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We present an estimate of the inclusive photon energy- and hadron mass-spectrum in rare B decays B~Xs+T, based on pertur- 
bative QCD and a phenomenological model for the B-meson wave function (here Xs denotes hadrons with total strangeness 
quantum number S= - 1 ). The shapes of the spectra are sensitive to the details of the wave function and the top quark mass, mr, 
but the normalization is essentially determined by m t. We find BR (B ~ Xs + T) = (3-4) X 10- 4 for 100 ~< mt ~< 200 GeV. With the 
additional assumption that the K* resonance saturates the recoil hadron mass spectrum in the interval (MK + M~) ~< mx~ ~< 1 GeV, 
we calculate the branching ratio BR(B-*K*+T) and predict BR(B~K*+T) = ( 5_+23 ) X 10-5, where the errors reflect the uncer- 
tainties on the hadronic wave function and the top quark mass in the stated range. 

1. Introduction 

Rare B decays provide  potent ia l ly  fertile grounds for testing the s tandard  model  in f lavour changing neutral  
current  processes. In this context,  radia t ive  decay o f  the b-quark,  b ~ s + T ,  has received special a t tent ion [ 1-8] .  
The present  consensus is that  QCD effects enhance the decay rate very significantly, resulting in an inclusive 
branching ratio B R ( b - , s + T ) =  ( 3 - 4 ) ×  10 -4, for the top quark mass in the range 100-200 GeV. Apar t  from 
fixing the inclusive rate, the calculat ions for b - - . s+T  are o f  little direct  help for exper imental  searches, which so 
far have been l imi ted  to specific final states. The present  best exper imenta l  upper  l imit  on rare radiat ive b- 
decays in an exclusive mode  is: B R ( B ~ K * + T )  ~< 2.8 X 10 -4 (90% CL)  [9 ]. Theoret ical  est imates for B - K * + T  
abound in the l i terature;  the predic t ions  in this case are however dispersed over  an order  of  magni tude  [ 4 ,10-  
12 ]. To make a meaningful  compar ison  o f  theory and exper iment  in this sector, it is impor tan t  to measure the 
decay rate for B ~ X s + T  inclusively, for example  via  the inclusive photon  energy spectrum, as has been advo-  
cated by us in ref. [ 13 ] (here Xs denotes  hadrons  with total  strangeness S = -  1 ). Equivalently,  one should 
devise methods  to ei ther rel iably calculate the exclusive rates or at least part ial ly constrain  theoret ical  models  
for rare B-decays from avai lable da ta  on (the not  so rare)  B- and D-decays.  The aim of  this paper  is to provide  
a t rustworthy profile of  the inclusive photon  energy and the invar iant  hadron  mass dis t r ibut ions  in the decays 

B ~ X s + T .  
Our  start ing point  is the recent calculat ion o f  the inclusive photon  energy spectrum in the rare b-quark decays 

b (el)-~T + Xs, which was ob ta ined  in per turba t ive  Q C D  and involved the decays b-~ s + T and b-~ s + g + T [ 13 ]. 
The Feynman  diagrams are shown in fig. 1. We improve  upon this calculation in two respects. First ,  we derive 

m a x  a photon  energy spectrum which is be t ter -behaved near  the end-point ,  E y -  E~ . This is achieved by exponen-  
t iat ing the leading contr ibut ion  to the photon  energy spectrum for large Ev, which is the region of  exper imental  
interest.  With  the improved  spectrum, Q C D  per turba t ion  theory results can be extended to the region 
E~-~ E ~  ax. The second improvemen t  is that  we strive to implement  the B-meson wave function effects on the 
photon  energy and the invar iant  mass d is t r ibut ions  o f  the hadrons  (recoil ing against  the pho ton) .  This is a 
model  dependent  enterprise but  has its close equivalents  in studies of  the semileptonic  B- and D-decays,  where 
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Fig. 1. The Feynman diagrams contributing to the decays b~s+y and b-*s+g+y. 

