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We present a brief review of recent advances in string cosmology. Starting with the
Dilaton-Moduli Cosmology (known also as the Pre Big Bang), we go on to include
the effects of axion fields and address the thorny issue of the Graceful Exit in String
Cosmology. This is followed by a review of density perturbations arising in string
cosmology and we finish with a brief introduction to the impact moving five branes
can have on the Dilaton-Moduli cosmological solutions.

I. INTRODUCTION

String theory, and its most recent incarnation, that of M-theory, has been accepted
by many as the most likely candidate theory to unify the forces of nature as it includes
General Relativity in a consistent quantum theory. If it is to play such a pivotal role in
particle physics, it should also include in it all of cosmology. It should provide the initial
conditions for the Universe, perhaps even explain away the singularity associated with
the standard big bang. It should also provide a mechanism for explaining the observed
density fluctuations, perhaps by providing the inflaton field or some other mechanism
which would lead to inflation. Should the observations survive the test of time, string
theory should be able to provide a mechanism to explain the current accelerated expansion
of the Universe. In other words, even though it is strictly a theory which can unify gravity
with the other forces in the very early Universe, for consistency, as a theory of everything
it will have a great deal more to explain. In this article, we will introduce some of the
developments that have occurred in string cosmology over the past decade or so, initially
basing the discussion on an analyse of the low energy limit of string theory, and then later
extending it to include branes arising in Heterotic M-theory.

II. DILATON-MODULI COSMOLOGY (PRE-BIG BANG)

Strings live in 4+d spacetime dimensions, with the extra d dimensions being compact-
ified. For homogeneous, four—dimensional cosmologies, where all fields are uniform on the
surfaces of homogeneity, we can consider the compactification of the (4 4+ d)-dimensional
theory on an isotropic d-torus. The radius, or ‘breathing mode’ of the internal space,
is then parameterized by a modulus field, 3, and determines the volume of the internal
dimensions. We can then assume that the (4 + d)-dimensional metric is of the form

ds? = —dt* + gijda'da’ + eV P5,,d X d X1 (1)
where indices run from (i,5) = (1,2,3) and (a,b) = (4,...,3 + d) and 6, is the d-

dimensional Kronecker delta. The modulus field 3 is normalized in such a way that it
becomes minimally coupled to gravity in the Einstein frame.
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The low energy action that is commonly used as a starting point for string cosmology
is the four dimensional effective Neveu-Schwarz- Neveu-Schwarz (NS-NS) action given by:

1

5. = [ dt/lgle* [R + (V) — % (VO — 5% (Vo V]| @)

where ¢ is the effective dilaton in four dimensions, and o is the pseudo-scalar axion
field which is dual to the fundamental NS-NS three—form field strength present in string
theory, the duality being given by

HMWA = b5 0?7 g, (3)

The dimensionally reduced action (2) may be viewed as the prototype action for string
cosmology because it contains many of the key features common to more general actions.
Cosmological solutions to these actions have been extensively discussed in the literature
— for a review see [1]. Some of them play a central role in the pre-big bang inflationary
scenario, first proposed by Veneziano [2, 3]. An important point can be seen immediately
in (2) where there is a non-trivial coupling of the dilaton to the axion field, a coupling
which will play a key role later on when we are investigating the density perturbations
arising in this scenario.

All homogeneous and isotropic external four-dimensional spacetimes can be described
by the Friedmann-Robertson-Walker (FRW) metric. The general line element in the string
frame can be written as

dst = a*(n) {~dn® + dQ} | (4)

where a(n) is the scale factor of the universe, 7 is the conformal time and dQ? is the line
element on a 3-space with constant curvature k:
. 2
sin /K
A2 = dy? + (%) (d6? + sin® 0d?) (5)
To be compatible with a homogeneous and isotropic metric, all fields, including the
pseudo—scalar axion field, must be spatially homogeneous.

The models with vanishing form fields, but time-dependent dilaton and moduli fields,
are known as dilaton-moduli-vacuum solutions. In the Einstein—frame, these solutions
may be interpreted as FRW cosmologies for a stiff perfect fluid, where the speed of sound
equals the speed of light. The dilaton and moduli fields behave collectively as a massless,
minimally coupled scalar field, and the scale factor in the Einstein frame is given by

pm
- | T 6
CT N T R (6)

where @ = e %/2q, @, is a constant and we have defined a new time variable:

k~Y2| tan(k'/%n)| for K >0
T=14 |nl fork =0 . (7)
|| ~1/2| tanh(|x|'/?n)| for K < 0

The time coordinate 7 diverges at both early and late times in models which have x > 0,
but 7 — |k|~'/? in negatively curved models. There is a curvature singularity at n = 0
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with @ = 0 and the model expands away from it for n > 0 or collapses towards it for
n < 0. The expanding, closed models recollapse at 7 = +7/2 and there are no bouncing
solutions in this frame.

The corresponding string frame scale factor, dilaton and modulus fields are given by

the ‘rolling radii’ solutions [4]
7-1+\/§cos§*
= Q| ———— 8
¢ = an T ©

e — ecp*T\/gcos{* ’ (9)
B — fepV3siné (10)
The integration constant £, determines the rate of change of the effective dilaton relative to
the volume of the internal dimensions. Figures 1 and 2 show the dilaton-vacuum solutions

in flat FRW models when stable compactification has occurred, so that the volume of the
internal space is fixed, with & mod 7 = 0.

w ) I Ll Ll I Ll

FIG. 1: String frame scale factor, a, as a function of conformal time, 7, for flat Kk = 0 FRW
cosmology in dilaton-vacuum solution in Eq. (8) with £, = 0 (dashed-line), £, = 7 (dotted line)
and dilaton-axion solution in Eq. (13) with » = v/3 (solid line). The (4) and (—) branches are
defined in the text.

