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Following the Good-and-Walker picture, hard diffraction in the high-energy/small−x
limit of QCD can be described in terms of eigenstates of the scattering matrix off a Color
Glass Condensate. From the CGC non-linear evolution equations, it is then possible
to derive the behavior of diffractive cross-sections at small x. I discuss recent results,
in particular the consequences of the inclusion of Pomeron loops in the evolution.

1 Parton saturation and hard diffraction

When probing small distances inside a hadron with a fixed momentum scale Q2�Λ2
QCD,

one resolves its constituents quarks and gluons. As one increases the energy of the scattering
process, the parton densities seen by the probe grow. At some energy much bigger than the
hard scale, the gluon density has grown so large that non-linear effects become important.
One enters the saturation regime of QCD, a non-linear yet weakly-coupled regime that
describes the hadron as a dense system of weakly interacting partons (mainly gluons).

The transition to the saturation regime is characterized by the so-called saturation mo-
mentum Qs(x) = Q0 x−λ/2. This is an intrinsic scale of the high-energy hadron which
increases as x decreases. Q0∼ΛQCD, but as the energy increases, Qs becomes a hard scale,
and the transition to saturation occurs when Qs becomes comparable to Q. Although the
saturation regime is only reached when Qs∼Q, observables are sensitive to the saturation
scale already during the approach to saturation when ΛQCD�Qs�Q. This is especially
true in the case of hard diffraction in deep inelastic scattering (DIS).

Both inclusive (γ∗p → X) and diffractive (γ∗p → Xp) DIS are processes in which a
photon (of virtuality Q2) is used as the hard probe, and at small values of x ' Q2/W 2,
parton saturation becomes relevant. The dipole picture naturally describes inclusive and
diffractive events within the same theoretical framework. It expresses the scattering of the
virtual photon through its fluctuation into a color singlet qq̄ pair (or dipole) of a transverse
size r ∼ 1/Q. The dipole is then what probes the target proton, seen as a Color Glass
Condensate (CGC): a dense system of gluons that interact coherently. Therefore, despite
its perturbative size, the dipole cross-section is comparable to that of a pion.

The same dipole scattering amplitude 〈T (r)〉x enters in the formulation of the inclusive
and diffractive cross-sections:
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where φ(r,Q2) is the well-known γ∗→qq̄ wavefunction. To obtain the right-hand sides, we
have decomposed the dipole-size integration into three domains: r < 1/Q, 1/Q<r < 1/Qs,
and r > 1/Qs, and used the dipole amplitude 〈T (r)〉x discussed below. One sees that hard
diffractive events (Q2�Q2

s) are much more sensitive to saturation than inclusive events, as
the contribution of small dipole sizes is suppressed and the dominant size is r∼1/Qs.
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2 Hard diffraction off a Color Glass Condensate

The Good-and-Walker picture of diffraction was originally meant to describe soft diffraction.
They express an hadronic projectile |P 〉=∑n cn|en〉 in terms of hypothetic eigenstates of

the interaction with the target |en〉, that can only scatter elastically: Ŝ|en〉= (1−Tn)|en〉.
The total, elastic and diffractive cross-sections are then easily obtained:

σtot = 2
∑

n

c2nTn σel =
[∑

n

c2nTn

]2
σdiff =

∑

n

c2nT
2
n . (1)

It turns out that in the high energy limit, there exists a basis of eigenstates of the
large−Nc QCD S−matrix: sets of quark-antiquark color dipoles |en〉 = |d(r1), . . . , d(rn)〉
characterized by their transverse sizes ri. In the context of deep inelastic scattering (DIS),
we also know the coefficients cn to express the virtual photon in the dipole basis. For
instance, the equivalent of c21 for the one-dipole state is the photon wavefunction φ(r,Q2).

Figure 1: Representation of the factorization
formula (2) for the diffractive cross-section in
DIS. The virtual photon is decomposed into
dipoles which interact elastically with the tar-
get hadron. The rapidity gap is Yg and the
final state X is made of particles produced
over a rapidity interval Y − Yg .

This realization of the Good-and-Walker
picture allows to write down exact (within
the high-energy and large−Nc limits) fac-
torization formulae for the total and diffrac-
tive cross-sections in DIS. They are ex-
pressed in terms of elastic scattering ampli-
tudes of dipoles off the CGC 〈Tn({ri})〉Y ,
where Y =ln(1/x) is the total rapidity. The
average 〈 . 〉Y is an average over the CGC
wavefunction that gives the energy depen-
dence to the cross-sections.

Formulae are similar to (1) with extra
integrations over the dipoles transverse co-
ordinates. For instance, denoting the min-
imal rapidity gap Yg , the diffractive cross-
section reads [2]

σdiff (Y, Yg , Q
2) =

∑

n

∫
dr1 · · · drn c2n({ri}, Q2, Y −Yg) 〈Tn({ri})〉2Yg . (2)

This factorization is represented in Fig. 1. Besides the Q2 dependence, the probabilities
to express the virtual photon in the dipole basis c2

n also depend on Y −Yg. Starting with
the initial condition c2n({ri}, Q2, 0)=δ1nφ(r,Q2), the probabilities can be obtained from the
high-energy QCD rapidity evolution. Finally, the scattering amplitude of the n-dipole state
Tn({ri}) is given by

Tn({ri}) = 1−
n∏

i=1

(1− T (ri))

where T (r)≡T1(r) is the scattering amplitude of the one-dipole state. The rapidity evolution
of the correlators 〈T (r1) . . . T (rn)〉Y should obtained from the CGC non-linear equations;
one can then compute the diffractive cross-section.

