
Physics Letters B 287 (1992) 191-202 
North-Holland PHYSICS LETTERS B 

Rare decays B Xd + in the standard model 

A. Ali 
Deutsches Elektronen Synchrotron DESY, W-2000 Hamburg, FRG 

and  

C. G r e u b  l 
Universitiit Ziirich, CH-8001 Zurich, Switzerland 

Received 3 April 1992; revised manuscript received 26 May 1992 

We present an estimate of the inclusive decay rate and photon energy- and hadron mass-spectrum for the CKM-suppressed 
radiative rare decays B ~ Xd + y, based on perturbative QCD and a phenomenological model for the B-meson wave function (here 
Xd denotes nonstrange hadrons ). Present constraints on [ Vtd I are used to predict BR (B--* Xd + y) = (0.8-4) X 10 - s for the top 
quark mass in the range 100 ~< m,~< 200 GeV. From the inclusive invariant hadron-mass spectrum and using vector meson domi- 
nance in the region m(Xd) ~< 1 GeV, we estimate the branching ratio for the exclusive rare decay mode B--,p+7 and the ratio 
F( B ~ p + y) /F(  B-* K* + 7 )- The importance of measuring these decays in determining the CKM matrix element [ Vtd I is emphasized. 

1. Introduction 

Flavour changing neutral current (FCNC)  processes in the standard model (SM) are governed by one-loop 
graphs (penguins and boxes).  They provide valuable information on the properties of  the top quark, in partic- 
ular its mass and the three CKM matrix elements ( Vi; i = d ,  s, b).  The dominant  FCNC B-decays involve the 
transitions b ~  s + X, where X = g, y, ( l  + l - ) ,  and v~. A measurement o f  their decay rates would determine the 
CKM matrix element [ Vts I. These transitions have received quite a bit of  theoretical attention [ 1 ]. However, 
one also expects in the SM the FCNC transitions b o  d + X. They would manifest themselves through final states 
such as B~p+~/ ,  B ~  (n, p) + ~ + l - ,  and B ~  (n, p) +vg.  The short distance contributions to these decays depend 
on the CKM matrix element vtd, and hence one anticipates that they are suppressed as compared to the analo- 
gous b ~ s + X decays. From a theoretical point o f  view, however, the CKM-suppressed FCNC decays are very 
interesting, since their measurement would determine the critical matrix element Vtd, which at present is only 
loosely constrained due to the unknown top quark mass and imprecise knowledge of  the various coupling con- 
stants. In this context we emphasize that the relative decay rates F ( b ~  d + X ) /F (b -~s  + X)  are largely free of  
the hadronic matrix element ambiguities and the unknown top quark mass. We illustrate and quantify this by 
working out the case o f  the radiative rare B-decays B--. Xd + y in the SM, using the theoretical framework devel- 
oped for the B ~ X, + ~, decays [ 2,3 ]. In particular, we present estimates o f  the branching ratio for the inclusive 
decay B ~ Xd + ~/and give a profile of  the photon-energy and the invariant-hadron-mass distributions. Moreover, 
using the (plausible) assumption that the invariant mass distributions up to 1 GeV are saturated by the K* (for 
B--.Xs+7) and p (for B ~ X s + y )  resonances, we estimate the branching ratios BR(B--*K*+y) and BR(B- - .p+y) .  
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2. Effective hamiltonian for the decays B~X,+~' and B-,Xd +~/ 

The framework that we use here is that of an effective theory with five quarks, obtained by integrating out the 
heavier degrees of freedom (top quark and W + bosons). In the effective theory one keeps only the operators 
with the lowest (mass) dimensions since the higher dimension operators are power suppressed by terms of 
0 (rob~mr) and O (rob/row). To leading order in the small (weak)-mixing angles, a complete set of  dimension- 
six operators relevant for the processes b ~ s + • and b-~ s + 7 + g is contained in the effective hamiltonian 

