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According to Galilei “all bodies fall with the same speed”. How can the idea, upon which
Einstein’s explanation of this fact is founded, be transferred into quantum field theory? A
formulation of a Quantum Equivalence Principle (QEP) is suggested here. It is applicable to
linear quantum field theories but cannot be applied directly to interacting quantum fields.
Equilibrium states of free quantum fields in the Rindler wedge are analyzed and it is shown that
only the state with the Hawking—Bisognano—Wichmann temperature is admitted by the Quan-
tum Equivalence Principle.

1. Introduction

Galilei was the first to realize that gravitational and inertial mass are equivalent.
He discovered that gravity acts on all bodies in such way that they fall with the
same speed. Other forces have been found but none of these show this behavior of
equivalence. For example electrons and positrons in an electromagnetic field move
in different directions.

Einstein gave a paradoxical explanation of the equivalence principle: “locally”
there is no gravity.

Consider a classical pointlike testparticle in a gravitational field. In every point
of the worldline it is possible to find a coordinate system (“local inertial system™)
where the equation of motion looks trivial, i.e. does not differ from the equation of
motion in the absence of gravitation. To observe gravitational effects the worldline
has to be considered in some neighborhood of a point and not only in a single
point. The influence of gravitation on other classical objects, e.g. classical fields,
can also be transformed away pointwise by choosing a local inertial system.

It is not so clear how to describe the influence of gravitation on quantum fields
because on the one hand the Equivalence Principle is a consequence of the
small-distance behavior of the gravitational force but on the other hand the
small-distance behavior of quantum fields is singular.
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The small-distance behavior of quantum field theories is related to the problem
of characterizing “physically realizable states”. In quantum field theories in
Minkowski spacetime energy plays an important role in describing physically
realizable states. Since in experiments only a finite amount of energy is available,
only those states have to be considered as physically realizable whose energy
differs by a finite amount from the energy of the vacuum state. This suggests that
all physically realizable states are locally quasi-equivalent * to the vacuum state
[14].

Because of its translation invariance and invariance under Lorentz transforma-
tions the vacuum state is a distinguished state from a geometrical point of view.
Moreover the vacuum state is (in its GNS representation) a ground state of the
generator of the time evolution along the time axis of an inertial coordinate
system. In curved spacetimes there exists no global inertial system. For that reason
one cannot in general define a “vacuum state” in a curved spacetime, Is it possible
to characterize physically realizable states without knowledge of a reference state?
The Principle of Local Definiteness (PLD) of Haag, Narnhofer and Stein [13]
postulates: physically realizable states are locally quasi-equivalent. The physical
content of this principle is that the expectation values (A4), {A4) of a field
observable A4 in the physically realizable states { ), { )’ become indistinguishable
as the localization region of A is contracted to a point. There are criteria in the
case of linear quantum fields in the Robertson—-Walker spacetime from which the
PLD follows [1,17].

A general characterization of physically realizable states in curved spacetimes
has not been given till now, but the concept of the scaling limit of states introduced
by Fredenhagen and Haag [11] is of great importance in this context. The scaling
limit allows the formulation of a Principle of Local Stability (PLS): the scaling limit
of a state in a curved spacetime does not differ from the scaling limit of the
vacuum state in Minkowski spacetime [13,11]. But local stability is not sufficient to
fix the quasi-equivalence class of a state. A counterexample in connection with the
Robertson-Walker spacetime has already been given in ref. [13]. Another coun-
terexample in connection with the problem of the Hawking temperature will be
discussed in sect. 3.

