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If q is a pth root of unity thereexistsa quasi-co-associativetruncatedquantumgroup algebra
U~(s1

2)whose indecomposablerepresentationsare the physical representationsof Uq(S12),
whoseco-productyields thetruncatedtensorproductof physicalrepresentationsof Uq(5l2), and
whoseR-matrixsatisfiesquasiYang—Baxterequations.Thesetruncatedquantumgroupalgebras
are examplesof weakquasiquantumgroupalgebras[2]. For primitive pth roots q, q =

we considera two-dimensionalq-oscillatorwhich admitsU~(sl2)asa symmetryalgebra.Its wave
function lie in a space~-T of “functions on thetruncatedquantumplane”,i.e. of polynomialsin
noncommutingcomplexcoordinatefunctionsz~,on which multiplication operatorsZ~andthe
elementsof U4T(sl2) can act. This illustratesthe conceptof quasiquantumplanes[1]. Due to the
truncation,theHilbert spaceof statesis finite dimensional.Thesubspaces~-T(~) of monomials
in z~of nth degreevanishfor n ~ p —1, and ~9T(~) carriesthe (2J + 1)-dimensionalirreducible
representationof U~(sl2)if n = 2J, J= 0, ~ ~(p —2). Partial derivatives 9~are introduced.
We find a * -operationon thealgebraof multiplicationoperatorsZ, andderivatives

3b such that
the adjoints Z~’act asdifferentiationon the truncatedquantumplane.Multiplication operators
Z~(“creationoperators”)andtheir adjoints(“annihilation operators”)obeyq 1”2-commutation
relations. The * -operationis used to determine a positive definite scalar product on the
truncatedquantumplane~-T Somenaturalcandidatesof hamiltoniansfor theq-oscillatorsare
determined.

1. Introduction: Bargmann—Fock representation of harmonic oscillators

For pedagogicalreasonslet us first recall some well-known facts concerning
standardharmonicoscillators in quantumtheory. We begin with the one-dimen-

sionalharmonicoscillator.Therearetwo operators,position X andmomentumP,
which obeycanonicalcommutationrelations.The hamiltonianis H = ~[P2 + X2 1.
In the position spaceSchrödingerrepresentation,wave functions are functionsof
x, and X actsasmultiplication with x, while P is a differentialoperator.However,
onemay alsousethe Bargmann—Fockor coherentstaterepresentation[41.In this
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case,wave functions are holomorphicfunctionsof a complexvariable z, and the
nonhermitian(“creation”) operator

1
Z= -~[P+iX]

acts by multiplication with z, whereas the adjoint operator (“annihilation
operator”)

1

Z’~’=

actsas a differential operator9/az. The scalarproductof two physicalstateswith
wave functions ~ and ~ maybe written in two equivalentways,

K~’1,‘fr2) =fd2z ~71l/I2exp(—z2/2)=~1(a/az)~i2(z)L0.

d
2z isintegrationoverrealandimaginarypartof z. The hamiltonianis H = ZZ * +

~. FromtheoperatorsZ and Z * onecanrecoverX andP aslinear combinations.
Let usnow turn to the two-dimensionalharmonicoscillator. Therewill be two

operatorsZ
1 and Z2 andtheir adjoints, andsimilarly for X and P.

1
Z1=-~(P1+iX1), (1.1)

1
Z2=-~=-(P2+iX2), (1.2)

H=EZaZ:+1. (1.3)
a

The canonicalcommutationrelationsread

[Za,Zb]=O=[Z:,Z:], (1.4)

[Za,Z:I=6ab (1.5)

The two-dimensionalharmonicoscillatoradmitsthe groupU(2) of all unitary2 X 2
matricesas a symmetrygroup.The Hubertspaceof physicalstatescarriesa unitary
representation~( of thissymmetrygroup.

W(~)Za=Z~((~) with Z~=Zb~ba, (1.6)

(1.7)

w(~)IO)=IO) (1.8)
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for all ~ = (tab) E U(2). The SO(2)subgroupwhichconsistsof realmatricesactsby
rotation of the two-dimensionalcoordinateplane.The othersymmetrytransforma-

tions arecanonicaltransformationswhich arenot coordinatetransformations.The

groundstate 0) of H is invariantunderthe symmetrygroup.
It is convenientfor generalizationto rewrite the covarianceproperties(1.6) in

another way. To this end let r1”2 denote the fundamentaltwo-dimensional
representationof U(2) so that elements ~ab are given by ~ab = r~~2(~).The
right-handside of (1.6)becomesZbr~2(~)~((~).Rememberthat the tensorprod-

uct T ~ T’ of representationsT, r’ of groupsis definedby (T ~ r’X~)= T(~) 0 T’(~).

With thisnotion of tensorproductsof representations,the covariancelaw assumes

the final form

W(~)Za=Zb(r~2 ~ ?~J)(~)for all ~E U(2). (1.9)

The invarianceof the ground statecan be re-expressedwith help of the trivial
one-dimensionalrepresentation�(~)= 1 E C of U(2).

~/(~)I0)= I0)�(~)for all ~EU(2). (1.10)

In the Bargmann—Fockrepresentation,Za act as multiplication operators,
whereasz

2~’= 9~act asdifferential operators.A basis in the Hilbert space~Y is
spannedby wave functionsof the form

z2~z~10).