4GF ~ 
Heff(b~sT) = - ~ ,,~,t j__~l C j ( J I ) O j ( ~ ) ,  (1) 

where GF is the Fermi coupling constant, Cj(#) are the Wilson coefficients evaluated at the scale #, and 
2t = VtbVt*, with V 0 being the Cabibbo-Kobayashi-Maskawa (CKM) matrix elements. The definitions of the 
various operators, matching conditions Ci(rnw), and the leading log perturbative QCD corrections giving Ci (#) 
with/t << mw can be seen in ref. [ 1 ]. We recall here that 0~ and 02 represent the colour-singlet and colour-octet 
four-fermion operators, respectively, obtained from the SM charged current lagrangian written in the charge 
retention form. It is known that the operators 03 ..... 06, which are the four-fermion operators obtained from 
the penguin diagrams, enter indirectly in b ~ s + ], decays due to operator mixing; as their coefficients are small 
[ 1 ], their effect can be neglected. 07 and 0s are the QED and QCD magnetic moment operators, respectively. 
It is known from earlier studies that the dominant contribution to b o s + y  and b o s + g + 7  are due to the oper- 
ators 02 and 07 which are defined as 

02 = (g~yUbL,~) (ffL~y/lCLfl), 07 = (e/16zrz)go~tzu"(mbR+msL)boF~,, ,  

L = ½ ( 1 - 7 5 ) ,  R = I ( I + y s )  • (2) 

Here e denotes the QED coupling constant. The coefficients C2 (rob), C7 (rob), obtained in the leading logarithm 
approximation [ 1 ], and the corresponding coefficients at the scale rnw are listed below: 

C2 ( mb ) = ½ ( ?/ -6/z3 + ?/12/23 ) C2 ( mw ) , 

CT(mb) =/~-16/23[C7(mw) - 1~5 (? /10/23  1 ) C 2 ( m w )  - 1~9 (? /28/23 1 )C2 ( m w )  ] , 

C2(mw) = 1, C 7 ( m w ) = F 2 ( x ) ,  (3) 

with q = c~s (rob) / c~s (row) being the ratio of the QCD coupling constants and x = m t 2 / m ~v. The Inami-Lim func- 
tion F2 (x) derived from the penguin diagrams is given by [ 4 ] 

X 
Fz(x )  = 24(x--  1)4 [ 6 x ( 3 x - 2 )  logx--  ( x -  1) ( 8x2+5x- -7 )  ] . (4) 

In writing the expression for F2(x) we have neglected terms of order ( m c / m w )  2 and ( m u / m w )  2. 
We now discuss the modification that has to be implemented for the rare decays b ~  d + ), and b ~  d + ~t + g. To 

that end we first define the CKM matrix in the Wolfenstein parametrization [ 5 ]: 

) 
-- A2 3(p--i?/) ~ 

VCKM-W = --2 1 -- ½22 A22 (5) 
A 2 3 ( 1 - p - i ? / )  - A 2 2  1 

The representation, VCKM-W, has three real parameters A, 2, and p, and a phase ~/. We recall here that for the 
decays b ~  s + 7 ( + g) the effective hamiltonian was written in the approximation where the CKM factor 2u = 0, 
which is reasonable since 2u <<2o 2t ( 2 , -  V,~,V7 ). For the decays b ~ d +  ~, and b ~ d + y + g  the CKM factors 2, 
are replaced by ~,---V,~,V*o. Now ~u, ~c and ~t are all of the same order of magnitude (A23) and therefore the 
corresponding approximation ~u= 0 cannot be made any longer. The differences due to the inclusion of ~, to 
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describe the decays b--, d + 7 and b ~ d + g + 7 can be most easily built in the effective hamiltonian framework by 
modifying the operators 0~ and 02, encountered in the decay b--,s+7. The dimension-six operator basis again 
reads 

4GF~ 8 
Heff(b--*dT) = -  - ~  ~t j~ Cj(p)Oj(lt). (6) 

The operators O~ and 02 are defined as 

Ol = - -  (gl.#)'ubt~) (dt~y~cLB) - ~ (aL#~:bt~) (dt~?auL#) , 

02 = -  ~ ( ei~,"bt~) ( dL#~,.c,_ B) - ~ ( a t ~ : b t ~ )  ( dL#~'.uL#) . (7) 

With the operators defined in this basis, the matching conditions, C, (row), and the corresponding Wilson coef- 
ficients at the scale/t = rob, C~ (mb), are precisely the same for the decays b--, d + 7 as given above for the b ~ s + 7 
case. 