The solutions just presented have a scale factor duality which when applied simultane-
ously with time reversal implies that the Hubble expansion parameter H = d(Ina)/dt re-
mains invariant, H(—t) — H(t), whilst its first derivative changes sign, H(—t) — —H(t).
A decelerating, post—big bang solution — characterized by @ > 0, ¢ < 0 and H < 0 — is
mapped onto a pre-big bang phase of inflationary expansion, since a/a = H + H* > 0.
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FIG. 2: Dilaton, e”, as a function of conformal time, 7, for flat kK = 0 FRW cosmology in dilaton-
vacuum solution in Eq. (9) with & = 0 (dashed-line), {, = 7 (dotted line) and dilaton-axion
solution in Eq. (12) with r» = v/3 (solid line).

The Hubble radius H ! decreases with increasing time and the expansion is therefore
super-inflationary. Thus, the pre-big bang cosmology (x = 0 case in Eqns. (8-10)) is one
that has a period of super-inflation driven simply by the kinetic energy of the dilaton and
moduli fields [2, 3]. This is related by duality to the usual FRW post—big bang phase.
The two branches are separated by a curvature singularity, however, and it is not clear
how the transition between the pre— and post—big bang phases might proceed. This will
be the focus of attention in section five.

The solution for a flat (k = 0) FRW universe corresponds to the well-known monotonic
power-law, or ‘rolling radii’, solutions. For cos &, < —1/+/3 there is accelerated expansion,
i.e., inflation, in the string frame for n < 0 and e¥ — 0 as ¢ — —o0, corresponding to the
weak coupling regime. The expansion is an example of ‘pole-law’ inflation [5, 6].

The solutions have semi-infinite proper lifetimes. Those starting from a singularity at
t = 0 for t > 0 are denoted as the (=) branch in Ref. [7], while those which approach a
singularity at ¢ = 0 for ¢ < 0 are referred to as the (4) branch (see figures 1-2). These
(+/—) branches do not refer to the choice of sign for cos,. On either the (+) or (—)
branches of the dilaton-moduli-vacuum cosmologies we have a one-parameter family of
solutions corresponding to the choice of &,, which determines whether e¥ goes to zero
or infinity as ¢ — 0. These solutions become singular as the conformally invariant time
parameter 7 = [ dt/a(t) — 0 and there is no way of naively connecting the two branches
based simply on these solutions [7].

In the Einstein frame, where the dilaton field is minimally coupled to gravity, the scale
factor given in Eq. (6), becomes

Q= a.ln|"” (11)
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As n — 0 on the (+) branch, the universe is collapsing with @ — 0, and the comoving
Hubble length |d(Ina)/dn|~" = 2|n| is decreasing with time. Thus, in both frames there
is inflation taking place in the sense that a given comoving scale, which starts arbitrarily
far within the Hubble radius in either conformal frame as n — —o0, inevitably becomes
larger than the Hubble radius in that frame as n — 0. The significance of this is that
it means that perturbations can be produced in the dilaton, graviton and other matter
fields on scales much larger than the present Hubble radius from quantum fluctuations in
flat spacetime at earlier times — this is a vital property of any inflationary scenario.

For completeness, it is worth mentioning that these solutions can be extended to include
a time-dependent axion field, o(t), by exploiting the SL(2, R) S-duality invariance of the
four-dimensional, NS-NS action [4]. We now turn our attention to this fascinating case.

III. DILATON-MODULI-AXION COSMOLOGIES

The cosmologies containing a non—trivial axion field can be generated immediately due
to the global SL(2, R) symmetry of the action (2). The resultant solutions are [4]:

- @),

where the exponents are related via
P+t =3, (16)

and without loss of generality we may take r > 0.

In all cases, the dynamics of the axion field places a lower bound on the value of
the dilaton field, ¢ > .. In so doing, the axion smoothly interpolates between two
dilaton—-moduli—vacuum solutions, where its dynamical influence asymptotically becomes
negligible. The effects of time—dependent axion solutions for the scale-factor and dilaton
are plotted in Figure2 1 and 2 for the flat FRW model when the modulus field is trivial
(s = 0). When the internal space is static, it is seen that the string frame scale factors
exhibit a bounce. However we still have a curvature singularity in the Einstein frame as
7 — 0. The actual time-dependent axion solutions is shown in Figure 3.

The spatially flat solutions reduce to the power law, dilaton—-moduli-vacuum solution
given in Egs. (8-10) at early and late times. When n — 4oo the solution approaches
the vacuum solution with v/3cosé, = +r, while as 7 — 0 the solution approaches the
V3cos€&, = —r solution. Thus, the axion solution interpolates between two vacuum
solutions related by an S-duality transformation ¢ — —¢. When the internal space
is static the scale factor in the string frame is of the form a o V3 as n — Zoo,
while as 7 — 0 the solution becomes a oc ¢t~V V3 These two vacuum solutions are
thus related by a scale factor duality that inverts the spatial volume of the universe.
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FIG. 3: Axion, o, as a function of conformal time, n, for flat kK = 0 FRW cosmology in dilaton-
axion solution in Eq. (15) with r = v/3 (solid line).

This asymptotic approach to dilaton-moduli-vacuum solutions at early and late times
will lead to a particularly simple form for the semi-classical perturbation spectra that
is independent of the intermediate evolution. However, there is a down side to these
solutions from the standpoint of pre big bang cosmologies. As n — +o0o and as n — 0 the
solution approaches the strong coupling regime where e — oco. Thus there is no weak
coupling limit, the axion interpolates between two strong coupling vacuum solutions. We
will shortly see how a similar affect arises when we include a moving brane in the dilaton-
moduli picture, as it too mimics the behaviour of a non-minimally coupled axion field.

The overall dynamical effect of the axion field is negligible except near 7 &~ 7,, when
it leads to a bounce in the dilaton field. Within the context of M-theory cosmology, the
radius of the eleventh dimension is related to the dilaton by ry; e?/3 when the modulus
field is fixed. This bound on the dilaton may therefore be reinterpreted as a lower bound
on the size of the eleventh dimension.

IV. FINE TUNING ISSUES

The question over the viability of the initial conditions required in the pre Big Bang
scenario has been a cause for many an argument both in print and in person. Since both
H and ¢ are positive in the pre-big bang phase, the initial values for these parameters
must be very small. This raises a number of important issues concerning fine-tuning in
the pre-big bang scenario [8-14]. There needs to be enough inflation in a homogeneous
patch in order to solve the horizon and flatness problems which means that the dilaton
driven inflation must survive for a sufficiently long period of time. This is not as trivial
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as it may appear, however, since the period of inflation is limited by a number of factors.