The general concepts just mentioned are well explained in the case of Hadamard
states. Hadamard states are definable in linear quantum field theories and are

* Let {A) be the expectation value of a field observable A localized in a finite spacetime region. It is
possible (via the GNS construction; e.g. ref. [14)) to obtain a Hilbert space # and in this Hilbert
space J# a representation 7 of the field observables as linear operators 7w(A). A state {)’ is locally
quasie-equivalent to the state () if it is representable by a density matrix p in the Hilbert space 2
(AY =Trpm(A).
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quasifree states * with a specific singularity structure: the symmetric part of the
two-point function is identical with Hadamard’s fundamental solution of the wave
equation [10]

(P, ¢(P)})=u/o+vInog+w. (1)

The functions u, v, w are regular in P and P’. The information about the state is
contained in w; u and v are state-independent. In the limit where the localization
points P, P’ of the quantum field ¢ coincide (“scaling limit”) only the most
singular term u /o contributes. According to the Principle of Local Stability the
u/o term has to be compared with the most singular part of the vacuum state of
the quantum field ¢ in the Minkowski spacetime. This gives the right “ie
prescription”, i.e. the interpretation of the 1 /o singularity in the sense of distribu-
tions. It was shown by Verch [21] that Hadamard states satisfy the PLD, i.e.
Hadamard states are “physically realizable”.

There is a conjecture by Haag [14] that quasifree states fulfill the PLD, if the
symmetric part of their two-point functions allows an expansion

1 1
<{¢(P')’¢(P)}>=—2—"2;@;)"'4“’(1", P) (2)

in which the leading singularity is proportional to the square of the geodesic
distance o between P’ and P, i.e. has a singularity of order two, and if Aw has a
singularity of order less than one. Hadamard states fulfill the assumptions of
Haag’s conjecture.

The motivation of Haag, Narnhofer and Stein [13] to introduce the PLD was to
understand the Hawking temperature of black holes [15] from a fundamental point
of view. They consider KMS states ™* with respect to the timelike Killing vector
field of a black hole and showed that the only KMS state, which fulfills the PLS, is
the one with the Hawking temperature. But their derivation of the Hawking
temperature has some shortcomings. They used a very singular scaling procedure,
not in accordance with the prescription of ref. [11], and put one point of the
two-point function of the KMS state on the intersection of the past and future
horizon of a static black hole. But a realistic black hole is the final state of a
collapsed star and there is no past horizon. As we will show, the PLS is not
sufficent, but the QEP is needed in the case of a realistic black hole in order to
arrive at the Hawking temperature as the unique equilibrium temperature of a
black hole.

In sect. 2 we attempt a formulation of the QEP. While this appears appropriate

* A state is called quasifree, if its truncated n-point functions vanish for n # 2.
** KMS = Kubo, Martin, Schwinger [16,18).
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for linear fields it is not directly applicable in asymptotically free theories like
QCD *.

In sect. 3 the QEP is applied to equilibrium states of Klein—Gordon and Dirac
fields in the Rindler wedge to demonstrate that it leads to some interesting
physical insights even for linear theories. Especially it is shown that only one
equilibrium state is allowed by the QEP, the one with the Hawking-Bisognano-
Wichmann temperature. The result for the Dirac field disproves a statement in ref.
[19].

2. Quantum Equivalence Principle

In General Relativity the gravitational field is represented by the metric tensor.
It is always possible to introduce coordinates P* =(t, x, y, z) around an arbitrary
point P, in spacetime in such a way that the components of the metric tensor g,
in P, coincide with the components of the Minkowski metric 7,, = diag(1, —1,
—1, —1) and the partial derivatives vanish,

gp,u(P*) =np,v’ apgp.v(P*) =0. (3)

Such a coordinate system is called a local inertial system around P, . The physical
meaning of eqgs. (3) is that the gravitational field can be transformed away in an
infinitesimal neighborhood of P, . There is no gravitation “locally”. Gravitation is
an effect of second order. This explains the experimentally very well tested
Equivalence Principle: “All bodies fall with the same speed” (Galilei).

We want to transfer Einstein’s idea, that the influence of gravitation is observ-
able only beyond the first order, to other interactions. Are there interactions which
vanish at small length scales, comparable to the gravitational force? Since the
other fundamental classical interaction, electromagnetism, does not show this
behavior we have to got to the quantum level. If there should be an interaction
with this short-distance behavior this would show that there is a QEP.

We first concentrate on the problem how to define quantum field theories
which are “free up to first order”. This is a nontrivial task, because the short-dis-
tance behavior of quantum fields is singular even in the linear case.