3. The decays b--,d+7 and b--,s+~, 

We start with the lowest order (one-loop) results for the decay rates b ~  (s, d) + 7- The only contribution to 
these two-body decays is due to the operator 07. A straightforward calculation yields 

F ( b ~ s +  7 ) =  12t 12 G~rn~,ot 327~ 4 Ig2(x)l 2 , (8) 

G2m~, a 12 
F (b - - , d+7 )= l~ , l  2 32z----------~lFz(x) , (9) 

where we have dropped terms of O(ms/mb) and O(md/mb). The respective rates for radiative rare B-decays 
may be expressed in terms of the branching ratio for the inclusive CC semileptonic B-decays B--, (X¢, Xu)£vQ, 
which has been well measured. This would remove their annoying m~,-dependence. Deferring the numerical 
estimates for the branching ratios for the time being, we note the following relation between the SM decay rates 
[6]: 

B R ( b - , d + 7 )  I Vtd [ 2 
BR(b-- ,s+7)  - [V~s [2 (10) 

The relation in eq. (10) is representative of a number of FCNC B-decays involving the CKM-allowed b ~  s + X 
and CKM-suppressed b-- .d+X transitions in the standard model. In our opinion, checking this and similar 
relations experimentally is extremely important both for the unitarity of the CKM matrix, as well as determi- 
nation of the matrix element Vtd. We shall estimate the ratio in eq. (10) later, making use of the available 
constraints on the CKM matrix elements. However, as an order of magnitude, we expect it to be O (22) -~ 0.05. 

In what follows, we study the modification of this relation due to QCD corrections. There are two kinds of 
corrections that one has to incorporate: First, there is the QCD-renormalization of the Wilson coefficients of 
the relevant operators, discussed above. For the two-body decays b - , s+T  and b ~ d + 7 ,  only the magnetic mo- 
ment operator 07 contributes and hence the QCD corrected rates can be represented by formulae similar to the 
ones given above for the lowest order, with the function F2 (x) replaced by the QCD corrected function C7 (rob). 
Since this scaling is identical in the two-body decays b--*s +7 and b--,d+7, the ratio (10) is not renormalized by 
the QCD scaling of the Wilson coefficients. Second, one has to take into account gluon bremsstrahlung correc- 
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tions, b--, (s, d ) + T + g  to get non-trivial photon energy spectra. These corrections, of course, also modify the 
rates for the inclusive decays B--, Xd + T and B ~ Xs + T. Neglecting the small contributions of  the operators 03, 
• .., 06, the gluon bremsstrahlung corrections involve the operators O1, 02, 07, and 08. Note that the operators 
Ol and 02 cause a non-trivial dependence on the CKM matrix elements. It leads to non-factorizing corrections 
(in the CKM parameters) to the inclusive decay width F ( B ~  Xd + 7). We estimate theses corrections in the next 
sections. 

4. QCD bremsstrahlung corrections to b--, (s, d)+T 

In specifying the operator basis and carrying out the calculations for the decays b ~ d + T  and b- - ,d+g+T,  we 
shall remain as close as possible to the well-studied decays b--, s + T and b--, s + g + ~,, reported by us in ref. [ 2, 3 ]. 
In the approximation of keeping only the contributions of  the operators O~, 02, 07, and O8, the amplitude for 
the processes b ~ d + T + g  can be calculated from the diagrams shown in fig. 1. The O(otoq) calculations for 
b--, s + T + g were done in refs. [ 2, 3 ], where dimensional regularization (and Landau gauge) were used, which 
we also employ here for the b - - , d + T + g  case. In the diagrams associated with O~ and Oz both u- and c-quarks 
propagate in the loop. Again, the diagrams associated with O1 vanish due to the colour structure. Also, the 
coefficient of the operator 08 gets suppressed after including QCD effects and its contribution is neglected. In 
the following we therefore only keep the contributions associated with 02 and 07. Note, that the diagrams where 
only one boson (gluon or photon) is radiated from an internal quark line vanish in dimensional regularization 
and hence are not shown. 

Concerning the photon energy spectra in the decays b ~  (s, d) +T+g ,  it is to be noted that they have a nonin- 
tegrable infrared singularity for Eg--, 0, showing up as Ev-- ,E '~" .  Adding the contributions of  the processes b--, (s, 
d) + T + g with their respective virtual QCD corrections, the singularity cancels in a distribution sense [ 2,3]. 
The end-point spectra, however, show sensitivity to the leftover effects of  the (cancelled) infrared singularity, 

boCp) O, doCf) ha(p) O, d,( f)  b,(p) O, ,~(f)  boCp) O, aS(f) 

rCq) " 9(,) 

(a) (b) (c) (d) 

.E o, . lo,  ~8 
), ) 

(g) 

. 

