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Abstract. The analytic formulae for the bremsstrahlung 
photon spectra in the processes IN-~ 7lN and 1N-~ 71X 
(taking into account ~- and Z-boson exchange diagrams) 
are derived. The energy and angular distributions of 
photons are computed at HERA energies. The very large 
sensitivity of spectra for the deep inelastic channel to the 
choice of the structure functions is revealed in the region 
of small angles and large energies of the emitted photons. 

1 Introduction 

In connection with forthcoming experiments at the 
electron-proton collider HERA it is timely to carry out 
a new and more complete study of electron bremsstrahlung 
processes in colliding ep- beams. In the framework of 
QED, bremsstrahlung processes for fixed targets and in 
colliding e+-e--beams were carefully studied in the 
literature and analytic formulae for the cross sections of 
these processes have been obtained (see, for example, 
reviews [ 1, 2]). 

Now, the processes ep~Tep(X) at colliding e+p- 
beams are of interest first of all from the point of view 
of the luminosity measurement in electron-proton 
colliders [3]. So, the influence of the transverse beam size 
on the cross section for the QED process ep--*Te p at 
HERA was studied in [4]. Many distributions for the 
above process in different kinematical variables have been 
calculated by a Monte-Car lo  method for phase space 
integration in [5]. 

The bremsstrahlung processes of the colliding 
ep-beams are also of interest with regard to the 
verification of the QED prediction for the radiative 
corrections. It is well known that radiative corrections 
to the deep inelastic scattering processes ep ~ e(ve)X are 
of the order of several dozens of percent [6, 7]. Therefore 
it would be desirable to check the theoretical calculations 
by measuring the radiative corrections before one starts 
the analysis of experimental data on deep inelastic 
scattering at HERA. These checks may be realized as it 
was done in the muon fixed target experiments at the 

SPS [8] by comparison of the theoretical photon 
distributions with the experimental ones. 

In the previous paper [7] we have calculated the 
contribution of the radiative tail from the elastic peak 
ep ~ eTp to the measured cross section dZa/dxdy in deep 
inelastic e p ~ e X  scattering (where x,y are the usual 
scaling variables of the scattered lepton). In the present 
note we give the analytic formulae for energy and angular 
distributions of photons emitted from leptons in the 
elastic process: 

I + N ~ 7 + I + N  (1) 

and in the inelastic one 

I + N ~ 7 + I + N .  (2) 

For  the first time formulae are obtained in a general 
form taking into account both 7-quanta and Z-boson 
exchange (generalized form factors [7] and structure 
functions are used), they are valid in the whole 
kinematical region of the processes (1) and (2). Naturally, 
a ultrarelativistic approximation is used here m 2 << E 2 (m 

being the mass and E~ the energy of the initial lepton). 
In the experiment H1 it is planned to have a y-counter 

which would register photons with energy 1 < E~< 
30GeV and emission angle 0 < 0 ~ < 0 . 5 m r a d  in the 
HERA lab. system [9]. Consequently, one of the first 
purposes of this paper is to calculate these distributions 
numerically in the practical kinematic region of small 
angles and large energies of photons. 

Our main task is to calculate carefully the inelastic 
process (2) in the above kinematical range. Of course, we 
have also calculated the elastic process (1), but the 
dominant contribution of diagrams with 7-quanta 
exchange was already studied exhaustively before, [5].* 

This paper is organized as follows. In Sect. 2 we define 
the kinematic variables and kinematic region. In Sect. 3 
we give all basic formulae for the contributions of the 
processes under consideration. Section 4 contains the 
results and the discussion. 

* In this case our results practically agree with those presented 
in [5] 
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2 K i n e m a t i c s  

For  the description of the elastic reaction (1) we choose 
five independent  invariants: 

S = - 2 p l k l ,  X = - 2 p l k ,  Y = - 2 k l k ,  

t = (Pe - Pl) 2, z = - 2kzk. (3) 

In the inelastic case (2), it is convenient  to get also the 
invariant  hadron  mass: 

2 2 
M x  = - P2 (4) 

or the linearly dependent  variable 

r = t + M~ - M 2 (5) 

with M being the nucleon mass. 
In the following we use some 2-functions writ ten in 

terms of these invariants: 

2 S = S 2 _ 4meM e, 
2 r = S 2 + 4M e Y, 

2K = (W e -- M 2 -- me) 2 -- 4mZMZx 

where 

W e = M 2 + m e + S x - Y (6) 

is the invariant  mass of the undetected system of particles 
(electron + hadronic  jet) and Sx = S - X. 