To begin with, we remark that the content of egs. (3) can be reformulated as
follows: there is a coordinate system P* = (¢, x, y, z) around P, such that for all

* One of the referees of this paper mentioned that the term “Quantum Equivalence Principle” has
already been introduced in the literature. This was not known to us. The definition presented in ref.
[22] is interesting but differs from our notation. It is formulated as some differential conditions on a
hypersurface. But a hypersurface is a global concept and exactly this global aspect does not fit into
our understanding of the QEP as a principle which describes the behavior of nature at small
distances like the Equivalence Principle.
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points P in a small neighborhood around P,

d
Pino 8. {xaP)=mn,,, )}133) agw(nl’) =0, 4

where (with respect to this coordinate system)
(X,\P)#=P“*+)‘(P“_P*#) (5)

is a one-parametric scaling diffeomorphism with x,P=P and yx,P =P,. In the
limit A — 0 the point P is scaled into the point P, along the path defined by the
diffeomorphism y,. The first equation in (4) gives the “value” of the metric tensor
in the scaling point P, by a one-parametric scaling procedure. The second
equation in (4) means that the metric tensor is “constant up to first order in A”.

A one-parametric scaling procedure is also customary to analyze the short-dis-
tance behavior of quantum fields. For simplicity we consider in this section the
case of a scalar quantum field ¢(P). We assume that the field ¢ has been
renormalized relative to the state ).

The one-parametric diffeomorphisms x, give rise to of an action a, on
products of the quantum field *,

aA(¢(P1) ¢(Pn)) =N(’\)"¢(XAP1) --~¢’(X,\Pn)- (6)

In the limit A — 0 the localization points P,,..., P, of the product ¢(P,)...¢(P,)
move under the action of a, along the path y, into the point P, . In addition each
field ¢(P,) is scaled by a function N(A). The scaling function N(A) is important to
define the short-distance behavior of products of the quantum field.

The state { ) has a scaling limit [11] in the point P, if there is a scaling function
N(A), which is monotonous and nonnegative for A > 0, such that for every n-point
function {¢(P,)...¢(P,)) the limit

/\li_.mo<a,\(¢’(P1)---‘15(Pn))>=“’1"l ..... P,,(P*) (7

exists and is nonzero for some n.

The right hand side of (7) can be considered as the “value” of the n-point
function in the scaling point P,. It was shown by Fredenhagen and Haag [11] that
the scaling limit wp  p(P,) is independent of the choice of the coordinate
system, i.e. the special diffeomorphism y, may be replaced by a general contrac-
tive one which has the point P, as a fixpoint.

* The existence of the products is to be understood in the sense of distributions, i.e. (6) has to be
smeared out with test functions f"}P,,...,P,) with supports contained in #X...X&F=6", &
being a region in spacetime.
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To adapt Einstein’s idea as directly as possible into quantum field theory we
introduce the following definition, motivated by (4). We call the state {) constant
up to first order in P, if its scaling limit (7) exists and if with respect to a local
inertial system around P, the derivative condition

d
lim —(a,(#(P) - $(£,))) =0 (8)

is fulfilled for all n-point functions.

In the case of quasifree states the derivative condition (8) is comparable with
the assumption of Haag’s conjecture about Aw in (2) to be less singular than of
order one.

To make the derivative condition (8) independent of the local intertial system,
the behavior of the derivative condition (8) under a general coordinate transforma-
tion has to be analyzed. One finds that (8) has to be replaced by

D
Jim S ($(P) - $(P))) =0, o
where
D d 1

n
— = — — = ) TE(P,)ulus
DA d/\ 212 up( *) [ 7
is the corresponding covariant derivative. The symbols F,,’,‘, are the Christoffel
symbols,

d
u; = ”J(X 2P
is the tangential vector of the scaling diffeomorphism y,P; and

; d
al

“=3_P,~‘;

is the partial derivative relative to the ith localization point P, of the n-point
function.