They areeigenstatesof H to eigenvaluen + m + 1.
In this paperwewill considera two-dimensionalq-oscillator.It differs from the

standardoscillator as follows. The multiplication operatorsZa and their adjoints

will obeybraid relationsin placeof canonicalcommutationrelations,andthe U(2)
symmetrygroupwill be replacedby the truncatedquantumgroupalgebraU~(sl2)
which is canonicallyassociatedwith the quantumgroupalgebraUq(5l2) when q is

a primitive pth root of unity.
The main technicalproblemwill beto determinethe actionof the annihilation

operators(= adjointsof creationoperators)on the Hubertspaceof physicalstates.
As for the standardoscillator, the annihilationoperatorscanbeexpressedin terms
of certainpartial derivatives

3a~
As hamiltonianwe may choose

Hl=~(ZXZ)abg~+1 (1.11)

or

H
2 = ~ [(z x X)~~g~’+ ((Z X ~ + 1. (1.12)
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Here the x denotesa “covariant product” that substitutesfor the ordinary
productandthe tensorg’~projectsto the invariantpart. Thiswill be explainedin
sect. 3. The modulus I. I in H~and the * in H2 refer to a * operationwhich is
definedin sect. 4. Z denotessome kind of “Dirac adjoint” of the multiplication

operatorsZ, i.e. a certain linear combination of operators Z * (with operator
valuedcoefficients).Za will act as

3a~We arenot preparedto arguefor (1.11) or
(1.12) on the basisof physical principles asidefrom invarianceproperty (1.7) and
hermiticity.

2. Truncatedquantum group algebras

The quantum group algebrasUq(512) form a family of deformationsof the

universalenvelopingalgebraU(s1
2). They are indexedby a complexnumberq. In

the presentcontext we are interestedin the cases,where q is a root of unity,
qP = 1. Forthesevaluesof the deformationparameterq, Uq(Sl2) is notsemisimple.
In this sectionwe will shortly review how a semisimpletruncatedquantumgroup

algebraU~~(sl2)is canonically associatedwith the quantumgroupalgebraUq(5
1

2),
qP = 1. U~~(sl2)is not aHopf algebrabut a weakquasiHopf algebra.For detailscf.
ref. [2].

Before we describe the construction of U~(sl2)let us fix some notations

concerningUq(5l2). The quantumgroupalgebraUq(512) is generatedby unit e and

q±H/2, S± subjectto the relations

qH/

2q_H/2 = q_H/2qH/2 = e, qH/2S~= q±1/25 ~q’~”2,

[St, S~]= ql/2_q-l/2~ (2.1)

A co-product4q’ co-unit e and antipode5°are defined, turning Uq(S12) into a
Hopf algebra.Explicitly they read

/~q(S+)~ ~q(q±H/2)=q±H/20q±H/2, (2.2)

(2.3)

= _q±l/25~, 5°(q±H/2) ....q~H/2 (2.4)

Co-associativityof the co-productmeansthat (~1q 0 id)L1q(~) = (id 0 Ltq)4q(~)for

all ~E U~(sl
2).If cr : Uq(Sl2) ® Uq(5l2) —~ Uq(Sl2) 0 Uq(Sl2) denotesthe permuta-

tion automorphismo(~0 4) = ~ 0 ~, we can define a secondco-product by
Lt’q = ci o liq. The universal R-matrix RqE Uq(5l2)0 Uq(S12) intertwinesbetween
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Ltq and 41q in the sensethat Rq/.~tq(ii)= Lt’q(ll)Rq for all i~~ Uq(5l2). Explicitly Rq
is given by

= qH*H ~ (1 — q_~n(n_1)qnH/2Sfl® q_flH/25fl~ (2.5)

n~’0 [n]q.

Here [fllq= (qfl/2 — q~”2)/(q1”2 — q’/2) and [nlq! is recursively defined by
[0}q!= [llq!= 1 and [nlq!= [fl]q[fl — 1]q!. It can easilybecheckedthat thefollowing

definition of ~, (q±H/2)* extendsto a * -operation on Uq(5l2) (it is consistent

with the defining relations(2.1) of the quantumgroupalgebraUq(sl
2)):

S~=S~, (q±H/2)* =q~H/

2 (2.6)

This turns 4q’ �, 5°into * -(anti-)homomorphisms provided thatwe define * on
Uq(5l

2)0 Uq(512)by

(fl0~)*=~*0?1* forall~,~EUq(sl2). (2.7)

Moreoverit resultsfrom an explicit calculationthat Rq is unitary in the following

sense:

R =R~’= (5°0 id)(Rq).

The “quantumdimension” d~of a representationr of Uq(5l2) is definedby

d~= tr T(qH). (2.8)

As we mentionedearlier, if q is a (primitive pth) root of unity, thenUq(5l2) is not

semisimple,and tensorproductsof its irreducible representationsare in general
not fully reducible. Its irreducible representationsr~with nonzero quantum
dimension are called “physical” representations.They are labelled by J =

0, ~,. . ., ~(p — 2). Theyhavedimension2J+ 1.

We denotethe tensorproduct of Uq(sl2)-representationsby ~ q. Given two
representationsT, r’ it is definedwith help of the co-product

4q’

(TZT’)(~)=(T0T’)I.1q(~) for all ~E~’q(Sl
2).

The tensor product of T’ ~ of two physical representationsdecomposesin
generalinto physical representations,plus unphysicalrepresentationswith quan-
tum dimension0. If we multiply (T’ Z qT~X~)with a projectionoperatorP1, which
cuts away the contribution with zero quantumdimension, one obtainswhat is
known as the truncatedtensorproductof physicalrepresentationsof Uq(Sl2).
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Oneintroducesa new algebraU~(s12)by U~(s12)= Uq(Sl2)/~Y,where,f is the
ideal which is annihilatedby all the physical representationsTI, 21 = 0,.. . , p — 2,
of Uq(S12). U~(s12)is semisimple,its representationsare fully reducible,and the
irreducibleonesarepreciselythe physicalrepresentationsof Uq(Sl2). Let

u(I, J) =min{II+JI, p—2—I—J} (2.9)

and let P~,be the projectoron the physicalsubrepresentationsK, I I — J I ~ K ~

u(I, J) of the tensorproduct T” ~ qT~of Uq(sl2) representations.There exists
P E UqT(s12)0 U~(sl2)such that P1~,= (T’ 0 r’)(P). The co-productin U~(sl2)is
determinedin termsof the co-productz.1~in Uq(5l2) as

~t(~) =PL1q(~), (2.10)

henceLt(e) = P * e0 e. This co-productspecifiesa tensorproduct Z accordingto

(T~r’)(~) =(TOT’)(4(4)). (2.11)