such non-perturbative effects were modelled to calculate the lepton energy spectra in perturbative QCD [ 14,15 ]. 
We have used recent analyses of the data on semileptonic decays of the B-mesons [ 16-18 ] to constrain the B- 
meson wave function. The resulting distributions dF/dEv and dF/dMxs for the rare B-decays B ~ X ~ + y  are 
presented here. Having obtained the invariant mass distribution of the recoil hadrons in the decays B-~ X~ + y, 
we integrate this distribution in the interval (MK+M~)~<rnxs ~< 1 GeV to estimate the branching ratio for 
B-,  K*+  y. This last step appears to us rather sound as it is strongly suggested by the analysis of the (analogous) 
semileptonic decays of the D-meson in D-~ K + rc + ~ + v~, where it has been experimentally ascertained that the 
hadronic mass, recoiling against the ~v~-pair in the stated region of kinematic interest, is completely saturated 
by the K* pole [ 19 ]. This enables us to make a prediction for the branching ratio of interest, and we find: 

5_2 ) × 10 -5, where the central value corresponds to mt= 140 GeV and the best fit of the B- B R ( B ~ K * + y ) =  ( +3 
meson wave function parametrization from the CLEO data [ 16], and the errors reflect the uncertainties due to 
the wave function and the top quark mass in the range mt= 100-200 GeV. 

2. Photon energy spectrum for B- ,Xs+y  

We briefly discuss a derivation of the inclusive photon energy spectrum for the decays B-~ Xs + y in the context 
of  O (as)  perturbative QCD calculations, including the exponentiation of the Ev-spectrum in the region Ev--. 
E~ ax. The calculations have been done within the framework of an effective hamiltonian [20]. The operator 
basis for the effective hamiltonian, responsible for the decay under consideration, consists of four-quark opera- 
tors and the magnetic moment type operators of  dimension six. Operators of  higher dimension are suppressed 
by powers of  the masses of the heavy particles (W-boson and top quark) which have been integrated out, and 
hence are not considered here. To leading order in the small (weak)-mixing angles, a complete set of  operators 
relevant for the processes b-~sy, syg is contained in the effective hamiltonian 

4GF 8 
H e n = - -  z.  , (1)  

)=1 

where Gv is the Fermi coupling constant and ( V u are the CKM matrix elements) 
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).~ = Vtb V*~, C:( la ) =Wilson coefficients at scale/1. 

The complete set of operators Oj for B-}X~+~ and the coefficient functions Cj(/~) can be seen in ref. [ 13], 
where we have shown that the dominant contributions arise from the operators 02 and 07, given below: 

02 = (e~yub~)  (gt#yuCL#), 07 = (e/16gz)gaau~'(mbR + msL )baFu~, , 

L = ½ ( 1 - ? 5 ) ,  R = ½ ( I + y s ) ,  (2) 

here e denotes the QED coupling constant. The effects of QCD corrections, contained in the Wilson coefficients 
Cj(/t), have been evaluated to leading logarithmic accuracy. The coefficients C2(l~), C7(#) are given in refs. 
[ 20,21 ]. At # = rob, which is the relevant scale for the b quark decay, these coefficients read as follows: 

C2(mb) = ½ (q-6/23+?llz/23)C2(mw) , 

CT(mb) =q-16/z3[CT(mw) -- T~5(q 1°/23- 1 ) C2 (row) - 1~9 (q z8/23- 1 )C2(mw) ] , (3) 

with ~/= a s (mb) / a s  (row). At the scale # = mw, where the matching conditions are imposed [22 ], we have (again 
to leading logarithmic accuracy) 

X 
C 2 ( m w ) = l ,  C 7 ( m w ) -  2 4 ( x _ 1 ) 4  [ 6 x ( 3 x - 2 ) l o g x - ( x - 1 ) ( 8 x Z + 5 x - 7 ) ] ,  (4) 

with x=mZ, /m~v. 
We recall here that the photon energy spectrum in b~s ' /g  has a nonintegrable infrared singularity for 