In terms of chosen variables (3) and ( 4 ) t h e  phase 
space takes the form 

_ ~ f d X d Y d M 2  d tdz  
F 4 " ~ s  ~ / ~ ,  (7) 

and Rz denotes the G r a m  determinant:  

Rz = A z ' z  2 + 2 B z ' z -  Cz, 

A z =  - - e r ,  

B z = 2M z Y (Y  - 2m 2 - t) 

+ X(Sx t  - T ( Y  - 2m2)) + SY(S  x - T), 

Cz = [ X t -  Y ( S -  T)] z + 4 m e [ x ( x t  + Y T ) -  M 2 y2]. 

One can easily derive the physical region of variat ion of 
z and t: 

- B  z +_ (B 2 + AzCz)  1/2 
, ( 8 )  Zmin ,ma  x = AZ 

1 
t . . . . .  in = Y - 2me + 2W2 [( W2 - Y + me - M2) 

�9 (W e -'['- m 2 - M~)_+ ~2y xf2r] .  (9) 

The limits of M~ are given by: 

M e < MZx < ( x / W  2 -- m) z. (10) 

The kinematics of the elastic case (1) follows from the 
general kinematics of the inelastic process (2) i fM 2 = M e. 

The variables S , X  and Y define the energy E~ and 
the emission angle 0~ of photons  in the l abora to ry  system: 

S = 2E,EN(1 + fl,flN), (11) 

X = 2E~EN(1 + flNCOS 0~), (12) 

Y = 2ETEt(1 -- fl, cos 0~), (13) 

where E N is the energy of the incoming nucleon and 

E~J ' fiN= - E2 J . (14) 

The physical region of E~ and 0~ reads as follows: 

0 < 0~ < ~, (15) 

m M  
1 + f l l f l N  - -  - -  - -  

0 _< E~ _ _< El EN (16) 

-- El 1 + flNCOSO~ + E ~  (1-- fllcosO~) 

3 Inc lus ive  c r o s s  s e c t i o n  

For  the description of the deep inelastic interaction of 
unpolar ized nucleons with 7-quanta or Z-bosons  we have 
to use the phenomenologica l  hadron  tensor: 

Wu~= ~ W" (17) /tV' 
a=7,I,Z 

wau~= Wal buy q2 /I M 2 P l u -  q2 qu 

p , q q ~ +  W~3 
" P l v - - q 2  / ~M2euvo~plaq,, (18) 

where Wa(a = 7, I, Z; i = 1,2, 3) are real functions of the 
invariants q2 and Plq. 

In the ultrarelativistic approx imat ion  the following 
combinat ions  of W a enter the cross section of the 
scattering off unpolarized nucleons: 

(2MW1) ge" = (2MW1) ~ + 2ZI Qt[v~(2mw~) t 

+ Z2(v~ + a2)(2MW~) z, (19) 

2 M /  = \ 2 - M J  + 2 x I Q ,  I 1 \ 2 M )  

etv2 a2,(- w2)z (201 
+ Z ' "+- " \ 2 M /  ' 

( W 3 ~  gen ( W 3 ~ '  ,..,.,. /W3"~ Z 
- 2X( -  Q t ) a , \ 4 M /  + 2 2 2 ( -  tgt)v,a, k 4 ~ )  �9 

4 M /  

(21) 

Here vt and a~ are the vector  and axial coupling constants  
of the lepton with Z-boson:  

v~ = 1 - 4 1 Q l l s i n  e 0~, a I = 1, (22) 

(0~ is the weak mixing angle, Ql is the lepton charge, 
Qe = - I )  

G u M~ t 
- , (23) 

G, is the Fermi  constant:  G u = 1.16637.10 - s  GeV -e.  
These generalized structure functions (19 21), des- 

cribing the electroweak interaction of 7 ,Z-bosons  with 



unpolarized nucleons may be written as: 

A~(T,t)=-(ZMW,) gen 

= 2[F~ (T, t) + 2;([ Qz [vtG~(T, t) 
+ X2(V 2 + aE)H~(T, t)], (24) 