It is equal to the truncatedtensorproduct of physical Uq(Sl2) representations.
Thus

® T’~. (2.12)
II—JI~<K~u(IJ)

However, this co-productis not co-associativebut there existsan element 4, E

U~~(s12)0 U~(sl2)0 U~~(sl2)such that 4, hasthe following intertwining property:

çb(40id)4(~i)= (id0~)4(i~)4, for all ~ EU~~’(sl2). (2.13)

4~’IJK= (T’ 0 T~0 TKX4,) implementsthe well-known unitary equivalenceof the
truncatedtensorproductsT” ~ (T~~ T”) and (T’ ~ T’) ~ TK. A truncatedtensor
product ~ is definedalso for basisvectorsê[ in thedual representationspacesV’
on which U~(sl

2)actsfrom the right, viz. êf 0 ê = ê/ OêJPIJ. The map
4,IJK can

be specified by its action on triple truncatedproductsof basis vectors,together

with the condition 4, = (id 0 4)~i(e)4i,viz.

I P L J K P J I I J Q
ijkp ~ p q J k ~ q 0 0 e~4= Q~kq K L i i q q

Q K L e®~®~(2.14)q k
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with fusionmatricesgivenby 6J-symbols,

F [J ~ fK J P\
~[K L ~I L Qfq~

[:::lqare Clebsch—Gordancoefficients for Uq(512) (and at the same time for
U~(sl2)).4, has a quasi-inverse,denotedby 4,_i, suchthat

= (id 0~1)~t(e), 4~’4,= (zl 0 id)~i(e). (2.15)

The universalR-elementR E U~(sl2)0 UqT(s12) of U~(s12)hasthe intertwining
property

RLt(i~)=z1’(~)R, 4’=o a LI. (2.16)

It is given in termsof the R-elementRq for Uq(Sl2) by

R=R4LI(e) =z.I’(e)Rq. (2.17)

R is not invertible,but hasquasi-inverseR 1 suchthat

RR’=z.I’(e), R~R=z.t(e). (2.18)

Since 4(e)* = zl(e*) = zl(e), the unitarity of Rq implies that

R* =R~. (2.19)

Antipode,co-unit and * -operationare the sameas in Uq(5l2). It is shownin ref. [2]

that the defining propertiesof a weak quasi-triangularquasi Hopf algebraare
satisfied.Here we state only some of the defining features.Co-unit is related to
the co-productby

(eoid)LI=id=(idOe)4. (2.20)

Moreover,4, and R satisfy Drinfeld’s relations[61,

(idoidozl)(4,)(4 Oidoid)(çb) = (eo4,)(id04 oid)(4,)(4, 0e), (2.21)

(id OLI)(R) = 4,~R134,213R124,
1, (2.22)

(LI 0 id)(R) = 4,
312R134,j~R234,. (2.23)

We usedthe standardnotation. If R = ~ r~’0 r~then

R13= ~r~0e0r~, R,2= ~r~0r~0e, (2.24)

etc.
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If s is any permutationof 123 and 4, = ~ 4,~0 4,~0 4,~.then

4,s(1)s(2)s(3) = ~
4,~ki 0 4,~’(~0 4,~~’(3). (2.25)

Eqs. (2.22) and(2.23) imply validity of quasiYang—Baxterequations,

R124,312R134,j3~R234,= 4,321R234,~R134,213R12, (2.26)

and this guaranteesthat R togetherwith 4, determinesa representationof the

braid group [71.Let us recall that thebraid groupB~on n threadsis generatedby
elementsci, and o~(i = 1, . . . , n — 1) which obeythe Artin relations

cijU~U~Oj if Ik—iI�2, +1o~.=ai+1o~,.o~,+1,

= 1 = ~ (2.27)

The unit elementof B~is written as 1. We introducesomenotations.Write

e” = e 0 ... 0 e (n factors) (2.28)

andsimilarly for id”. In additionweabbreviateUqT(sl2)~= U~(sl2)0 ... 0 U,~(sl2)
(n factors), and

4”=(id”~0LI)...(id0LI)LI forn~2, (2.29)

4’=LI, LI°=id, 4’=�. (2.30)

The permutation of factors in U~(sl2)0 U,~(sl2)can be implementedby the
multiplication operator~ E U~(s12)0 U,~’(sl2)with the properties

(i) ~ 0 i~= ~j 0 ~ for all ~, ~j ~ U,~(s12),
(ii) T 0 T’(.~) = 0 if T, T’ areinequivalentirreduciblerepresentationsof U,~(sl2).

Theorem2.1. (Artin relations)[11Let R~=.~ARandR= R’.~,and n = r + k
+1, r~0.Define u,~EU~(sl2)~by

cr~’±= LI” (e)(id”’~’ 0 LI
2)(e””~ 0 4,(R~0 e)4,’). (2.31)

Thenthe o~±obeyArtin relations(2.27)with 1 = LI” —

3. Truncated quantum planes

Quantumplanes5~aregeneralizationsof the algebra~ of polynomialsin two

complexvariables[81.In analogyto the actionof U(s1
2)on .~, the quantumgroup
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algebra Uq(5l
2) acts on the quantum plane .~ by generalizedderivations[9].

Similar resultsexist for the truncatedquantumgroupsU,~’(sl2),but they require
the conceptof truncatedquantumplanes~ Their constructionwill bereviewed
in this section.In additionweintroducethe analogof partial derivativesaa for the
truncatedquantumplane.Fordetails of the generalconstructionof quasiquantum
planesthe readeris referedto ref. [1].

Definition 3.1. Let d be an associativealgebra that containsthe truncated
quantum group U~(sl2)as a subalgebraand let T denotesome n-dimensional
representationof U,~T(sl2).An n-tupel (Fa)a1 n of elementsFa Ed is said to
transformcovariantlyaccordingto T if

= EF13(Tpa0 id)(LI(~))= EFpT13a(~)~. (3.1)
13

Here LI(~)= ~ 0 ~ anda sumover ci is understoodthroughout.

