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We calculate the rare B-decays B—K*y and B— (K, K*)2% (2=e¢, , v) in the limit when the quark masses my, m. and m, are
considered heavy. In this limit, the semileptonic decays B—D2v,, B D*¢v,, D—K&v,, D+K*v, and the mentioned rare B-decays
are related. Experimental data on the semileptonic decays then provide both input information for the rare B-decays as well as an

estimate of the error of our approximation.

1. Introduction

Rare B-decays, in particular those involving b—sy
and b-sf® (R=e, u, 1, v) transitions at the quark
level, provide an important testing ground for the
standard model and hence they have received a lot of
theoretical attention [1-6]. Compared to the corre-
sponding K-decays, which are also an important
source of information on the flavour changing neu-
tral current transitions, the much disputed long dis-
tance effects are expected to be either suppressed in
B-decays, due to the larger mass of the b-quark, or
else can be removed by appropriate kinematic con-
siderations. This aspect then reduces, in principle, one
potential source of ambiguity in estimating the
strength of the relevant effective hamiltonian.

To predict the exclusive decay rates there still re-
mains the task of evaluating the hadronic matrix ele-
ments of the effective operators, and various model
dependent approaches have been developed to esti-
mate them [6-10]. In this context we note that sig-
nificant progress has been made recently in develop-
ing an effective field theory governing the heavy
hadron decays, by using a static limit for the heavy
quarks in QCD [11-13]. In general, the static limit
may be regarded as the first term of a systematic 1/
mq expansion, where mgq is the quark mass. The heavy
quark effective field theory has a lot of predictive
power, though prima facie the applications are re-

' Supported by a grant from Deutsche Forschungsgemeinschaft.

stricted to the decays in which both the decaying and
the final state quarks (hadrons) are heavy. It may,
however, be possible to systematically classify the
leading 1/mq corrections [ 13], and for some specific
processes the first order corrections have indeed been
studied [14].

In this paper we work in the static limit and study
the rare transitions B—»K*y and B— (K, K*)2QR (2=
€, 1, v). Assuming that the s-quark is heavy, we may
relate these rare decays to the semileptonic decays of
the D- and B-mesons. Very definitely, the s-quark is
not heavy and 1/m;, corrections need to be included
in order to obtain reliable results. Despite this, it is
tempting to use the static limit to predict the absolute
decay rates for D— K¢ ¢v,, D-»K&v, from B-»D®gy,.
This exercise yields results which are in agreement
with data within a factor of two (see below). It is,
therefore, not an unreasonable hope that the static
limit may provide results of a comparable accuracy
also for the rare B-decays. In any case, the results pre-
sented here correspond to a well defined limit and
they may encourage attempts to calculate the leading
correction in 1/m, in the effective field theory
approach.

In section 2 we define the effective hamiltonian in-
cluding the QCD corrections [3]. The various decay
rates of interest are calculated in section 3. First, we
briefly review the calculation of the hadronic matrix
elements in the heavy quark limit, then apply the for-
malism to the semileptonic decays D—K&v, and
D-K*¢v, and compare the results with data. From
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these we predict the rates for the exclusive rare de-
cays of the B-meson, BoK*y, and B (K, K*)e
(2=e, p, v). We present the invariant missing mass
distributions, resulting from the decays B- (K,
K*)vv and the inclusive rare decays B— X vv, where
X, denotes any strange hadronic state with strange-
ness S= — 1. These distributions may become acces-
sible in the decays Z°-bb, in high luminosity LEP
experiments. The invariant mass distributions in-
volving the charged dileptons will be presented in a
forthcoming publication, as they are known to re-
ceive an important contribution from long distance
effects in the J/y and y' mass regions.