A2(T, t) - 1T(VW2)gen 

1 
= ~ [F2(T, t) + 2zIQ, Iv, G2(T, t) 

-~- X2(/)  2 -]- a2)H2(T, t)], (25) 

A3(T,t)= ~ ( v W )  gen 

1 
- [2Z( -- Qt)a,(G3(T, t) + zv, H3(T, t))]. (26) 

2T 

The relation of the generalized structure functions 
AJT, t)(i = 1, 2, 3) with the generalized elastic form factors 
&(t)(i= 1,2,3) (they describe elastic interactions of 
y, Z-bosons with the nonpolarized nucleons) follows from 
(19-21): 

AI(T, t) = tA~(t)6(T-  t), (27) 

A2(T, t) = A2(t)a(T-- t), (28) 

A3(T, t) = A3(t)a(T -- t), (29) 

where Ai(t) are determined by formulae (20 22) of [7]. 
By this, the hadron vertex in the elastic case (1) is 
expressed in terms of model-independent generalized 
form factors Ai(t). Their calculation is carefully described 
in [7]. 

The differential cross section of the unpolarized 
particle scattering corresponding to the diagrams of 
Fig. 1 can be written in the ultrarelativistic approxi- 
mation as 

2a3 dm2xdtdz (30) 
da = ~ S(T, t, z )dXdY t2(Rz)l/2 , 

S(T, t, z) = At(T, t)Sl(T, t, z) + Az(T , t )S2(T  , t, z) 
+ A3(T , t)S3(T, t,z), (31) 

where three factorized functions S~(T, t,z), S2(T, t,z) and 
S3(T, t, z) are explicitly calculated expressions: 

Sl( T,t,z) =(t - 2m2)[ - m2( ; + ; ) 

+ ( t + 2 m 2 ) z l  1 + 1 ]  +_I(_Y+ z )  
z Y ]  2 \ z  Y ' (32) 

S 2 ( T , t , z ) = - 2 m z [ l z 2 ( S ( S - T ) - M 2 t )  

+ ~--5(Sx(Sx- T ) - M Z t ) J  

_ 1 2M2t ) 1 (T(Sx - T) -- -- ~ ( T S  + 2M2t) 
Z Y 

1 >i 1 1 

k, Z I q kz ~> * Z I q kz 

Pl Pz P, Pz 
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1 >1 1 1 
> - -  

~-) Zlq kz kl Zlq k2 

- - : )  ~ ) ~) .. ) 
P* Pz P* P2 

Fig. 1. Feynman graphs corresponding to the processes considered 
in this paper 

+ 1 [t(S 2 + $2 _ 2MZt ) _ T(S + Sx)(t + 2m 2) 

2 2['Y Z'~ 
+ 4mZ(SSx-  M t ) ] -  M [ z  + Y ) '  (33) 

S3(T,t,z)= - 2m 2 ( 2 S -  T ) + ~ 2 ( 2 S  x -- T) 

+ 2mZ(t(S- T) + TSx)] + \ z Y]" 

Integrating S(M2x, t, z) over the invariant z within the 
limits (8), we derive the following expression: 

S(T,t)=- 1 ~ dz S(M2x, t,z) 

= A ,(T, t)SI(T, t) + A2(T, t)S2(T, t) + A3(T, t)S3(T, t), 
(35) 

where Si(T ~ t) are 

1 1 

s,(r, t) - (c j),/2 [ ~  - - - - - +  +2m 2 1-- 
t 

Bz ( 272 _ 
~- m 2 t(Cz) 3/2 1 ) 

+ 1 [ B z  + ( m  2 

, [  (: 2m2 
S2(T , t )  = (6;il/2 2M 2 + Y tY 2 ~  

4m 2 \ T ] 
+ t SSx)- ~ (Sx- r) 

Bz [M2t - S(S - t)] 
+ 2m 2 t2(Cz)3/2 
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Fig. 2a-d.  Photon distributions in the process ep--*Tep at 
E e = 30GeV and El,= 820GeV; form factor fits from [7]: a and 
b double differential cross-sections in 0 r and E~; c distribution 
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& ( T ,  t )  - 

+ r2M2( &+m2 
t Y ~ r  L \ - 2t2y Y 1 ) 

1 S T  + S x ( S x -  T) , 
t Y 

1 2 (Cz)ln[~,S+Sx_T)(1 +~2) 
2Sx + rr] Bz ( 2 S -  T) 

t t 2 J - -  2m2 t ( C z )  3 / ~  

(37) 

m2 ] 
+ 2 - B z T + s - T -  ( 2 S x - T )  . 