The fundamental postulate of the scenario is that the initial data for inflation lies
well within the perturbative regime of string theory, where the curvature and coupling
are very small [3]. Inflation then proceeds for sufficiently homogeneous initial conditions
[12, 13], where time derivatives are dominant with respect to spatial gradients, and the
universe evolves into a high curvature and strongly—coupled regime. Thus, the pre-big
bang initial state should correspond to a cold, empty, and flat vacuum state. Initial
the universe would have been huge relative to the quantum scale and hence should have
been well described by classical solutions to the string effective action. This should be
compared to the initial state which describes the standard hot big bang, namely a dense,
hot, and highly curved region of spacetime. This is quite a contrast and a primary goal of
pre-big bang cosmology must be to develop a mechanism for smoothly connecting these
two regions, since we believe that the standard big bang model provides a very good
representation of the current evolution of the universe.

Our present observable universe appears very nearly homogeneous on sufficiently large
scales. In the standard, hot big bang model, it corresponded to a region at the Planck
time that was 10°° times larger than the horizon size, lp;. This may be viewed as an initial
condition in the big bang model or as a final condition for inflation. It implies that the
comoving Hubble radius, 1/(aH ), must decrease during inflation by a factor of at least
1039 if the horizon problem is to be solved. For a power law expansion, this implies that

‘ﬂ < 10730 (17)

ni|

where subscripts ¢ and f denote values at the onset and end of inflation, respectively.

In the pre-big bang scenario, Eq. (9) implies that the dilaton grows as e¥ |77|*\/§,
and since at the start of the post-big bang epoch, the string coupling, g; = e#/2, should
be of order unity, the bound (17) implies that the initial value of the string coupling
is strongly constrained, g;; < 1072°. Turner and Weinberg interpret this constraint as
a severe fine-tuning problem in the scenario, because inflation in the string frame can
be delayed by the effects of spatial curvature [8]. It was shown by Clancy, Lidsey, and
Tavakol that the bounds are further tightened when spatial anisotropy is introduced,
actually preventing pre-big bang inflation from occurring [9]. Moreover, as we have seen
the dynamics of the NS-NS axion field also places a lower bound on the allowed range
of values that the string coupling may take [4]. In the standard inflationary scenario,
where the expansion is quasi—exponential, the Hubble radius is approximately constant
and a o< (—n)~!. Thus, the homogeneous region grows by a factor of |n;/n¢| as inflation
proceeds. During a pre-big bang epoch, however, a o< (—n)~" 1+V3 and the increase in
the size of a homogeneous region is reduced by a factor of at least 1030V3/(1+V3) ~ 1019
relative to that of the standard inflation scenario. This implies that the initial size of
the homogeneous region should exceed 10' in string units if pre-big bang inflation is to
be successful in solving the problems of the big bang model [2, 10]. The occurrence of
such a large number was cited by Kaloper, Linde, and Bousso as a serious problem of the
pre—big bang scenario, because it implies that the universe must already have been large
and smooth by the time inflation began [10].

On the other hand, Gasperini has emphasized that the initial homogeneous region of the
pre—big bang universe is not larger than the horizon even though it is large relative to the
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string/Planck scale [15]. The question that then arises when discussing the naturalness,
or otherwise, of the above initial conditions is what is the basic unit of length that should
be employed. At present, this question has not been addressed in detail.

Veneziano and collaborators conjectured that pre—big bang inflation generically evolves
out of an initial state that approaches the Milne universe in the semi-infinite past, ¢t —
—o0 [12, 13]. The Milne universe may be mapped onto the future (or past) light cone of the
origin of Minkowski spacetime and therefore corresponds to a non—standard representation
of the string perturbative vacuum. The proposal was that the Milne background represents
an early time attractor, with a large measure in the space of initial data. If so, this would
provide strong justification for the postulate that inflation begins in the weak coupling
and curvature regimes and would render the pre-big bang assumptions regarding the
initial states as ‘natural’. However, Clancy et al. took a critical look at this conjecture
and argued that the Milne universe is an unlikely past attractor for the pre-big bang
scenario [16]. They suggested that plane wave backgrounds represent a more generic initial
state for the universe [9]. Buonanno, Damour and Veneziano have subsequently proposed
that the initial state of the pre—big bang universe should correspond to an ensemble of
gravitational and dilatonic waves [14]. They refer to this as the state of ‘asymptotic past
triviality’. When viewed in the Einstein frame these waves undergo collapse when certain
conditions are satisfied. In the string frame, these gravitationally unstable areas expand
into homogeneous regions on large scales.

To conclude this Section, it is clear that the question of initial conditions in the pre-big
bang scenario is currently unresolved. We turn our attention now to another unresolved
problem for the scenario — the Graceful Exit.

V. THE GRACEFUL EXIT

We have seen how in the pre Big Bang scenario, the Universe expands from a weak
coupling, low curvature regime in the infinite past, enters a period of inflation driven
by the kinetic energy associated with the massless fields present, before approaching the
strong coupling regime as the string scale is reached. There is then a branch change
to a new class of solutions, corresponding to a post big bang decelerating Friedman-
Robertson-Walker era. In such a scenario, the Universe appears to emerge because of
the gravitational instability of the generic string vacua — a very appealing picture, the
weak coupling, low curvature regime is a natural starting point to use the low energy
string effective action. However, how is the branch change achieved without hitting the
inevitable looking curvature singularity associated with the strong coupling regime? The
simplest version of the evolution of the Universe in the pre-big bang scenario inevitably
leads to a period characterised by an unbounded curvature. The current philosophy is to
include higher-order corrections to the string effective action. These include both classical
finite size effects of the strings (o’ corrections arising in higher order derivatives), and
quantum string loop corrections (g, corrections). The list of authors who have worked in
this area is too great to mention here, for a detailed list see [1, 17]. A series of key papers
were written by Brustein and Madden, in which they demonstrated that it is possible to
include such terms and successfully have an exit from one branch to the other [18, 19].
More recently this approach has been generalised by including combinations of classical
and quantum corrections [20]. Brustein and Madden [18, 19] made use of the result that
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classical corrections can stabilize a high curvature string phase while the evolution is still
in the weakly coupled regime[21]. The crucial new ingredient that they added was the
inclusion of terms of the type that may result from quantum corrections to the string
effective action and which induce violation of the null energy condition (NEC — The Null
Energy Condition is satisfied if p + p > 0, where p and p represent the effective energy
density and pressure of the additional sources). Such extra terms mean that evolution
towards a decelerated FRW phase is possible. Of course this violation of the null energy
condition can not continue indefinitely, and eventually it needs to be turned off in order
to stabilise the dilaton at a fixed value, perhaps by capture in a potential minimum or by
radiation production — another problem for string theory!

