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Q C D  corrections to final state photon  bremsstrahlung 
in e + e -  annihi lat ion 
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We calculate the partial widths of the decay Z into one photon plus n jets (n = 1, 2, 3 ) as a function of the invariant mass cut 
parameter y= m2/m~ where m 0 is the minimum jet invariant mass. Our calculation uses fixed order QCD perturbation theory 
up to O(as). Results in two schemes for defining jet variables are presented. 

1. Introduction 

It is well known that  final state photon  bremsstrah-  
lung of fquarks  produced in e+e - annihi lat ion at high 
energies is suited to disentangle the couplings of  down 
and up type quarks [ 1 ]. This is par t icular ly  promis-  
ing for e+e annih i la t ion  at the Z resonance at LEP 
where the collection of  a large number  of  hadronic  Z 
decays has given a fair amount  of  multi-jet  events with 
a final state photon  of  sufficient energy and trans- 
verse momentum with respect to the final jet  axis [ 2 ]. 
First  results of  the OPAL Col labora t ion  at LEP have 
become avai lable jus t  recently [ 3 ]. In this and earl ier  
work [1,2] the selection of  final state photons  into 
photons  emi t ted  from init ial  state leptons and final 
state quarks and the e l iminat ion  of  background is 
considered in detail .  

In the s tandard  model  the coupling of  the Z reso- 
nance to quarks o f f l avour  f i s  given by the vector  and 
axial couplings vf and at which are 

b ' f=2 13 , f -4e f s i n20 , , ,  (1.1)  

a f = 2  h , f ,  (1.2)  

where 13,f is the weak isospin, ef is the quark charge 
and 0w is the weak mixing angle. With  sin20w=0.23 
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and the well-known isospin assignments  this leads to 
Vd=0.69, Vu=0.39 and ad,u= -7 1 where d and u s tand 
for any down and up type quark. We denote the over- 
all couplingcf = 2 2 vf + a t .  Then the total hadronic width 
of  the Z is given up to second order  Q C D  by 

2 

F ( Z ~ X ) _ 2 4  /=gNc l + - - g  +1 .42  

× (2c~ + 3Cd) , (1.3)  

where Nc is the number  of  colours, G ,  the muon de- 
cay constant ,  M z = 9 1 . 1 8  GeV the mass of  the Z and 
as  the strong qqg coupling constant  at x /~=  Mz.  The 
factor in front OfCu (Cd) counts the number  of  u- and 
d-type quarks. 

In zeroth order  QCD the radiat ive Z width Fqq v is 
given by the simple formula 

G•M3 N . 3  a (4.2Cu++.3Cd) (1.4)  
Fqqy-  24x/2n  c ~ 

4 I where the new factors ~ and ~ in front of  Cu and Cd 
originate from the square of  charges e~ and e~ of  u- 
and d-type quarks, respectively. This formula in- 
cludes all photons in the final state, i.e. also photons  
which are coll inear with final state quarks a n d / o r  
those which are soft. To disentangle these final state 
photons  in Z decay from background and photons  
produced from initial state leptons selection cuts have 
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to be used. Eq. (1.4) is modified correspondingly, but 
the yield remains proportional to ]cu + ]Cd. Then the 
combination of (1.3), which has been measured al- 
ready, and (1.4) or its modification including selec- 
tion cuts allows the determination of cu and Cd sepa- 
rately [ 1-3 ]. 