We say the state () is admitted by the QEP if it is constant up to first order in
every point P, of spacetime and if the scaling limit Wp, ,,"(P*) of every n-point
function depends continuously on P,.

An important class of states which is admitted by the QEP are the Hadamard
states. (A suitable scaling function is N(A) = A and it is not difficult to check that
Hadamard states fulfill the derivative condition (8).) In particular the vacuum state
of the Klein—Gordon field in Minkowski spacetime is allowed by the QEP. This
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shows that at least for linear quantum field theories the QEP can be a criterion
which selects theories free up to first order (in A).

We now want to check whether the QEP is applicable to interactive quantum
field theories. It seems natural to consider the QEP only for quantum field
theories which are asymptotically free in the sense of renormalization group theory
because in asymptotically free theories the interactions go to zero in the short-dis-
tance limit.

A simple example of an asymptotically free theory is the ¢3-theory in the
six-dimensional Minkowski spacetime,

g
L= 39" 6,¢ — ym*P* — ;¢3-

The energy is not bounded from below. This is why this theory has no stable states.
But perturbatively it is well defined. We want to analyze the scaling limit of the
propagator

dp  exp[—ip- (P'-P)]
(2m)® PP —m*=3(p) +is’

(To(P')$(P)) =i

3 is the self-energy. With dimensional regularization and the method of minimal
subtraction the renormalized self-energy becomes in one-loop approximation [9, p.
58]

2
g
2= " 1587 ((’”2 —sP*)(ve—1)

m?—p%x(1—x)

+/(')ldx[m2—p2x(1 —x)] In (10)

dru?

ve=0.5772... is the Euler number and p the “unit of mass”. A renormalization
group analysis for

F=p*-m?-3; (11)
yields the following scaling property under the scaling transformation p — op [20]:

v(g")
B(g")

I'(op, g, m, p) =0 exp| — 2[5 dg’ I'(p, g(o), m(a), 1),

with g(o) the running coupling constant,

d
o 3g8(0) =h(8) (12)
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and m(o) the running mass, which we put equal to zero because we are interested
in the short-distance limit P — P’, i.e. high-energy limit, where the mass should be
negligible and not influence our later arguments. In the ¢>-theory the 8- resp.
y-function are perturbatively given by [9, pp. 181 and 184]

B=-A4,g°+0(g%), y=Cig*+0(g"), (13)

where A, =3/2567> and C, =1/384=w>. After integration of (12) the running
coupling constant becomes in lowest order

g2

g(o) = —s—.
1+g%4, In o?

The right hand side goes to zero as o — . Because of this property the ¢>-theory
in six dimensions is asymptotically free. We note that the running coupling
constant does not “smoothly” become zero,

d ( . )2 ! A—0 14

—g|l—| ~——5 — >, as - 0.

dr8\X) " an A2 (14)
In lowest order

-Cy/4,
3

exp(—Zj;'(") dg,B(g') pe ~(In 0?) as oo,

y(g') ) _ (g(o_)Z)Cl/Al

Thus for the scaling function we choose *

N(A) =)‘2(g(1/}\) )C]/Al
. .

We obtain in one-loop approximation for the renormalized and scaled propagator

: , _ N’ . % exp[-ip- (P’ =P)]
N(A)(TH(AP)$(AP)) =i—g f(z,T)ﬁ I'(p/A, 8,0, 1) +ie

_ f d  exp[—ip-(P'-P)]
U amy T(p, g(L/0), 0, ) + e

* The fact that N(A) is not positive and monotonous for A > 0, but only for 0 < A < exp(1/2g24,), does
not matter because merely A = 0 is analyzed.
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If we differentiate with respect to A, we see by using (10), (11) and (14), that the
limit A — 0 diverges and the derivative condition (8) of the QEP is not fulfilled.
This is due to the property of the running coupling constant g(1/A) that it does
not smoothly become zero in the short-distance limit A — 0.

From the viewpoint of perturbation theory QCD is very similar to the ¢>-theory
in six dimensions *. Therefore the QEP does not harmonize with QCD. This
means that the derivative condition (8) has to be modified if one wants to
formulate a QEP for interactive quantum field theories.