2t2v Y 

(38) 

These covariant formulae may be used for the 
calculation of the various distributions of photon 
bremsstrahlung characteristics in the reactions (1) and 
(2). The formulae of the elastic process (1) follow from 
the general formulae of reaction (2), if we use the 
relations (27 29). 



So, the double-differential cross section over the 
emission angle 0y and the energy E~ of a photon in the 
lab. system is: 

d2aine' = 2~3E' ;dMZx;dtS(T,t). (39) 
dcosO~d(EjEu) Eu(1 + fl~) 

4 Discussion of results 

We have calculated the energy and angular distributions 
of bremsstrahlung photons in the processes: 
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e + p -- ,  7 + e + p, (40) 

e + p--*y + e  + X,  (41) 

with Er = 30 G e V  and  E ,  = 820 GeV.  
The  resul ts  for the r eac t ion  (40), p resen ted  in Fig. 2 

are in comple te  ag reemen t  with those f rom [5];  they will 
serve us as a reference of  the c o m p a r i s o n  with the new 
results o b t a i n e d  for the process (41). W h e n  ca lcu la t ing  
the cross-sect ions  of the process (40) we have t aken  the 
same fit for the elastic form factors of the p r o t o n  as in  [7]. 

In  Fig. 2c we presen ted  n u m e r i c a l  resul ts  der ived  with 
the aid of an  a p p r o x i m a t e  fo rmula  which does n o t  c o n t a i n  
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Ee=30GeV and Ep= 820GeV; structure function fits from 
[10,11, 13]: a and b double differential cross-sections in 0,~ and Ey: 
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Fig. 4a-c. Photon distributions in the process ep-~eX at 
Ee=30GeV and Ep=820GeV: a and b double differential 
cross-sections in 0~ and E~; c distribution over 07 integrated over 
E~ within the limits 1 < E~ __< 30 GeV. The numbers near lhe curves 
specify the structure function fits used in the full phase space 
(regions 1,2 and 3): 1 the structure functions fit from [13], 2 and 
3 to the "corrected" structure functions (51) and (52), respectively 

any integration as in (39). The approximat ion is based 
on the assumption that most  of the bremsstrahlung 
photons  are emitted collinearly to the incoming and 
outgoing electrons. As it is seen, this approximat ion is 
valid at small angles (0~ < 10 mrad) but not at large 0 r. 

For  the elastic process we calculated also the total 
cross-section 

a(ep ~ yep) = 173.6.10- 27 c m  2, (42) 

corresponding to the integration over the angle and the 
energy within the limits: 

0 < 0~ < 0.5 mrad,  1 < Ey < 30 GeV. (43) 

For  the following discussion one needs to specify 
which structure functions were used for the calculation 
of deep inelastic reactions (41) (see Figs. 3, 4). 

For  the calculation of  the inclusive cross-section of  
the process at some point (Y, W z) of the kinematic region 
one needs to know the generalized structure functions 

2 Ai(Mx, t) within the triangle C D F  (Fig. 5). The dominant  
contr ibution to the cross-section of  the deep inelastic 
reaction (41), as in the case of the elastic one (40), comes 
from diagrams with y-exchange. The other contributions 
(TZ) and (ZZ) are less than two percent for 0 r < 1 rad, 
reaching dozens of  percent only in the vicinity of 0 r = g. 
That  is why it is very impor tant  to make a correct choice 
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Fig. 5. The  kinematical  region of the deep inelastic process in the 
(M~, 0-p lane  

of the structure functions FI(M~, t) and F2(M2x, t) which 
are well investigated in a wide region of variation of the 
kinematical variables M2x and t. Moreover, since the main 
contribution to the cross-section comes from the region 
of small t, it is important to use realistic fits of the 
structure functions Fx and F 2 in this region instead of 
quark parton model parametrizations which are bound 
to fail here. 