2, The effective hamiltonian for weak decays

The effective hamiltonian we shall use here for the
rare decays B-»K*y, B-»KQ and B-K*® (with
Q@=e*e~, n* u~ or vv) is derived by integrating out
the top quark and the W- and Z-bosons at the same
scale u~ My, An appropriate operator basis for the
rare B-decays consists of twelve operators [1-4] and
the effective hamiltonian may be written as

4
Huy=— JGf ViV z C(m)0,(k) (1)

where Gy is the Fermi coupling constant, V; are the
Cabibbo-Kobayashi-Maskawa matrix elements, and
C;(u) are the Wilson coefficients, which are deter-
mined by appropriate matching conditions at u= My,
and the renormalization group equations to scale
down to a lower mass scale, say i=m,. Note that only
operators of dimension five and six are included here
since the higher dimensional operators are sup-
pressed by powers of my/m. Detailed considera-
tions [3,4], however, show that the coefficients of
some of the operators and their mixing with the re-
maining ones are small and the basis may be truncated

Hur=— \% VaV % E GUOW)

j=1’2’7’8’9! (2)

where we use the notation of ref. [3]. The operators
of interest are given by

O (my)= (§y,Lb)(¢y.Lc) , (3)
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Os(my) = (57,Lc) (&7,Lb) , (4)
O;(my)=——; 16 5 Fuwmy (50, RD) , (5)
Os(my) = 1= (S7,Lb) (&) , (6)
Os(my) = 1= (7uLb) (@n.se) | (7)

with L=1(1—7ps5) and R=41(1+%;). In eq. (5) we
have neglected a term proportional to m, which is
much smaller than the one shown. The Wilson coef-
ficients are given by [1-3]

Ci(my)=—35(n=92—n'2/23), (8)

Cy(my)=—3(n=92+y'2/3), (9)

Cr(my) =n"¥2[Cr(Mw) +35(n'2=1)
+a&5(n*B-1)], (10)

Cs(my) =Cs(My)

—ll/23)_§8_7(1_n—29/23)] ,
(1t)
Co(my) =Cy(Mw) , (12)

with n=a,(m,)/a,(My). The coefficients at the
scale My, appearing in (10)-(12) are given in refs.
[3,5]. The various branching ratios of interest de-
pend on the top quark mass, on which we shall com-
ment later; for the numerical estimates below we have
chosen the value m, =100 GeV. Furthermore, we as-
sume u=m, to have the large logarithms of the type
In(M3,/mi) included in the coefficients and not in
the matrix elements of the operators. Since we even-
tually use the operators O; to calculate a matrix ele-
ment for a transition b-s - (virtual) photon, we have
to take a one loop matrix element of the operators O,
and O,. This introduces new logarithms of the type
In(My/my) which are not due to QCD effects and
are already included in (11). For details we refer the
reader to ref. [3].

T as(Mw) [55(1-

3. Estimates of decay rates

We briefly introduce the formalism that we employ
for calculating the decay matrix elements, and dis-
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cuss the rates for the semileptonic decays D—K¢&v,
and D—K*@v, in the limit of heavy c¢- and s-quarks.
Comparing the rates with the corresponding experi-
mental measurements provides an estimate of the er-
rors inherent in neglecting the 1 /m; terms. Then we
proceed to calculate the already mentioned rare B-
decays in the limit of heavy b- and s-quarks.

3.1. Hadronic matrix elements

We start from the bilinear operators involving
heavy quarks, which we generically denote as

h,Ih,, (13)

where I" denotes some combination of the Dirac
gamma matrices and vand v’ are the velocities of the
heavy quarks of type 2 and 4'. It is known that all the
matrix elements of this type of operators are de-
scribed in terms of a single universal function &, the
so called Isgur-Wise function [12], which depends
only on the product of the two velocities v-v’. We shall
use the trace formalism given in refs. [13,14] and by
Falk et al. [11] to evaluate the matrix elements. In
this formalism the heavy 0~ mesons H moving with
some velocity v are described by the matrices *!

H(v)=4/mu ys(9-1), (14)

while the matrices for the corresponding 1 ~ states are
given by

H*(v, €) =4/ myu ¢(§-1) , (15)

where ¢ is the polarization vector of the 1 ~ state. The
matrix element of the operators (13) are then given
by (for example for 1~ — 1~ transitions)

CH'® (v, € )| hy, Th,|H® (v, €))
=Ev v )Tr{H' ™ (v, e YTH™ (v, €)} . (16)

In the heavy quark limit, we may relate the rare B-
decays to the semileptonic decays of the D- and B-
mesons, since all these decays are described by the
same function. We have opted to determine the
Isgur-Wise function by using data on the semilep-

# Note that in ref. [ 13] a different convention for the Dirac ma-
trices is used. Falk et al. (refs. [11,14]) and Luke (ref. [14])
define different matrices which behave correctly under proper
Lorentz- and spin symmetry transformations; the additional
ys in (14) ensures also the correct parity transformations.
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tonic decays of the D-meson, namely D—-KQv, and
D—K*Qv,. This is done since we want to use this
framework to determine the rates for the rare B-de-
cays, involving the b—s transitions, which yield a K
or a K* in the final state.