The tensorproduct for representationsof the truncatedquantum group was
definedin (2.11) with the help of the co-productLI. It follows by comparisonwith
(1.9) that the notion of covarianceintroduced in definition 3.1 is an obvious
generalizationof the notion we had for the group algebraU(sl2).

Definition 3.2. Let (Fe), (G13) be n, m-tupels that transformcovariantlyunder
representationsT, T’. Thenthe covariantproductof (Fa) and(Gb) is an nm-tupel
definedby

(FxG)~13=~ (3.2)

The fundamentalimportanceof this definitionderivesfrom the following proposi-

tion.

Proposition 3.3. [1] In the notationsof definition3.2 the nm-tupel((F X G)a13)
transformscovariantlyaccordingto the tensorproductrepresentationT 0 r’.

It canbe shownthat the covariantproductis not associativebut only quasi-as-
sociative [11in the sense that covariant products with different positions of
bracketsare linear combinationsof eachother.Providedthat e E U,~(s12)actsas
the identity of d, covariantproductscan be convertedinto ordinaryproductsof

n,m-tupelsby

F~G13= (F x G)yti(Tya 0 Ta’p 0 id)(4,~). (3.3)

The ordinary product of n, m-tupels is not covariant in general,since LI is not
co-associative.
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Definition 3.4. (Algebra ~‘) Let T”
2 denotethe two-dimensionalrepresenta-

tion of U~(sl
2)and R the R-matrix given by (2.17).The associativealgebra .~‘ is

generatedby elementsZa (a = 1, 2), and the elementsof U,~(sl2).The unit
elemente of U~(sl2)actsas a unit elementof ..~‘ so that
(1) Zae= Za = eZa,
andthe following further relationsare imposed:
(2) (U,~(s12)covariance)~Za = Zb(TJ,~

20 idXLI(~)) for ~E U,~(sl
2);

(3) (braid relations)(Z X Z)ab = q”
4(Z x Z)dC(T,~”20 T,~~2XR).

Relation(2) statesthat (Za) is a 2-tupel transformingcovariantlyaccordingto the
representationT’~2.Covarianceof (Z x Z) andthe intertwiningproperty(2.16) of
R ensuresthat the relation(3) is consistentwith the transformationlaw (2) in the

sensethat left- and right-handside of (3) transformin the sameway. If covariant
productsareconvertedinto ordinaryproducts,(3) reads

ZaZb =ZdZC(T~~20 T,’J~20 id)(4,
213R~24,~). (3.4)

Note that the right-handside involves the generatoru2 of the braid group.This

explainswhy relations(3) arecalled “braid relations”. The algebra~ generates
the truncatedquantumplane(spaceof “noncommutativepolynomials”) out of a
unique invariantgroundstate(“constantpolynomial”).

Definition 3.5. (Truncatedquantumplane).A truncatedquantumplane 9?~T is
the unique .~‘-left-modulewith cyclic and U,~(sl2)invariant element 0). Here

U,~(s12)-invarianceof 10) meansthat ~ 10) = 10) e(~)for all ~ E U,T(s12).

It is instructiveto describethe structureof in somedetail. If LI = ~ 0 ~

the relation(2) in definition 3.4 readsexplicitly

~Za =

This tells us how to shift elements~ E U~(sl2)through factors Za from left to
right. Togetherwith the invarianceof the ground state 0) it follows that the
truncatedquantumplaneis spannedby statesof the form

Za”~Za...ZaI0) (3.5)

with multi-index a = (a1,.. . , an). We abbreviate

T~”~= (T~’

2 ~ (‘r~’~~ ... (‘r~’~0 ~
1~I~/2)...)), n factors.

The transformation law of states (3.5) canbe calculatedusingcovarianceof Za and
invarianceof the groundstate10).

~Z~’I0)=Z~’I0) T~(~). (3.6)
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Let ~q~T(n) denotethe subspaceof gi-T spannedby elementsZ~”10) for fixed n.
Then ~~T(~) carries a subrepresentationof ~ One can prove the following
theorem[11.

Theorem3.6. (Structureof ~ The truncatedquantumplane 9I~’ decom-
posesinto a direct sumof subspaces~

~ y-T(n)

n~O

For q’
3 = 1, p ~ 4 we obtain

(i) ,~-T(n)= 0 for all n >_~p— 1;
(ii) g~T(n) carriesthe (n + 1)-dimensionalirreducible representationof U,T(s1

2) if
n ~p — 2. Moreover abasisof ~9-T(n) is providedby states

m,m’)=Z~’Z~”’I0), m+m’=n, n~<p—2.

Somedetails of the proof canbe found in appendixC.
In ref. [1] the non-associativecovariant product x is used to introduce a

product for elementsof the truncatedquantumplane.Due to the truncation(i) in
theorem3.6 this productturns out to be associativein the specialexampleunder
consideration.Thus truncatedquantum planes ~-T fit into the framework of
noncommutativegeometry. We do not want to discussthis further, since in the
presentcontext we are only concernedwith the linear structureof the truncated

quantumplane.
Let us explain how to introduce differentiation operators in a consistent

manner.As discussedin sect. 1, they shouldtransformaccordingto thecontragre-

dient representation~1/2 ~i/2 is definedby

~1/2(~) =1 T~

2(5°’(~)). (3.7)

Here denotesthe transposeof the matrix and 5~_i the inverseof the antipode.
Explicit formulascan be found in appendixA. The contragredientrepresentation
~1/2 is equivalentto thefundamentalrepresentationT’~2.From the formula (2.12)

for the decompositionof tensorproductswe deducethat ~2 0 T1’12 containsthe
one-dimensionalrepresentationr0 = e as a subrepresentation.This implies that
thereexistsa metric tensorg

0b suchthat

gcd(rca 0 T,~~2)(~)=gabE(~). (3.8)

It is given by

q_i/
2 0

g=(
0 qi/2)~ (3.9)

The inversetensorgab = diag(q
1~2,q~”2)obeys(~i/2 o T~~2X~)g1th=gab~(~)
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Definition 3.7. (Algebra ~‘) The associativealgebra15’ is generatedby elements
~ E U~(sl2),Za and ~asubject to the following relations:
(i) The unit elemente E U~(sl2)is also unit elementof ~‘.