It is the purpose of this note to report the results of  
a calculation of Fqqv including first order QCD cor- 
rections ( O ( a s ) )  for the case that the photon is sep- 
arated from the q and Cl jet by an invariant mass 
squared cut Sqv, s~y>~y M 2. This procedure has been 
applied with good results to the selection of multi- 
hadronic jets in e +e-  annihilation at low energies and 
at the Z resonance [4] and to the definition of jets in 
higher order calculations [ 5 ]. For this selection pro- 
cedure the theoretical cross section can be obtained 
using methods and results of our calculation of jet 
cross sections for e+e - annihilation up to O(a~)  [ 5 ]. 
If  we replace there one of the gluons by a photon [ 5 ] 
with the appropriate replacement of colour factors we 
can recover the partial widths for the decay of the Z 
into the qclg7 final state and the O ( a s )  corrections to 
the qcl7 final state. In the following we shall present 
the results for the Z decay into the q~17 final state, 
which experimentally is the 2-jet+7 final state, in- 
cluding O (as )  corrections, the qctg7 final state which 
experimentally corresponds to the 3-jet + 7 final state 
and the (qcl)7 and (qclg)7 final state, respectively, in 
which (qcl) and (qclg) are unresolved, which exper- 
imentally corresponds to the class 1-jet+7. 

We shall represent our results as ratios to the had- 
ronic Z width Fhad = F ( Z - ~ X ) .  So we get for the ratio 
of  the total inclusive one-photon emission width 
F ( Z - ~ 7 + X ) ,  where X stands for all hadronic final 
states to/"ha d 

F(Z--,~,+ X) 

/"had 

(]cu + ½cd) (a /2 rO gtot 
- - ( 2 c . + 3 C d ) [ l + a J g + l . 4 2 ( a j ~ ) 2  ] , (1.5) 

where 

3( 
gtot= 1 - ~ - ~ ] .  (1.6) 

The second term in (1.6) represents the O(a~) cor- 
rection to F ( Z - ~ 7 + X ) .  In the following we shall re- 
port results for the partial width of  the Z into a pho- 

ton and n jets ( n = l ,  2, 3) which depend on the 
resolution cut y. These partial widths F( Z- ,  7 + n j ets ) 
are written as 

F (Z-~¥+  n jets) 

Fhad 

(~Cu + ½Cd) (a /2~)gn(y)  
- - (2Cu+3Cd)[ l+a~/~+l .42(a j~)2]  . (1.7) 

In the next section we shall present results for g, (y), 
& (y) and g3 (3;) in form of tables for various values 
ofy. 

2. Decay rates into one photon plus jets 

First we consider the rate for the decay of the Z 
into a photon plus 2 jets. The photon is isolated from 
the two jets by requiring a minimum invariant mass 
squared ys, where x /~=Mz is the total energy in the 
decay, between the photon and either of the two jets. 
In lowest order QCD the hadronic final state is qcl. If  
we denote in the decay Z-~q+~l+ 7 the momenta of 
q, Cl and 7 by p,, P2 and P3 respectively, we demand 

Ya = (Pi +PJ)2/s >~Y (2.1) 

for i , j= 1, 2, 3. The 7 + q + q  rate as a function ofy  is 
proportional to g2 (°) (y). The relation to F(Z-~ 7 + 2 
jets) follows from (1.7) with n=2 .  g~O)(y) is easily 
calculated numerically or from the corresponding 
formula for the O (%)  3-jet rate in e +e-  annihilation 
which can be found in ref. [ 5 ]. For convenience we 
have calculated g~0) (y) for various y values between 
y--0.005 and y =  0.20. The result is tabulated in table 
1. By restricting the phase space to the region Y,3, 
Y23>ly a n d  YI2~Y we obtain the decay rate for n=  1, 
i.e. the final state: photon + 1 jet. The q~l is combined 
to one jet which recoils against the photon. This de- 
cay rate is proportional to gl °) (y) which is tabulated 
in table 1. It is clear that the (7+ 1-jet) rate is much 
smaller except for very large y cuts where the (7+ 
2-jet)- and the (7+ 1-jet) rate become comparable. 
The results in table 1 are useful for a first orientation 
what magnitude for the (7+n-jet)  rate is to be ex- 
pected in zeroth order of QCD. 

