the eigenvaluesof the Dirac operatorM andthe relatedoperatorM’. In the
caseof the operatorMtM the simpler hermitian version of this algorithm [26]
could be applied. The eigenvaluecalculationswere performedon independent
scalarfield configurationswhichweregeneratedby a simpleheatbathalgorithmin
the caseof the Z(2) model anda Hybrid Monte Carlo algorithmin the caseof the
SU(2) model. The Lanczosalgorithm is an iterativealgorithmwhich transformsa
given matrix M to a matrix T which hasa tridiagonalform,

Y
1MX= T, where Y~X= I~and Y = X if M is hermitian. (3.1)

The transformationmatricesX = (x
1,. . . , xN) and Y = (y1,.. . , yN) consistof the

Lanczosvectorsx, and y~(i, J = 1,..., N) which are generatediteratively during
the processof calculation. If M is non-hermitianit turns out that, becauseof
rounding erros, re-orthogonalizationof the above Lanczosvectors is necessary.
This requiresa largeamount of storagespacesince2N vectorshaveto be stored

simultaneously.The nonzeroelementsof T are calculatedfrom productsof M
with theseLanczosvectors.The detailsof the iterativeprocedurearedescribedin
refs. [25,27]. From the elementsof T the eigenvaluescan be computedby Sturm
sequencingin the caseof the hermitian matrix MtM andby the QL algorithm for
the non-hermitianmatricesM and M’ [27].

4. Eigenvalue distribution in different regions of the phasediagram

We use the non-hermitianversion of the Lanczosalgorithmdescribedaboveto
find the eigenvaluesof M and ~ for the two models.Symmetriesexist in both
modelswhich canbe usedto reducethe dimensionof the Lanczosvectors.

For the Z(2) model the eigenvaluesof M appearin complexconjugatepairsas
eMr = Mt (M is of coursereal in this model).Since 6M(~ffC = ~ the eigenval-
uesof M0’ff appearin +/— pairs.In addition,becauseof 4?M~~~4?= _(M~1~)t,the
eigenvaluesof ~ havethe samecomplexconjugacysymmetryas M.
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For the SU(2) model in the absenceof a Wilson term the eigenvaluesof the
fermion matrix M are four-fold degenerateand appear as complex-conjugate
pairs. This can be seenby the following. Performinga spin diagonalization[28]
replacesthe y-matricesin the hoppingterm by the site-dependentphasefactor

The Yukawaterm is unalteredon evensites,but ~L and ~R are interchanged
on oddsites.Writing the fermion matrix in this representationin a block form with
respectto even/oddsites one can then easily convinceoneselfthat if A is an
eigenvalue,A* is also an eigenvalueof this matrix. The four-fold degeneracyis a

combination of the two-fold degeneracyarising from the symmetry within the
right- andleft-handedDirac subspaces,andanothertwo-fold degeneracyresulting
from the pseudo-realityof the SU(2) scalarfields. A similar argumentleadsto the
samesymmetryanddegeneracyfor the eigenvaluesof M’ and ~ As in the Z(2)
model the eigenvaluesof M~’ffalso appearin + / — pairs,becausey5M~’ffy5=
—A1~ff,or ~ =

With non-zeroWilson term the genericfour-fold degeneracydisappears.The
+ / — symmetry remainsand also the eigenvaluesstill appearin complexconju-

gatepairs as can be shown from the pseudoreality of SU(2),chargeconjugation
and y5 transformation.

An importantpropertyof M and M’is that their zeromodesare relatedby the
transformation(2.8) or (2.10). Note also that their determinantsareequal(up to a
sign in the Z(2) model), so they vanishsimultaneously.

At the beginningit is useful to look at the eigenvaluesof thefermion matrix in
the limit of the free theory (K —* ~, ‘17 —f U. For free Wilson fermionswith bare
mass y and Wilson parameterw the eigenvaluesof the fermion matrix on a
hypercubiclattice of volume L

4 are given by

y+4w_wEcosp~±i,~/Esin2p~, (4.1)

where the allowed momentawith periodicor antiperiodicboundaryconditionare
p,

1 = 2n~/L or p,~= (2n + 1)~/L, respectivelywith n = 0, 1, 2,..., L — 1. For
example,the eigenvalueson a 44 lattice in the caseof naivefermions(w = 0) are:
y, y±i, y±V~i, y ±~/ii and y ±2i (with periodic boundaryconditionsin all
directions)or y±~ (with antiperiodicboundaryconditionsin all directions). In
an interactingcasethe eigenvaluedistribution will naturally be different andtend
in the limit K = ~ to the free distribution.