(e) (f) (h) 

(i) (j) 

Fig. 1. Feynman diagrams contributing to the decays b-~ d + T and b~d + g + 7- 
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with the photon-energy distribution dF/dxv rising very steeply near the end-point, xy~ 1 (here x v is the frac- 
tional energy of the photon, xy = Ey/E~ ax ). To remedy this, one often resorts to (an all-order) resummation of 
the leading (infrared) logarithms. The resummed theory provides a more reliable description of the spectra 
near the end-point. In refs. [ 2,3 ], the leading terms (in O (as)) were isolated analytically and exponentiated 
for the decays b--, s + y + (g) in the region x~-, 1. We discuss exponentiation procedures for the end-point photon 
energy spectrum in the decays b - , d + y ( + g )  here. 

We find it convenient to express the photon energy spectrum as a sum of the following pans: 

dF dFF dF7 
~ ~ - ~  + ~ .  (11) 

The first term on the RHS ofeq. ( 11 ) is free of infrared singularities. It contains the square of the matrix element 
of the operator 02 and the interference term of O2 and 07; it can be written as a one-dimensional integral over 
the gluon energy in the process b--,d+g+~/[2,3]: 

d/"F G2 ]~t ]2aOts(1 - r )  e i 
dxy - 1536rc 5 (r22-.~'27) dgg, 

Ef 

z22 = -~ C2 (~t)(qq,)2 [ ~[ 2[ (mE _ m2)2_ 2 (m2 + m  2) (qq,) ] ,  

R "~'{m2m~'(qq') ) z27=~Cz(lt)CT(lt)(qq') 2 etx)~(pq,)(p,q,) ( m ~ + m 2 ) ,  

x= - ~t x -  ~"~t qq"4 (12) 

The limits of the E~-integration are 

E~=½mb(1--r)(1--xr), E~=½mb(l--r)(1--xr)  l _ x v ( l _ r  ) , r=(md/mb) 2 , (13) 

and q, q', p and p' denote the four-momenta of the photon, gluon, b-quark and d-quark, respectively. The func- 
tion x is defined as 

4[2G(t)+t] 
K =  (qq')t ' 

where t = 2 (qq') / m 2 and G (t) is defined by the integral 
1 

G( t )=  f d Y l o g [ 1 - t y ( 1 - y ) - i ~ ] ,  (14) 
Y o 

which yields 

G ( t ) = - 2 a r c t a n 2 ( 4 ~ t _ t ) ,  t < 4 ,  

G(t) = -  ½roE+ 2 log2[ ½ ( x / ~ + ~ ) ] -  2in log[ ½ (x/~+ x ~ - ~ ) ] ,  t > 4 .  (15) 

The d/~7 contribution is identical (up to the replacement ms~md) as in the b--,s+7+ (g) case. It has a part due 
to the exchange of a virtual gluon and a part due to gluon bremsstrahlung. These parts were separately discussed 
in refs. [2,3 ]. We give here the expression for 
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1 

F7 (So) = ~ -v  clxv • (16) 

Doing the indicated x~-integration, one gets 

V( ~ ) m~, ceG21~t12C27 " (17) F7(So)= 1+ g 2 0 ( 1 - S o ) ,  V=(1-r)X(l+r)3-5~-an 4 

To exponentiate the end-point spectrum, we now split g2 into two contributions: t'2=t2~+g2z (with qo--1 
- (1 -r)so). 

l + r  ~ r  l l r - 3  g2~ = ~ - r  [2 log 2 r/o - 4  log r/o log( 1 -So) ] + _ log t/o - 8  log( 1 -So) + ( 1 - r )  ~ log qo, (18) 

g?2 =-4So-81og(1-r) + 411~r[log(1-r) log(~o)- ~n2 + Li(~o)+ Li( r) ] 