3. Equilibrium states in the Rindler wedge

In this section we calculate equilibrium states of a Klein~Gordon field ¢(P)
and a Dirac field (P) in the Rindler wedge and investigate with the QEP which
temperatures are physically allowed.

In quantum mechanics of finite degrees of freedom equilibrium states are
characterized by

Tr(e~AHA)
(A= ————7> (15)

Tr e~ B4

where H is the Hamilton operator and A an observable, They are equally well
described by the KMS boundary condition

(A,B)=(BA, ) (16)

A, =¢e'"4e ™" js the time translated observable A.

In quantum field theory the right hand side of (15) does not exist. But the KMS
boundary condition (16) remains valid [12]. Therefore equilibrium states in quan-
tum field theory are considered as KMS states:

Let 7~ A, be the time evolution of a field observable A. A KMS state ) with
the temperature 1/8 relative to this time evolution is characterized by the
conditions that {BA_,,,» considered as a function in 7 + i¢ is analytic in the strip
0<e <p and that {(BA,,; ) fulfills in the limit ¢ » B the KMS boundary condi-
tion (16) [12,8,14].

We first consider the Klein—Gordon field and choose as the observable the field
itself A = ¢(P). The time evolution is defined via the one-parametric group of
automorphisms

T ¢.(P) =6(4,P), (17)

* The B- and y-functions formally have the same perturbative expansions as (13).
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where P.=A_P is the one-parametric group of diffeomorphisms defined by

t, cosh 7 sinh 7 t
X, sinh 7 cosh 7 x

P*= | = 1 vl (18)
z 111z

P_ describes a velocity transformation in the x-direction which leaves the Rindler
wedge

w={P*||t] <x)

invariant. The coordinates (¢, x, y, z,) are the standard inertial coordinates of the
Minkowski spacetime (ds? = dt? — dx?— dy? — dz?). These coordinates are regu-
lar not only in the Rindler wedge % but also on the horizon |¢| =x of the
Rindler wedge.

By Fourier transforming the KMS boundary condition and by using their
analytical properties KMS states are representable in terms of the commutator
function. Assuming a vanishing one-point function {(¢(P)) one has for P’, Pe ¥

(¢(P')b.4is(P)

\exp[ —iw(r' - —is)]
/ e Be

1
= — [dw dr([4,(P), $(P)]

=$/d7'<[¢>,.(P), ¢(P')]>coth%(1"—'r—is). (19)

The crucial point is that in linear field theories the commutator function is
state-independent. Thus equilibrium states of the Klein—Gordon field are com-
putable via (19). For the nonequal time commutator of a massless Klein—Gordon
field one finds

1
[6(P), #(P")] = 57 Sien(t=1)8(a(P, P), (20)
where
o(P, P)=(t—t') = (x—x')? (21)

is the square of the geodesic distance between P, P’ and sign(¢) the sign function
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(=1if t>0and = —1if t <0) [7]. Inserting the commutator function (20) into
(19) we obtain

(p(P"), . is(P)) = #%(coth%(n— T—ig)— coth%('r_-'r—ie)) (22)

1 T ™ . -1
gy (coshE('rJr—fr_) - COShE[T++ T_— 2(T+ls)])
X sinh— 23
sinh—(r,—7_).
in 5 (ro—72) (23)

The two times 7 =1 (P’, P) are implicitly given by
o(P,,,P)=0 (24)
and mark the intersection points of the light cone in P’ with the curve P.. From

o(P,, Py =a(P, P') +2(xx' —tt")(cosh 7 — 1) + 2(tx' —xt')sinh 7 (25)

follows

C+yC2—4(x>—1?)(x"%t"?)

=In (26)
T 2Ax+1)(x —1) ’
where
C=2(x'—tt"y—o(P, P").

