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We computetheBerry geometricphasecontributionto thevacuumdecayamplitudefor theparametricharmonicoscillator.
Pathintegralmethodsareemployedto setup aneffectiveactionwhose(almost)adiabaticapproximationwill enableusto derive
anexpressionfor theprobabilitythatthegroundstateremainsin thegroundstate.

1. Introduction cillator.Thenwederivethe effectiveactionanddis-
cussits adiabaticlimit. Finally we turn to the vac-

SinceBerry’sfirst paperon geometricphasefac- uum persistenceamplitudewith its dynamicaland
torsin quantumphysics [1], therehasbeenanenor- geometrical(Berry) dependence.
mousinterestin quanta!aswell as classicalphases
in many areasof physics.A fairly good selectionof
someof therelevantcontributionsto thefield iscon- 2. Lewis—Riesenfeldtheory
tamedin ref. [2], which the readershouldconsult
for furtherreferences.Ourown intention in this pa- Let us briefly review some of the elementsnec-
per is to introducea little twist to the treatmentof essaryto set up theproblemstatedin the Hamilton-
theBerryphasewithin thecontextofthegeneralized ian of the generalizedharmonicoscillator (m= 1),
harmonicoscillatorproblem [3], usingthe language

LII \_ I r VI \ 2.j.V(,~\j J.. \_I_’7ui\ 21 2
of field theory. Consequently,in the sequelwe will ‘ — ~ L W’~ ~. / ~.XP px~, ‘.

be using terms like “path integral”, “effective ac- with slowly varying parameters(X, Y, Z) (t). The
tion”, and“vacuum persistenceamplitude”, systemcharacterizedby the time-dependentHam-

Exceptfor ref. [4], the effectiveactionapproach iltonian (2.1) allowsforanHermiteaninvariant1(t),
hasnot beendiscussedin the currentliterature on which is givenby
thesubject.The noveltyof our own contributionslies 2 r /

in providingan expressionfor the “leakage”of the I(t)= ~ +1 ~(p+ -tx)— ~ I ~, (2.2)
ground state amplitude, whereby transitions are 2 (~fi L \ Z / Z J .~

causedby an “almostadiabatic”evolution. It is here with
that we makecontactwith Berry’srecentcontribu-
tions [5]. Ourstartingpoint istheLewis—Riesenfeld ~ = [H I] + =

[6] treatmentof the time-dependentharmonicos- dt — ‘ at
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and p( t) a c-number solution of the auxiliary a natural generalization to a field-theory-like (infi-
equation nite level) treatment of the parametric oscillator.In

1 d I d Y XZ— ~2 a certainsenseweare dealingwith a toy model sim-
— — ( ~- — — + —~ ) = 0. (2.3) ulating particle creation in relativistic field theory byP ut ~ut Z p / a prescribedexternalfield (QED), or cosmological

Theinstantaneouseigenstatesof 1(t) are definedby particlecreationby a time-dependentmetric [9].
Theeffectiveactionisdefinedby thepathintegral

1(t) 2,,, t> =Jt,, 1,,, t> , (2.4) representation

where the eigenvaluesA,, are time independent, t2

82,,/ôt=O.The system(2.1) developsaccordingto exp(iT’[X, Y, Z])= J~p(t) ~x(t) exp(iJdt [p±
the Schrodingerequation(h= 1)

lw(t)>=H(t)Iw(t)> ‘ —H(p,x;X,Y,Z)]), (3.1)

whosesolution canbe expressedin termsof theei-
genstatesI A wheretheintegrationis tobeperformedoverall paths

satisfyingx( T)=x(O) andT—~coat the end,mean-
I ~v(t)> = ~ C,, exp[ia,, ( t) IIA,,, t> . (2.5) ing an adiabatically closed cycle. Theeffectiveaction