3.2. Decay rates for D— KQv, and D—K* v,

The amplitudes for the semileptonic decays D —
Kov, and D—»K*Qv, is

G
M= 75 Ves (K™ [87,(1=75)c| D)

X (e | 7y#(1=y5)210) . (17)

The hadronic matrix elements in the limit of heavy
c- and s-quarks are given in terms of the Isgur-Wise
function by the relations

(K@) 15y, (1=75)c|D(v)>
=/ mgmp E(vv ) (v, +v,), (18)
(K", €)|87,(1=p5)c|D(v) ) =/ mxmp {(vv')

X[ (v v )e, —v,(€v) +i€upvvPe] .
(19)

In order to obtain the total rates we have to specify a
parametrization of the Isgur—-Wise function. (This is
equivalent to assuming a parametrization of the usual
form factors in the decays.) We shall use two differ-
ent parametrizations; the first one is a monopole
form,

__ws
wi—2+2vv"’

(vv')= (20)
and the second one is encountered in models employ-
ing wave functions to calculate the decay form factors:

v )=exp[f(1-vv)]. (21)

We use the data on D—-KRv, to fit wy in (20) and 8
in (21). The best fit is obtained for wy~1.80 and
B=~0.5. Table 1 shows the results for some measured
quantities for the two cases. The experimental values
for I and I'™* are taken from the Particle Data Group
[16], while the values for I't/I'} and I'*/I" are the
weighted averages of the recent measurements of these
quantities by the E691 [17] and MARK III [18]
Collaborations. A couple of remarks are in order at
this point. It is clear that from the semileptonic rates
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Table 1
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Comparison of experiment and theory for the decay rates D—KQvy and DK™ ¢v,. Here I'7 (I'$ ) denotes the decay rate for the longitudinal

(transverse ) polarisation mode of the K*.

I (GeV) I™* (GeV) /Iy ~r
€q. (20), wo=1.80 5.3x10-" 6.3x10-" 1.17 1.19
eq. (21), f=0.50 5.3x10-" 6.4x1071 1.21 1.21

experiment (5.30£0.62) x 104

(2.361£0.43) x 10~ 14

1.15+£0.7 0.75+£0.30

alone the two parametrizations of the Isgur-Wise
function are hardly distinguishable. However, exper-
imental analyses of the D-meson decay form factors
are in good agreement with a monopole form [17].
The calculations in the static limit presented here
predict a factor 2 larger decay width for the D—K*Qv,
mode, though the ratio I'f/I'* predicted for this
mode is in good agreement with the data. This just
reflects that the s-quark is not particularly heavy and
significant recoil corrections are present. However, if
a factor 2 is a typical uncertainty due to the neglect
of 1/mg terms in the c—s transitions, then probably
a comparable precision should also be anticipated in
the b—s transitions. The predictions that we are about
to make for the exclusive decay rates in rare B-decays
should then hold within this accuracy.

3.3. Decay rate for B— K*y

For the decay B—K*y only the operator O, from
the list given in section 2 contributes:

(K*Y|Herr | B)

4G
= Vi Vi Co(my) (K*Y| O7(my) |BY .

