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The main results of our recent articles [2, 3] are presented in this report. We study
charmonium and bottomonium production at the Tevatron Collider in the framework
of the Quasi-Multi-Regge-Kinematic approach and the factorization formalism of non-
relativistic QCD at leading order in the strong-coupling constant αs and the relative
velocity v of the heavy quarks inside quarkonium.

1 Introduction

Heavy quarkonium production at high energies has provided a useful laboratory for testing
the high-energy limit of quantum chromodynamics (QCD) as well as the interplay of pertur-
bative and nonperturbative phenomena in QCD. The factorization formalism of nonrelativis-
tic QCD (NRQCD) [4] is a theoretical framework for the description of heavy-quarkonium
production and decay. The factorization hypothesis of NRQCD assumes the separation of
the effects of long and short distances in heavy-quarkonium production. NRQCD is orga-
nized as a perturbative expansion in two small parameters, the strong-coupling constant αs
and the relative velocity v of the heavy quarks.

The phenomenology of strong interactions at high energies exhibits a dominant role
of gluon interactions in quarkonium production. In the conventional parton model [5],
the initial-state gluon dynamics is under the control of the Dokshitzer-Gribov-Lipatov-
Altarelli-Parisi (DGLAP) evolution equations [6]. In this approach, it is assumed that
S > µ2 � Λ2

QCD, where
√
S is the invariant collision energy, µ is the typical energy scale of

the hard interaction, and ΛQCD is the asymptotic scale parameter. In this way, the DGLAP
evolution equation takes into account only one large logarithm, namely ln(µ/ΛQCD). In
fact, the collinear approximation is used, and the transverse momenta of the initial gluons
are neglected.

In the high-energy limit, the contribution from the partonic subprocesses involving t-
channel gluon exchanges to the total cross section becomes dominant. The summation
of the large logarithms ln(

√
S/µ) in the evolution equation can then be more important

than the one of the ln(µ/ΛQCD) terms. In this case, the non-collinear gluon dynamics
is described by the Balitsky-Fadin-Kuraev-Lipatov (BFKL) evolution equation [7]. In the
region under consideration, the transverse momenta (kT ) of the incoming gluons and their
off-shell properties can no longer be neglected, and we deal with reggeized t-channel gluons.
The theoretical framework for this kind of high-energy phenomenology is the Quasi-Multi-
Regge-Kinematic (QMRK) approach [8], which can be based on effective quantum field
theory implemented with the non-abelian gauge-invariant action, as was suggested a few
years ago [9].
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2 Charmonium production at the Tevatron
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Figure 1: Prompt J/ψ production at the Teva-
tron with

√
S = 1.96 TeV [11]. The total the-

oretical results (4) obtained with the (a) JB,
(b) JS, or (c) KMR unintegrated gluon distri-
butions are broken down to the contributions
from (1) direct production, (2) ψ′ decays, and
(3) χcJ decays.

During the last decade, the CDF Collab-
oration at the Tevatron [10, 11] collected
data on charmonium production at energies√
S = 1.8 TeV (run I) and

√
S = 1.96 TeV

(run II) in the central region of pseudora-
pidity |η| < 0.6. The data cover a large in-
terval in transverse momentum, namely 5 <
|pT | < 20 GeV (run I) and |pT | < 20 GeV
(run II). The data sample of run I [10] in-
cludes transverse-momentum distributions
of J/ψ mesons that were produced directly
in the hard interaction, via radiative decays
of χcJ mesons, via decays of ψ′ mesons, and
via decays of b hadrons. That of run II
[11] includes transverse-momentum distri-
butions of prompt J/ψ mesons, so far with-
out separation into direct, χcJ -decay, and
ψ′-decay contributions, and J/ψ mesons
from b-hadron decays.