F itself (or, for finite T, FT) canbe computedwith
TheconstantcoefficientsC,, havetobedefinedfrom the aid of the FeynmanpropagatorK(x2,t2 Ix1, t1)
the initial conditions.Accordingto the generalthe- in the presenceof the“externalfield” (X, Y, Z)(t)
ory of Lewis andRiesenfeld[6], the phaseangles by a similar path integralwith terminalconditions
a,,( t) canbe obtainedfrom the equation x( t1 )=x1, x( t2) =x2. We are specifically interested

in the “loop contribution”, i.e., the traceof the di-

a,,(t)= Jdt’ <2,,, t’ Iiä/öt’ —H(t’ )I2~,t’>. (2.6) agonalpart of K in x-space:

G(T)~exp(iFT[X,Y,Z])

In our particularcasethis canbeevaluatedto yield

= J dxK(x,TIx,0). (3.2)
a~(t)=_(n+~)fdt’4t,~. (2.7) —=

At thispointwerecall thatthe imaginarypart ofF
Theeigenvaluespectrumof I is given by 2,,= n+ ~, is relatedto the vacuumpersistenceamplitude.In-
n= 0, 1, 2 steadof explicitly computingthe path integral, we

now makesubstantialuse of the Lewis—Riesenfeld
theory [6] to determineK. We claim that the equa-

3. Theeffectiveaction tion for the kernel,

[iô/8t—H~2(t)]K(x2, tIx1, 0)=0, t�O,
Wearenow goingto introducethe effectiveaction

F[X(t), Y(t),Z(t)] in the spirit of field theory. As with the boundary condition K(x2,01x1,0)=
thereis a vast amount of literatureon this subject, d(x2 —x1) is solvedby
weonly mentionref. [7] andour own modestcon- K(x ~ I .~ 0)
tribution [8]. Onemust recognizethat it is the ef- 2, I~

fectiveaction thatproperlyaddressesquestionslike = ~ exp[ia,,(t)] <x2 IA,,, t> <2,,,Oxi. (3.3)
thevacuumpersistenceamplitudeof a quantumsys-
tem, a topic we are now going to concentrateon. That this statementis true canbe recognizedfrom
Again, while we acknowledgeBerry’s investigation the factthat K(XI,o) (x2, t) is a wave function of the
of a two-levelsystem[5], weare hereinterestedin type (2.5) for a specialchoice of the C,,.
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Let us quickly check our claim. Eq. (3.3) ob- The frequency t0D can be obtainedby rewriting
viously reducesto Hamiltonian (2.1) in terms of action—anglevari-

ables.The result is a linear relationH= WDJ,with
K(x

2,01x1,0)= ~ <x2 IA,,, 0><2,,, OIx1>
n

=<x2Ix1>=~(x2—x1) WD=~j=~JXZ_Y2,XZ>Y
2.

since(2.7) implies a,,(0)= 0 andtheeigenstatesof
Furthermore,expandingwith respectto

1(t) form a completeset for all t. Furthermore,

[i8/Ot—H~
2(t)]K(x2, tIx1, 0) Z d Y

= ~ <X2 I [iô/ôt—H(t) I
weobtain

x exp[ia,,(t)] IA,,, t> <A,,, OIx1> =0
z / ZdY\

following from the result by Lewis and Riesenfeld —~ =wD(~l— ~—~- ~— ~)
[6]:

[iô/ôt—H(t)] exp[ia,, (t)] IA,,, t> =0. = — ~ ~ (4.1)
2a~dtZ

Thus weobtain
When this adiabaticexpressionis substitutedinto

G(T)m J dxK(x, TIx,0) (2.7), the Lewis—Riesenfeldphasegoes overto the

Berry phase:

T

= J ~~ exp[ia,,(t)] <xIA,,, T> <A~OIx> a,,(T) = — (n+ ~) Jdtf(t), (4.2)

0

= ~exp[ia,,(t)] J ~ <2,,, OIx> <xIA,,, T> where

Z dYf( t) WD (1)
= ~exp[ia,,(t)]<A,,,0I2,,,T> 2WDdtZ

n

Becausetheexternalparametersreturntotheir start-
= exp(irT) . (3.4) ingpointat t= T, sodoestheadiabaticsolution (4.1)

aswell astheoperator1(t) anditseigenstates.Hence
it holdsthat

4. Adiabaticlimit
<A,,, 012,,,T> = <2,,, 012,,,0> =

Next we turn to the adiabaticlimit of our so far
In thisway we obtain for the adiabaticapproxima-exacttreatment.Let us assumethat the externalpa- tion of the effectiveaction

rameters(X, Y, Z) perform an adiabaticexcursion
during the time T in the parameterspaceso that
(X, Y,Z)(0)=(X, Y,Z)(T).Intheadiabaticlimit, exp(iF~[X,Y,Z})= ~ exp[—i(n+~)Ø(T)]
the ~5term in the auxiliary equation(2.3) may be
ignored;thenwe obtain = 2~