=——\/——2—
(22)

The hadronic matrix element needed for (22) is
now evaluated in the heavy quark limit for the b- and
s-quarks. It is thus given in terms of the Isgur-Wise
function, as for the already discussed case of D-semi-
leptonic decays. In the heavy quark limit the opera-
tor O, simplifies. The derivative from the field
strength gives a factor g=mgzv— mygv’' and, since in
the heavy quark limit ' s=s and $b=>b, we have

Sa (1+y5)bg” = —mpsy,(1—y5)b
—mp8y, (1+75)b+q,5(1+y5)b. (23)

The hadronic matrix elements are

450

(K*(v', €) |5y, (1T y5)b|B(v) >

=/myemg (00’

X[(1+v v )e, —v,(€ v) Lieapv* v Pe’], (24)
(K*(v', €)15(1+75)b|B(v) >

= myemg E(vv ) (ev) . (25)

This then leads to the decay rate

I'(B-K*y)
= T8 OFIE@W V) 21V 1?1 Vs 121 G5 (ms) |2
2
V3502 T mp
x(eomi (14 ) (26)

where the Isgur-Wise function is evaluated at the
point

v-v’=%al7w(m§+m,2(.)z3.04. (27)
This value is far outside the kinematic range of the
semileptonic D-decays; the maximum value of v-v’
inD-Kevand D-»K*evisv'v' 22.01 and v'v’' = 1.29,
respectively. We shall continue employing the pa-
rametrizations of the Isgur-Wise function given in the
last section also for this large value of v-v'. Eq. (26)
may be compared to the inclusive rate B— Xy, which
is usually taken to be the QCD improved quark de-
cay rate for b—sy. In this approximation, the expres-
sion for the inclusive rate can be expressed as [1,2]

I'(B—X,Y)

G

= a1V 21V P Cr(my) 12 (kv)'m. - (28)

Defining the exclusive to inclusive decay rate ratio
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Decay rates and branching ratios for the decay B—K*y, for m,=100 GeV.

T(B-K*y) (GeV) BR(B-K*y) R(B=K*y) (%)
eq. (20), wo=1.80 3.8x10-"7 6.8x1073 18
eq. (21), =0.50 6.1x10-"7 1.1x10-* 28
I'(B-»K* . .
R(B-K*y)= L(B-K*y) , (29) where m3, denotes the invariant mass of the lepton
I'(B-X,y)

we can express this ratio in a compact form:

mK‘
4mB

2
R(BoK*y) = |£(v-v’)|2(l+ '”") . (30)
My»

Table 2 contains the predictions for the total rate, the
branching rate, the branching fractions and the ratio
R(B—K*y) for the two assumed parametrizations of
the Isgur-Wise function. We compare the branching
ration BR(B—K*y) and the ratio R(B—»K*y) ob-
tained here with calculations of the corresponding
quantities in the literature. In ref. [6], an effective
hamiltonian approach based on QCD and an experi-
mentally constrained wave function model for the B-
meson were used to estimate BR(B-K*y)=(3-
6)x 103 and R(B—K*y) = (10-18)%. The authors
of ref. [8] obtained R(B—-K*y)=15%, based on
QCD sum rules supplemented by a pole model. These
numbers are in good agreement with the present es-
timated based on the monopole parametrization,
whereas the ones corresponding to the exponential
form are significantly higher. While we cannot argue
persuasively based on the consistency of these model
calculations, yet a preference for the monopole pa-
rametrization of the Isgur-Wise function is suggested
by these comparisons as well.

3.4. Decay rates for B-KR+*Q—, B K" *Q~

In these decays all the five operators given above
are relevant. The contribution of O, and O, is via a
one loop diagram which renders the invariant mass
spectrum of the lepton pair nontrivial. Their contri-
bution may be written as

6‘ = 362

= [57.(1+75)b1 (I D)g(m,) (31)

pair and the function g(y) is given by

EVI==19"™mz)" 2779

2 2
42 ‘1_4m°(2+4ﬂ)0(y)], (32)
9 y
with
1+ /1—4m? .
G(y)=ln’—-——m/y‘+1
1—/1—-4m2/y
for y>4m?, (33)
1
G(y)=2 arctan| ———
) arcan( 1—4m§/y)
for y<4m?. (34)

Note that g(y) is renormalization scheme depen-
dent; this dependence is cancelled by that of the Wil-
son coefficient Cy [5]. The operator O, contributes
via an additional virtual photon, while the contribu-
tions of the remaining two operators are trivial.