+ ~ ( ( 3r2-zlr+6)(rl°-r) + ( l + 3r)(~12-r2)-2 (r13-r3)- (1--r2)(1--s°)qo 

\ 
- 2 (  1 - r )  ( 2 - r )  (t/o log qo - r  log r) + ( 1 - r )  (qo 2 log qo - r2 log r) - r (  13r 2 -  23r+ 18) log r). (19) 

f22 is finite for So+ 1 both for r=  0 and r¢  0. In £2~, for r ¢  0 only the terms proportional to log ( 1 -So) are singular 
as So~ 1. We recall here that in the decay b- ,  s + 7 + g, we had tacitly assumed that ms ¢ 0. There only the terms 
proportional to log ( 1 -So) in g?~ were exponentiated [2,3]. However, in the limit r ~ 0  (which is more appro- 
priate for the case b--,d+• and b + d + y + g ) ,  the variable qo becomes 1 -So and therefore also log tlo terms get 
singular, giving rise to a double log singularity. This is the essential difference in the limiting behaviour for the 
r=  0 and r e  0 cases. In order to guarantee a smooth transition from the r¢  0 to the r=  0 case, we exponentiate 
the entire Ol contribution, giving 

d Ogs O/s 
g22) exp~-~ g2, ) O(1--So) (20) /'~Xp(so) = \ l  + ~ 

The exponentiated version of the 07 contribution to the photon energy spectrum then yields 

dF~X° (xv) = dF~P (S°)dso . . . . .  ' 

O~ s O~ s , 

dx~ 

4 + 8 + 3 - 1 1 r  4 1 + r (  ( 1 - r )  logr/o 
-Q'l - - -  r/o 1--So r/o(1--r) ~ + 1--rk, qo 

4 ( l + r )  4 ( l + r )  
-Q~= - -  l o g ( l - s o ) +  - - l o g  q o - 4  

~/o ~/o 

(1 l_-~((6-21r+3r2)+2qo(l+3r)+ 

(21) 

(22) 

log t/o ( 1 - r )  l o g  ( 1 - So )'~ 
+ 1-So + ,] , (23) ~/o 

( 1 - r  2 ) ( 1 -So) -~/o( 1 + r )  

- 2qo  2 - 2 ( 2 - r ) ( l - r ) ( 1  + log q o ) + t / o ( 1 - r ) ( 1  +2  log qo) ) .  (24) 
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Fig. 2. The influence of two different exponentiation procedures 
on the final photon energy spectrum is illustrated for B--,XJ, 
based on eq. (25) (dashed curve) and from refs. [2,3] (solid 
c u r v e ) .  

I2'~ and t2~ denote the derivatives with respect to So of  12~ and t22, which are given in eqs. (18) and (19) .  
Numerically, the two exponentiation procedures lead to small differences in the final 7-spectrum in the B - , X s + T  
transitions. These differences are shown in fig, 2 after the incorporat ion of  the wave function effects. As expo- 
nentiation is required only near the end-point  xv~  l, we use the exponentiated form in the region x v > xcrit only. 
For numerical  calculations we take Xcrit=0.85. To summarize,  eq. ( 11 ) is now replaced by 

d / ~  d /~F  _1_ O ( X c r i t - - X  7 )  d /~7  d / ~  xp 
dx v - dx~ -~r +O(xr-xcrit) dxr (25)  

The absolute branching ratio for the decays B ~ X d + y  depends on mt and the CKM matrix-element  ratio 
I Vtd 12/I Vbc 12- Whereas its measurement  will provide one of  the best determinat ions of  the C K M  matrix element 
I Vtd I, for the t ime being one could only put a bound on its expected value by constraining I Vtd I f rom present 
data, such as Xd= (Am)B/F for the Bd-Bd system, the CP-violating parameter  in the kaon system I El, and the 
ratio I Vb, I / I Vbc I. These bounds and numerical  estimates are discussed in the next section. 

5. Numerical analysis 

First, we give an est imate of  the inclusive branching ratio BR(B- - ,Xd+7) ,  which is modelled after the par- 
tonic decays b ~ d + 7  and b ~ d + g + T .  Second, we present the shape of  the T-energy spectrum and the related 
spectrum of  the hadronic invariant  mass. Third, we extract the branching ratios B R ( B - - , p + 7 )  and B R ( B ~  
K * + 7 ) ,  as well as the relative rate BR(B-- ,p  + 7 ) / B R ( B - - , K * + 7 ) ,  using vector  meson dominance  for the had- 
ronic mass below 1 GeV. 