(ii) Covariance:For ~ E U~(sl2)

~Za = Zb(Tba 0 id)(LI(~)), (3.10)

= 0b(Tba~0 id)(LI(~)). (3.11)

(iii) Braid relations

(Z x Z)ab = (Z x ~ 0 Tab)(R), (3.12)

(3.13)

(3.14)

The phasefactors we wrote in the braid relationscan be calculatedfrom the
eigenvaluesof the symmetric R-matrix. The generalformulasaregiven in ref. [1].
A properchoiceof the phasefactorsguaranteesthat .~‘ c ~‘. This is a nontrivial
result which is provenin ref. [1]. It is possibleto developa full differential calculus
including differential forms of order n andan exterior derivative d, which enjoys
the usualproperties.This differential calculusis not associativebut only quasi-as-

sociative[1].
Again, we may write all the braid relations(3.12)—(3.14)in terms of ordinary

productsin placeof covariantproducts.Thus (3.14)showshow to shift operators
3a through multiplication operators Za from left to right. As a consequence,a

generalelementin ~‘ is a linear combinationof elements

Za...Zaôb...3b~, ~EU~lT(sl
2).

The truncatedquantumplane ~T was introducedas a ~‘-left-module. Let us
denotethe left actionof X E~ by Tr(X). This actioncanbe extendedto ~‘, if we
set

Tr(3b) 10) = 0.

With the extendedleft action ir, the truncatedquantumplanebecomesa ~‘-mod-
ule. In the following we will alsowrite Za, ‘~a,~ insteadof ~T(Za),1T(aa), ir(4).

Definition 3.9. (Algebra ~ The associativealgebra5Z~~is definedby

= ~‘/ker(1T).
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In other words, ~ is the algebrageneratedby Z~a,‘~~band ~E U~(sl2).It is a
subalgebraof the algebra ,~~(,9T)of linear transformationson

In the lastpart of this sectionwe deduceexplicit formulasfor the actionof Za,

~a andelements4 ~ U~(sl2)on ~ As explainedearlier, the actionof ~E U~(s12)
involves the covariant transformationlaw of Za. When evaluatedon statesthis
simplifies dueto the following calculation:

~ZaZa~ 0) = Zb(Tb~ 0 id)(LI(~))Z~0)

=~Z~0)(T~
20T

1~])(LI(~))

= 2z~I0)(T~20 r~])(LI(e)LIq(~))

= eZZ~”I0)(T~20 T~))(LIq(~))

= Zb(rb~ 0 id)(LIq(~))Z210).

So we found that ~Za =

2b(T~2 0 id)(LIq(~))and LIq is formally definedby (2.2).
Explicitly we get

q±H/22
1 = ~1q ± ±H/2 q ±H/2~2 = F i/

4q ±H/2

s_2,= ~q_~4S_+ ~

2qH/2 s_22=

2

2q1/45

=

2
1q~”~S_, 5+22 = 2iqi~’4S++

2

1q1~~~’2~(3.15)

To deriveformulasfor the action of Za, â~on the truncatedquantumplaneone
makesuse of the braid relations. By definition, braid relationsfor

2a’ 3b are
obtained from (3.12)—(3.14) if we substitute Za for Za and ab for 3b~When
expressionsof appendixA are insertedtheyread *

(2 x 2)i2 = (2 >< 2)

2iq_~12, (3.16)

(lIx a~)12= (~xâ)21q’/
2 (3.17)

(ax 2)~= q~1~2+ q_1(2x + q~(2x â)
22(q_i— 1), (3.18)

(ax
2)2i = q_i/2(2 X ~)2i’ (3.19)

* To comparewith the formulas in ref. [8], ~ ~ have to be rescaled by factors q”2, q”2,
respectively.
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(ax 2)21 q_i/2(2xâ~12, (3.20)

(ax2)22=qi/2+q_i(2xa~22. (3.21)

The relationsinvolve covariantproducts x. By lemma B.1 in appendixB, these
covariantproductsare equal to ordinary productswhen acting on states~T —

2) (~is to be understoodin the set theoreticsense).Only if covariant

productsact on statesin ~-T(p 2) theycannotbe trivially convertedinto ordinary
products.Evaluatingthe actionof Za, äf, on ,q-T we applyat mostonegenerator
(Za, ~b) on states in grT ~ ~9-T(p—2) In conclusion,the calculationsleading to

theorem3.10 below are not effectedby the distinction betweenordinary and
covariantproducts.

Theorem3.10. The actionof Za, ~~a’~± andq ±H/2 on the truncatedquantum
planeis givenby

1 —q~
m

n, m) = q(n+m_~4 1— In + 1, m — 1), (3.22)

1—qm
S+ In, m) = q(n+m_i)/4 1 q~1In — 1, m + 1), (3.23)

q±H/2~nm) =q~m_~~1/4~n,m), (3.24)

2
11n, m)=q””

2In, m+1) for n+m<p—2, (3.25)

2
21n,m)=In+1,m) forn+m<p—2, (3.26)

2aIt~,m)0 forn+m=p—2, (3.27)

1—a, In, m) = ~ 1— q_i In, m —1), (3.28)

1—q~”
_~ In—1,m). (3.29)

1 —q

Proof One shouldonce see lemma B.1 in action to feel confident aboutits
implications.To this aim we studyZ

1 I n, m). In the following p’ E U,~(sl2)should
denotetheminimal centralprojectionbelongingto the(2J+ 1)-dimensionalrepre-
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sentationof U,~(s12).It actsas identity on the subspace~-T(2J)

In, m) =

2i22 In — 1, m) = p(m+fl+i)/22
522 In — 1, m)

2a2b
1n—1 m)(T~(20 T~20 T(~~+m1)/2)(id oLI)LI(P(~m~)/2)