The hadronic matrix elements are evaluated as be-
fore in terms of the Isgur~Wise function and are given
by

(K@) 157, (1F75)b|B(v) )

=/mxms &) (v,+v)) , (35)
(K@) [5(1+75)b|B(v) >

=/mgmy Evv ) (1+v0'), (36)
CK* (v, €) 157, (1F 75)b|B(v) )

=/mysmg E(vv')

X[(1+vv e, —v,(€v) Lie,mpmv*v'Pe’], (37)
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CK*(v', €)15(1+y5)b|B(v) >

=/ my=mg E(v'v' ) (ev) . (38)

Incorporating this in the effective hamiltonian we
derive the following invariant dilepton mass differ-
ential rates:

2
dr +0 - _Glz:m% * 2#(3)
dm3, (BoKeTe) = (2n)? Vo Vil™ 25\ an
X(Q+Q_)?(1+r)*&(vv')
5 2
2 —_—
X( Cs er(mgy, my) + 1+rC7(mB)
+|C9(m3)12), (39)

2

Gims3 1 (a)
SK*¥te )= —— 12| =
(B K Q Q ) (27{)3 |I/tb V!Sl 48r 47[

dmg,
X040+ Q& (v')
X| 11y enlmbes ) 241G m)
X [4%2(14+7r2=22)+ Q. (1—-7r)?]
+a1Com) (S 10514, )

+16 Re[C;(my) Cy er(mig, mb)](l—rz—)tz):l s
(40)

Table 3
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where we have used the abbreviations
2
Cs er(mp, mg)

=Csg(mp)+[3C,(mp) +C2(mB)]g(mg2) , (41)

,,Z_m_%g _ My

Xf= ma’ r= —mB , (42)
L=(1£r)2-52, (43)

v-u’:zlr(1+r2_x2). (44)

Integrating the differential distributions given
above, the decay rates are given in tables 3 and 4 for
the two parametrizations of the Isgur—Wise function.
Note that the differential rate for BoK*e*e~ be-
comes singular for X—0 and thus the total rate will
depend logarithmically on the kinematic lower bound,
namely 4mZ2/m3. This is the only point in our anal-
ysis where lepton mass effects become important. The
rate for B—Kee does not become singular in this limit,
and thus the difference between the rates for B—Kee
and B-Kpp is negligible.

We also give in tables 3 and 4 the ratio R, defined
analogously to the ratio R(B—K*y) previously, for
the indicated exclusive decays, with the inclusive rate
for B— X ee and B—Xup taken from ref. [3]:

I'(B-Xee)=3.63X10"'8 GeV, (45)
T(B-X,up)=1.94x 1018 GeV . (46)

The numbers in table 3 and 4 are in agreement with

Decay rates, branching fractions and the ratios R for the decays B—+K2*2~ with 2=¢, p (m,=100 GeV).

I'(B—Ke*2™) (GeV) BR(B—Ke*2™) R(B-Ke*e ) (%) R(B-Kp*u=)(%)
eq. (20), wo=1.80 1.4%1071"* 2.5%x10°7 4 7
eq. (21), 8=0.50 6.3x10-%° 1.I1x1077 2 3

Table 4

Decay rates, branching fractions and the ratios R for the decays B+»K*e*e~ and B-K*u*p~ (m,=100 GeV).

I'(B—K*e*e~) BR(B—-K*e*¢™) R(B—oK*e*e™) I'(B-»K*u*p~) BR(B-K*u*p~) R(B-K*u*p-)

(GeV) (%) (GeV) (%)
€q. (20), wo=1.80 1.3x 1078 2.3x10-° 35 6.7x10°"° 1.2x10-° 35
€q. (21),$=0.50 9.6x10~"° 1.7x10-° 27 5.7%x10°"° 1.0x10-¢ 26
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the corresponding estimates in refs. [8,9]. The im-
portance of including the long distance contributions
from the decays B—J/y(K, K*)-2+0- (K, K*), in
particular the resulting interference pattern in the in-
variant dilepton mass distributions, is well noted in
the literature. We shall present these distributions in
a forthcoming publication.