The analysis of [18] resulted in a set of necessary conditions on the evolution in terms of
the Hubble parameters Hg in the string frame, Hg in the Einstein frame and the dilaton
¢, where they are related by Hp = e#/>(Hg — 1¢). The conditions were:

e Initial conditions of a (4) branch and Hg, ¢ > 0 require Hg < 0.
e A branch change from (+) to (—) has to occur while Hg < 0.

e A successful escape and exit completion requires NEC violation accompanied by a
bounce in the Einstein frame after the branch change has occurred, ending up with
HE > 0.

e Further evolution is required to bring about a radiation dominated era in which the
dilaton effectively decouples from the “matter” sources.

In the work of [19], employing both types of string inspired corrections, the authors made
use of the known fact [21] that o corrections created an attractive fixed point for a wide
range of initial conditions which stabilized the evolution in a high curvature regime with
linearly growing dilaton. This then caused the evolution to undergo a branch change, all
of this occurring for small values of the dilaton (weak coupling), so the quantum correc-
tions could be ignored. However, the linearly growing dilaton meant that the quantum
corrections eventually become important. Brustein and Madden employed these to induce
NEC violation and allow the universe to escape the fixed point and complete the transi-
tion to a decelerated FRW evolution. As an explicit example in [20] we consider a string
theory motivated example where we include a number of higher derivative o’ terms. Our
starting point is the minimal 4—dimensional string effective action:

o _ i, / do/=g L0
«
1 _
= J/d%\/—ge “’{R+(8H<p)2}. (18)

By low-energy tree-level effective action, we mean that the string is propagating in a
background of small curvature and the fields are weakly coupled. However, the evolution
from the pre-big bang era to the present is understood to be characterised by a regime
of growing couplings and curvature. This means that the Universe will have to evolve
through a phase when the field equations of this effective action are no longer valid. Hence,
the low-energy dynamical description has to be supplemented by corrections in order to
reliably describe the transition regime.
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The finite size of the string will have an impact on the evolution of the scale factor
when the curvature of the Universe reaches a critical level, corresponding to the string
length scale Ag ~ Vo' (fixed in the string frame), and such corrections are expected to
stabilise the growth of the curvature into a de-Sitter like regime of constant curvature
and linearly growing dilaton [21]. Eventually the dilaton will play a major role, and
since the loop expansion is governed by powers of the string coupling parameter gg = e?,
these quantum corrections will modify dramatically the evolution when we reach the
strong coupling region [18, 19]. This should correspond to the stage when the Universe
completes a smooth transition to the post-big bang branch, characterised by a fixed value
of the dilaton and a decelerating FRW expansion. One of the unresolved issues of the
transition concerns whether or not the actual exit takes place at large coupling, e¥ > 1.
If it occurred whilst the coupling was still small, then we would be happy to use the
perturbative corrections we are adopting.

The type of corrections we consider involve truncations of the classical action at order
o/. The most general form for a correction to the string action up to fourth-order in
derivatives has been presented in refs [22, 23]:

re — i//d‘lx\/—gﬁ(c)
(67
1 _
=~ [dev=ae Rty + (0,00
1
el B — S RY D0, + d(00)' ) (19)

Ré B = RW,\F,R”"/\” — 4R, R*" + R? is the Gauss-Bonnet combination which guarantees
the absence of higher derivatives. In fixing the different parameters in this action we
require that it reproduces the usual string scattering amplitudes [24]. This constrains the
coefficient of wa/\p with the result that the pre-factor for the Gauss-Bonnet term has to
be a = —1. But the Lagrangian can still be shifted by field redefinitions which preserve
the on-shell amplitudes, leaving the three remaining coefficients of the classical correction
satisfying the constraint

2(b+¢) +d = —16a. (20)

There is as yet no definitive calculation of the full loop expansion of string theory.
This is of course a big problem if we want to try and include quantum effects in analysing
the graceful exit issue. The best we can do, is to propose plausible terms that we hope
are representative of the actual terms that will eventually make up the loop corrections.
We believe that the string coupling gg actually controls the importance of string-loop
corrections, so as a first approximation to the loop corrections we multiply each term of
the classical correction by a suitable power of the string coupling [18, 19]. When loop
corrections are included, we then have an effective Lagrangian given by

L=LO4L£C) 4 AL 4 Be?o L) (21)

where £ is given in Eq. (18) and £(©) given in Eq. (19). The constant parameters A
and B actually control the onset of the loop corrections.