= 2a2b In — 1, m)(T,~{20 Ta’~20 T(n+m i)/2)((id 0 LI)LI(P(P~+m~)/2)4,)

~

Now we can applythe braid relationandwrite the resultingexpressionin terms of

ordinary products.Thus we obtain z
122In — 1, m) = z22,In — 1, m)q~”

2. An
n-fold iteration givesthe aboveresult.Proofsof the otherformulasaresimilar. LII

4. The * -operation on and scalar product on

In sect. 3 we defined an algebra .9~jof operatorsacting on the truncated

quantumplane~-T ~ containsU,~(sl
2)as a subalgebra.From sect. 2 we know

that a * -operation(an involutive antiautomorphism)on U,T(s12) is given by (2.6).
In this sectionwe show how this * -operationcanbe extendedto ~ Adjoints of
multiplication operatorsZ1 act asdifferentiationon the truncatedquantumplane.
“Creators” Za and “annihilators” Z,~” 2~satisfy q

1”2-commutationrelations.
After having defineda suitablepositive definitescalarproduct, we endup with a
Hubertspaceinterpretationof the truncatedquantumplane. This last stepworks

only for the primitive pth roots q, q = e2”~”~.In the limit p —~ the harmonic
oscillator is recovered.

Let usstart with somegeneralconsiderations.Given an algebrad containing

U~(sl
2)as a subalgebra,the transformationlaw (3.1) for a covarianttupel (Fa) tells

ushow to shift elements~E U~(sl2)throughthe elementFa from left to right. We
mayask how to do the reverse,that is how to shift ~ from right to left of Fa. In the
exampleof the covariancelaws are explicitly given in (3.15). It is easyto see
that they fx completelyhow to move generatorsof U,~(sl2)from right to left of the
elementsZa. The relations that can be obtained from (3.15) are only special

examplesof

Fa~=(’~a130~d)(LI(~))Fbfor all ~EU,T(sl2), (4.1)

which shouldholdfor arbitraryn-tupels (Fa) transformingcovariantlyaccordingto
the representationT. Consistencyof (4.1) with the covarianttransformationlaw
(3.1) is discussedin ref. [2].
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Assumenext that the * -operation(2.6) on U~(sl2)canbe extendedto d. Then
(4.1) furnishesa transformationlaw for the adjoint tupel (Fa*),

~Fa* = F13*(~Fpa0 id)LI’(fl. (4.2)

To derive(4.2)we usedthe definition(2.7) for theactionof * on U~(sl2)0 U,~(sl2)

and unitarity of r, i.e. Ta13(~*)=Tpa(~) for all ~EU,~(s12). Observethat the
adjoint tupel (Fa*) is not covariant since in (4.2) LI’ appearsin placeof LI. We
define the conjugatetupel (Fa) by

Fa =F13*(~13a0 id)(R). (4.3)

Using the intertwining properties (2.16) of R we deducethat (Fa) transform
covariantly according to representation‘F. We may invert (4.3) to expressthe
adjoint tupel in termsof the conjugate,

F~*=F~(’Fp~0jd)(R_i). (4.4)

In ~ the pair (~)transformscovariantly accordingto the contragredient
representation.Applying the linear transformation(4.4) we can constructa pair
(Z~),2~~ whichobeysthe transformationlaw (4.2),

Za+ =ab(rbaoid)(R)c (4.5)

Herec is an elementin thecenterof U,~(sl2),which doesnot alterthe transforma-
tions properties.

The study of transformationproperties suggeststo regard Z~ as a good
candidatefor the adjoint of Za under the * -operationto be found. Given some
fixed central c, we would like to extendthe map Za ~ Z~’= Z~ to an involutive
antihomomorphismof 3~.Aside from the choice of c thereremainsno freedom
for this extension,since ~9,,IT is generatedby Za, Z~ and elements~ E U,~(sl2).
Consistencywith the braid relations in ~ presentsan importantobstruction.
However, it turns out that for properlychosencentral c, consistencyis achieved.

The centerof the truncatedquantumgroup U,~(sl2)is spannedby the minimal

central projectors pJ, J = 0, ~-,..., ~(p — 2), correspondingto the irreducible
representationsof U,~(sl2).The “number” operator N is a specialelement. In
termsof pJ it is given by

i/2(p—2)

N= ~ (2J+ 1)P~’.
J=o

Elements
2a’ ~ changethe eigenvaluesof N by one,

N2a=2a(N+1), Ná’~,=ã~(N—1) (4.6)
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It will turn out that the pair Z is the adjointof Za for some * -operationon
provided that we choose

c=q”~
4~1. (4.7)

Theorem4.1. Theoperators2 Ôb(rb~0 idXRt)q~’4’ areexplicitly given
by

= (a

1qI~/2 + a2q_i/4(q1/2 — q_2)5_)qN~~4_i, (4.8)

2~=a2q_H/2qN/4_i. (4.9)

Let [A, B]~AB— q~~
2BAfor all A, B ~ Then the braid relationsin

canbe rewritten in termsof the q 1”2-commutator[]q 1/2 of Za, Z,~,

[2k,221 q_I/2 = 0, (4.10)

[2:, 22~]q_l/2= 0, (4.11)

[2:, 2b} ~-l/2 = °ab E U,~(sl
2), (4.12)

where

0ab = gfg(’F)~/~2 0 T~’~0 id)(R4,~R~’)q~’4q”4~1.

