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In order to gain insight into the structure of quantum field theory, one often couples
relevant composite operators to external fields such that functional differentiation w.r.t.
these fields yields Green functions of the respective operator. A particular variant of
this method consists in replacing the coupling constant by a local coupling field. The
corresponding composite operator is the local, i.e. non-integrated interaction vertex whose
study opens direct access to nonrenormalization theorems [1, 2]. Simultaneously, this
operator is related to the supercurrent through the superconformal trace identity, i.e. the
conformal anomaly can be written in terms of functional differential operators involving
the local coupling. In this article, we mainly concentrate on the case of SQED.

The local coupling is a dimensionless chiral superfield n which in the limit of constant

coupling corresponds to n =17 = %9*2 [2]. We also use the abbreviation G' = (n + 7)~"/2.

The gauge transformations of the gauge superfield ® and the matter fields Ay are given
by
5>\CI) = IG_l(/\ — 5\) s (5>\A:|: = :Fl)\A:t . (1)

The classical gauge field kinetic action reads
Ip = /dGanO‘Fa +/d6277FdF0" (2)
with F,, = D?D,(G®). For constant coupling, this becomes g-independent. We have the

relation 5 5
6, ~ 65 7 o —
(/dz577 /d 577) 0= )

therefore it makes sense to require an analogous relation for the vertex functional. For
the gauge fixing we choose

Iy = / d®z G2D*(G®)D*(G®), (4)

in addition we include a mass term for the gauge field in order to avoid infrared problems.
The total classical action

Ta=—55 (/d6z nFF, + /dﬁanaFd) + 3 /dgz (A1ePAL + Ae %A

Flt 00 [0 gm0 fatzaia ) 5)
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has a further symmetry,

J J
sp 3 [q6
W°L'q =0, W —1/d 2 (A+5A+ +A_5A_) + c.c. (6)

We use the method of algebraic renormalization together with the BPHZL subtraction
procedure, in the generalization for superfields [3]. The breaking of gauge invariance is
linear, such that the gauge condition

wVD = ——__D2DX(G2D¥(G)) + %MZH"DQ(G’@) (7)
_ ) ) J
N = iD? 1 AL —— A ——
w =1D (G 5@) 1A+5A+ +iA_ SA (8)

can be established also in higher h-orders.

For constant coupling, the Callan-Symanzik equation expresses renormalizability of the
theory,

0
(Mau + ﬁﬁ_g — Yo No — ’YANA) I' = soft, 9)

where p runs over all mass parameters and Ng, N4 are counting operators for the gauge
resp. matter fields. When we pass over to a local coupling, the obvious generalization of
the anomalous dimension term for the matter fields is

) ) )
2k -k 6 2k -k
Z” h / (A+6A+ A‘M ) Z/dz”‘ Gh (A 6A++A_5A_)’

(10)
where ¢ is replaced by G. But the right-hand side of (10) is not supersymmetric, simply
because G is a real superfield and the integral extends only over chiral superspace. So we
run into the problem that there is no obvious possibility to formulate a Callan-Symanzik
equation for the model with local coupling due to the presence of chiral matter fields. A
possible solution to this problem has been proposed in [4]. It consists of introducing an
additional external real field L such that the W3-symmetry is gauged. However, since
this contains a 7ys-transformation of the electron field, there is a one-loop anomaly which
we express in terms of the operator

) _ )
By = 5 +1D? (G2 M)) (11)
Thus our additional gauge Ward identity reads
~31 — 0 0 2 g (1) loc
W'l = A+5A++A_5A,_D(5_L+25 h#By° | I' = soft, (12)

where “soft” includes soft contributions from the mass and gauge fixing terms. In order
to prove this Ward identity, one has to use Zimmermann identities for the mass and gauge
fixing terms and use the commutation relation [@3(2),w?(z")] = 0.
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From the WI (12) we derive another chiral WT [6]:

wiT +28Wh (D* B — D*B5°) T + 10"V - T = soft (13)
with
5 5N (- 5§ 4
K_p(a, 2 va 2 _pr(a -2 ya 2 14
v ( toa, T 5A) ( oA (5A) (14)
VE = 2103 (D, Do) (15)

(13) describes a chiral transformation of the matter fields which is broken by a 1-loop
anomaly.