Not surprisingly the field equations need to be solved numerically, but this can be
done and the solutions are very encouraging as they show there exists a large class of
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parameters for which successful graceful exits are obtained [20]. For example the natural
setting b = ¢ = 0 leads to the well-known form which has given rise to most of the studies
on corrections to the low-energy picture. In references [18, 21], the authors demonstrated
that this minimal classical correction regularises the singular behaviour of the low-energy
pre-big bang scenario. It drives the evolution to a fixed point of bounded curvature with
a linearly growing dilaton (the star in Figure 4 — which agrees with the results of [18, 21]),
suggesting that quantum loop corrections -known to allow a violation of the null energy
condition (p + p < 0)- would permit the crossing of the Einstein bounce to the FRW
decelerated expansion in the post-big bang era. Indeed, the addition of loop corrections
leads to a (—) FRW-branch as pictured in Figure 4. However, we still have to freeze the
growth of the dilaton. Following [18], we introduce by hand a particle creation term of the
form I' ¢, where I, is the decay width of the ¢ particle, in the equation of motion of the
dilaton field and then coupling it to a fluid with the equation of state of radiation in such
a way as to conserve energy overall. This allows us to stabilise the dilaton in the post-big
bang era with a decreasing Hubble rate, similar to the usual radiation dominated FRW
cosmology. We should point out though, that although it is possible to have a successful
exit, it is not so easy to ensure that the exit takes place in a weakly coupled regime, and
typically we found that as the exit was approached pgn. ~ 0.1 — —0.3. Thus it is fair
to say that although great progress has been made on the question of Graceful Exit in
string cosmology, it remains a problem in search of the full solution. It is a fascinating
problem, and not surprisingly alternative prescriptions which aim to address this issue
have recently been proposed, involving colliding branes [25] and Cyclic universes [27]. We
now turn our attention to the observational consequences of string cosmology, in particular
the generation of the observed cosmic microwave background radiation.

VI. DENSITY PERTURBATIONS IN STRING COSMOLOGY

We have to consider inhomogeneous perturbations that may be generated due to
vacuum fluctuations, and follow the formalism pioneered by Mukhanov and collabora-
tors [28, 29]. During a period of accelerated expansion the comoving Hubble length,
|d(Ina)/dn|~!, decreases and vacuum fluctuations which are assumed to start in the flat-
spacetime vacuum state may be stretched up to exponentially large scales. The precise
form of the spectrum depends on the expansion of the homogeneous background and the
couplings between the fields. The comoving Hubble length, |d(Ina)/dn|~" = 2|n|, does
indeed decrease in the Einstein frame during the contracting phase when n < 0. Because
the dilaton, moduli fields and graviton are minimally coupled to this metric, this ensures
that small-scale vacuum fluctuations will eventually be stretched beyond the comoving
Hubble scale during this epoch.

As we remarked earlier, the axion field is taken to be a constant in the classical pre-big
bang solutions. However, even when the background axion field is set to a constant, there
will inevitably be quantum fluctuations in this field. We will see that these fluctuations
can not be neglected and, moreover, that they are vital if the pre-big bang scenario is to
have any chance of generating the observed density perturbations.

In the Einstein frame, the first-order perturbed line element can be written as

ds* = @(n) {~(1 + 2A)dn? + 2B sdnda’ + [5;; + hij] da'da’} | (22)
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1.8 B

FIG. 4: Hubble expansion in the S-frame as a function of the dilaton for a successful exit with
a=—-1,b=c=0and d = 16. The y-axis corresponds to H, and the x-axis to 2¢/3. The
initial conditions for the simulations have been set with respect to the lowest-order analytical
solutions at tg = —1000. The straight black lines describe the bounds quoted in Section II.
The dotted magenta line shows the impact of the classical correction due to the finite size of
the string. A * denotes the fixed point. The contribution of the one-loop expansion is traced
with a dashed cyan line (A = 4). The dash-dotted blue line represents the incorporation of
the two-loop correction without the Gauss-Bonnet combination (B = —0.1). Finally, the green
plain line introduces radiation with I', = 0.08 and stabilises the dilaton.

where A and B are scalar perturbations and hi; is a tensor perturbation.

A. Scalar metric perturbations

First of all we consider the evolution of linear metric perturbations about the four-
dimensional spatially flat dilaton-moduli-vacuum solutions given in Eqs. (8-10). Con-
sidering a single Fourier mode, with comoving wavenumber k, the perturbed Einstein
equations yield the evolution equation

A"+ 2hA + KPA=0, (23)

plus the constraint B N s
A= —(B"+2hB), (24)
where & is the Hubble parameter in the Einstein frame derived from Eq. (11), and A’ = % .

In the spatially flat gauge we have the simplification that the evolution equation for
the scalar metric perturbation, Eq. (23), is independent of the evolution of the different
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massless scalar fields (dilaton, axion and moduli), although they will still be related by
the constraint
/8/

where d¢p and §3 are the perturbations in ¢ and 3 respectively. To first-order, the metric
perturbation, A, is determined solely by the dilaton and moduli field perturbations, al-
though its evolution is dependent only upon the Einstein frame scale factor, a(n), given
by Eq. (11), which in turn is determined solely by the stiff fluid equation of state for the
homogeneous fields in the Einstein frame.

One of the most useful quantities we can calculate is the curvature perturbation on
uniform energy density hypersurfaces (as kn — 0). It is commonly denoted by ¢ [30]and
in the Einstein frame, we obtain

(pl
'

=2,
in any dilaton-moduli-vacuum or dilaton—-moduli—axion cosmology [31, 32].

The significance of ¢ is that in an expanding universe it becomes constant on scales
much larger than the Hubble scale (|kn| < 1) for purely adiabatic perturbations. In single-
field inflation models this allows one to compute the density perturbation at late times,
during the matter or radiation dominated eras, by equating ( at “re-entry” (k = aH)
with that at horizon crossing during inflation. To calculate (, hence the density pertur-
bations induced in the pre-big bang scenario we can either use the vacuum fluctuations
for the canonically normalised field at early times/small scales (as kn — —o0o) or use the
amplitude of the scalar field perturbation spectra to normalise the solution for A. This
yields, (after some work), the curvature perturbation spectrum on large scales/late times
(as kn — 0):

(26)

P, = S E (k)i (21)

where [p; is the Planck length in the Einstein frame and remains fixed throughout. The
scalar metric perturbations become large on superhorizon scales (|kn| < 1) only near the
Planck era, H? ~ Iof.