When taking Yg → Y in formula (2), one recovers the formula used for our previous
estimates, which corresponds to restricting the diffractive final state to a qq̄ pair. In practice
the description of HERA data also requires a qq̄g contribution.
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3 The CGC non-linear evolution equations

Within the high-energy and large−Nc limits, the scattering amplitudes off the CGC are ob-
tained from the Pomeron-loop equation [3] derived in the leading logarithmic approximation
in QCD. This is a Langevin equation which exhibits the stochastic nature [4] of high-energy
scattering processes in QCD. Its solution T̄ is an event-by-event dipole scattering amplitude
function of ρ=− ln(r2Q2

0) and Y (Q0 is a scale provided by the initial condition).
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Figure 2: A diagram summarizing the high-
energy QCD non-linear evolution. Shown are
the average saturation line and the boundaries
of the scaling regions at small values of r. With
increasing Y, there is a gradual transition from
geometric scaling at intermediate energies to
diffusive scaling at very high energies.

The solution T̄ (ρ, Y ) is characterized by
a saturation scale Qs which is a random
variable whose logarithm is distributed ac-
cording to a Gaussian probability law [5].
The average value is ln(Q̄2

s/Q
2
0) = vᾱY and

the variance is σ2 = DᾱY. The saturation
exponent v determines the growth of Q̄s
with rapidity, and the dispersion coefficient
D defines two energy regimes: the geomet-
ric scaling regime (DY � 1) and diffusive
scaling regime (DY �1).

Evolving a given initial condition yields
a stochastic ensemble of solutions T̄ , from
which one obtains the dipole correlators:

〈T (r1) . . . T (rn)〉Y =
〈
T̄ (ρ1, Y ) . . . T̄ (ρn, Y )

〉

where in the right-hand side, 〈 . 〉 is an aver-
age over the realizations of T̄ . Indeed, both
quantities 〈T . . . T 〉Y and

〈
T̄ . . . T̄

〉
obey the

same hierarchy of equations. One obtains
the following results for the dipole scatter-
ing amplitudes [6]:

〈T (r1) . . . T (rn)〉Y
Y�1/D

= 〈T (r1)〉Y . . . 〈T (rn)〉Y ,

〈T (r1) . . . T (rn)〉Y
Y�1/D

= 〈T (r<)〉Y , r< = min(r1, . . . , rn) .

All the scattering amplitudes are expressed in terms of 〈T (r)〉Y , the amplitude for a single
dipole which features the following scaling behaviors:

〈T (r)〉Y
Y�1/D≡ Tgs(r, Y ) = T

(
r2Q̄2

s(Y )
)
, (3)

〈T (r)〉Y
Y�1/D≡ Tds(r, Y ) = T

(
ln(r2Q̄2

s(Y ))√
DY

)
. (4)

In the saturation region rQ̄s > 1, 〈T (r)〉Y = 1. As the dipole size r decreases, 〈T (r)〉Y
decreases towards the weak-scattering regime following the scaling laws (3) or (4), depending
on the value of DY as shown in Fig. 2. In the geometric scaling regime (DY � 1), the
dispersion of the events is negligible and the averaged amplitude obeys (3). In the diffusive
scaling regime (DY �1), the dispersion of the events is important, resulting in the behavior
(4). When Pomeron loops are not included in the evolution, only the geometric scaling
regime appears.
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4 Phenomenology

In the geometric scaling regime, instead of being a function of the two variables r and x,
Tgs(r, Y ) is a function of the single variable rQ̄s(x) up to inverse dipole sizes significantly
larger than the saturation scale Q̄s(x). This means that in the geometric scaling window in
Fig. 2, Tgs(r, Y ) is constant along lines parallel to the saturation line. Physically, they are
lines along which the dipole sees a constant partonic density inside the proton.

In DIS, this feature manifests itself via the so-called geometric scaling property. Instead
of being a function of Q2 and x separately, the total cross-section is only a function of
τ = Q2/Q̄2

s(x), up to large values of τ ; similarly, the diffractive cross-section is only a
function of τd=Q2/Q̄2

s(xP), and β :

σγ
∗p→X
tot (x,Q2) = σγ

∗p→X
tot (τ=Q2/Q̄2

s(x)) ,

σγ
∗p→Xp
diff (β, xP, Q

2) = σγ
∗p→Xp
diff (β, τd=Q2/Q̄2

s(xP)) .

Experimental measurements are compatible with those predictions [7], with the parameters
λ ' 0.25 and x0 ' 10−4 for the average saturation scale Q̄s(x) = (x/x0)−λ/2 GeV. This
determines the saturation exponent v = λ/ᾱ. HERA probes the geometric scaling regime
and one could expect so of future measurements at an electron-ion collider.

The estimates of Section I (where one should now replace Qs by Q̄s) are obtained in the
geometric scaling regime: the total cross-section is dominated by semi-hard sizes (1/Q <
r<1/Q̄s) while the diffractive cross-section is dominated by dipole sizes of the order of the
hardest infrared cutoff in the problem: 1/Q̄s. In the diffusive scaling regime, up to values
of Q much bigger than the average saturation scale Q̄s, things change drastically: both
inclusive and diffractive scattering are dominated by small dipole sizes, of order 1/Q, yet
saturation plays a crucial role. Cross-sections are dominated by rare events in which the
photon hits a black spot that he sees at saturation at the scale Q2. In average the scattering
is weak (Tds(r, Y )�1), but saturation is the relevant physics.

Our poor knowledge of the coefficient D prevents quantitative analysis, still the diffu-
sive scaling regime has striking signatures. For instance the inclusive and diffractive cross-
sections do not feature any Pomeron-like (power-law type) increase with the energy. It is
likely out of the reach of HERA, and future studies in the context of p−p collisions at the
LHC are certainly of interest.
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