With the help of the real external field L it is possible to establish a Callan-Symanzik
equation also in the case of local coupling,

(10, — BVhBy + Ba) I = soft (16)
with
By = /d% B+ /d62 By (17)
oc = gploc oc Ty8) 1 T rTS 5
,%’A:/d6z%}4 —|—/d6z%’f4 . By :%2;7; 'w D? <G2 L 5—L) . (18)

The operator Z, represents here all dilatational anomalies arising from the presence of
chiral fermions. Since £'$¢ should commute with @3, the coefficients VX’S) obey certain

restrictions.

In the limit of constant coupling, n — %9_2, and for L = 0, the contribution of %4
may be rewritten using the w3 Ward identity,

BaT — —7a (Na+28h%Be) T + soft (19)
with
Ta=—3> WO (20)

T

such that the Callan-Symanzik equation for constant coupling reads
(10, + B (1 + 2v4)hg? (99, — No) — 7aNa) I = soft. (21)
Thus the full § function is identified as

8= BVhg*(1+27). (22)

The superconformal Ward identity (see [3, 5]) reads

—16w,I' = DV, - T + 28WRD, BET — 2D, BT + soft . (23)
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‘SI(;—;“ may be interpreted as the g-derivative of an effective Lagrangian density, such that

in the limit L =0, G = g = const, (23) reads

—16wal = DWW, - T — 28Whg* (1 + 294) 9y Leg - T + soft
5

_ or 1)
280 kg2(1 4+ 294)DaD? (@ = ) + 49uDo (Ay——— + A —— | T. (24
+ 28Whg*(1 + 274) Dy 53 ) HavaDa (At AT (24)

The second line contains anomalous dimensions for ®, A,, A_. Here, the w?-WTI (12)
has been used to evaluate the é%—term in #'$°. Instead, it is also possible to rewrite the
%—term as a current contribution and a B-breaking. Of the resulting supercurrent V

only the R part is relevant,

—16wl = 2i0"V, - T + 4 3Yh(D?*Apz — D*Ap2) - T + soft (25)
) ) O
‘/;L/ = Va + %PYADaaaadDa 5LH - %YYAaa 5LH (26)
Ol et ) P
Ape =4 ==+ 142D [ 92 : 27
F { 5y T2 ( 5¢)}n2%g_2 (27)

This shows that conformal R-symmetry is broken by a one-loop anomaly if one uses the
modified current V. The breaking is identical to that of (13), therefore one can combine
both WIs to a conserved WI,

(—24w + W) =103V — V) . T 4 soft, (28)

which corresponds to an R transformation with non-conformal weights for A,, A_: we
have n(Ay) = n(A_) = —1. With these weights the matter field mass term is invariant,
therefore there is no F*F, anomaly (The Zimmermann identity for the gauge field mass
term does not produce generically chiral breaking terms).

The operator Ag2 defined in (27) represents a renormalized version of the term F*F,,

[Ap2] - T = [=55F*F, 4+ O(h)] - T + soft mass terms. (29)

By applying Z5¢ to the Callan-Symanzik equation (16), we find
WP ([Ap2(2)] - T) = [0 Apz] - T + (89, — Yo No — YaNa) [Apz] - T +soft,  (30)
wN () ([Ap2(2)] - T) = (O + aM?)(6°(z — 2')D*(GD)). (31)

67

(30), (31) mean that Apz is a gauge invariant, finite operator.

To conclude this article, we briefly demonstrate how to derive a nonrenormalization
theorem for the two point function <T A+A_>, closely following [1]. By acting twice with
the supersymmetry Ward operator W2 on [d*z BT, we obtain in the limit G — ¢

Weewe { /d%; AFQ] T = /dﬁz%%gcr. (32)
3
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Using the chain rule and (3) this may be rewritten as
Weewe Ud‘*x AFQ] T =-1¢° (g0, — )T . (33)
3

We test this equation w.r.t. A, (z1), A_(22) and take into account that the eigenvalue of
g0, is just twice the loop order :

L1 (T ALY = 4GB + 0,5, 0,)010° <T A, () A (2) /d4x AF2> e
The superficial degree of divergence of a supergraph (lowest # component) is given by [3]
dpin =4 = 2N + Ne+ N; — Y dim(ext leg) + Y _ (dim(vertex) — 4), (35)

ext legs vertices

where N is the total number of external legs and N., N; are the numbers of chiral resp.
antichiral external legs. For the higher # components one has to add % for each 6 or 6,

d = dpin + 3. (36)
For the left and right hand sides of (34) we find the degrees
et min = 0, right,min = —1. (37)
Since the r.h.s. of (34) contains two explicit s, we have wief, = wright + 2 and therefore
drefs = $Wieft dright = 3Wieft — 2, (38)

i.e. the degree of divergence is improved by two.
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