5. I. Estimate of the inclusive branching ratio for B~Xd+ 7 

The branching ratio for the inclusive decay B--. Xd + 7 is calculated using the relation 

F ( B ~ X d  + 7 )  (26)  
B R ( B ~ X d  + Y) = /"tot ' 

where F(B--.  Xd + Y) is given in eq. ( 2 5 ) and the b-quark total width,/"tot, is obtained f rom the QCD- improved  
spectator model: 
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Table 1 
Values of the coefficients D~ entering in eq. (28) as a function of mr. 

6 August 1992 

mt (GeV) Di 02 D3 D4 

100 0.15 0.21 0.04 0.14 
120 0.17 0.20 0.04 0.13 
140 0.18 0.18 0.04 0.12 
160 0.19 0.17 0.04 0.11 
180 0.20 0.17 0.03 0.10 
200 0.21 0.16 0.03 0.10 

5 2 
l"tot=(r,~lVubl2+rclV~bl2)l-'o, Fo= mbGF 1921r3 , ru~7 ,  r¢~3,  I G b I = A 2 2 ,  IVubl/lV~bl~O.1. (27) 

The values of  ru and rc include phase space and QCD corrections [ 7 ]. The dependence on the b quark mass rnb 
cancels to a large extent in BR ( B- ,  Xd + Y ). Due to the contribution of  the operator 02 in b - ,  d + g + "f the depen- 
dence o f  the decay rate on the CKM matrix element does not factorize any longer. This dependence can be 
written explicitly as 

B R ( B ~ X d  + y) = D I  i~t 12(1 - l - p  rl rl2D3+ D4 ) ( 1 -p)2--t- r/2 D2 - ( 1 -p)2-4- ( 1 -p)2--t- r/2 ' (28) 

where the coefficients Di do not depend on the CKM matrix. Their mt dependence is shown in table 1 (for 
me= 1.68 GeV, mu = 5 GeV, md = 0, as = 0.23, A = 0.926 and 2 = 0.220). The coefficients D~ ..... D4 are not very 
sensitive to mr. To get the inclusive branching ratio as a function of  m,, one has to vary the CKM parameters p 
and q over the presently allowed range. For this purpose we use the following experimental inputs: 

Vub =014_+0.05  (29) 
Vc b " 

I EI = (2 .26+0 .02)  x 10 -3 , (30) 

Xd =0.67_+0.10.  (31) 

While the bounds on the ratio I Vub/V~b[ give directly x /p2+ ~/2 = 0.64 + 0.23, one has to take into account the 
m~-dependence o f  I EI and Xd as well as specify other quantities. We use the following expressions for I EI and Xa 
[81: 

2 2 2 GFfKmKmw 
IEI = 6x/~n2Am K BK(A2j ,6q){X c [ t l c t f 3 ( x c ,  x , ) - / / c o ]  "4- ~ t t x t f 2 ( x t ) A 2 , ~ , 4 (  1 - P ) } .  (32) 

Here, the ?~i are QCD  correction factors, ~/cc -~ 0.85, qtt-~ 0.61, qc, -~ 0.36 for AQc D = 200 MeV, [ 9 ], mK= 498 MeV, 
AmK = 3.5 X 10-  12 MeV, fK = 160 MeV, xi = m 2/M~v, and the functions ~ and f3 are given by 

9 1  3 1  3 x 2 1 n x  y 3y ( _~_y "~ 
f 2 ( x ) = ~ +  4 ( l - x )  2 ( l - x )  2 2 ( l - x )  3' f3(x,y)= In \ l - y , ] l +  l n y  . (33) x 4 ( l - y )  

The final parameter in the expression for ]E[ is BK, which represents our ignorance of  the matrix element 
(K°I  [d~, ~ ( 1 -75) s ]2  ] I ( ° )  • We shall take BK = z3 -+ ~. This leads to the two hyperbolae in fig. 3. 

We now turn to 0 -o  Bd-Bd mixing, which is dominated by the t-quark exchange: 

(Am)B 6@ 2 - -  m2  mBOC 2 adBad)rlBXtf2(xt) 14 I 2 Xd ~ F --  ~'B (34) 
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P 

Fig. 3. Constraints on the CKM parameters (p, q)from xd, lel 
and I V~bl/I V~bl measurements. 

"o 

t 

m 

r n  

5.0 
, , i , , , i , , , i , , , i , L , 

BR(B -, Xd 7) 

3.0 

2.0 

1.0 
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Fig. 4. Upper and lower bounds on the branching ratio 
BR(B-- ,Xa+7)  as function of mr, obtained by varying over the 
allowed range in the (p, 0) plane, resulting from fig. 3. 