Such fits in our view are the fits from papers by Brasse 
et al. [10], (region 1 in Fig. 5) and by Stein et al. [11] 
(region 2 in Fig. 5), which are obtained by means of 
the model-independent analysis of deep inelastic ep- 
scattering at low energies (E < 20 GeV). These fits have 
the correct behaviour at t--* 0, namely: 

F2(MZx, t) = ct. (44) 

The fit from [10] is valid only in the region 1 (Fig. 5), 
and the fit from [11] may be extrapolated to the whole 
region 2 of Fig. 5 although it was obtained in the region 
4 < M 2 x < 2 5 G e V  2 and 0 < t < 2 G e V  2, see [12]. 

In the rest region 3 (t > 6GeV 2) for FL2 and also for 
G1,2,3 and H1,2, 3 in all regions we have used the structure 
functions expressed through the quark distributions 
fq(x, Q2) and fq(x, Q2): 

f 2 ( x  ' Q2)  = 2xFI(x, Q2) 

= x ~ e 2 EL(x, Q2) + fq(X, Q2)], (45) 
q 

G2(x, Q2) = 2XGl(X, Q2) 

=x~[eqlvq[fq(x, Q2)+ fq(x, Q2)], (46) 
q 

G3(x, Q2) = ~ leqlaq[fq(x, Q2) _ fq(X, Q2)], (47) 
q 

H2(x, O 2) = 2xHI(x, O2) 

=xY~(v~ +a~)[L(x, Q2)+ f~(x, Q2)], (48) 
q 

H3(x, Q2) = 2 ~ Vqaq[fq(X, Q2) _ j~(x, Q2)]. (49) 
q 
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Here Q2 is the momentum transfer squared, x is the 
scaling variable, eq is the quark charge, and vq and aq are 
the vector and axial quark couplings to the Z-boson, 

Vq = 1-4leql'sinEOw, aq = 1. (50) 

The results for the photon spectra in process (41) are 
presented in Fig. 3. They are obtained with the fits of the 
structure functions Fx,F z from [10, 11] in the regions 1 
and 2, respectively, and of Fi, Gi and Hi given by (45-49) 
with quark distributions taken from the paper of Duke 
and Owens [13]. 

From a comparison of Fig. 2 and Fig. 3 it is seen that 
the general behaviour of the photon spectra in the elastic 
and inelastic processes are similar for the Er distribution 
but not for 0~. The average emission angle of photons in 
the inelastic case is about 2 orders of magnitude larger 
than in the elastic one. This is an apparent consequence 
of the different behaviour of the structure function 
F2(MZx, t) and its elastic analog W~z~(t) when t--* 0; while 
the first vanishes, the second goes to a constant. The 
absolute cross-section for the process (41) is about 7 
orders of magnitude lower as compared to the cross 
section of the process (40). 

The sensitivity of the spectra for the inelastic reaction 
(41) to the choice of the structure functions is illustrated 
in Fig. 4, where we calculated also photonic distributions 
with two variants of "corrected" structure functions: 

Ai(M2x, t ) ~  Ai(M 2, t)(1 - w~l(t)), (51) 

o r  

2 2 Ai(M x, t) ~ AI(M x, t)(1 - exp( - aa t)), (52) 

where 

W~2,(t ) G 2 + ~G~ t 
- , ~ -  ( 5 3 )  

1 + z  4M 2 

and a z = 3.37 GeV-2.  These corrections were introduced 
in [11, 14] correspondingly; they are motivated to a great 
extent by (44). 

As it is seen from Figs. 3, 4 the use of the standard 
parton model formulae with a fit for fq(x,Q z) and 
fq(x, Q2) leads to an overestimation of the result in the 
region of small 0~ and large E~ by 6-7 orders of magnitude 
as compared to the results derived with the realistic 
structure functions, as in Fig. 3. 

The last observation has a very important conse- 
quences. The region of small 0~ and large E~ corresponds 
to the region of small x and large y, where radiative 
corrections are very large ( ~  100~o) (see e.g. [6]). But 
almost all previous calculations of the radiative 
corrections at HERA energies were based on the 
parameterizations of the structure functions through 
quark distributions. Apparently the realistic structure 
functions satisfying the requirement (44) decrease the 
value of the radiative corrections at small x. This 
conclusion is in agreement with the early observed 
correction behaviour in [12] and is the reason why in 
[6] radiative corrections were not presented for x less 
than 0.01. The more detailed investigation of this problem 
composes the subject of a separate publication. 
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