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Abstract. The complete tree-level cross sections for the re-
actione+e− −→eνtb are computed for top masses of 160 to
200 GeV at center-of-mass energies between 0.2 and 2.0 TeV
using the packages CompHEP and GRACE. It is demon-
strated thatt t̄ -pair production dominates around

√
s = 0.5

TeV, whereas soft photont-channel exchange contributions
grow with increasing energy such that above 1.5 TeV it dom-
inates. Detailed cross section considerations close to thet t̄
threshold reveals some peculiar properties. It is shown that
a precise top quark mass determination is not significantly
hampered by the existence of non-t t̄ diagrams. With de-
sirable assumptions on linear collider luminosities the CKM
matrix element|Vtb| might be measured best at or close to√
s = 2 TeV.

1 Introduction

After the top quark discovery by the CDF [1] and the D0 [2]
collaborations at the Tevatron collider in Fermilab measure-
ments of its properties remain as one of the most important
tasks for colliders in the TeV energy range. The values for
the top mass ofmt = 176± 13 GeV (CDF) and 199± 30
GeV (D0) are in a reasonable agreement with 148 to 207
GeV obtained from a combined analysis of the LEP, SLC
and neutrino scattering data together with theoretical predic-
tions of the Standard Model (SM) [3] taking into account
radiative corrections (see e.g. [4]). The task of top quark
coupling measurements is of particular interest due to the
coincidence ofmt with the electroweak symmetry breaking
scale. Such measurements may give the first indications for
deviations from the SM predictions [5].

In previous works it has been demonstrated that future
e+e− linear colliders provide promising prospects to de-
termine the top quark mass with very high precision (see
e.g. [6]) , to probe the top couplings with gauge bosons [7]
and the top Yukawa coupling with the Higgs boson [8]. Fur-
thermore, it has been demonstrated that the top quark width
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respectively|Vtb| , the Cabibbo-Kobayashi-Maskawa matrix
element [9], can be measured by an energy scan in thet t̄
threshold region [6], by studying gluon radiation off the top
quark or the decay products int t̄ pair production [10, 11],
and in single top quark production processes [12, 13]. The
|Vtb| matrix element can also be probed at hadron collid-
ers in single top quark production reactions [14]. However,
background conditions at hadron colliders are much more
severe than ate+e− colliders, and it was shown to be diffi-
cult to obtain precise information on|Vtb| [15] with present
statistics. With large numbers oft t̄ events as expected at the
Tevatron with Main Injector or at the Large Hadron Collider
(LHC) the accuracy of the|Vtb| might be improved signifi-
cantly by measuring either theqq′ −→W ∗ −→tb production
rate [16] or the decays of the top quarks [17].

In this paper we consider the 2-to-4 body reaction

e+e− → e ν t b (1)

between its threshold and
√
s = 2 TeV by considering the

complete set of Standard Model diagrams. In such a way, all
intermediate channels likee+e− −→ t t̄ with t −→Wb and
W −→eν, or e+e− −→Wtb with W −→eν, are taken into
account automatically, as well as all interferences between
the contributing diagrams1. Single top quark production in
reaction (1) at LEPII energies has already been studied by
our collaboration in ref. [18] using the same procedure.

The paper is organized as follows. In Sect. 2 we discuss
the complete tree-level diagrams and describe the calcula-
tion method. Results are presented for total cross sections
at different energies and top quark masses. Contributions of
several subsets of diagrams will also be studied in some de-
tail. Attention is also directed to the cross section behavior
close to thet t̄ pair production threshold. In addition, the
physics interest of the reactione−e− → e−νt̄b is discussed.
Sect. 3 is devoted to a discussion of the matrix element|Vtb|.
Its measurement prospects are investigated up to very high
energies. Sect. 4 contains our summary and conclusion.

1 Throughout our paper, reaction (1) involves beside thee+νe t̄b final
state also the charge conjugated onee−ν̄etb̄
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Fig. 1. Lowest-order Feynman diagrams for the re-
actione+e− −→ eνtb

2 The cross section of the reactione+e− −→ eνtb

In Fig. 1 the complete set of the lowest-order Feynman dia-
grams contributing to reaction (1) is presented2.