The spectral index of the curvature perturbation spectrum is conventionally given
as [33]

(28)

where n = 1 corresponds to the classic Harrison-Zel’dovich spectrum for adiabatic density
perturbations favoured by most models of structure formation in our universe. By contrast
the pre-big bang era leads to a spectrum of curvature perturbations with n = 4. Such a
steeply tilted spectrum of metric perturbations implies that there would be effectively no
primordial metric perturbations on large (super-galactic) scales in our present universe if
the post-Big bang era began close to the Planck scale. Fortunately, as we shall see later,
the presence of the axion field could provide an alternative spectrum of perturbations
more suitable as a source of large-scale structure. The pre-big bang scenario is not so
straightforward as in the single field inflation case, because the full low-energy string
effective action possesses many fields which can lead to non-adiabatic perturbations. This
implies that density perturbations at late times may not be simply related to ¢ alone, but
may also be dependent upon fluctuations in other fields.
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B. Tensor metric perturbations

The gravitational wave perturbations, h;;, are both gauge and conformally invariant.
They decouple from the scalar perturbations in the Einstein frame to give a simple evo-
lution equation for each Fourier mode

W+ 2hh, + k2hy = 0. (29)

This is exactly the same as the equation of motion for the scalar perturbation given in
Eq. (23) and has the same growing mode in the long wavelength (|kn| — 0) limit given by
Eq. (27). The spectrum depends solely on the dynamics of the scale factor in the Einstein
frame given in Eq. (11), which remains the same regardless of the time-dependence of the
different dilaton, moduli or axion fields. It leads to a spectrum of primordial gravitational
waves steeply growing on short scales, with a spectral index ny = 3 [3], in contrast to
conventional inflation models which require ny < 0 [33]. The graviton spectrum appears
to be a robust and distinctive prediction of any pre-big bang type evolution based on the
low-energy string effective action, although recently in the non-singular model of section
5, we have demonstrated how passing through the string phase could lead to a slight shift
in the tilt closer to ny ~ 2 [34]

C. Dilaton—Moduli—Axion Perturbation Spectra

We will now consider inhomogeneous linear perturbations in the fields about a homo-
geneous background given by [32, 35]

o =N +dp(x,n), o=o0cn)+do(x,n), B=75n+36(x,n). (30)

The perturbations can be re-expressed as a Fourier series in terms of Fourier modes with
comoving wavenumber k. Considering the production of dilaton, moduli and axion per-
turbations during a pre-big bang evolution where the background axion field is constant,
o' = 0, the evolution of the homogeneous background fields are given in Eqs. (9-10).
The dilaton and moduli fields both evolve as minimally coupled massless fields in the
Einstein frame. In particular, the dilaton perturbations are decoupled from the axion
perturbations and the equations of motion in the spatially flat gauge become

5¢" + 2hd¢’ + K260 = 0, (31)
66" 4+ 2h83' + k263 = 0, (32)
60" 4 2hd0’ + k260 = —24'80" (33)

Note that these evolution equations for the scalar field perturbations defined in the spa-
tially flat gauge are automatically decoupled from the metric perturbations, although as
we have said they are still related to the scalar metric perturbation, A through Eq. (25).

On the (+) branch, i.e., when 7 < 0, we can normalise modes at early times, n — —oo,
where all the modes are far inside the Hubble scale, k > |n|~!, and can be assumed to be
in the flat-spacetime vacuum. Whereas in conventional inflation where we have to assume
that this result for a quantum field in a classical background holds at the Planck scale, in
this case the normalisation is done in the zero-curvature limit in the infinite past. Just
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as in conventional inflation, this produces perturbations on scales far outside the horizon,
k < |n|~t, at late times, n — 0.

Conversely, the solution for the (—) branch with n > 0 is dependent upon the initial
state of modes far outside the horizon, k < |n|~!, at early times where n — 0. The
role of a period of inflation, or of the pre-big bang (4) branch, is precisely to set up this
initial state which otherwise appears as a mysterious initial condition in the conventional
(non-inflationary) big bang model.

The power spectrum for perturbations is commonly denoted by

k? 9

and thus for modes far outside the horizon (kn — 0) we have

32 5, ~

Pso = SEH(—kn)In(—kn)]?, (3)
32 5 ~

Poy = SR (—hn)*lin(—kn) (36)

where H = @ /a2 = 1/(2an) is the Hubble rate in the Einstein frame. The amplitude of
the perturbations grows towards small scales, but only becomes large for modes outside
the horizon (|kn| < 1) when H? ~ Ip, i.e., the Planck scale in the Einstein frame. The
spectral tilt of the perturbation spectra is given by

d1nPs,

n—1=An, = Tk

(37)

which from Egs. (35) and (36) gives An, = Ang = 3 (where we neglect the logarithmic
dependence). This of course is the same steep blue spectra we obtained earlier for the
metric perturbations, which of course is far from the observed near H-Z scale invariant
spectrum. We have recently examined the case of the evolution of the field perturbations
in the non-singular cosmologies of section five and as with the metric-perturbation case,
amongst a number of new features that emerge there is a slight shift produced in the
spectral index [36].

While the dilaton and moduli fields evolve as massless minimally coupled scalar fields
in the Einstein frame, the axion field’s kinetic term still has a non-minimal coupling
to the dilaton field. This is evident in the equation of motion, Eq. (33), for the axion
field perturbations do. The non-minimal coupling of the axion to the dilaton leads to a
significantly different evolution to that of the dilaton and moduli perturbations.

After some algebra, we find that the late time evolution in this case is logarithmic with
respect to —kn, (for p # 0)

77 2
Pso = 64712,C2 (1) (e o ) (—kn)®~, (38)

where 1 = |v/3cos&,| and the numerical coefficient

Clp) = %((g/g) , (39)
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approaches unity for u — 3/2.

The key result is that the spectral index can differ significantly from the steep blue
spectra obtained for the dilaton and moduli fields that are minimally coupled in the
Einstein frame. The spectral index for the axion perturbations is given by [32, 35]

Ang, = 3 — 2v/3| cos &, | (40)

and depends crucially upon the evolution of the dilaton, parameterised by the value of
the integration constant &,. The spectrum becomes scale-invariant as v/3| cos&,| — 3/2,
which if we return to the higher-dimensional underlying theory corresponds to a fixed
dilaton field in ten-dimensions. The lowest possible value of the spectral tilt An, is
3 — 2v/3 ~ —0.46 which is obtained when stable compactification has occurred and the
moduli field [ is fixed. The more rapidly the internal dimensions evolve, the steeper the
resulting axion spectrum until for cos&, = 0 we have An, = 3 just like the dilaton and
moduli spectra.