Next we consider the O(oq) corrections to g2(Y) 
and gl (Y)- They are denoted by g~l) (y) and g} ') (y) 
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Table 1 
Reduced rates for Z-q'+ 1 jet (g}O}(y)) 
(g~O}(y)) in zeroth order QCD as a function 

and Z--,~,+2 jets 
ofy. 

y g~O~(y) g}O}(y) 

0.005 39.53 0.043 
0.01 27.94 0.073 
0.02 18.31 0.119 
0.03 13.60 0.155 
0.04 10.68 0.185 
0.05 8.648 0.212 
0.06 7.145 0.235 
0.08 5.062 0.273 
0.10 3.688 0.302 
0.12 2.716 0.325 
0.14 2.015 0.342 
0.16 1.484 0.354 
0.18 1.079 0.361 
0.20 0.7669 0.363 

so that the total 7 + n - j e t  rates ( n =  1, 2, 3) are ob- 
tained from 

O/s ( 
gl (y )=g}°) (y )+ ~ g ~ ) ( y )  , 

° / s  ~ ( 1 )  t ~ , ~  . 
g2(Y)=g(z°)(Y)+ 2 62 I,y/ (2.2) 

In O ( a s )  we have also the decay Z--,q~tg'/. Part of 

this 3-parton final state contributes to gl (Y) and g2 (Y) 
namely when all three partons are combined into one 
jet or when two pal-tons are combined into one jet, 

i.e. into qg, (tg or qdl. The case that all three partons 
q, Cl and g obey the constraint  of being resolved Yo >1 Y, 
i , j= 1, 2, 3, 4 where Yo is defined in (2.1) (the mo- 

menta  of q, ct, g and 7 are Pl, P2, P3 and P4) gives us 
the decay rate for Z-- ,7+ 3 jets (i.e. n = 3  in (1.7) ). 
The reduced rate is g3(Y). This is proportional to as 
and will be given in the form that we factor out as~ 
27r as in (2.2) and write 

g3(y) = ~ g ~ ' } ( y ) ,  (2.3) 

g(31)(y) has been calculated essentially in our earlier 
work [ 5 ]. It can be obtained from the C~-part of  the 
4-jet cross section a4_je, given there by dividing the 
cross section by Cv/2 = 2. The factor Cv must be di- 
vided out since one factor Cvoq is replaced by o~, the 
addit ional  factor 2 comes from the fact that now g 
and 3' are distinct particles, so that the statistical fac- 

tor ½ present in a4-jet must be removed. The result for 
g~l) (y) is presented in table 2 again for eleven y val- 

ues between 0.005 and 0.14. For the larger y values 
g~l) (y) is very small and therefore the decay rate for 

Z--, ~,+ 3 jets is negligible there. 
The calculation of gz(Y) proceeds along the lines 

of our earlier work in which results for a3-je, (Y) have 
been presented. Compared to ref. [5] one of the 
gluons in the final state qclgg is replaced by a photon. 
For the final state qClg]' only one gluon is present 

which is combined with the q or Ct whereas the pho- 
ton is always outside the cut region. Therefore com- 
pared to the a3-je, calculation [5 ] the region where g 
or T are combined does not contribute. This and other 
details, in particular which contr ibut ions are taken 
into account in the O (as)  correction to gl (Y), are re- 
ported in ref. [ 6 ]. 

Actually in ref. [5] two different predictions for 
the O ( a~ ) correction to the 3-jet cross section in e + e -  
annihi la t ion have been presented. In both versions 
all subleading 4-parton contr ibut ions were included. 
It was found, however, that the 3-jet cross section de- 
pends on the way the variables describing 3 jets were 
formed out of the momenta  of the 4 partons. In ref. 
[5 ] these two versions are called KL and KL' .  The 
second order corrections in the KL scheme are larger, 
i.e. more positive than in the KL'  scheme. The same 

non-uniqueness  appears for the O (as)  corrections to 
the decay Z--,qCp/. Here the result depends on the way 