Here ~/a is the QCD correction factor, for which it was customary to take the leading order result t/n = 0.85 [ 8 ]. 
There now exists a next-to-leading order calculation for r/a, giving an appreciably lower value, r/B = 0.55 [ l0 ]. It 
has been stressed in ref. [ 11 ] that other parameters remaining the same, the renormalization of r/B has a signif- 
icant effect in restricting the allowed (r/, p) values. In accordance with the recommendations of ref. [ 11 ] we set 
r/a = 0.55, and assumefax/~a = 0.20 _ 0.03 GeV, as suggested by recent lattice simulations [ 12 ]. In addition, we 
use z a = l . 2 8 × 1 0  -~2 s, corresponding to the recently updated world average including LEP results, 
za = ( 1.28 _+ 0.06) × 10- ~2 s [ 13 ], and ma = 5.277 GeV [ 14 ]. The constraint from Xd leads to two semi-circles 
centered at (p, ~/) = (1,0) shown in fig. 3. 

The resulting branching ratio BR(B--,Xa+7) is shown in fig. 4 as a function of mr. With the choice of the 
parameters, especially the product coupling constant factor (~/af~Ba~), the constraint from I¢1 is irrelevant for 
mt ~< 140 GeV. For mt >/140 GeV, however, I e I effectively constrains the upper limit on I Vtd I- This is the reason 
for the drastic reduction in the uncertainty of BR (B-~ Xd + 7) for mt/> 140 GeV. From fig. 4 we predict 

BR (B--.Xd + 7) = (0.8-4) × 10 -5 (35) 

for the top quark mass in the range 100 ~< 200 GeV. A remark is in order here. The dependence of the branching 
ratio B R ( B ~ X d + 7 )  on the product (r/affa~Ba ~ ) is only indirect; it enters in our analysis since we constrain the 
CKM parameters ~/and p via xd. Increasing this factor for a fixed value of mt decreases I ~t I and vice versa. Since 
BR (B--, Xd + 7) also depends on I ~t I 2, the same behaviour is expected for this branching ratio, though there is a 
residual dependence of BR (B-.  Xd + 7 ) on p and ~/but this is rather mild. 

5.2. Photon energy and hadron invariant mass distributions 

We now discuss the photon energy spectrum and the invariant mass distribution for B--, Xa + 7. Our starting 
point is formula (25), which takes into account the partonic process b-- ,d+7 and b - , d + g + 7  for the b-quark 
decaying at rest. This parton level distribution is then folded with a non-perturbative model to take into account 
the B-meson wave function effects. Since this model has been used extensively in the analysis of B-decays [ 15,16 ], 
and in the present context it has been explained in ref. [ 3 ], we shall not elaborate on it any further. We only 
recall that the (assumed) gaussian distribution of the b-quark momentum p =  IPl is characterized by a single 
parameter, PF, the average Fermi momentum, which has been experimentally constrained to be 0.21 ~<pF < 0.39 
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Fig. 5. Photon energy spectrum from the decays B-,Xd+7 for 
mr= 140 GeV and the indicated values of the model parameter 
Pv. The curve corresponds to the choice (p, t/) = (0.2, 0.4). 

Fig. 6. Hadronic invariant mass distribution in the decay B--, 
XO+7 for mr= 140 GeV and the indicated values of the model 
parameter pF, and with the choice (p, q) = (0.2, 0.4). 

GeV from a recent analysis o f  the CLEO data  [ 17 ], with the number  from the A R G U S  analysis [ 18 ] very 
similar.  The resulting photon  energy spect rum is shown in fig. 5 for mr=  140 GeV and (p, q) = (0.2, 0.4) ,  which 
corresponds to a value in the middle  o f  the allowed (p, q) region in fig. 3 and yields I Vtal-~8.8× 10 -3. The 
other  parameters  are rnc = 1.68 GeV, rn~ = rnd = 0. The spectrum is normal ized  using/ ' tot given in eq. (27) ,  where 
the pa ramete r  mb has now been t raded  off  in terms o f  rna and PF. A funct ional  relat ionship for the decays 
B - , X d + 7  is m E = m 2 - -2maPF" 1.28, which reproduces  the par tonic  branching ratio to within a few percent.  
Finally,  fig. 6 shows the hadronic  invar iant  mass dis t r ibut ion in the process B-~ Xd + 7. We note that  the invar-  
iant  mass spect rum for the decays B---,Xd + 7  and B - , X s + 7  are very s imilar  (with obvious threshold difference)  
and  rather  b road  with peaks a round  1.3-1.4 GeV, depending on the model  parameters .  