Moreover,the following additionalequationshold:

2~2= ~ 22~= q5~4q”4~S~P, (4.13)

222: = q3~4q”~4’S_, 2t22 = q+5/4q~”/4~5_P, (4.14)

2a2:=[Na]q, 22~=[N~+1]q. (4.15)

Here P denotesthe projectoron — ~
9-T(p—2) (set theoretic difference).The

operatorNa E~(.~T) is definedby the action Na I n1, n2) = na I n1, n2) on the
statesIn1, n2) andwe usedthe abbreviation[X]q = (qX/

2 — q_X/2)/(qi/2 — q~~/2)~

Proof A procedure similar to the proof of (3.15) establishesthe explicit
formulas for Z. OnedecomposesR1 = LI(e)R~andappliesthetransformation
propertiesof statesto verify 2 8b(Tba~0 idXR_i)c = Ôb(rb~0 idXR~)c.(‘F~2

0 idXR~i) is evaluatedin appendixA.
All other equationsin the theoremcanbe verified directly asan applicationof

theorem3.10. Alternatively, onecanusethe braid relationsof 2a’ c9,~,to arguefor
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the q~~2-commutationrelationsin thetheorem.In a first stepwe write (3.13)and
(3.14) in termsof Za and Z. The resultis

2:2: ~

22~(’F~2oT~2oud)(4,~)=gfg(f(2oT2oid)(R~4,~Rj
3l)cqi/4

+ ZdZCtTJ 1/2

Here the ‘ denotespermutationof the componentsof the R-matrix. The rest is
again a standardapplication of lemma B.1 and appendixA. This is left as an
exercise. 0

Theorem4.2. The map * definedon generators2a by 2: = 2: = db(rb~ 0

id)(R~’)candon 4 E U~(sl2)by (2.6) can be extendedto a *-operationon

Proof In theorem4.1, all the relationsin aredisplayedin a form that is
well suitedfor a proof of theorem4.1. For example,by (4.11)

[2k,221:~.= [2:, 2:1,, = qi/2[2~ 2:11/.= 0.

At a first glance,onemight be afraid of problemscoming from (4.12). However,
taking into account eqs. (4.13)—(4.15)relation (4.12) appearsas an equation in

U,~(sl2),which is consistentwith the * -operation.Consistencyof (4.13)—(4.15)is
obvious. 0

Corollary 4.3. On generatorsL~ the * -operationacts as

= (Z~q~/
2q1”2+ qb/4(q~~”2 — q~/2)Z

2S~)q”/
4~, (4.16)

= ~ (4.17)

Proof To derive the action of * on we solve (4.8) and(4.9) for t~, apply the
* -operationandusethe involution propertyZ * = (z,~’)* = Za. 0

The * -operationon .9’,~canbe usedto definea bilinear form for gt-T~Let ~0 I
denotethe linear form on ~ specified by

(01 n, m) = ~

Theorem4.4. (scalarproduct)The bilinear form

(4.18)

(In’, m’)xln, m)) ~(n’, m’jn, ~ (4.19)
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is symmetric and positive definite and thus defines a scalar product on

Explicitly,

(n’, m’ In, m) = ~ (4.20)

Proof It is obviousthat (n’, m’ In, m) = 0 if n ~ n’ or m # m’. It remainsto

calculate (n, mln, m).

(n, mm, m) = (0I2~*2~n*2~2rI0)

= [n]q![m]q!>0.

We used (4.15) to get the last equality and [n]q! = [n]q[n — 1]q . . . [1]q. Thus we
derivedthe formula <n’m’, n, m) = 6nn~6mm~[n]q![m]q!from which symmetryand
positivity follow using that [n]q > 0 if n ~p — 1, q = e2~’~’~’.Thus theorem4.4 is
established. 0

Corollary 4.5. An orthonormalbasis of the truncatedquantum plane is pro-

vided by

1
In,m)o~ In,m). (4.21)

i/[n]q![m]q!

It remainsto discussthe propertiesof the hamiltoniansproposedin sect.1. Forthe

“Dirac adjoint” Za we substituteZa = Z,~’(’F~20 id~R)qi1”~’/4= aa. Due to the
propertiesof gab (cf. text before definition 3.7), the expression(Z x Z)~~g°1’is
seento be invariant. Invariance (1.7) of the hamiltonians H

1, H2 is a direct
consequenceof this observation.The spectrumcan be calculatedwith help of

theorem3.10.

Proposition 4.6. The hamiltonians H1, H2 are both diagonal on the states

In, rn)o, i.e. I1~.I m, rn)o = )t’n+m In, rn)o. For r ~p — 2, A
1,. = [r]q + 1 and Az,.

= ~[2r1q+ 1.

Let usconcludewith a short remarkon nonsingularvaluesof the deformation
parameterq (i.e. I q I = 1, but q not a root of unity). In thesecases,no truncationis
needed.With simpleobviouschanges,a * -operationon the quantumplane is still
givenby the formulasabove.Also the explicit expressionfor the bilinearform (,)
in the proofof theorem4.5 applies.But without truncationwe haveno upperlimit

for n, m andthe product[n]q![m]q! will becomenegativefor certainpairs (n, m).
Thus positivity is lost for generic values of q.

It is a pleasureto thank G. Mack for many discussions,constantinterestand
critical remarks.I am also grateful to V. Dobrev and B. Durhuus for valuable
conversations and criticism.
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AppendixA

THE REPRESENTATIONT
1”2

In this appendixwe collect somestandardformulasconcerningthe two-dimen-
sionalfundamentalrepresentationof the quantumgroupalgebraUq(S1

2).

T~~”

2is definedby the following actionon the generatorsof Uq(sl
2):

Th/2(S+)~ ~), T1/2(S)(? ~),

±1/4 0

= (~ q~i/4)~ (A.1)

Acting with T

172 on the first componentof Rq we obtain

H/2 ~~i/4( i/2 _i/2)5

(T’/2 0 id)(Rq) = (q ~~/
2 q q ~ (A.2)

The contragredientrepresentationis given by

‘F1/2(S+)=(~q_i/2 ~), ‘F1/2(S_)=(~ _qi/2)

Ri/4 ~

±H/2) = q ±1/4).

The actionof ‘F
1”2 on the first componentof Rq gives

(‘F1/2 0 id)(Rq) = (:i~~q_i/2 — q~2)S_ qH/2)~ (A.4)

From (A.2), (A.4) and (A.1), (A.3) one canobtain the matrices(T”2 0 T1~2XRq),
(‘Fu/2 0 i~1~2XRq)and (‘F1/2 0 ‘F~2XRq).

