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Introduction: Strings and NCG

Actions In classical field theory

Involve linear space of fields with
e bi-linear form <« kinetic/mass term

e (ass.) product < interaction terms.
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Non-commutative gauge theories
are expected to describe behavior

of massless open strlng modes In
certain limiting regl mes. on D-branes




Plan of Talk and Some Results

Examples of NC gauge theories
Example 1. NC Yang-Mills ext.
Example 2. Fuzzy Gauge th. int.
(Matrix models)
NC gauge theory from strings
Example 1: Flat space with B0
Example 2: Cpact. curved space
No space-time NC field theories!
Some remarks on classical vacua
& Interpretation in string theory .

(for example 1)




Example 1: Moyal-Wey| Product

f,g:RD%C /Skewsym-
I A
fxg(a) = f(z) 22" 0ndv g(g)

This product arises through quan-
tization of linear Poisson bracket:

8 l/} — LV < electronsin strong
{'CE y L T @ magnetic field B = ©1

Note: 0 iImplem. by commutator :
[z 3 f(z)] = i©10, f(x)




Example 1:Non-commutative Y M

S(A) ~ [dPx trFy, « F*

A

A, = Maty(Fun(R”)) AR5

e non-local int.

Invariant under gauge transform. :

A2 Lol —i[Ag * Al

Kap A (kE'LQGyp "I‘ k33GPPJ 'I' kglGuy) X
X Sin(©7k3k2) d(ky + ky - k3)

Ky, 1 K,V [Krajewski, Wulkenhaar]



Example 2. Spheres & Matrices

Space Mat,, of MxM matrices has
non-commutative matrix product.

Fun(S?%) > YJ,Y.L,... Y5, ...
|

| *
1 x2 spherical harm.

\ N - Jd - e |
i‘%% AT ~ ) L ~ ~ W . -
VidLl> = 19,0 < Pauli matrices

Maty, > 1u7,2%,...,YM-1
I

(9 trunc. KK spec.

Matrix algebras obtained by quan-
tization of 2-sphere with linear PB

{z%, 2"} = [, 2¢ = O%(x)



Example 2. Fuzzy Gauge Theory

Matrix models
N[M]

1
Sym(4) = trFF™ 4. ¢ Maty(Maty)

v
Fab — LaAb -|- LbAa -|- i[Aa, Ab] -|- EabCAC
4
infinitesimal rotation: LgA = i[zq, A]

N[M] 1

Scs(A) = tr(e™CS )

mass term

. i
CSabe = LaApAe + ZAuApAc + 5 AuAy

Such lattice like theories can pre-
Serve continuous symmetries and
SUSY (here: the SU(2) rotations)

[Hoppe] [Madore] [Grosse et al.] [Watamur&?]



Branes in Flat Space and * -Product
string tension srm. skew sym.

v v
a'y
bounda?y term

Decoupling limit: a’ — 0 1o sringose
g/O(’ —> O (g/(O(’)Z f|Xed) no dissipation

String endpoint coordinates are

quantized = * - product |5 U

Dynamics of massless open string
modes described by NCYM S,

Gos~ (0’')°BgiB [ Seiberg,Witten]



Electric fields and NCOS Theory

It E, =By, #0 thereisproblem
with the decoupling limit: (o — o)

EX 141 det(—;?'qE QQE)Z_QQHGIE)Q N

Background unstable for g/a’ < E

TOer Limit: o’ — 0
e  go >E
\ . f (0 ¢ Tixed)
tension

For E ~ E.= g/a’ we remain with
pure open string th. on NC e~ o

space-time (NCOS). %ggggrkgr;a;le]t o



Branes in a Curved Background S3

Rf‘u)y o %Hungyo-p —I_ O(QI) — O
|l

curvature a[u Bap] R ;;z: 0= B ;_:_% 0

Stable branes wrap S0 S® with a

non-constant B-field (bal. tension)

[Bachas et dl.]
[Alekseev,V S|

Quantized S has
finite # of states.

= Matrix geometry !

Dynamics of massless open string
modes described by S :KSYI\/I - Seg

[Alekseev, Recknagdl, V9] mass ter ms cancel




Dynamics. Some Classical Vacua

[Nekrasov, Schwarz] ... [Gopakumar et al.]

v
Toyex..,V'=m?p+gl2@x@=0

S TIx TI=TT @=-2m?/g T
2
mn = 2(=1)"Ln(2r%)e”"
Laguerre pol. 2= X% + X2

Generalizesto arbitrary shape V !

Equations of motion for NC gauge

‘ - . |:Oinvertible
theory are ‘algebraic’ A, = 0 gauge

[ ¥ Bt = ;_lf“*“' @/' f'i'j}gf,z : ‘W(B ) — H.,I/
I:B=at4 40 @(B)= fipe




|nterpretation of Solutions (Ex 11)
[Alekseev, Recknagdl, V9]

Consider N DO branes on S°: S

Ag, [4%, 0] —iftb a =0 Ao EMatn(D
[ a [ ] ?;f ¢ ] Ia.:DU(tG-):O

Solvedby A, = A, anirrepof su(2).
Sj‘f m {f’/\ *‘*%"“ ’}L;‘J N Sﬁ_ﬁf\; m {A) ='%’= 51 [ N-1 | ( A \]

=Am<O0
1 [N-1]
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N [0] cp. [Myers]

In NCG gauge groups treated for
space time (no clear destinction).



Conclusions and Outlook

Two different types of NC gauge
theories arise from String Theory.

Branesin flat » NCYangMills
bgrdw B £0 on MW-def RP

BranesonS¥ ———» Fuzzy gaugeth

There are solution generating tech-

nigues that allow to construct inter-

esting classical vacua. — Brane dynamics
see e.g. [Harvey 01]

Matrix models for a wide class of
exactly solvable backgrounds have
been constructed [rFredennagen, vs) =
Many new condensation processes
on branes in strongly curved bgrds.