5.3. Est imates for B R ( B - . p  + ~) and BR(B ~ p + y ) /BR(B~  K* + y) 

Having the hadronic  invar iant  mass d is t r ibut ion  for the decays B--~Xdq-~/and B - , X s + 7 ,  one could a t tempt  
to es t imate  the exclusive branching rat ios using the assumpt ion o f  vector  meson dominance  in the low-mass 
part  of  the invar iant  hadron  mass spectrum. The mot iva t ion  o f  doing this comes from exper imental  studies in 
semileptonic  D-decays,  in which the hadronic  mass spectrum in the range mK+ m~ ~< mxs ~< 1.0 GeV is found to 
be complete ly  sa tura ted  by the K*-resonance.  Although analogous informat ion  from the Cabibbo suppressed 
decays c-,d~v~ and b--*u~v~ is still not at hand,  it is reasonable to assume that  in the mass range between 2m~ 
and 1.0 GeV, the decays B - ,  Xd + 7 will be domina t ed  by the p-resonance. Fol lowing this argument,  we integrate 
the spect rum in the decays B ~ X d + 7  in the range 

2m~ ~<Mxd ~< 1 GeV (36)  

to es t imate  the branching rat io  for B ~ p +  7, This branching rat io is shown in table 2, where the entries again 
correspond to the central  values in fig. 3, namely  (p, r/) = (0.2, 0.4).  It turns out  that  to a precis ion bet ter  than 
1% this branching rat io depends  on p and q only through the combina t ion  I ~t12/I Vbc I 2 = 22 [ ( 1 --p)2 + ~/2 ]. The 
reason for this is not  too difficult  to unders tand,  since in this region the magnet ic  moment  opera tor  07 domi-  
nates and it only depends  on t~tl, as can be seen f rom the effective hami l ton ian  for b ~ d + 7 +  (g).  We es t imate  

( v,d,2 
B R ( B ~  P + 7 )  = ( 2 - 4 . 6 )  × 10 -6 × \7."-g:-7; 7'- 5 / ' . ~ t v /  (37)  
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Table 2 
Branching ratio for the decay B --, p + 7 in units of 10 - 6 X ( [ Vta [ 2 / 
7.78× 10-5). 

Pv (GeV) mt (GeV) 

100 140 200 

0.21 3.2 3.8 4.6 
0.30 2.4 2.9 3.4 
0.39 2.0 2.4 2.8 

Table 3 
Branching ratio for the decay B-*K*+7 in units of 10 -5. 

PF (GeV) rnt (GeV) 

100 140 200 

0.21 5.4 6.5 7.8 
0.30 3.9 4.8 5.7 
0.39 3.1 3.8 4.5 

taking into account the uncertainties in our model and with m, in the range 100 < mt < 200 GeV. A much firmer 

prediction is, however, obtained on the relative branching ratios for the decays B- ,  p + y and B-~ K*+ 7: 

F(B~ P+7) = (0.062) X( IGdl 2 
F ( B ~ K * + v )  \7.7-8 x i o -  5) ' (38) 

The remaining mt and PF dependence in this ratio is negligible. To be complete we give in table 3 the numbers  
for the branching ratio BR ( B - , K * +  T) as function of mt and PF, by using the same values of the input  parameters 
as in the calculation of B R ( B - , p + y ) .  With the estimates for the branching ratio B R ( B - K * + 7 )  = ( 3 - 8 )  × 10 - s  
calculated here and in refs. [2,3] and the present experimental bound  B R ( B ~ K * + 7 )  < 9.2 × l0 -5 (90% CL) 
[ 19 ], we feel that the discovery of this channel is just  around the corner. It is conceivable that the CKM-sup- 

pressed rare decays discussed here, in particular B ~ p + 7, can be measured in a first generation B-factory exper- 
iment,  or perhaps at LEP and CLEO with O ( 107) B-hadrons. This would then provide one of the most reliable 

estimations of the CKM matrix element I Via I- 
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