max Ev Ev . Adding the process b- ,s~ with its virtual corrections, the divergences cancel in a distribution sense 
and one gets a finite expression for dF/dxv but the end-point spectrum feels the left-over effects of  the infrared 
singularity and hence dF/dxv rises very steeply near the end-point, xv-~ 1; here x~ is the fractional energy of the 
photon, xv=Ev/E'~ aX. The leading behaviour of the spectrum near xv--, 1 can be traced to the quark splitting 
s- ,  s + g, having the typical Altarelli-Parisi behaviour [ 23 ] ( see below ). This is all too familiar a situation in the 
calculation of energy spectra of gauge bosons in fixed order perturbation theory; a very close parallel is the 
perturbative QCD calculation of the transverse momentum distribution of the intermediate W ± and Z ° bosons 
produced in hadronic collisions [ 24,25 ]. The remedy of this is also well known, namely a resummation of the 
leading (infrared) logarithms, thereby providing a better description of the spectra near the end-point. We 
isolate analytically the leading terms [in O(a s )  ] near the end-point of  the photon energy spectrum, and expo- 
nentiate these terms in the region xv--, 1. 

With the scaled photon energy x v defined above, we choose to express the photon energy spectrum as a sum 
of the following partial fractions: 

dr drF dr~ drB (5) 
d x v -  dxv + ~ - v  + ~ - v  " 

The first term on the RHS of eq. (5) contains the square of  the matrix element of  the operator 02 and the 
interference term of 02 and 07; it can be written as a one dimensional integral over the gluon energy in the 
process b ~ s + g + ~ '  [ 13]: 

dFF G2 ])~t 12° t a s ( l - r )  Ef 
dx v - 15361r 5 (~'2Z ']-r27)dEg , 

E~- 

z22=2Q2C~(p)(qr)21xlZ[ (m~ " 2 2 2 - m s )  - 2 ( m ~  + m  2)(qr)]  

( mz~m~(qr) (mZ~ + m 2 ) ) .  (6) z27 =32Q~Cz(p)CT(B) (qr) 2 Re(x)  (pr) (p'r) 
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The limits of the Eg integration are 

mb (1-r)(l-xy)mb ( m s ' ]  2, 
E~=(1-r ) (1 -xv ) -2  -' E+= 1-¢ ~-, r----kmb--/ ¢=xv(1- - r ) "  (7) 

q, r, p and p' denote the four-momenta of the photon, gluon, b-quark and the s-quark, respectively, Qu = 2, and 
C2 (/t) and C7 (/t) are the Wilson coefficients evaluated at the renormalization scale ~t. The function x is defined 
a s  

4[2G(t)+t] 
K =  (qr)t ' 

where t=2qr/m 2 and G(t) is defined by the integral 
I 

I dy log[ 1 -ty( 1 -y)  - i~ ]  (8) a ( t ) =  v 
0 " 

which yields 

G(t)  = - 2  a t a n 2 ( ~ _ t  ),  t < 4 ,  

G ( t ) = - ½ n 2 + 2  logR[½(x/ / t+x/774)] -2 i~zlog[½(v/ t+x/ t - -4) ] ,  t > 4 .  (9) 

The second and third terms on the RHS of eq. (5) involve the matrix element squared of the operator 07. The 
second term is the finite part of the bremsstrahlung spectrum and it can be expressed as 

dFAdxv -Co ~°q( xv(2x2-5xv-1)(1-r)l - ¢  - 2 ( 1 +xr )  log( 1 -- ¢) + (1--r)xv(1-xv)(2xv-1))( 1 _¢)2 , (10) 

m 5 

Co= ( 1 - r ) 3 ( l + r )  ~ x G ~ 1 2 t  12C72(#) • (11) 

It is clear from eq. (10) that this term is not going to yield the leading [ m 1 / ( 1 - x  r) ] contribution. The third 
term dFB/dXr receives the remaining contributions from the bremsstrahlung diagrams. In addition, there is also 
a term proportional to ~( 1 - x v )  in dFB/dxv stemming from the process b--,s+7 including virtual corrections. 
Both these contributions are individually infrared singular but finite in the sum in a distribution sense. The 
regularized formula for dFB/dxv will be given elsewhere [ 26 ]. Here we only give the expression for xv # 1, where 
we have removed the infrared regularization. The result can be shown to be the following: 

dFB =Co °q xY ( - 4  4r 4 ) 
dx~ 7 3 ~ l - x ~  1 - ¢  ¢ ( l + r )  l og (1 -~ )  . (12) 