However, if one choosesperiodic boundaryconditionsin all directions, real
eigenvaluesof the free theoryat y = 0 still appearfor the interactingtheoryin the
spectraldistribution of M~ff.This can be seenas follows. The matrix M~’ffcanbe
written as ~ = M~’ff(~L + ER), where M(~ffPLcouplesto the scalar field and
M~fIPR is free. Henceany eigenfunctionof M~ffwhich is purelyright-handedwill
give rise to its correspondingfree eigenvalue(and thosewhich are not will have
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eigenvaluesdiffering from the free case).In the free theorywith periodicboundary
conditions in all directions, there are exactly real eigenvalues at 0, ±2w and ±4w,

as canbe easilyseenfrom eq.(4.1). Their eigenfunctionsare also eigenfunctions of
y5 and hence we can construct eigenfunctionswhich are purely right- or left-
handed.The right-handedmodessurvive in the interactingtheory. In addition, at
w = 0, c17lJtLf will be a left-handedeigenvectorof ~ with zeroeigenvalueif,

and only if, ~‘~L free is a left-handed eigenvectorof the free fermion matrix
M(K = co) at y = 0 with zeroeigenvalue.Thereforethesezeroeigenvalueswill also
remainin the spectraof ~ for all valuesof K.

In generalat small y periodicboundaryconditionsin all directionsgive rise to

small eigenvalueswhich causestrong finite-size effects in various observablesand
are responsiblefor the lack of convergencein inversionalgorithmsof the fermion
matrix. For this reasonan antiperiodicboundaryconditionin at leastonedirection
is to be preferred, since then such zeromodesdo not exist on a finite lattice. On
the otherhand,with periodicboundaryconditionsthe spectramay appearcloser
to their form in the infinite lattice limit. Of course,in the infinite lattice limit, the
spectraldistributionsshouldbe independentof the choiceof boundaryconditions
andwe thereforechangethe boundaryconditionsto get someideaof thestrength

of finite-size effects.
Becauseof the technicallimitation on the lattice sizedueto there-orthogonali-

zationof the Lanczosvectorswe cannotperform large-volumecalculationswith M
or M’, but in order to get an estimate of the finite-volume effects on the
eigenvaluedistribution we studythe matriceswith variousboundaryconditionsfor

the fermion fields.
In the following we describe the eigenvalue spectra in the different regions of

the coupling parameter space for the different models.

4.1. SU(2) MODEL AT w=0

In fig. 2 we showthe eigenvaluedistribution of the matricesM and M0’~~for the
SU(2) model at w = 0 in different regionsof the phasediagram.The eigenvalues
are in general complex and are representedby the dots in fig. 2 where the
abscissaecorrespondsto the real andthe ordinateto the imaginarypart. For M
the eigenvaluedistributions from severalindependentscalar field configurations
are superimposed whereas for M0’~~we display data for only one configuration. The
eigenvalue distribution for the matrix M’is obtained by shifting that of M0’ff along
the positive real axis by y. Since the determinantsof the matrices M and M’ are
equal, the appearanceof a zeromode in one should signalits appearancein the
other.A similar generaldescriptionappliesalso to figs. 3 and4 to be discussedin
subsects.4.2and 4.3.

Ferromagneticphase.Fig.2a showsthe eigenvaluedistributionsin theFM phase
at K = 0.32 for M on a 44 lattice and for ~ on a 6~lattice. In all casesan
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Fig. 2. The eigenvaluesof M in nine different regions of the coupling parameterspaceand the
eigenvaluesof M~ff(right column) in the SU(2)® SU(2) fermion—Higgsmodel at w = 0. The plots for
M contain10 configurationson a 44 lattice and,for M,ff, 1 configurationon a 6~lattice. (a) FM phase
at K = 0.32. The eigenvaluesof M are shown(from left to right) at y= 1.0, 1.32 andy = 2.0calculated
on rotated4-field configurations.Antiperiodic boundaryconditions(a.p.b.c.)were imposedonly in one
direction. (b) PM phaseat K = 0.20, a.p.b.c. in one direction, the samevaluesof y as in (a). (c) AM
phaseat K = —0.32, a.p.b.c. in all directions,theeigenvaluesof M are shownnow at y = 1.30, 1.42 and

y = 1.50.