In contrast to previous analyses in the
collinear parton model [12] or the kT -
factorization approach [13], we perform a
joint fit to the run-I and run-II CDF data
[10, 11] to obtain the color-octet nonper-
turbative matrix elements (NMEs) for J/ψ,
χcJ , and ψ′ mesons. Our calculations
are based on exact analytical expressions
for the relevant squared amplitudes, which
were previously unknown in the literature.
Our fits include five experimental data sets,
which come as pT distributions of J/ψ
mesons from direct production, prompt pro-
duction, χcJ decays, and ψ′ decays in run I, and from prompt production in run II.

In Table I of Ref. [2], we present out fit results for the relevant color-octet NMEs for
three different choices of unintegrated gluon distribution function, namely JB [14], JS [15],
and KMR [16]. The first one, JB, is strongly disfavoured by the charmonium data in the
small pT region, as it is shown in Fig. 1(a).

Considering the color-octet NMEs relevant for the J/ψ, ψ′ and χcJ production mecha-
nisms, we can formulate the following heuristic rule for favoured transitions from color-octet
to color-singlet states: ∆L ' 0 and ∆S ' 0; i.e., these transitions are doubly chromoelectric
and preserve the orbital angular momentum and the spin of the heavy-quark bound state.
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3 Bottomonium production at the Tevatron
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Figure 2: Prompt production of (a) Υ(1S),
(b) Υ(2S), and (c) Υ(3S) mesons at the Teva-
tron with

√
S = 1.8 TeV [17]. The theoreti-

cal results are obtained with the KMR unin-
tegrated gluon distribution and correspond to
the color-singlet contributions, also including
the estimated contribution due to the χbJ (3P )
meson.

The CDF Collaboration measured the pT
distributions of Υ(1S), Υ(2S), and Υ(3S)
mesons in the central region of rapidity (y),
|y| < 0.4, at

√
S = 1.8 TeV (run I) [17]

and that of the Υ(1S) meson in the ra-
pidity regions |y| < 0.6, 0.6 < |y| < 1.2,
and 1.2 < |y| < 1.8 at

√
S = 1.96 TeV

(run II) [18]. In both cases, the S-wave
bottomonia were produced promptly, i.e.,
directly or through non-forbidden decays of
higher-lying S- and P -wave bottomonium
states, including cascade transitions such as
Υ(3S)→ χb1(2P )→ Υ(1S).

In contrast to previous analysis in the
collinear parton model [19], we perform a
joint fit to the CDF data from run I [17]
and run II [18] for all pT values, includ-
ing the small-pT region. Comparing the
color-singlet and color-octet contributions,
we observe that the latter is dominant in
the Υ(3S) case and in the Υ(2S) case for
pT & 13 GeV, while it is of minor impor-
tance in the Υ(1S) case in the whole pT
range considered. The fits based on the
KMR, JB, and JS gluons turned out to be
excellent, fair, and poor, respectively. They
yielded small to vanishing values for the
color-octet NMEs, see Table II of Ref. [3],
especially when the estimated feed-down
contributions from the as-yet unobserved
χbJ (3P ) states were included.

4 Conclusions

Working at LO in the QMRK approach to
NRQCD, we analytically evaluated the squared amplitudes of prompt quarkonium pro-

duction by reggeized gluons. We extracted the relevant color-octet NMEs, 〈OH[3S
(8)
1 ]〉,

〈OH[1S
(8)
0 ]〉, and 〈OH[3P

(8)
0 ]〉 for H = ψ(1S, 2S), χcJ(1P ), Υ(1S, 2S, 3S), and χbJ (1P, 2P )

through fits to pT distributions measured by the CDF Collaboration in pp̄ collisions at the
Tevatron with

√
S = 1.8 TeV [10, 17] and 1.96 TeV [11, 18] using various unintegrated

gluon distribution functions. The present analysis suggest that the color-octet NMEs of
bottomonium are more strongly suppressed than those of charmonium as expected from the
velocity scaling rules of NRQCD. We illustrated that the QMRK approach [9] provides a
useful laboratory to describe the phenomenology of high-energy processes in the Regge limit
of QCD.
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