The quantities

o= |37E: P (27)

* dT T=T,

are the velocities ¢, = ¢ ,(P’, P), with which the square of the geodesic distance
o between P, and P’ varies at the two intersection times 7,. We obtain

G.=0_=C2—4(x2— 1) (x> —t"?) =¢. (28)

From (23) we observe that the correlation between @(P’) and ¢(P,) decays
exponentially (~ e~27171/B) In the ground state (8 = ») the correlation decays
only like 7~2 (use in (22) that coth & ~ 1 /¢ for & = 0).
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Substituting (26) and (28) into (23) we are able to express the two-point function
by elementary functions

(C+a)* —(C-a)°

o

(G(P)$e(P)) = 7= [(C+a)"+(c-0)"

-2%(x+ t)a(x’ - t')a e —2%(x— t)a(x' + t')a e“"] _1,
(29)
with

2
aE—B—, {=1+ie, 0<e<pB.

With the help of the QEP we want to analyze which temperatures 1/8 > 0 of
the KMS state (29) are “physically realizable”. (It was shown by Beyer [2] that the
B = case is not locally quasi-equivalent to the vacuum of the Minkowski space-
time.)

Let Pf =P +A(P*—P%) and P* =P + AMP'™™ — P%) be one-parametric
diffeomorphisms which scale P and P’ from the inside of the Rindler wedge in the
limit A — 0 into the point P, with the coordinates (¢, X4, Y«, 2Z4). There are
three cases singled out geometrically: P, inside the Rindler wedge, P, on the
horizon and P, in the intersection of the past and future horizon.

We introduce the abbreviations

Ei=(x—x )+ (1—ty), E-=(x—x,)—(t—ty),

U'= (x4 =t)€cH(xe T 1)EL, U= (xy 1)L+ (x4 H14)E,
El=(x'—x )+ (t'—t,), E=(x"—x4)—(t'—1y),

X'=¢£,. ¢, 'X=¢L€6.

One has (o = o (P, P))
o, =c(P, P,) = Ao,
Co=2(xx, — 1)) =0, =2(x%2 = 2) + (U+ UM+ (X + X' — o),
(x,+t)(xf—t) =x2 =12 + UA+X'A?,

(xy, =t ) (x5 +183) =x% — 12 +'Ur +'XN2,

b, =C2— 4(x2 —12) (%2 ~ ;%) =AVA?+2BA + DX,
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where
A2=(U-U") - 4(x% - 12)o,
B=(U-UY'X-X)-(U+U"o,
D=(X-X')-2(X+X"Yo+a2.

Case 1: Scaling point inside the Rindler wedge (x, > |t, |). If in (29) P and P’
are substituted by P, resp. P), we are able to write down the expansion of the
KMS state (29). We restrict ourselves to the symmetric part of the state because we
know already the antisymmetric part, the commutator. After an expansion of (29)
we arrive at

1 1
RB(B), $(PID = = 5—5 = +0(2). (30)

Because of the temperature independence of the first term and the absence of the
term of order A we conclude that for scaling points inside the Rindler wedge the
QEP gives no restriction to the temperature of the KMS state.

Case 2: Scaling point on the future horizon (x , =t, > 0). With

z o X'+'X~-0o a1 g B gt et
= rra—1 _ ra - re +I @~
a ,Ua—U,a 2 ( )+ 2A( )
and

a—-1 'U-U'

* 20 'U*-U'"

L(X+X' —0—B/A) —4x"
(2U)*

(X+X'—o+B/A)* - 4'X?

an—l _ Ula—l A2D _BZ
+
(2'U)®

+IU(!
U-U" 24%

we can evaluate the anticommutator in the KMS state (29),

11
X({(x1), ()P = =5 — — |A[+00).

B
1+ (Ya+Zu——)A

The first term is again independent of the temperature, so that the scaling limit
gives no restriction to the temperature of the KMS state. But if the derivative
condition (8) of the QEP is taken into account, one sees that the KMS state is
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constant up to first order only if the coefficient of the term of order A vanishes for
all P’, P in the Rindler wedge,

Y, +Z,—B/A?=0. (31)

This, in turn, is only possible if & =2/B =1, as we shall see immediately, and
consequently the KMS state has the temperature 1/8 = 1/2. This is the Hawk-
ing—Bisognano-Wichmann temperature [15,3,4].