antiperiodicboundarycondition in onedirection is imposedon the fermion fields.
Becauseof the drift of the scalar field magnetizationin the brokenphase(no

spontaneoussymmetrybreakingoccurson a finite lattice) we obtain the eigenval-
uesof M from equilibratedscalarfield configurationsrotatedby anSU(2) 0 SU(2)
transformationso that the magnetizationalways points in one predetermined
direction. It is easyto seethat the eigenvaluesof M

0’~~are invariant undersuch a
rotation.
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The eigenvaluesof M
0’~~nearlyform a ring at the chosenvalue of K = 0.32 with

no real eigenvaluesresulting in a small gap in the ring aroundthe real axis at
A — ±y“. But thereareeigenvaluesveryclose to the realaxis meaningthat there
will be eigenvaluesof M’ close to zero when y = y~ The eigenvaluesof M at
y = 1.32 in fig. 2a show also the appearanceof small eigenvalues.The crossover
region in theFM phase,therefore,showsno exactzeromodesbut thereexist small
eigenvaluescausing slow convergenceof the conjugategradient algorithm. For
y > y * (strongcoupling region)and y <y * (weakcoupling region)the origin lies
respectivelyoutsideor inside the ring of eigenvaluesof M’. Hencesmall eigenval-
uesdo not appeardeepinsidetheseregionsas also evidencedby the eigenvalues
of M at y = 1.0 and y = 2.0. As K increasesthe gap aroundthe real axis in the
M,~ffdistribution grows and in the limit K —p co they end up on the imaginaryaxis
with their free values.As y -~ 0 the eigenvaluesof M for any valueof K approach
their free valueson the imaginaryaxis.

If periodic boundaryconditions are imposed, the shape of the eigenvalue
spectrumof M~’ff remains as shown but with an additional delta function like
distribution at the origin due to the free zero modesas describedabove.

Paramagneticphase. In the PM phaseat K = 0.2 (fig. 2b) the eigenvaluesof M~ff
now form a closedring intersectingthe real axis at y ~‘. This is consistentwith the
observationthat the gap around the real axis vanishesas one approachesthe
critical line from above. Unlike in the FM phase the matrix M’ has zero
eigenvaluesat y y “. The matrix M in fig. 2b also showsverysmall eigenvaluesat

y = 1.32. Examinationof the distribution of eigenvaluesof ~ around the real
axis showsapproximatereal eigenvaluesin the range y = 1.2—1.4. The density is

peakedat the outer edgeof the ring.
The appearanceof the zeromodesas K decreasesthrough K~ at y close to y *

is consistentwith the observedbehaviourof the conjugategradientalgorithm. In
this regionthe numberof iterationsrequiredto invert the fermion matrix increases
dramatically.The algorithm will actually fail to convergeif it hits an exact zero
mode near y*~Of coursethis is very unlikely in practice.

Antiferromagneticphase. The eigenvaluedistribution in the AM phaseat K =

— 0.32 is shownin fig. 2c. The sameblockingof thefermion matrix ~ as usedin
deriving the symmetriesand degeneraciesof its eigenvaluesin the beginningof
sect. 4 shows that the transformationTI~—~ rfI~,which takesK —~ —K in the pure
0(4) scalaraction in eq.(2.3), correspondsto a rotation of 90 0 in the eigenvalue
spectrum.Thus the spectrumat K = —0.32with antiperiodicboundaryconditions
in onedirectioncanbe found by rotating fig. 2a. In fig. 2c we show thespectrumat
K = —0.32 but with antiperiodicboundaryconditionsin all directionsso that the
effect of varying the boundaryconditions on ~ in this phasecan be seen.
Comparing fig. 2a (rotated) with fig. 2c we find no significant differencein the
distribution of the eigenvalues of M~1~except for a slight shift in the position of the

crossover. The eigenvalues of M show that the crossover for antiperiodic boundary
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conditionsin all directions is around y = 1.42 whereasfor antiperiodicboundary
conditions in only one direction it is around y = 1.32.

4.2. Z(2) MODEL

Theeigenvaluesin theZ(2) model in differentregionsof the phasediagramare
shown in fig. 3. The lattice size is 6~for M and 8~for M~~ffwith antiperiodic
boundaryconditionsonly in onedirection in figs. 3a,b andin all directionsin fig.
3c. Similar to the SU(2) case, we find small eigenvaluesof M and M’ at
y = y * 1.4. However, this crossoverregiondiffers in certaindetails as described
below.