In order to understand the main properties of reac-
tion (1) better, we have divided these diagrams into three
classes. The first class involves the s-channel subprocess
e+e− −→ Wtb with the subsequentW −→ eν decay as
well as thet t̄ andW +W− pair productions diagrams (with
t → Wb,W → eν andW → tb decays). The second class
contains the photon exchanget-channel diagrams while all
remaining diagrams contributing to theeνtb final state are
collected into the third class. After squaring the diagrams
for a given class three cross sections will be obtained, and
the remaining interferences between diagrams of different
classes are denoted asinterferencesin the following. We are
aware that the three classes of diagrams are not gauge in-
variant. However, it is expected that their main properties
are essentially gauge independent.

All results were obtained by means of the two inde-
pendent computer programs CompHEP[19] and GRACE
[20]. CompHEP performs the tree-level symbolic calcula-
tions and the generation of optimized FORTRAN codes for
the squared matrix elements, whereas GRACE uses helicity
amplitude techniques. We used the adaptive package BASES
[21] to integrate over phase space of the 4-body final state.

2 Diagrams with a Higgs boson propagator are omitted because of the
very small coupling of the Higgs to electrons

For all cases considered the agreement between the re-
sults of both programs was very good; deviations turned out
to be less than 1 %.

The following set of SM parameters has been used in
the calculations:mb = 4.3 GeV,αEW =1/128,|Vtb|= 0.999,
me = 5.11·10−4 GeV, MZ = 91.187 GeV sin2ΘW = 0.23,
MW = MZ ∗ cosΘW , ΓZ=2.50 GeV,ΓW=2.09 GeV, and
the tree-level top width for the top massesmt = 160, 180
and 200 GeV.

All calculations have been done in the t’Hooft Feynman
gauge. In order to get confidence in our results several points
for the total rate have also been calculated in the unitary
gauge. The gauge invariance of our calculations has been
confirmed on the level of the numerical integration accuracy
of about 0.5 %.

Figure 2 shows the total cross section for reaction (1),
e+e− −→ eνtb , as function of the cms energy

√
s between

threshold and 2 TeV, for three top mass values.
Independent of the top mass, the cross sections have a

sharp rise close to thet t̄ threshold, a fall-off with∼1/s
after reaching the maximum and some weak increase with
growing energy above∼1.5 TeV. Top mass dependencies
are clearly visible in the energy range below∼0.6 TeV; the
cross section at peak value drops by about 20 % whenmt

increases from 160 GeV to 200 GeV. At higher energies,
top mass dependencies are small.

In Fig. 3 we present the energy dependence of the total
rate as well as the contributions of the three classes of dia-
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Fig. 2. Total cross section for the reactione+e− −→ e+νe t̄b (e−ν̄etb̄) as
function of the cms energy for top quark masses 160, 180 and 200 GeV

Fig. 3. Total cross section for the reactione+e− −→ e+νe t̄b (e−ν̄etb̄) as
function of the cms energy formt = 180 GeV (solid line) as well as the
contributions of the ’Wtb ’, the ’soft photon’, ’ non-leading’ components
and the interferences between them

grams (see Fig. 1), which are denoted asWtb , soft photon
andnon-leadingcontributions, respectively, and the interfer-
ences between them, formt = 180 GeV. Clearly, the 0.5
TeV energy region is dominated by the 2-to-3 body reaction

e+e− −→ Wtb, (2)

↪→ eν.

Its overwhelming part is associated witht t̄ pair produc-
tion corresponding to the first diagram in Fig. 1. It is also

Table 1. Total cross sections for the reactione+e− −→ e+νe t̄b (e−ν̄etb̄)
at four energies and three top quark masses, as well as the rates for the
’Wtb ’ and ’soft photon’ contributions

√
s, TeV mtop, GeV σtotal, fb ’Wtb’, fb ’ soft photon’, fb

160 140.0 138.0 1.9
0.5 180 126.6 125.2 1.5

200 110.4 109.2 1.2

160 54.0 44.0 10.0
1.0 180 50.0 42.0 8.0

200 48.6 41.4 7.2

160 40.8 20.6 20.2
1.5 180 37.2 20.4 16.8

200 35.0 20.4 14.6

160 42.8 12.2 30.6
2.0 180 38.2 12.2 26.0

200 34.8 12.2 22.6

evident that the soft photon contribution (second class of
diagrams) becomes more and more important as the energy
increases. In particular, it is almost equal to theWtb rate
around 1.5 TeV, whereas at 2 TeV it dominates reaction (1).
It is also interesting to point out that the rate for the third
class of diagrams, thenon-leadingdiagrams, is practically
compensated by the negative interference terms between the
diagrams of different classes. Therefore it is justified to ne-
glect these two components in further total cross section
estimations.