2[cos0(T)— l1_I~’2, (4.3)

Z / Z d y\’12 wherethe total phasecollectedduring onecycle of

= (OD(\l — ~ adiabaticexcursionis givenby
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T 7’

0(T) — I dt w (t) — I dt ~ .~ state E0= co. In (5.1) we haveperformeda Wick
— j D J

2c0D dtZ rotationtoEuclideantime t-+ — it, r real. (Theabove

formulastill holdsif weputr’ = 0, as was done in the

— dt ~ ~. —~ ~ ~ previoussection.)Pm is related to the imaginarypart

— j ~0D’~ ‘ Y 2coD R~. of the effectiveaction,

R=(X, Y,Z), (4.4) P®= limexp(—2{Imf’~..,T.[X, Y,Z]

wherethe first term is the dynamical phase and the E
secondis the geometricalBerry phase,i.e. only de- — ‘ ~ r — r ) }).
pendenton the pathin parameterspace.By theway, Let us consider<0+ I Ø.~> R of theparametricallyex-
we can easilyrediscoverthestandardresult for the citedoscillatorfora periodicpath (periodT—~oo)in
time-independentharmonicoscillatorby recogniz- the space of the external parameters R=
ing that the phase function is then given by (X, Y, Z) (t). If thetimeevolutionistrulyadiabatic,

0(T) = coT. no excitation (“particlecreation”) will occur,and
As canbe seenfrom (4.3),the effectiveaction is P

00 = 1. Knowing f’7’[R], we can compute the devia-
augmentedby an “anomalous” geometricphase tion from P00=1 for very slow, but nonadiabatic
contribution, changesof theparameters[5,101.Theresult is

F[C]=—(n+~)~dR.[—(Z/2wD)VR(Y/Z)], P~lirnexp(2EoT)

(4.5) /
x ~ exp( —(n+~)I drf(—ir) ) . (5.2)not unlike theappearanceof anomaliesin gaugefield ,,=o \ /

theories.
One canjustify that the integral in the exponential
of (5.2) hasapositiverealpart,sothatonlythe n = 0

5. Vacuum persistence amplitude term contributes for T—~’cx.Here, then, is ourfinal
result for the probability of the groundstateto re-

Now let us assumethat the oscillator is in its main in the groundstate:
groundstate(“vacuum”) in theremotepast,t— — x. r
What, then, is the probability 1<0+ I0_ >R12 for the P00 =eXP[,_Re J dr [WD(—ir)—2E0]
oscillatortobe still in thegroundStatein thedistant o

future, t—~oo?Quite generally [71,giventhe traced
Feynmankernel + Re Jdr(~_ ~ (t= _ir)], (5.3)

G(t”, t’)= J dxK(x, 1” Ix, t’) , which exhibits explicitly the contributionsarising
—= from the dynamicaland geometrical (Berry) am-

the vacuumpersistenceamplitudecanbecalculated plitude. While Berry’s treatment[5] is based on a
as two-level system,herewe havegeneralizedthe pro-

cedureto an infinite-level systemin which “Berry’s
P00 1<0÷I0_ >12 amplitude”appearsin I <0+I0_>I2. Needlessto say,

G ( r” ~) 2 our approachdiffers from Berry’s. But again, the
= hm ex [—E ( — ~)] , (5.1) transitionsoccurby almostadiabaticmotionandare

r~ P 0 contained in a dynamicalandgeometrical(Berry)
part,where the latter is theanalyticcontinuation(in

whereE0 is the ground state energy of the unper- time) of the Berry phase.
turbedsystem.Thus, initially andfinally, the oscil-
lator is a simpleharmonicoscillator in its ground
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