Ferromagneticphase.The eigenvaluedistributions in the FM phaseat K = 0.08
areshownin fig. 3a.Correspondingto the rotation of the scalarfield in the SU(2)
model a reflectionof the scalarfields 4 —~ — 4~ is performedif tunnelingoccurs.

The distribution of M for small eigenvaluesshowsa structuresimilar to the SU(2)
model in dependenceof y. There are also featuresin the distributions of ~
commonto both models, in particular the approximatecircular shapeclose to K~.

However, in the Z(2) model thereis, at thisvalueof K, no gaparoundtherealaxis
in the ring of eigenvaluesof ~ Indeedthereare exactly realeigenvaluesin an
interval around1.4. As a result M’ hasexactzeroeigenvaluesat certain valuesof
y in the crossoverregion. Zero eigenvaluesof M havealso beendetectedaround
y = 1.4. This will leadto a lackof convergenceof the conjugategradientalgorithm
for Yukawa couplingsin the region y 1.2—1.6, as observedin ref. [7]. However,
we find that the width of the interval of realeigenvaluesof ~ shrinksfrom a 44

to an 8~lattice.At the sametime the densityof realeigenvaluesof ~ doesnot
changeappreciablyas thevolume is increased.Anotherfeatureof the M~’~1spectra
in the Z(2) model is the appearanceof linesof exactlyimaginaryeigenvalueseven

at valuesof K very closeto K~.

Paramagneticcase.The eigenvaluedistributionsin the PM phaseat K = 0.04 are
shownin fig. 3b. We obtain againa closedcircularpatternfor ~ as in the SU(2)
model. As in the brokenphase,the spectrumhaslines of real eigenvalues.The

width of the crossoverdoesnot show a strongvolume dependencein this phase,in
contrastto the behaviourobservedin the brokenphase.

Antiferromagneticphase.In fig. 3cwe show the eigenvaluedistributions in the
AM phaseat K = —0.08 with antiperiodicboundaryconditionsin all directions.
The M~’11 distribution implies an appreciableband of y-values around 1.4 for
which thereexist zeromodesof M’. The largewidth of the crossoverregion is also

seenin the M distribution and this is why examplesin the weakand the strong y
region in fig. 3c are shown well away from y = 1.4, viz, at y = 0.5 and y = 2.0,
respectively.

As K --9 — co the eigenvaluesof M~’fffor both modelsmustmigrate to the real
axis, correspondingto the free theoryat K = cc but rotatedthrough90 ~. Decreas-
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Fig. 3. The eigenvaluesof M in nine different regions of the coupling parameterspaceand the
eigenvaluesof ~ (right column) in the Z(2)®Z(2) fermion—Higgsmodel. Theplots for M contain 5
configurationson a 6~lattice and,for M~ff,one configurationon a 8~lattice. (a) FM phaseat K = 0.08.
Theeigenvaluesof M are shown(from left to right) at y = 1.2, 1.4 and y = 1.6 calculatedon reflected
4-field configurationswhentunnelingoccurs.Antiperiodic boundaryconditions(a.p.b.c.)were imposed
in onedirectiononly. (b) PM phaseat K = 0.04, a.p.b.c. in onedirection, thesamevaluesof y asin (a).
(c) AM phaseat K = —0.08, a.p.b.c. in all directions,the eigenvaluesof M are now shownat y = 0.5,

1.4 and y = 2.0.

ing K, the circular patterngraduallybecomesroughly elliptical, and in the limit
K —‘ — cc will degenerateto discretepoints at ±~ sin2 p,~dependenton the
lattice size andboundaryconditions.This is consistentwith the observedpeaksof
the number of conjugategradient iterations and the poles of the condensate
(II’ “I”> at the correspondingvaluesof y in the SU(2) model [24].
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Fig. 4. The eigenvaluesof M,
1f at K = 0.32 in the SU(2)®SU(2) model with Wilson—Yukawacoupling

w = 0.5. We display 10 configurationson a 44 latticewith antiperiodicboundaryconditionsonly in one
direction.