In addition, the soft photon cross sections have been
compared with the cross sections obtained from the im-
proved Weizs̈acker-Williams approximation [22]. Accept-
able agreement between both calculations has been found;
up to 2 TeV differences do not exceed 20 %.

Table 1 collects the cross sections for reaction (1),
e+e− −→ eνtb , at

√
s = 0.5, 1.0, 1.5 and 2.0 TeV formt =

160, 180 and 200 GeV. Also the corresponding numbers
for theWtb (with W −→ eν) and the soft photon exchange
contributions are presented.

If one is interested in cross sections for other decay
modes of theW , e.g.W −→ µν or W −→ ud, the rule
of thumb is to start from the figures in the ’Wtb’ column of
Table 1 and multiply them with the ratio of theW branch-
ing ratio of interest to BR(W −→ eν), since other diagrams
which contribute in principle can be neglected. Thus, by
summing up allW decay modes one is able to estimate the
total top cross section for the reactione+e− −→ tb(qq̄ ′, lν).
This is however only reasonable as long as the ’Wtb’ con-
tribution is the dominating one, i.e. at

√
s
<∼ 0.5 TeV which

corresponds to the energy anticipated for a linear collider
in its first stage. At higher energies, in particular at

√
s >

1.5 TeV, the soft photon exchange diagrams have also to be
taken into account in order to obtain realistic top quark cross
sections in 4-body final states.
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Fig. 4. Total cross section for the reactione+e− −→ e+νe t̄b(e−ν̄etb̄) as
function of the cms energy for top quark masses of 160, 180 and 200 GeV
close to thet t̄ pair production threshold

Fig. 5. Total cross section for the reactione+e− −→ e+νe t̄b(e−ν̄etb̄) as
function of the cms energy formt = 180 GeV (solid line) as well as
the contributions of the ’Wtb ’, the ’soft photon’ and the ’non-leading’
components close to thet t̄ pair production threshold

In Fig. 4 we present the cross section behavior of reaction
(1), e+e− −→eνtb, close to thet t̄ threshold in more details,
again formt = 160, 180 and 200 GeV.

Independent ofmt , a two-step behavior can be noticed.
More details about this peculiar behavior can be obtained
from Fig. 5, where the total rate has been divided into the
three classes of contributions, formt = 180 GeV.

Clearly, at energies of about 200 GeV only the soft-
photon part contributes significantly to reaction (1). Top

Fig. 6. t t̄ cross section for the reactione+e− −→ e+νe t̄b(e−ν̄etb̄) as
function of the cms energy for top quark masses 179.7, 180.0 and 180.3
GeV. The dashed curve corresponds to the cross section formt = 180 GeV
including all diagrams of Fig. 1

quark production under such circumstances has been studied
in detail in refs. [18, 23] with the conclusion that single top
quark production is completely negligible at e.g. LEP II en-
ergies. With increasing energy the ’Wtb ’ contribution rises
fast in a way that after crossing thet t̄ threshold, it governs
the total event rate of reaction (1). The data also indicate the
onset of on-shell ’Wtb ’ production close to

√
s= 260 GeV.

The non-leading contribution is the smallest at all energies;
it is an order of magnitude below the soft photon component
at 500 GeV.

Precise cross section measurements of the reactione+e−
−→ t t̄ in the vicinity of its threshold would allow the
determination of the top quark mass with an uncertainty of
about 300 MeV [24]. Other SM parameters involved in the
vertex corrections att t̄ threshold likeαs andΓt may also be
extracted with good precision. However, all of these studies
rely on the assumption that only the first diagram in Fig. 1
corresponding tot t̄ pair production supplemented by vertex
correction diagrams contributes. All other diagrams which
lead to the same topological final state were neglected so far.
It will be interesting to see whether they are indeed negligi-
ble or affect the top mass measurement significantly. Fig. 6
summarizes our results. The three continuous curves repre-
sent the cross sectionsσ(e+e− −→t t̄)·BR(t −→Wb)·BR(W
−→ eν) for threemt values, 179.7, 180.0 and 180.3 GeV,
by taking into account only thet t̄ -diagram of Fig. 1. As can
be seen, the differences between these curves are consider-
ably larger than that caused by the inclusion of all diagrams
(dashed curve) with e.g.mt = 180 GeV.