3.5. Decay rates for B—Kvv and B— K*vi

These processes are experimentally very difficult
to measure, except probably in a high luminosity LEP
environment, involving the decay Z°—bb, where such
events have a nice tag of large missing energy and
momentum in a b-quark jet with no charged lepton.
From the theoretical point of view, on the other hand,
these decays are much simpler to deal with, since the
operator basis given in section 2 reduces to only one
operator, which is the difference of Og and Os. Thus,
aleft handed current for the neutrinos appears which
couples pointlike to the left handed current of the b—s
transition.

The Wilson coefficient of this operator is Dy [ 19]

Dy(Mw)=E(x), (47)
1 3x(x=2) 3 x
£0= i (b e 51 ).
(48)

where x=m?/M%. D,, like C,, is not affected by
QCD scaling corrections, This gives

8G, o _
Hep=— TZF Vo VD (M) an ($y.Lb)Y(Dy,Lv).

(49)

The hadronic matrix elements are given in the pre-
vious section and the differential distribution in the
missing invariant mass, for three neutrino genera-
tions, can be written as

Table §
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Fig. 1. Differential missing invariant mass distributions in rare
B-decays: B»>X,vv (solid), B»Kvv (short dashed) and B—
K*vv (long dashed).

2
ar . Gim} .2 g) 1
d—rn?/:(B_’va)—'_(—z_n)Tll/thtsl i) 3

X(Q+0-)2(1+1)*8(v v') | Ds(Mw) |2,

dare Gim} a>2 1
BoK*vw) = JEMB w2 2) 1
am3, ¢ W) =100 Vi ) &

(50)
X0+ Qs+ Q- E(vv' )| Dy(My)|?
X [402(1+r2 =) +Q, (1=r2)] . (51)

In fig. 1 we plot the missing invariant mass spectra
using eq. (20) with wy=1.80 as a parametrization of
the Isgur-Wise function. For comparison we also
show the inclusive spectrum for B—X,vv derived
from the expressions in ref. [3].

Integrating the differential distributions yields the
rates given in table 5, for the two parametrizations of
the Isgur-Wise function. Again, we give the total rate,
the branching fraction and the ratio R for the decay

Decay rates, branching fractions and the ratios R for the decays B—»Kvv and B-»K*vv (m,=100 GeV).

I'(B-Kvv) BR(B-Kw) R(B-Kvv) T'(B-K*wV) BR(B—K*vv) R(B-K*w)
(Gev) (%) (GeV) (%)

eq. (20), wo=1.80 1.3x10~'® 2.3x10°° 8 4.7x107'® 8.2x10-¢ 30

eq. (21),8=050 5.8x10~'° LOx10-¢ 4 4.3x107'® 7.5x10-¢ 28
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B- (K, K*)vv summed over three generations. The
inclusive rate for B—X,vv has been derived in ref.
[3] and is (for m, =100 GeV)

[(B-XwW)=1.5%x10"1"GeV . (52)

4, Discussion and conclusion

We remark that the branching ratios given in the
tables above, which are calculated for m, =100 GeV,
are enhanced by approximately a factor of 2.0, 2.5,
3.0, 4.0, for the decays b—s@*0~, BoK*¢*e-,
B—K®2*Q~, and b-svv, respectively, for m,=200
GeV. The exclusive to inclusive decay rate ratios, R,
are however, very stable against the variation of m,.

We conclude by pointing out that, as opposed to
the decays B K*y and B—»KR*2~ which constitute
only a small fraction of the corresponding inclusive
rates, the exclusive decays B—K*ee and B—K*up are
expected to be a large fraction of the respective inclu-
sive rates. This is mainly due to the fact that the dif-
ferential rates, both for the inclusive- and the exclu-
sive decays, B—oK*ee, B-K*pp, have a 1/m
behaviour (7 being the invariant mass of the lepton
pair), while the rates for B-»Kee and B-Kpp re-
main finite for #1—0. The results obtained in the limit
for a heavy s-quark are consistent with other QCD
based estimates within a factor 2, and within this
margin with the experimental data on D-meson de-
cays, wherever such comparisons are possible. This
gives hope that also in the decays involving the heavy
to light transitions, B— (K, K*)+(y, 8*2~, w), a
similar accuracy may prevail. It would be nice to
check the stability of the leading contributions against
the 1/m, corrections in both the semileptonic decays
of the D-meson and the rare B-decays considered here.
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