4.3. SU(2)MODEL AT w> 0

The spectrumobtainedfor ~ at w = 0.5 in the FM phaseat K = 0.32 on a 44

lattice with antiperiodicboundarycondition in onedirectionis shownin fig. 4. The
eigenvalue spectrumof M’ is obtained by shifting the spectrumof M~ff by
y + 4w = y + 2. If the M~14spectrum had a width ~ 4, the origin of the M’

spectrumwould lie outsidethe eigenvaluedistribution for y > 0 consistentwith the
fact that at w = 0.5 the systemis in the strong-couplingregionfor all y. In fact the
spectrumis slightly wider than 4 and so, for very small y, zero modes appear
leadingto badconvergenceof the conjugategradientalgorithm.The zeroeigenval-

uesat y = 0 is thoughtto beconnectedwith thecriticality of the whole y = 0 plane
where a fermionic correlationlength divergesat any K in accordancewith the
Golterman—Petchersymmetry [17]. But the fact that there already appearzero
eigenvaluesat small valuesof y is probablydueto fluctuationsusuallyexpectedin

small lattices.
We have obtained similar plots at other K values. There is no significantly

different structurein theseplots other than the appearanceof a gap for K>> K~.

Exactly real eigenvaluesappearfor K K~ and smaller,but since the model at
w = 0.5 is in the strong-couplingregion the conjugategradientalgorithm should

convergeexceptfor verysmall valuesof y.

5. Volume dependenceof the small eigenvalues

As emphasizedabove, the fact that re-orthogonalizationis required to obtain
the eigenvaluesof M and ~ restrictsus to fairly small lattices(up to 8~in the
Z(2) case).However, to get some idea how the small eigenvalueswill behaveon
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y

Fig. 5. The y-dependenceof the squareroot of the smallesteigenvalueof M
5M for several lattice

volumesin theSU(2)® SU(2)model in thesymmetricphasewith antiperiodicboundaryconditionsin all
directions.Also the data obtained from a 44 lattice with a.p.b.c.only in one direction are displayed.

The eigenvalueswere calculatedfrom 10 independentq~-fieldconfigurations.

larger lattices,we give up the requirementto compute the whole spectrumand
study insteadthe appearanceof zero modes.This information can be obtained
from the matrix MtM becauseif MtM has a zero eigenvalue, so has M.

FurthermoreM5M is hermitianandis thereforemoreeasilydiagonalizedthan M.

We usethe hermitianLanczosalgorithmon MtM (or on its squareroot eM in the
Z(2) model). This algorithmhas the property that the eigenvaluesconvergein a
well-ordered sequence.Usually the large eigenvaluesand those close to zero
convergefirst and the algorithmcan be stoppedoncethe eigenvaluesof interest
are obtained.Also no storageof Lanczos vectorsis required.Therefore larger
latticescanbe handled(up to 14~),but we haveto perform computationsfor each
value of y independently.

Fig. 5 shows at K = 0.2 and w = 0 for the SU(2) model in the PM phasethe
behaviour of Amjn, the square root of the smallest eigenvalue of M1M, as a
function of y on lattices of varying size andwith antiperiodicboundaryconditions
in all directionsso that zeromodesare inhibited. The dataare obtainedon lattice
sizesrangingfrom 44 to i0~and indicate the presenceof large finite-sizeeffects.
As the volume is increasedthereare indicationsthat zero eigenvaluesexist for a
regionaround y ~‘. In the Z(2) model measurementson lattices of size up to 14~
indicate that there is a finite region of y from 1.2 to 1.5 in which there is a

non-zerodensityof zeroeigenvalues.In bothmodels,for finite positivevaluesof y
significantly smallerthan y we find no clear sign of zeromodesasthe volume is
increased.This is in agreementwith measurementsof the condensateK~Ir’hI~~’)
which is very small in this regionas will be discussedin sect. 6.

To show the dependenceof the position of the crossoveron boundarycondi-
tions on small latticeswe also displayin fig. 5 the behaviourof Am

111 on a 44 lattice
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Fig. 6. The volume dependenceof the squareroot of the smallesteigenvalueof MtM in the three
different y regions of the coupling parameterspaceof the SU(2)® SU(2) model with antiperiodic
boundary conditions in only one direction: (a) strong coupling region; (b) crossoverregion; (c) y
slightly less than y*• The smallest eigenvaluesat K = 0.32 in (b) and (c) are resealedby a factor for

1 /10.

with antiperiodicboundaryconditionsonly in one direction. On an 8~or larger
lattice the minimum of the lowest eigenvalue for the two types of boundary
conditionsoccursat essentiallythe samevalueof y andis, therefore,notshownin
this figure.