Table 2 
O(c~s) correction to reduced rates for Z-oT+ 1 jet (gll }(y) ) and 
Z--, 7+ 2 jets (g~l)(y)) for the KL2 scheme, together with re- 
duced rate for Z~3'+ 3 jets (g~) (y)) as a function ofy. 

y g}l ~ (y) g~,)(y) g~a) (y) 

0.005 - 0.886 - 1836.3 976.20 
0.01 -0.883 -894.9 425.55 
0.02 -0.664 -347.2 147.78 
0.03 -0.378 - 182.3 65.76 
0.04 -0.095 - 106.6 32.42 
0.05 0.173 -66.71 16.82 
0.06 0.413 -43.34 8.622 
0.08 0.792 - 19.90 2.198 
0.10 1.127 -9.920 0.4563 
0.12 1.359 -5.120 0.04512 
0.14 1.518 -2.665 0.001718 
0.16 1.618 -1.286 
0.18 1.667 -0.5263 
0.20 1.673 -0.1084 

403 



V o l u m e  269,  n u m b e r  3,4 P H Y S I C S  L E T T E R S  B 31 O c t o b e r  1991 

how the variables of  q, ct and T are formed out  o f  the 
momenta  of  q, (t, g and T, i.e. it depends  how the vari- 
ables of  the jets  (qg)  and (Cl), respectively,  are de- 
fined. This phenomenon  is known as recombina t ion  
dependence.  The results for g l l ) ( y )  and g~l)(y), 
g~)(y) is independent  of  the choice of  je t  variables,  
as presented in table 2 correspond to the KL '  scheme 
as defined in ref. [5] .  It yields smaller  values for 
g~')(y), i.e. g~J)(y)  is more  negative, than the cor- 
responding O(C~s) correct ion in the KL scheme. In 
order  to obta in  informat ion  on the recombina t ion  
dependence  of  the (T+ 2- je t ) -decay rate we have cal- 
culated g l ' ) ( y )  and g2~' ) (y)  also for the KL scheme. 
The results are shown in table 3. We see that  for very 
small y values g2 ~') (y)  in tables 2 and 3 tend to agree, 
as we would expect, but  for larger y the g~2 ~) (y)  in the 
KL scheme is larger and even becomes posit ive above 
y>0 .05 .  Thus for the larger y values g ~ ( y )  in the 
KL scheme leads to a positive correction in g2 (Y) and 
in the KL '  scheme it produces  a small negative 
correction. 

Of  course, the QCD correct ions and the decay 
width for Z ~ T + 3  jets  depend  on the value of  c~. 
Since these are first order  QCD results they depend  
strongly on the scale of  C~s. To i l lustrate the magni-  
tude of  the three part ia l  widths for T + n jets  (n = 1, 2, 
3 ) and their  dependence  we have plot ted in fig. 1 the 
quantit ies 103 F ( Z ~ T  + n jets )/Fhad, where Fnaa is the 
total decay width of  the Z into hadrons,  for n- -  1, 2, 
3 as a function o f ) ,  and for o q ( M ~ ) = 0 . 1  18 which 

Table 3 
O(ccs) correction to reduced rate for Z-~T+ 1 jet (g}')(y)) and 
Z--+ T+2 jets (g~)(y) ) for the KLI scheme as a function of),. 

Y g}'~(Y) g ~ ' ) O ' )  

0.005 0.434 -- 1581.0 
0.01 0.933 -683.1 
0.02 1.723 -219.3 
0.03 2.139 -87.46 
0.04 2.803 -33.00 
0.05 3.183 --6.847 
0.06 3.511 6.313 
0.08 3.982 15.97 
0.10 4.281 16.84 
0.12 4.453 14.80 
0.14 4.527 12.25 
0.16 4.515 9.937 
0.18 4.431 7.785 
0.20 4.281 5.830 