This is the leading contribution to the photon energy spectrum, in the region xr- ,  1. Setting ms=0 (i.e. r=0 ) ,  
one sees that the leading term in the spectrum is proportional to log( 1 - x  r ) / (  1-x~) ,  which on integration 
would contribute a log2( 1 -So) term, with So defining the range of xr-integration (So ~ xr ~< 1 ). For the case ms ¢ 0, 
which is what we use in our calculation, this would give rise to a single log, as shown below. In terms of the 
parameter so, the integral of the term dF/dxy, is 

1 

Vn(So)-- Ox~ Ox~ ' (13) 
so 

(4o, ) 
FB(So)=Co 1 - ~ A ( s o ) +  B(so) O ( 1 - S o ) ,  (14) 
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l + r  
A (So) = 2 tog ( 1 - So ) + i---- r log r/o log ( 1 - So ) , 

B ( s o ) = 5 1 o g ( r ) - 8 1 o g ( 1 - r ) - 4 S o +  f ~ _  r log r/o 

l + r  
+ ~ [ - 8  log r+  4 log r log ( 1 - r )  - ~ z  2+ 4 Li (r/~lo) + 4 Li (r) + 2 log2~/o - 4  log qo log ( 1 - r )  ] , (15) 

q o = l - s o ( 1 - r ) ,  L i ( x ) = -  f ~ l o g ( l - t ) .  
0 

(16) 

Our exponentiation procedure for the photon energy spectrum follows from the expression for FB(So). We ex- 
ponentiate the leading log terms, which are defined by the function A (So). Since dFB/dxv = - dFB/dso I so = x~, the 
exponentiated version follows 

)l dx~ - 3~ Coexp - ~ o g t l - x ~ )  2+ T~_rlog(1-~) 

[ 2 - ~  l + r  ( ~ ) (  1 _ - - ~  1 + r l ° g ( 1 - ~ )  (1 +r )  l°g(1-x~) )1 (17) 
× i - - - _ ~ + ~ - _ ~ l o g ( 1 - x ~ ) - 1 +  B(x~) + 1 - ~  l - x ~  + 1 - ~  ' 

with B (x~) = B (so--,x~). It can be easily checked that after integration this term leads to FB (so). Also, expanding 
the exponential and keeping terms of O (as) it reproduces the term given in eq. ( 12 ) above. In the exponentiated 
form, the photon energy spectrum is given by the sum of eqs. (6), (10) and (17 ). In numerical estimates we 
shall use the exponentiated form only in the region above a certain minimum value ofx~ (typically for x~ >/0.725). 

The photon energy spectrum depends on the mass of the top quark, as was shown in ref. [ 13 ], in addition to 
the b- and s-quark masses. We shall use in this section the values mb= 5.0 GeV and ms = 0.5 GeV, which will be 
replaced by the physical masses and threshold in the next section, after we have specified our model for the 
hadronic wave function. In fig. 2 we show the photon energy spectrum, ( 1/Ftot)dF/dE~, , for the decay B~Xs+7,  
assuming mt = 140 GeV, for both the non-exponentiated [i.e. O (as) ], and the exponentiated cases. The expo- 
nentiated photon energy spectrum for the large Ev-region shows the characteristic slowing down due to the 
improved infrared behaviour (only integrable singularity) which increases the domain of applicability of per- 
turbation theory to higher values o f E  r The exponentiated spectrum is then used as input to incorporate the B- 
meson wave function effects which we discuss next. 
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Fig. 2. Inclusive photon energy spectrum for the process B- ,X,+  7 
in perturbative QCD and mr= 140 GeV, corresponding to the 
O(ac%) contribution to the branching ratio (solid curve), and 
exponentiated version (dash-dotted curve). 
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3. B-meson wave function effects 

We use a simple model first written in ref. [ 14 ], and also employed by Altarelli et al. [ 15 ], to implement the 
D- and B-meson bound state effects on the lepton energy spectra in D- and B-semileptonic decays. With the help 
of this model, which provides a good description of the lepton energy spectra, we calculate the corresponding 
wave function effects on the photon energy and hadronic mass spectra in the decays B o X s  +~/. In this model the 
B-quark, whose decays determine the dynamics, is given a non-zero momentum having a gaussian distribution, 
represented by an a priori free (but adjustable) parameter, Pv: 

4 ( - p 2 )  
q~(P)- x /~p3eXp , P = I P l  • (18) 