To solve eq. (31) is equivalent to determining @, which solves the equation
(E=(x+1t—2t,)/2t,, E'=(x"+1t'—2t,)/2t,)

U e e am L) v adlospu ) AP 2B
—_— L + + Ly - -
U |2 (” U') * (" U’) 200"
g P Y P D tub 32

for all P’, P in the Rindler wedge. Since this equation cannot be solved in closed
form, we use the following trick. If the points P=(t, x,+¢&, y, z), P =(¢,
xq+ &', y', 2') are far away from the edge of the Rindler wedge, i.e. xy>> |£],
|€], |t], | ¢'|, we are able to bring down the exponent « in (32): (U'/'U)*=1+
ad with 8] = |§'~t'— £ +1t]| /x5 < 1. Thus, in the far away limit, (32) is reduced
to (@ — 1)6 + O(82) = 0. From this follows a = 1, as claimed.

Case 3: Scaling point in the intersection of future and past horizon (x , =1, =0).
The scaled two-point function (29) is independent of the scaling parameter A,

RSP, ¢(P)P

a 1 (X'+'X-c+VD) —(X'+'X—a—-VD)"
272 VD (X'+'X-0+VD)" + (X' +'X—o—yD)" — 20" — 220X

According to the continuity part of the QEP the scaling limit of the right hand side
has to connect continuously with the scaling limit inside the Rindler wedge. The
right hand side has to be —1/27 20, the value given by (30). By repeating the trick
of case 2 one can show that continuity is only possible if a =1 resp. B = 2.

Let use summarize: in the Rindler wedge only the KMS state with the Hawk-
ing—Bisognano—-Wichmann temperature is allowed by the QEP. If the scaling point
is in the intersection of the future and past horizon it is sufficient to require that
the scaling limit of the KMS state depends continuously on the scaling point P, in
order to fix the temperature. This shows that in this case the PLS can be replaced
by the continuity requirement of the QEP. If the scaling point is on the horizon a
unique temperature is singled out only by the QEP and not by the PLS.
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Finally, we consider the scaling limit of KMS states of a Dirac field with the
scaling point on the future horizon.
A Dirac field ¢(P) is a solution of the equation

(iy“a# - m):,l/(P) =0.
The y-matrices fulfill the anticommutation relations
{v*, v} =29*1.

A possible representation is

o_[1 0) ,-=( 0 a")
Y (0 1) Y o o)

with the Pauli matrices

_(1 0 1=(0 1) 2=(0 —i) 3=(1 0)
1(0 1)"’ 1 0 77\ o) T7V0 -1)
The anticommutator between the spinor ¢ and the adjoint spinor ¢ = ¢'y° is

(6]
{w(P"), ¥(P)} =i(iy*d, + m)A(P', P). (33)

For massless spinors, on which we restrict ourselves in the following, one has (cf.
20))

A(P', P)=— El;r—sign(t’ —t)8(o (P, P")).
The theory is invariant under the global gauge transformation y},", defined by
yoey, Yoemy.
In the massless case one has moreover the chiral symmetry y§?, defined by
g~ exp(i8y°), ¥~ ¥ exp(—iy°),
0,,1.,2,,3

with y% =iyOyly2y3,
Let P,=A_P be the boost transformation defined in (18). Then «,, defined by

$(P) = S(1)¢(A,P), G(P)=¢(AP)S\(7),
where
S(r) = exp(—%i'ram), o= %i['yo, 'yl],

acts as a velocity transformation in the x-direction [5].
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The one-parametric symmetry transformation 7~ a¥, defined by

— 1 2
at=a, oy, 0y,

where u, and p, are the chemical potentials belonging to the internal symmetries,
has the following action on the adjoint spinor:

aP(P) =¢(P,) exp(ip,r)(1 cos(p,7) +iy® sin(p,7))
X (1 cosh(37) — y%! sinh(37)).

Let () be a KMS state of the massless Dirac field ¢(P) with temperature 1/8
relative to the time evolution 7+— a®. Which temperatures and which chemical
potentials of the KMS state are allowed by the QEP?