An interesting relation exists between reaction (1),e+e−
−→ eνtb, and the process

e−e− −→ e−νt̄b. (3)
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In the latter case, all s-channel diagrams of Fig. 1 are
absent, and the remaining t-channel diagrams have to be
doubled for cross section estimations due to the existence
of two identical electrons in the initial state. This doubling
is equivalent to the summation of thee+νet̄b and its charge
conjugate final statee−νetb̄ in the e+e− case. Additional
interference terms caused by doubling the diagrams are very
small, so that the cross sections for reaction (3) are to a very
good approximation equal to those of reaction (1), includ-
ing its charge conjugated state. Therefore,e−e− collision
provides in particular at large energies a very clean envi-
ronment for soft photon exchange studies, and their cross
sections can be obtained from Fig. 2 respectively Table 1. It
might be that due to lesser background precise determina-
tions of SM parameters can be carried out better ine−e−

than in e+e− collisions especially at
√
s
>∼ 1.5 TeV. An

example is presented in the next section.

3 Wtb coupling and the measurement of the
|Vtb| matrix element

In the SM the coupling of the top quark to theW boson
and theb-quark has V-A structure and is proportional to the
square of the CKM matrix element|Vtb|

Γ tWb
µ =

e

2
√

2 sinΘW

|Vtb|2γµ(1− γ5). (4)

Measurements of|Vtb| and/orΓt are known to be non-
trivial due to the very short lifetime of the heavy top quark.
In the past several methods have been proposed to measure
|Vtb| andΓt. They rely either on an energy scan and the top
quark momentum respectively forward-backward asymme-
try measurements in thet t̄ threshold region [6, 24], or the
study of soft gluon or photon radiation pattern int t̄ events
above thet t̄ threshold energy [10, 25], or event rate mea-
surements of the processe+e− −→ tW−b̄ after removingt t̄
events, again well above thet t̄ threshold [13]. In addition,
measurements of the most general form factors of the de-
cay t −→ bW (−→ lν) in top quark pair production ate+e−
colliders [11] can be interpreted as a measurement of|Vtb| .
The accuracy of|Vtb| , however, depends significantly on
SM parameters, the beam energy spectrum, higher orderαs
corrections and statistics. In general, the precision estimated
for |Vtb| , δ|Vtb| , turns out to be of∼ 10 % at best.

In this section we investigate the sensitivity which can
be achieved for|Vtb| when reaction (1),e+e− −→ eνtb, at
cms energies between 0.5 TeV and 2 TeV is considered. As
stated in Sect. 2, at

√
s = 0.5 TeV reaction (1) is practically

completely dominated byt t̄ production, whereas at
√
s= 2

TeV soft photon exchange diagrams (second class in Fig. 1)
contribute mostly. Int t̄ pair production, with subsequent
decay of the top quark, information of its coupling from
event rates is practically lost because the|Vtb| dependence
of thetWb vertex is basically canceled by thet-quark Breit-
Wigner propagator dependence. Thus, the measurement of
|Vtb| at

√
s = 0.5 TeV with best sensitivity requires a cut

on theWb respectivelyeνb invariant mass in reaction (1)
in order to removet t̄ pair production or to enhance single

Table 2. Desirable luminosities for a possiblee+e− linear collider as
proposed in [23]

√
s , TeV LuminosityL , cm−2sec−1

0.5 5·1033

1.0 2·1034

1.5 3·1034

2.0 5·1034

Fig. 7. Sensitivity of |Vtb| expected for three-standard deviations with
respect to the SM predictions against the cutting parameter∆ for several
energies

top quark production (see also ref. [13]). The size of the
cut is in principle unknown and influences the event rate
which in turn determines the sensitivity on|Vtb| , δ|Vtb| .
The quantity which we calculate represents the ’single’ top
quark production cross section

σ∆(Vtb) =
∫ Mt−∆

Mmin

dM
dσtot

dM
+
∫ Mmax

Mt+∆
dM

dσtot

dM
, (5)

whereM ≡MWb(= Meνb) is the invariant mass of the (eνb)
system,Mmin = Mt + Mb, Mmax =

√
s - Mt −Mb, and∆,

the cut value, which has been chosen to vary between zero
and 10 GeV. The cross section (5) has been calculated for
several|Vtb| values between 0.7 and 1.2 (in steps of 0.05)
and converted into event rates by taking into account the
luminositiesL as given in Table 2 integrated over 107 sec,
a typical year of running.

The errors on|Vtb| expected for three-standard devia-
tions with respect to the SM expectations (with|Vtb|= 0.999)
are plotted in Fig. 7 against∆ at

√
s = 0.5, 1.0, 1.5 and 2.0

TeV, for mt = 180 GeV. An event selection efficiencyε of
100 % has been assumed. As can be seen, the higher the en-
ergy

√
s, the better is the accuracy on|Vtb|. Thus, promising

measurements of|Vtb| will be possible at
√
s= 2 TeV even
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if one takes into account event selection efficienciesε less
than unity and somewhat lower luminosities3.