AppendixB

LEMMA B.l

The lemmawe provein this appendixexpressesthat truncationdoesnot effect
reassociationof (T1~20 T1”2) 0 as long as K is not maximal. If K is maximal
onehasto be morecareful.
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LemmaB.1. Let K= 0, ~-, l,...,(p — 3)/2 and L = 0, ~, 1,.. .,(p — 2)/2 or
K = (p — 2)/2 and L = (p — 4)/2. SupposeT, T’ are two representationsequiva-
lent to T

1~2.Then

(TOT’ 0T~”)((e 0LI)LI(PL)4,) = (TOT’ OT”)((e OLI)LI(P’)). (B.1)

Especiallythis appliesto T, T’ being T1”2 or

Proof For the values of K, L in lemma B.1 one can derive the following
identity:

~KP ~PL LK~P ~ QKL

1 kPqi p lqQ,q~ LQq~ j k lq~

(B.2)

This follows from the correspondingequationfor Clebsch—Gordoncoefficients
and 61-symbolsof Uq~(S1

2)at genericvaluesof q’ (i.e. q not a root of unity) [11].
The restrictionson the allowedcombinationsof K, L ensurethat thelimit q’ —* q,

qP = 1 is regular. Inserting the identity into the definition (2.14) of 4, we obtain

~- P L P e’/
2oê~/2oê~’4,

lJkp ~ p .i k Pq

= ~ K ~ P ~ ~ Q Q K L

Q,ijkq~ L Qq~ I ~ k 1q1 ~‘

P L][~ K P]l/
21/2K

ijkp i P ~ q ~ k ~ q

This provesthe lemma for T, T’ = T

1”2. To extendit to arbitrary representations

T, T’ equivalentto T1~2is trivial. 0

AppendixC

PROOFOF THEOREM3.6

For convenienceof the readerwe give the details of the prof of theorem3.6.
The main ingredientsof the proof are in the following two lemmas:
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LemmaC.1. dim S?~T(~)=n+1if n~p—2.
Lemma C.2. Supposethat ~ carriesthe irreducible representationT and

5°T(s) carriesthe irreduciblerepresentationT’. Then ~9-T(r+s) is eitherzeroor it

carriesa subrepresentationof T 0 T’.

Proof of lemmaC. 1. We recall that the tensorproduct of representationsof

UT(s12)is the truncatedtensorproductof physicalrepresentationsof Uq(Sl2), see
sect.2. No truncationappearsin thetensorproductT” 0 T’ if I +J ~p — 2 — I — J,
i.e. if I +J ~ ~(p — 2), so that the braid relationsreduceto [8]

2122= q_1/2

2

2

2

1~ (C.1)

More rigorously, these relations can be obtained as a simple consequenceof

appendixB. This canbe usedto shift all factors Z1 to the right of all factors 22.
There canbe 0, . .. , n factors Z1. It follows that the numberof linearly indepen-
dentvectorsin ~T(n) ~sn + 1. o

Proofof lemmaC.2. The lemma follows from a discussionsimilar to the one
which precedestheorem3.6 in sect.3.

Proofof theorem3.6. Validity of theorem3.6for 0 ~ n ~ (p — 2) follows from

the two lemmasandthe tensorproductdecomposition(2.12) and(2.9) appliedto
T~0 T

1’12.

To provethe first partof theorem3.6 it sufficesto showthat ~ ~ = 0 since
all higher-orderpolynomials contain factors of order p — 1. In the following
pJ E UqT(sl

2)shoulddenotethe minimal centralelementof UT(sl2) that is associ-
atedwith the irreducible(2J+ 1)-dimensionalrepresentationof UT(sl2) To prove
,~-T(p—1)... Oweusethat

(ZxZ)ab(T~/
2oT~/2)(LI(P°))0. (C.2)

This expressesthe fact that thereareno homogeneouspolynomialsof degreetwo

which transformaccordingto the trivial representation.Moreoverwe know that all
polynomialsof degreep — 2 transformaccordingto the (p — 1)-dimensionalrepre-
sentation.In mathematicaltermsthis meansthat

(ZP~3x Z)aa = (Z~3x Z)
13b(T,~~)0 T~

2)(LI(p~(P_2))). (C.2)

We wish to show that

(zP~3x (Z x Z))aab = 0.

In order to establishthis we will show that all thesepolynomials((Z’~3x Z) x
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Z)pCd are linear combinationsof the polynomials

(ZP
3 x (Z x Z)) ab(Tt~f~~~0 T,~’20 T~2)(e0 LI(P°))

which vanishdueto (C.2). More preciselywe show that

((ZP3xZ) XZ)
13Cda

= (ZP
3 x (Z xX))aab(T~,j~~0 T~’20 T~2)((e0 LI(P°))A), (C.4)

wherea # 0 is a realnumberandA E UT(sl
2)®3 is givenby A 4,(LI(P~_2))0e).

It follows from eq. (C.3) by reassociationthat the right-hand side of eq. (C.4)
equals

((ZP
3 x Z) x Z)aab(T~

1f 3~0 T~’

20 T~2)((LI(P2~ 2)) oe)4,~(eOLI(P°))A).

(C.5)

Using the explicit expression(2.14) for 4, it is easyto seethat

(LI(P~~0_2))oe)4,1(eOLI(P°))A= (LI(P4~_2))Oe)a,

wherea is somenonzerorealnumber.Sowe get finally that the right-handsideof

eq.(C.4) equals

((ZP3 x Z) x Z)~~~(T~pP_3)0 T,~’20 T~2)(LI(p2~ 2)) 0 e)a

= ((ZP3 xZ) x Z)PCda (C.6)

by (C.3). This completesthe proof that all productsof the type (Z~3x Z) x Z
vanish.But sinceall otherproductsof p — 1 generatorsZ canbe obtainedout of
theseby reassociation,we establishedthat ,~-T(p—~ = 0. This concludesthe proof
of theorem3.6. o
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