The energy-momentum constraint is imposed in the form 

2 WZ=M 2 +m 2-2M8 Px/~mq, (19) 

where Mn is the B-meson mass, Wis the effective mass of  the b-quark, and mq is the mass of  the spectator quark 
in the B-meson, B=b~t. The mass of the decaying b-quark varies according to eq. (19). The photon energy 
spectrum from the decay of the B-meson at rest is then given by 

prnax 

dE ~ d/'b -- ~)(p)p2dp~- (W,p ,E) ,  (20) 
dE v 

0 

where ¢(p)  is normalized as 

i fb(p)p2dp= 1. (21) 
0 

Pmax is the maximum allowed value of p, and df'b/dE is the photon energy spectrum from the decay of the b- 
quark in flight, having a mass Wand momentum p. This can be obtained by Lorentz boosting the b-quark decay 
spectrum at rest. The physical kinematic threshold in the problem, namely mx t> mR + m= and the energy-mo- 
mentum constraint eq. (19) have to be respected. The constraint from the B-mass is well appreciated by the 
practitioners of  this model, but we would like to emphasize the threshold constraint here. Since we prefer to use 
a quark mass ms = 0.5 GeV in our perturbative calculation, which is lower than the kinematic threshold, one 
could get contributions to the photon energy spectrum in an unphysical region. We have imposed rigorously the 
physical threshold, but maintain the normalization of the integrated Ev-spectrum (i.e., the partial decay width) 
by an overall (minor)  adjustment of the spectrum. The branching ratio for the inclusive decay B--* y + Xs, 

F(B-~ ' /+  Xs) 
B R ( B - , 7 + X s )  - F~ot ' (22) 

is now calculated using F as given in (20), and the inclusive b quark width, Fto~: 

5 2 

Ftot=(rulVubl2+rclVcol2)Fo ' F0 = WeffGF 192~z3, ru~7,  r c ~ 3 .  (23) 

The values ofru and re include phase space and QCD corrections [27 ]. The dependence on the effective b-quark 
mass, Wcm which enters as the fifth power in both F, ot and the inclusive width for B~X~+7,  cancels to a very 
large extent in BR(B-~Xs+y) ,  when calculated using eq. (23). Note that the spectra and the decay rate for 
B-~X~+), are calculated directly in terms of the B-meson mass. The effective b-quark mass, entering in/ ' to ,  can 
also be expressed in terms of the B-meson mass and the parameter PF- A very good (numerical) functional 
dependence of Weff for the present model can be parametrized as 
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W ~ r r ~ - M  2 -- 2 M B ' p F "  1.13 . (24)  

4. Numerical results 

Having specified the per turba t ive  and non-per turba t ive  aspects o f  our  calculations, we proceed to present  
numerical  results for the final states in the decays B - , X s + 7 ,  taking into account all the avai lable exper imenta l  
constraints.  There are two impor tan t  parameters  that  influence the rates and shapes of  the spectra, namely m, 
and PF, since we have t raded  the b-quark  mass for the B-meson mass and PF. The present  bound  on the top quark 
mass coming from the analysis of  the electroweak da ta  is m , =  140 + 40 GeV [28].  We have var ied  rn, in the 
range 100 ~< rnt ~ 200 GeV. The pa ramete r  PF has been exper imenta l ly  const ra ined to be 0.21 ~<PF ~ 0.39 GeV, 
from recent analysis of  the CLEO data  [ 16 ], with the numbers  from the A R G U S  analysis [ 17 ] very similar.  
The dependence  on ms is very mild; however,  as emphas ized  earl ier  the threshold condi t ion Mxs >/inK+ m~ must  
be mainta ined.  The other  parameters  used in the numerica l  est imates are: row= 80.2 GeV, GF = 1.16637 × 10 -5 
GeV -2, or= 1/137.036, cq=0 .23  (corresponding to N f = 5  and A = 0 . 1 5  GeV) ,  I Vubl ~0 .0075  and I Vcbl = 

I Vtsl ~0.045. 
In fig. 3 we show the inclusive photon spectrum in the process B - X ~ + 7 ,  for the stated range ofpv  and mr=  140 

GeV. The photon  spect rum peaks a round  -~ 2.55 GeV, though the shape is now dependent  on PF. The depen-  
dence of  the normal iza t ion  on PF is, however,  complete ly  negligible, remaining within + 1% for the entire PF- 
range. The photon  energy spectrum also depends  on the top quark mass, as shown in fig. 4. The branching rat io 
dependence  on the top quark mass is, wi thin + 1%, the same as calculated in ref. [ 13 ] in the context  of  pertur-  
ba t ion  theory alone. 