To elucidate the volume dependenceof small eigenvalues,following general

wisdom [21,29],we haveplotted Amin against1/V in ninedifferent regions.This is
shown in fig. 6 for the SU(2) model at w = 0. For lattices larger than V= 44, the
datafor Amin areconsistentwith the ansatzof a linear dependenceon the inverse
lattice volume. In the following we assumethe abovevolume dependenceto be

also true for volumeslarger than the ones(6~,8~,10~)usedin fig. 6.
In the strongcoupling regionsof the threephases(fig. 6a) Amin~whenextrapo-

latedlinearlywith 1/V, approachesa non-zerovalue asthe lattice volume goesto
infinity. This is consistentwith the fact that the origin of the complexplane falls

outsideof the ring of eigenvaluesof ~ in the strongcoupling region.
In the crossoverregion(fig. 6b) we seea markeddifferencein the extrapolated

value of Amin for infinite volume in the FM phasecomparedto the corresponding
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Fig. 7. Dependenceof the squareroot of the smallesteigenvalueof MtM in the crossover region on

the reducedtemperaturei- = (K —

valuesin the PM and the AM phases.In the former Amin linearly extrapolatesto a
non-zerovalue,whereasin the latter phasesthe extrapolatedvalue is consistent
with zero. The different behaviourin the FM phaseindicatesthat the gap which
appearsaroundthe realaxis in ~ distribution for the SU(2)model (fig. 2a)on
small latticeswill also remainon largerlattices.

The behaviourof Am
10 at y = y * continuesto y-valuessomewhatless than y *

in each of the three phases.This is shown for the SU(2) model in fig. 6c. It
indicates,as discussedabove,that thereis a regionof y in which zeromodesexist
in the PM and AM phases.

The sameanalysisin the case of the Z(2) model shows a similar behaviourof

the infinite-volume extrapolationof Amjn at the crossoverregion in the PM and
AM phases,whereasin the FM phaseit is different. For valuesof K somewhat
inside the FM phasethe scalingcurve for Am10 at the crossoveris still consistent
with the extrapolationto zero with the inverse lattice volume. Only quite deep
insidethe FM region it startsto shy away from zero.

To demonstratethe observedrelationbetweenthe existenceof small eigenval-
uesat andaroundthe crossoverandthe scalarphasetransitionon a givenlattice
in the two modelswe show in fig. 7 Amin as a function of the reduced“tempera-
ture” T = (K — K~),/K0 at a fixed valueof y in thecrossoverregionon an 8~lattice.
In the SU(2) model the minimum eigenvalue Amin is consistentwith zero for
K <Ku. At K lc~this behaviourchangesandfor K > K~, Amin increasesmonotoni-
cally with K. In contrastthereis no sharpchangein the behaviourof Amin at K

in the Z(2) model, also shown in fig. 7. Therethe appearanceof smalleigenvalues
continuesin the FM phaseand Amin startsto increaseveryslowly deepin the FM
phase.
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An analysisof the spectraldensityp(Amjn) at the crossoverat K = 0.2, i.e. in the
PM phaseof the SU(2) model shows,similar to the findings of refs. [21,221,that
P(Amin) is nearly independentof volumefor the investigatedrangefrom 6~to iO~.

Similar resultsemergealsoin the PM andpart of the FM phasefor the Z(2) model
at the crossover.

6. Fermion condensates

Fermioncondensateson our finite lattices can be readily calculatedfrom the
eigenvaluesof the fermion matricesM and ~ They agreedverywell with the
condensatevaluescalculatedusingothermethods,for example,the noisy estimator
method [301.In the following we discussthe fermion condensatesof the SU(2)
model at w = 0 specifically in the PM phase. A similar discussion applies in

generalalso for the Z(2) model.
As must happenin the PM phase,the symmetry of the M spectrarequiresfor

all valuesof y a vanishing(~[~1I1>givenby

(6.1)

where the sumextendsoverall the eigenvaluesA of M.

In the PM phaseit is moreinterestingto consider,from the eigenvaluesof M~ff,
the y-dependenceof the condensate

= + ~tp)ip) ,_1 , (6.2)
off +3’

where the sumextendsover all the eigenvalues~ of ~ Pleasenote that one
gets the whole y-dependencefrom only one set of eigenvalues~ at y = 0. The
condensateK1PrW~)in contrastto K1I~1It),is invariant underthe global SU(2)L 0
SU(2)R transformationsand therefore doesnot have to vanish in the symmetric
phase.Sincefrom the discussionof sects.4 and5 thereis enoughindication that
fermionic observablesin the strong and weak regions of the PM phaseare not
analytically connectedthrough the crossoverat y = y * where there seem to
appearzeroeigenvaluesin the thermodynamiclimit, the calculationof the invari-
ant condensateas a function of y is particularly relevantthere.