When the background axion field is constant these perturbations, unlike the dilaton or
moduli perturbations, do not affect the scalar metric perturbations. Axion fluctuations
correspond to isocurvature perturbations to first-order. However, if the axion field does
affect the energy density of the universe at later times (for instance, by acquiring a mass)
then the spectrum of density perturbations need not have a steeply tilted blue spectrum
such as that exhibited by the dilaton or moduli perturbations. Rather, it could have a
nearly scale-invariant spectrum as required for large-scale structure formation. Such an
exciting possibility has received a great deal of attention recently, notably in [37, 38, 40—
42], and could be a source for the ‘curvaton’ field recently introduced by Lyth and Wands
as a way of converting isocurvature into adiabatic perturbations [43]. Time will tell if
the axion has any role to play in cosmological density perturbations although already it
is beginning to look as the curvaton route is an interesting one to follow in this context
44, 45].

VII. SMOKING GUNS?

Are there any distinctive features that we should be looking out for which would act as
an indicator that the early Universe underwent a period of kinetic driven inflation? We
have already mentioned the possibility of observing the presence of axion fluctuations in
the cosmic microwave background anisotropies. Some of the other smoking guns include:

e The spectrum of primordial gravitational waves steeply growing on short scales, with
a spectral index ny = 3, although of no interest on large scales, such a spectrum
could be observed by the next generation of gravitational wave detectors such as
the Laser Interferometric Gravitational Wave Observatory (LIGO) if they are on
the right scale [34, 46, 47]. The current frequency of these waves depends on the
cosmological model, and in general we would require either an intermediate epoch
of stringy inflation, or a low re-heating temperature at the start of the post-big
bang era [48] to place the peak of the gravitational wave spectrum at the right
scale. Nonetheless, the possible production of high amplitude gravitational waves
on detector scales in the pre—big bang scenario is in marked contrast to conventional
inflation models in which the Hubble parameter decreases during inflation.
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e Because the scalar and tensor metric perturbations obey the same evolution equa-
tion, their amplitude is directly related. The amplitude of gravitational waves with
a given wavelength is commonly described in terms of their energy density at the
present epoch. For the simplest pre-big bang models this is given in terms of the
amplitude of the scalar perturbations as

2
Qg = —P¢ (41)

Zeq

where zo, = 24000,h? is the red-shift of matter-radiation equality. The advanced
LIGO configuration will be sensitive to Qg ~ 107 over a range of scales around
100Hz. However, the maximum amplitude of gravitational waves on these scales is
constrained by limits on the amplitude of primordial scalar metric perturbations on
the same scale [48]. In particular, if the fractional over-density when a scalar mode
re-enters the horizon during the radiation dominated era is greater than about 1/3,
then that horizon volume is liable to collapse to form a black hole with a lifetime of
the order the Hubble time and this would be evaporating today! If we find PBH’s
and gravitational waves together then this would indeed be an exciting result for
string cosmology!

e Evidence of a primordial magnetic field could have an interpretation in terms of
string cosmology. In string theory the dilaton is automatically coupled to the elec-
tromagnetic field strength, for example in the heterotic string effective action the
photon field Lagrangian is of the form

L=cPF, ", (42)

where the field strength is derived from the vector potential, F),, = V|, A,.

Now in an isotropic FRW cosmology the magnetic field must vanish to zeroth-order,
and thus the vector field perturbations are gauge-invariant and we can neglect the
metric back-reaction to first-order. In the radiation gauge (A° = 0, Afl- = 0) then
the field perturbations can be treated as vector perturbations on the spatial hyper-
surfaces. The field perturbation A; turns out to have a clear unique dependence on
the dilaton field. In fact the time dependence of the dilaton (rather than the scale
factor) leads to particle production during the pre-big bang from an initial vacuum
state [49-51]. Using the pre-big bang solutions given in Egs. (8)—(10), we find that
the associated Power spectrum of the gauge fields have a minimum tilt for the spec-
tral index for & = 0 when p = (1+ \/g)/Q with a spectral tilt Ang, = 4—+v/3 ~ 2.3.
This is still strongly tilted towards smaller scales, which currently is too steep to be
observably acceptable.

VIII. DILATON-MODULI COSMOLOGY INCLUDING A MOVING FIVE
BRANE.

We turn our attention in this final section to M-theory, and in particular to cosmolog-
ical solutions of four-dimensional effective heterotic M-theory with a moving five-brane,
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evolving dilaton and 7" modulus [52]. It turns out that the five-brane generates a tran-
sition between two asymptotic rolling-radii solutions, in a manner analogous to the case
of the NS-NS axion discussed in section three. Moreover, the five-brane motion generally
drives the solutions towards strong coupling asymptotically. The analogous solutions to
those presented in the pre-big-bang involves a negative-time branch solution which ends
in a brane collision accompanied by a small-instanton transition. Such an exact solution
should be of interest bearing in mind the recent excitement that has been generated over
the Ekpyrotic Universe scenario, which involves solving for the collision of two branes
25, 26].

The four-dimensional low-energy effective theory we will be using is related to the un-
derlying heterotic M-theory. Of particular importance for the interpretation of the results
is the relation to heterotic M-theory in five dimensions, obtained from the 11-dimensional
theory by compactification on a Calabi-Yau three-fold. This five-dimensional theory pro-
vides an explicit realisation of a brane-world. The compactification of 11 dimensional
Horava-Witten theory, that is 11-dimensional supergravity on the orbifold S'/Z, x My,
to five dimensions on a Calabi-Yau three fold, leads to the appearance of extra three-branes
in the five-dimensional effective theory. Unlike the “boundary” three-branes which are
stuck to the orbifold fix points, however, these three-branes are free to move in the orbifold
direction, and this leads to a fascinating new cosmology.