The invar iant  mass d is t r ibut ion  of  the hadrons  recoiling against  the photon  in the inclusive process B ~ X~ + 7 
is shown in fig. 5, for three values of  PF, which bracket  the present  uncer ta inty  on this pa ramete r  [ 16 ], and 
mt = 140 GeV. We remark  that  the shape of  the hadron  mass spectra is rather  sensitive to PF, with the peak o f  
the d is t r ibut ions  significantly shifted from a round  ~ 1.25 GeV ( fo rPF=0 .21  GeV)  to -~ 1.6 GeV ( f o r P F = 0 . 3 9  
GeV) .  For  all these cases, the d is t r ibut ions  in fig. 5 are fairly b road  (with the full width at half  m a x i m u m  = 1 
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Fig. 3. Inclusive photon energy spectrum for the process B-~ X s + 7 
using penurbative QCD and the B-meson wave function model 
described in the text, and mt = 140 GeV. The three indicated val- 
ues of the parameter PF bracket the recent ( +_ 1 c0-fits of the CLEO 
data from the lepton energy spectrum in B-decays [ 16 ]. 
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Fig. 4. Inclusive photon energy spectrum for the process B~X~+ 7 
using perturbative QCD and the B-meson wave function model 
described in the text, with the parameter PF set to 0.3 GeV, and 
three representative values of the top quark mass as indicated. 
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B-meson wave function model described in the text, and rn~ = 140 
GeV. The three indicated values of the parameter Pv correspond 
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Fig. 6. The same as in fig. 4, but with pv=0.3 GeV, and three 
indicated values of the top quark mass. 

Table 1 
Branching ratio for the decay B--+K*+7 [ X 10 -s ] for the indicated values of the top quark mass, and the parameter pv as determined in 
semileptonic It-decays (see text ). 

mt[GeV] BR(B-,K*+~,) [ X 10 -5 ] 

pv=0.21 GeV pv=0.30 GeV pv=0.39 GeV 

100 5.8 4.2 3.3 
140 6.9 5.0 4.0 
200 8.3 6.0 4.8 

G e V ) ,  which  we in te rpre t  as a s t a t e m e n t  that  the  inc lus ive  decays  B-~Xs + 7  are  d o m i n a t e d  by m u l t i b o d y  f inal  

states,  i n v o l v i n g  a kaon  and  a m u l t i t u d e  o f  pions,  wi th  no single r e sonance  domina t ing .  The  d e p e n d e n c e  o f  the  

i n v a r i a n t  mass  d i s t r i bu t ion  o f  the  had rons  on the  top  qua rk  mass  is shown in fig. 6. 

Final ly ,  hav ing  a prof i le  o f  the  i nva r i an t  mass  d i s t r ibu t ion  o f  the  recoi l ing  hadrons  in B--*Xs+7,  we in tegra te  

this  s p e c t r u m  in the  range (rnK + m~) 4 mx,  ~< 1.0 G e V  to e s t ima te  the  b ranch ing  ra t io  for  B ~ K * +  7. As s ta ted 

in the  in t roduc t ion ,  this  p rocedure  is suggested by the  h a d r o n  spec t rum in the semi lep ton ic  D-decays ,  which  in 

the s ta ted range is comple t e ly  sa tu ra ted  by the  K*-resonance.  The  resul t ing b ranch ing  rat io  B--*K* + 7 is g iven  in 

table  1, for  the  ind ica t ed  range o f  mr and  PF. Tak ing  the  cent ra l  en t ry  in table 1 ( m r =  140 GeV,  P v = 0 . 3  G e V ) ,  

we e s t ima te  B--+ K * +  7 -  5 X 10-5.  Th i s  is a p p r o x i m a t e l y  a fac tor  5 smal le r  than  the  present  expe r imen ta l  b o u n d  

[9] .  
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