To havea betterintuition of the y-dependenceof this condensatethe following
analogywith two-dimensionalelectrostaticsis useful. The condensateis given by
the electric field as would be producedat the origin by a distribution of negative
unit chargesexactly in the place of the eigenvaluesof M’. The closed ring
structure of the eigenvalue distribution (which looks almost uniform) of M’
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immediately indicates that (111’lII’) is zero for all y <y*, whereasat y >y*

Ki1”~P”)is non-zeroanddecreasesas1/y dueto the Gausslaw in two-dimensional
electrostatics.We haveactuallycalculatedthe primedcondensateaccordingto eq.

(6.2) and indeedfind it to beverysmall in the weak coupling regiongrowingquite
suddenly at the crossover and then falling off as l/y in the strong coupling region.
In a previouspaper[241we haveshown fermion massesto be consistentwith zero

in the PMW phasewhereasfermions aremassivein the PMS phase.

7. Fermion masses

Fermion massesare to be derived from the large-distancebehaviourof the
fermion propagator.Nevertheless,let us considerthe following simple-minded

exercise.Let us try to estimatean effectivefree fermion massparameterm from
the eigenvaluedistribution by comparingthefermion condensateasobtainedfrom
the eigenvaluesto that of a free fermion. This is of coursenot a valid procedurein

generalfor determiningthe fermion masssince the condensateis a local observ-
able andwill also havecontributionfrom all higherstates.

Let us considerthe eigenvaluesof the scalar—fermiontheory and of the free

theoryonly in the upperhalf of the complexplaneof eigenvaluesandcomputethe
complexcondensatesin the interactingand the free theoriesand match them on
the samesizedlattice andwith the sameboundaryconditions, i.e.

= Z<hItlP’)trec, (7.1)

whereZ is a real normalizationconstantand the condensatesareobtainedfrom
their associatedeigenvaluesonly with positive imaginary parts. If exact real
eigenvaluesappear,only half of them are taken into account.In the SU(2) model
we then estimatethe effectivefree fermion massparameterm by makinga choice
for the effectiveWilson parameterr andsolving the equation

m + 4r — rc
Re[(~It~t1~(K,y, w)] — Re[<~I’~1’)tree(m,r)] = p (m + 4r — rc)2 + S2

y, w)] — Im[K~[’~l’)tree(m, r)1 ~ —

p (m+4r_rc)2+s2

(7.2)

where s = ~ and c = cos P,1’ In the Z(2) model the sameequation is
applicable,but of coursewith r = 0. In the trivial caseof a free fermion with mass

mF the parameterm would of coursebe equal to m~.
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Fig. 8. Thecondensatemasson a 44 lattice for the SU(2)®SU(2)model as a function of K for different
valuesof y aroundy*~

We haveusedthis definition to estimatem from the condensateK1P’lIf’) since

its associatedspectrumis Z(2) 0 Z(2) or SU(2) 0 SU(2) invariant. Also, ~ is
independentof y and hencewe canobtain in the quenchedtheory the y-depen-
denceof m from the set of eigenvalues at a chosen K. The K-dependenceof m
estimatedthis way is shown in fig. 8 for the SU(2) model at w = 0 (for which of
course r = 0) for various values of y in the broken phase.The parameterm
reflects the same qualitative behaviour as the renormalizedfermion mass: for
y <y * it decreasesas K ‘~K~, whereasit increasesfor y > y* [81.

mF

0 0.2 0.4 0.6 0.8

Fig. 9. Thecondensatemassand the propagator massas a function of y at w = 0.5 for severalvaluesof
K in the SU(2)®SU(2)model. The propagatormassesarecalculatedon a 6’ x 12 lattice (symbols)and
thecondensatemassesareobtainedon a 44 lattice (lines). Representative error bars for the condensate

massaredisplayedfor threey-values.
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The estimateof m with Wilson fermionsrequiresknowledgeof r. We take the
ad hoc choice r = w which is reasonablein thevicinity of the crossover[11]. Fig. 9
showsthe parameterm (lines) and the propagatormass(symbols)as a function of
y for fixed valuesof K at w = 0.5 in the FM andPM phases.Thereis remarkable
agreementbetweenthe two observables.For small valuesof y we entera region
where zero eigenvaluesappearin the spectrumof M’ (see fig. 4), making mass
estimatesunreliable.