As before, KMS states can also be represented in terms of the anticommutator
function,

exp| —iw(7' — 7 —ig)]
e Pet1

1 —
W(P)aty d(P)y = —— [dow dr<{W(P"), atf(P)})

1 ) _ .
= 535 o (WP, B s G =7 i)
(34)

The symmetric part of the state (34) is given by the anticommutator (33).
Therefore we consider in the following only the antisymmetric part of (34). From
(34) we compute

([6(P"), atw(P)]) = f dr{y(P"), at$(P)} sinh(w7/B)

~ 558 ) ey
xexp(ipy) ({#(P"), B(P,)} cos(p,r) cosh(ir)
+i{(P'), $(P,)y°} sin(p,7) cosh(;r)
~{w(P"), ¥(P,)y"y"} cos(p,7) sinh(37)

—i{y(P"), $(P.)v*y’y'} sin(u,r) sinh(37)). (35)
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By using (33) the anticommutator becomes

- 1 1
(W(P). (P} = = sy~ [8(r~7,) =8(r =),

where ¢ = d(P’, P) is given by (28) and 7 .= 7 ,(P’, P) by (26).
The commutator function between the first spinor component and the first
component of the adjoint spinor becomes

([wi(P), atiy(P)])

T 2B

cosh(37,)

sinh(wr,./B)

cosh(37_)
sinh(w7_/B)

X

1
ax'; (exp(iy.l'r+) cos( a7 4)

—exp(ip7_) cos(p,T) -

cosh(37,)

sinh(wr,/B)
cosh(37_) )

1
—id,— (exp(i#m) sin( o7, )
_exp(il“'l’r—)Sin(#'ZT) - Sinh('TT'T_/,B)
sinh(37.,)
sinh(mr,/B)
sinh(37_) ”

sinh(mr7_/7)

1
-+ (axr + lay:); (exp(ly17+) COS(}L27+)

—exp(ip m_)cos(pyT) — (36)

We want to calculate the scaling limit of (36) onto a point P, = (ty, X4, Y«,
Z4), ty > 0, on the future horizon of the Rindler wedge. If we replace P — P, =
P, +A(P—P,) and P*->P/=P, + X(P'—P,), we get from (26) and by using
the abbreviations introduced above

=] €t 3, I 'U+o A
T T e BT
CA—d',\

= QA +RA?+ O(A), (37)

=1
A S G+ ) (2~ 1)
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where

'X-X'-o-B/A
2U’ ’

A2D-B? ('X+X'—0-B/A)Y -4x"
4A3UI 8U12 °

T_, tends to zero as A — 0. Substituting these expansions into (36) gives

R P, at(PI]) =5 ( g ﬁSA) +0(A). (38)
with
1 _ cosh(37,0) B B R
§ =0y — |exp(ip7 o) COS(#27+,0)§1h(T(j+‘O;T) ;(Fé"'az'_l”‘l)

COSh(%T+,0) _ B
sinh(77,o/B) T

sinh(37,4) B
sinh(wr,o/B) 2w

1
- iaz'z (CXD(iM17+.o) sin(pa740)

1
+(8, + za),,)z (exp(myrw) cos( T4 g)

The first term in (38) is independent of the temperature and the chemical
potentials, so the PLS is not sufficient to fix any of the state parameters. The
coefficient of the term of order A has to vanish according to the QEP. With the
same trick which made it possible to solve (31), one finds that § is zero only if the
chemical potentials ., w, vanish and the temperature 1/8 is the Hawking—Bi-
sognano-Wichmann temperature 1/24r.

The QEP fixes not only the temperature but also the chemical potentials.

I would like to thank R. Haag for many helpful and stimulating discussions. I
also thank U. Bannier, D. Buchholz, K. Fredenhagen, K.-H. Rehren and R.D.
Tscheuschner for discussions. This material is based upon work supported by
Cusanuswerk, Universitdit Hamburg and Universitit der Bundeswehr Hamburg.
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