Further, at
√
s = 0.5 TeV a dramatic cut variation of the

δ|Vtb|occurs, which indicates that for∆ close to 1-2 GeV an
optimized situation exists. It is also clearly visible that the
expectation for the case of noM (eνb)-cut (i.e.∆ = 0) the
|Vtb| sensitivity drops sharply because of the insensitivity
of the overwhelmingt t̄ events to|Vtb| . Our δ|Vtb| value
of ∼0.055 for∆ = 5 GeV at

√
s = 0.5 TeV is consistent

with the analogous findings of ref. [13] taking into account
the different luminosities assumed, the differentW decay
modes andε '30 %. However, it is worth emphasizing
that the accuracy of|Vtb| can be significantly improved
at
√
s = 2 TeV provided the inclusiveeνtb event rate is

known within a few percent and the linear collider is able to
deliver a luminosity close to 5·1034 cm−2 sec−1. Such|Vtb|
measurements do not require an optimized∆-cut (see Fig. 7).
Remainingt t̄ events might be easily removed by a soft cut
of about 5 GeV which is more in accord with experimental
resolutions of hadronic calorimeters, than a value of 1-2 GeV
preferred at

√
s = 0.5 TeV.

4 Summary and conclusion

Reaction (1),e+e− −→eνtb , has been studied in the energy
range 0.2 to 2 TeV and for top quark masses of 160, 180
and 200 GeV. The results were obtained by means of two
independent computer programs, CompHEP and GRACE,
and the adaptive Monte Carlo package BASES has been
used for phase space integration. Both approaches yield cross
section values in very good agreement with each other, and
gauge invariance has been confirmed on the level of the
numerical integration accuracy.

The cross section for reaction (1) rises very sharply af-
ter threshold, reaches a maximum somewhat above

√
s =

2mt and decreases like∼1/s with increasing energy. At
very large

√
s , however, the total cross section rises slowly

due to a permanently growing importance of the soft photon
t-channel exchange contributions (corresponding to the sec-
ond class of diagrams in Fig. 1). Other non-t t̄ contributions
to the processe+e− −→ eνtb were found to be very small
and are largely canceled by the negative interferences be-
tween diagrams of the different classes as shown in Fig. 1.
In particular, at

√
s = 0.5 TeV, the possible energy of an

e+e− linear collider in its first phase, practically all events
are due tot t̄ pair production, while at 2 TeV about 2/3
of the events in reaction (1) are produced by soft photon
t-channel exchange. It is further demonstrated that belowt t̄
threshold soft photon contributions also dominate the total
event rate. However, the number of events expected is so
small that physics studies are strongly restricted even if one
assumes very large luminosities. We have also shown that
top quark mass measurements by an energy scan in thet t̄
threshold region are not significantly hampered by the ef-
fects of all diagrams that contribute in addition to thet t̄
diagram.

Under reasonable assumptions for the luminosity of an
e+e− linear collider we have studied the accuracy with

3 The sensitivity on|Vtb| worsens with 1/
√
ε and 1/

√
N , whereN is

the number of events expected

which the CKM matrix element|Vtb| can be studied. At√
s = 0.5 TeV, the removal of the dominatingt t̄ events

which are insensitive to|Vtb| limits the accuracy. The best
cut for t t̄ event rejection in theWb respectivelyeνb in-
variant mass has a value of 1 - 2 GeV which is significantly
below the anticipated resolution of hadronic calorimeters.
The best sensitivity for|Vtb| might be obtained at

√
s =

2 TeV where single top soft photon production dominates.
It is also worthwhile to note that no M(eνb)-cut value op-
timization is required at such large energies and that|Vtb|
measurements do not suffer from theoretical uncertainties
due to higher order QCD corrections as expected in thet t̄
threshold region. The precision of|Vtb| as indicated in Fig. 7
relies however on the precise knowledge of the cross sec-
tion for reaction (1). QCD corrections to the top decay width
as well as photon radiative corrections at high energies pre-
vent a well known inclusiveeνtb production rate at present.
Once this rate is known to within a few percent, the reaction
e+e− −→eνtb seems to be a promising and complementary
channel for measuring|Vtb| . In this context a high energy
e−e− collider offers an advantage because the event rate ex-
pected fore−e− −→ e−νt̄b is practically the same as that
for reaction (1) with the absence ofs-channel background.
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