We find it surprisingthat the massestimatefrom fermion condensateshas the
correct qualitative behaviour. It indicates that the fermion propagatorsin our
systemarequite close to free propagatorsat all distances.

8. Summary and outlook

The analysis of the eigenvaluespectra of the operatorsM, MtM and M’

providesadditional insightinto the phasestructureof the Z(2) 0 Z(2) andSU(2) ®

SU(2) ferrnion—Higgsmodels. In many previouspublicationsthe authorsreported
on the badconvergencepropertiesof theconjugatealgorithmaroundthecrossover
line in the FM and PM phases.The analysisof the eigenvaluespectrashowsthat

thisproblemis causedby the appearanceof smalleigenvaluesaroundthecrossover
line.

Assumingthat our extrapolationansatzfor Amin is correctupto infinite volume
andthe spectraldensitydoesnot dependstrongly on the volume as we find it in
the rangeof our investigatedvolumes, we can also make statementsaboutthe

thermodynamiclimit, namelythat thereexist zero eigenvaluesat the crossoverin
the PM phaseevenin this limit. The PM phasethen is separatedinto two distinct
phasesPMW and PMS. In the Z(2) model the line of zeroeigenvaluesin the PM
phaseseemsevento continuesome distanceinto theFM phasewhile in the SU(2)
model at the crossoverin the FM phasethere exist small eigenvalues,but not
exactlyzeroeigenvaluesin the thermodynamiclimit.

An effective free fermion massparameterextractedfrom the fermion conden-
sate has, interestingly, correct qualitative behaviour and points out that the
fermion propagatorsin these systemsprobably resemble quite well the free
propagatorsat all distances.

The results summarizedaboveare obtainedfrom the quenchedversion of the
theory. Inclusionof the fermion determinantin the simulationsmustmodify these
conclusions,since configurationswith small eigenvalueswill be suppressed.The
extensionof the analysisto the full dynamical theoryhas beendiscussedfor QCD
[31] and can be extendedto the two modelsdiscussedabove. For both of these
models, the partition function can be written as a polynomial in the Yukawa
coupling whosecoefficients are determinedfrom the eigenvaluesof the fermion
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matrix M
0’~1.. The complex zerosof this polynomial, in particular thoseclosestto

the real axis, determinethe physical propertiesof the model like e.g. the phase
structureand the critical exponents.Furthermore,the knowledgeof the coeffi-
cients of the polynomial allows one to calculate, from the partition function,
thermodynamicquantitiesas functions of the Yukawa coupling. An investigation

of the complexzerosandtheir scalingbehaviourwith respectto lattice volume is
underwayfor the Z(2) 0 Z(2) model. Of courseone expectsdifferencesbetween
the phasestructureof the quenchedtheoryand that of the dynamicaltheory. But
the question is whethersuch differenceschangemost of the conclusionsin this
paperqualitatively.

One solid conclusionof this investigationin the quenchedapproximation,that
the two PM regionsPMW and PMS are to be regardedas two distinct phases,
remainunchangedas the phasediagramwith dynamicalfermions[24] reveal them
to be really separatephases.The advantageof knowing e.g. that PMS is a phase
distinctfrom PMW even in the quenchedapproximationhasseveralconveniences.
Much of the successof the approachto chiral gaugetheorieson the lattice using

the so-calledWilson—Yukawacoupling seemsto dependcrucially on the resultsof
severalprecisionmeasurementsin the PMS phase[13]andthesecanbeperformed
with moderate resourcesin the quenchedapproximation.Our findings in this
papermakethesemeasurementsin the PMS phasemeaningful.

The significanceof the PMS phaseis not clear.As has beenpointedout in sect.
1, with usual Yukawa couplings only, this is a phasewhere all the fermions

decouple in the continuumlimit leaving a purescalar theory. With the introduc-
tion of the chiral-invariant Wilson—Yukawa coupling, the PMS phase seems
naturalfor the constructionof asymptoticallyfree chiral gaugetheories[9] because
the doublersapparentlycan be decoupledthere satisfactorily[131.On the other
hand, there exist, in the PMS phase, massiveDirac fermions [13]. The scaling
propertiesof thesefermion massesare not convincingly known. It is notyet clear
what kind of a theorywould finally emergein any of the strongregions,especially
in the PMS phase.Theseissues,discussedquite comprehensivelyin ref. [18], are
being investigatedat the moment.

A part of the resultspresentedin this paperhas alreadybeenreportedin ref.
[32].
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