10 . . . .  I . . . .  I . . . .  I . . . .  I ~'  ' 
a s = 0 . 1 1 8  

1 j e ~ s  
L 

01  ~ " y + l j e t  

~ o01 
L 

0.001 , , , R, , , I , , , ,  I , , , 
0 0 5  01 015  0.20 0.25 

Y 

Fig. 1. Pa r t i a l  w i d t h s  F ( Z ~ T + n  je t s  ) ( n =  1, 2, 3 )  as  a f u n c t i o n  

o f y  for  a s  = 0 .118  a n d  n o r m a l i z e d  wi th  1 0 -  3 -Phad- 

was obta ined  from fits to je t  rates in mul t ihadronic  
events [7] .  We see that  F ( Z - ~ T + 2  je ts )  dominates  
and decreases with increasing y. The width for 
Z ~ T +  3 jets  is strongly y dependent  and is apprecia-  
ble only for very small y cuts. F ( Z  ~ T  + 1 jet  ) is small 
and approaches  zero for y - , 0  as one would expect. 
Since F(Z--*T+ 1 je t )  depends on contributions which 
are non-singular  the predict ion depends  very much 
on the special defini t ion of  the cuts. 

Since the calculation of  the T rates is only O (a s )  
one should choose a smaller  scale than M 2 in as  to 
compensate  for unknown higher order  effects. This 
would increase a t  and has the effect that  the width 
for T + 3 jets  will be larger, the width for T + 2 jets  will 
be slightly smaller  and F ( T +  1 j e t )  will decrease for 
small y and increase slightly for large y. Since the 
higher order  correct ions in F ( T +  1 j e t )  and F ( T +  
2 j e t )  are rather  modera te  the dependence  on the 
choice of  as  is not very strong. 

The rates for Z-*T+ 3 jets  and Z ~ T +  2 jets  shown 
in fig. 1 agree with the exper imental  da ta  in ref. [ 3 ]. 
However,  our result for Z ~ T +  1 jet  is smaller  than 
the exper imenta l  data. Exper imental ly  the rate for 
T+ 1 je t  at large y values is approximate ly  a factor of  
four larger than our predic t ion  in fig. 1. Only for 
y~< 0.05 there is agreement with the data. The reason 
for this discrepancy is unclear. It may have to do with 
par t icular  strong hadroniza t ion  correct ions a n d / o r  a 
mismatch  o f  the theoret ical  versus the exper imental  
def ini t ion of  resolution cuts for this par t icular  chan- 
nel. To study this problem in detail  a full Monte Carlo 
including hadroniza t ion  is needed. 

Concerning the (T + 2-jet)-  and ( y +  3-jet) rate not 
only the absolute rates in fig. 1 but  also the y-depen- 
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dence agrees with the data quite well. The y-depen- 
dence of  the (7 + 2-jet) rate is of  interest for the fol- 
lowing reason. Since g~)(y) is fairly large and 
negative (see table 2) the O (c~s) corrected rate for 
Z--,7 + 2 jets increases less strongly with decreasing y 
than the lowest order prediction g~O)(y) (see table 
1 ). For example the O(C~s) corrected rate in fig. 1 
increases by a factor 15 if we compare the rate at 
y = 0 . 2  with the rate at y=0 .02 .  The corresponding 
increase g~2 °) (y) ,  i.e. the lowest order prediction, is a 
factor 24. On the other hand, the multihadronic 3-jet 
rate increases by a factor 22 in the same interval. In 
the 3-jet cross section the O(c~ 2) correction is posi- 
tive since the contributions originating from the non- 
abelian nature of  QCD, i.e. the terms proportional to 
the colour factor CvNc coming from diagrams with 
the triple-gluon coupling, etc., give a large positive 
contribution. This contribution is much larger than 
the negative terms from the colour factors C 2 and 
CFTR (see ref. [5] for further details). The reduced 
rate for F(Z-~7  + 2 jets) in lowest order is identical 
to the reduced 3-jet rate, i.e. g~2°)(y) gives up to 
known factors involving c% etc., the hadronic 3-jet 
rate in O(a s ) .  We expect that the ratio of  the had- 
ronic width F(Z-- ,3 jets) and F ( Z ~ 7 + 2  jets) in- 
creases with decreasing y and that this increase is a 
measure of  the CFNc term in the hadronic 3-jet rate. 
The CZF terms in F(Z-- ,3  jets) and F ( Z ~ 7 + 2  jets) 
are almost equal (they differ only by the extra term 
where the two gluons are combined inside the reso- 
lution cut) and therefore cancels in the ratio up to 
O (c~).  We write for the reduced hadronic 3-jet width 