Our starting point is the four dimensional action

—_L 4/ 1 1 2 § 2 B (59 2
§ =g [ 40V [GR+ (Ve 4 {(VP + TV )

where ¢ is the effective dilaton in four dimensions, (3 is the size of the orbifold, z is the
modulus representing the position of the five brane and satisfies 0 < z < 1, and g5 is the
five brane charge. Due to the non-trivial kinetic term for z, solutions with exactly constant
@ or 3 do not exist as soon as the five-brane moves. Therefore, the evolution of all three
fields is linked and (except for setting z = const) cannot be truncated consistently any
further. Looking for cosmological solutions for simplicity, we assume the three-dimensional
spatial space to be flat. Our Ansatz then reads

ds® = —e*dr? + e**dx? (44)
¢ = ¢(7) (45)
a = afT) (46)
B = B(7) (47)
z = z(1) (48)

The cosmological solutions are given by [52]

1 t—t
oz:gln} TO + ap (49)
B —to t—to|™° K
B = ppiln T + (ps.s — psi) In T +1 + Bo (50)
1
— t—1to|™° o
© = Poi In TO‘ + (p%f —pw) In (‘ T 0 + 1) + ©o (51)
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.= d<1+‘ 6>1+z0. (52)

t—to

where t is the proper time, the time-scales ty and T are arbitrary constants as are the
constants d and 2, which parameterise the motion of the five-brane. For —oo < t < tj
we are in the positive branch of the solutions and for ¢; < ¢ < oo we are in the negative
branch.

We see that both expansion powers for the scale factor a are given by 1/3, a fact which
is expected in the Einstein frame. The initial and final expansion powers for § and ¢ are
less trivial and are subject to the constraint

4

for n =4, f. These are mapped into one another by

Po.s) — p( Do p=i(} 1) 54
(psoaf) (pw)’ 2\3 -1 oY)

This map is its own inverse, that is P? = 1, which is a simple consequence of time reversal
symmetry. The power § is explicitly given by

5= Pi— Do - (55)

For 6 < 0 we are in the negative branch and for ¢ > 0 we are in the positive time branch.

Finally, we have
2q5d?
@0—50:1D< q; ) : (56)

The solutions have the following interpretation: at early times, the system starts in the
rolling radii solution characterised by the initial expansion powers p; while the five-brane
is practically at rest. When the time approaches |t — ty| ~ |T| the five-brane starts to
move significantly which leads to an intermediate period with a more complicated evo-
lution of the system. Then, after a finite comoving time, in the late asymptotic region,
the five-brane comes to a rest and the scale factors evolve according to another rolling
radii solution with final expansion powers py. Hence the five-brane generates a transition
from one rolling radii solution into another one. While there are perfectly viable rolling
radii solutions which become weakly coupled in at least one of the asymptotic regions,
the presence of a moving five-brane always leads to strong coupling asymptotically, a phe-
nomenon similar to what we observed in the dilaton-moduli-axion dynamics (see Figure
2).

These general results can be illustrated by an explicit example. Focusing on the
negative-time branch and considering the solutions with an approximately static orb-
ifold at early time, Figure 5 shows the evolution of # and ¢, whereas Figure 6 shows the
evolution of the dynamical brane.

At early times, |t — to| > |T|, the evolution is basically of power-law type with powers
p;i, because at early time the five-brane is effectively frozen at z ~ d + zy and does not
contribute a substantial amount of kinetic energy. This changes dramatically once we
approach the time |t —tg| ~ |T|. In a transition period around this time, the brane moves
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FIG. 5: Time-behaviour of 5 (upper curve) and ¢ (lower curve).

from its original position by a total distance d and ends up at z ~ z;. At the same time,
this changes the behaviour of the moduli § and ¢ until, at late time [t| < |T|, they
correspond to another rolling radii solution with powers controlled by ps. Concretely, the
orbifold size described by ( turns from being approximately constant at early time to
expanding at late time, while the Calabi-Yau size controlled by ¢ undergoes a transition
from expansion to contraction. We also find that as with the axion case discussed earlier,
the solution runs into strong coupling in both asymptotic regions ¢t — t; — —oo and
t — to — 0 which illustrates our general result.

In Fig. 6 we have shown a particular case which leads to brane collision. The five-brane
is initially located at d + zg >~ 0.9 and moves a total distance of d = 1.5 colliding with the
boundary at z = 0 at the time |t — to|/|T| ~ 1.

This represents an explicit example of a negative-time branch solution which ends in
a small-instanton brane-collision. Solving for these systems has only just the begun, but
already interesting features have emerged including a new mechanism for baryogenesis
arising from the collision of two branes [53], and a more detailed understanding of the
vacuum transitions associated with brane collisions [54].

IX. SUMMARY

In this article we have addressed a number of issues relating to string cosmology. We
have seen how rolling radii solutions associated with the low energy string action lead
to new inflationary solutions, and how the inclusion of the axion field perturbations can
generate scale invariant density fluctuations, although they are primarily isocurvature in
nature. The thorny issues of initial conditions and Graceful Exit facing the pre Big Bang
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FIG. 6: Time-behaviour of the five-brane position modulus z for the example specified in the
text. The boundaries are located at z = 0,1 and the five-brane collides with the z = 0 boundary
at |t/T| ~ 1.

scenario have been discussed and possible resolutions proposed. Observational features of
string cosmology today have been discussed including gravitational wave detection and
anisotropies in the cosmic microwave background. Finally, we have related these solutions
to the exciting new solutions arising in M-theory cosmology, and showed how a moving
five brane could act in a manner similar to the axion field in the pre Big Bang case.
This is an exciting time for string and M-theory cosmology, the subject is developing at a
very fast rate, and no doubt there will be new breakthroughs emerging over the next few
years. Hopefully out of these we will be in a position to address a number of the issues
I have raised in this article, as well as other key ones such as stabilising the dilaton and
explaining the current observation of an accelerating Universe.

There are a number of areas that I have not had time to discuss, string statistical
mechanics, multi brane models, warped geometries. Hopefully it is clear from what I
have said so far though, that in the words of the ‘Spontaneous Harmony Breakers’ who
sang in the conference banquet, when doing string cosmology you will need to “think with
lots of fantasy, think a new world”.
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