we obtain 

as NchN+ TRhT 
r = l +  (2.6) 

27rB+ (c~/2~) Cvhc" 

In (2.6) we assumed that the hc contribution is the 
same for Z - , 3  jets and Z - , y + 2  jets. The ratio r as 
given by (2.6) is plotted in fig. 2 as a function o f y  
and taking ~s=0.118  as before (dashed curve).  We 
see that r as a function of  y increases as y decreases. 
Its value above 1 is a measure of  the second term in 
(2.6) which is dominated by the No-term. This term 
is a measure of  the non-abelian nature of  QCD. When 
we put the Nchc-term in (2.6) to zero, this way sim- 
ulating an "abelian QCD",  we obtain the dash-dot- 
ted curve in fig. 2. Then r is below 1 and decreases 
with decreasing y as expected since TRhT is negative. 
Therefore the value o f r  as a function o f y  constitutes 
an interesting check on the non-abelian nature of  
QCD. In fig. 2 we also show the exact result for the 
ratio (2.5) (full curve),  where the denominator  is 
g2 (Y) and the numerator  is obtained from our results 
in ref. [5] (hc and h r i n  (2.6) are also taken from 
this reference). Both gz(Y) and the numerator  are 
calculated in the KL2 scheme. The deviation from 
the dashed curve is small. It is significant only for 
y ~< 0.05, where the difference of  the he-term in g2 (Y) 
and the 3-jet width mentioned above is not negligible 
anymore. 

When r as defined in (2.5) is compared to experi- 
mental data the value of  as enters. Therefore r de- 
pends on the value of  c~s chosen. We have taken 

F( Z- ,  3 jets ) 

1 O~s 
- 1 + a J ~ +  1.42 (O~s/:,c) 2 2~ CF 

x ( B +  as TRhT)) ~-~ ( Cvhc + NchN + (2.4) 

where B is the lowest order contribution B = g ~  °) (y).  
For the ratio 

/ ' ( Z ~  3 jets) 
r =  

(as/2n)Cv(2cu + 3cd) 

( F ( Z - , 7 + 2 j e t s )  ~-1 
(2.5) 

3.0 

2.0 
r 

1.0 

. . . .  [ ' ' ' ' I ' ' r , I ' ' ' ' 

~x 

N:=3 

Nc=O 
~ . ~ ,  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

/ "  

/ 

I I [ I I I I I I i I I [ I I I I 

005 01 015 0.2 
Y 

Fig. 2. The ratio r, the reduced hadronic 3-jet width divided by 
the reduced 7+2-jet width as defined in (2.5) as a function ofy 
in the approximation (2.6) (dashed curve), for "abelian QCD" 
(dash-dotted curve) and calculated from the theoretical 3-jet 
width and the 7 + 2-jet width (full curve ). 
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as  = O. 1 18 w h i c h  is o b t a i n e d  f o r m  f i t t i ng  h a d r o n i c j e t  

ra tes .  I t  c o r r e s p o n d s  to t he  c o u p l i n g  a t  t he  scale  M 2. 

F o r  a s  at  sma l l e r  scales,  w h e r e  a s  is larger ,  r d i m i n -  

ishes  s o m e w h a t .  In  the  s a m e  way hN a n d  hi. in  ( 2 . 6 )  

decrease  w h i c h  par t ly  c o m p e n s a t e s  the  inc rease  o f  as. 
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