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We analyze the heavy quark mass effects on the virtual photon structure functions up
to the NLO in the framework based on the operator product expansion supplemented by
the mass-independent renormalization group method. We also investigate the target mass
corrections for the virtual photon structure functions up to the NNLO.

1 Introduction

In e+e− collision experiments, the cross section for the two-photon processes e+e− → e+e−+
hadrons, shown in Fig.1, dominates over other processes such as the annihilation process
e+e− → γ∗ → hadrons at high energies. In particular, the two-photon processes in the double-
tag events, where one of the virtual photon is very far off shell (large Q2≡−q2) while the other
is close to the mass shell (small P 2 ≡ −p2), can be viewed as deep-inelastic electron-photon
scattering and provide us the information on the structure of the photon.

e+

e+

γ q

‘probe’

Q2 = −q2 > 0

e−

e−

γp‘target’

P 2 = −p2 > 0

Figure 1: Deep-inelastic scattering on
a virtual photon in the e+e− collider
experiments

In fact, the study of the photon structure has been
an active field of research [1]. Recently we analyzed
the photon structure function F γ2 up to the next-to-
next-to-leading order (NNLO) and F γL up to the next-
to-leading order (NLO) in perturbative QCD (pQCD)
in the kinematical region Λ2 � P 2 � Q2, where Λ is
the QCD scale parameter [2]. The interest of study-
ing the photon structure in this kinematical region is
that a definite prediction of the whole structure func-
tion, its shape and magnitude, may become possible.
However, the above investigation of F γ2 and F γL has
two flaws that need to be fixed. One is that we have
treated all the quarks as massless. The other is that
we have considered the logarithmic corrections aris-
ing from QCD higher-order effects, but ignored all
the power corrections of the form (P 2/Q2)k (k = 1, 2, · · · ) coming from target mass effects.
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In this paper we discuss two topics which we have investigated recently, namely, heavy quark
mass effects [4] and target mass effects [3] on the virtual photon structure functions. Heavy
quark mass effects for the real photon were studied in the literature [5, 6].

2 Master formula for the moments with heavy quark

For the first topic, heavy quark mass effects, we consider the system which consists of nf−1
massless quarks and one heavy quark qnf = qH together with gluons and photons. The extension
to the case with more heavy quarks is straightforward. Applying the operator product expansion
(OPE) for the product of two electromagnetic currents at short distance we get

i

∫
d4xeiqxT (Jµ(x)Jν(0)) =

(
gµν −

qµqν
q2

) ∑

n=0
n=even

(
2

Q2

)n
qµ1 · · · qµn

∑

i

CiL,nO
µ1 ···µn
i

+
(
−gµλgνσq2 + gµλqνqσ + gνσqµqλ − gµνqλqσ

)

×
∑

n=2
n=even

(
2

Q2

)n
qµ1 · · · qµn−2

∑

i

Ci2,nO
λσµ1 ···µn−2

i + · · · , (1)

where CiL,n and Ci2,n are the coefficient functions which contribute to the structure functions

F γL and F γ2 , respectively, and Oµ1···µn
i and O

λσµ1 ···µn−2

i are spin-n twist-2 operators (hereafter
we often refer to Oµ1···µn

i as Oni ). The sum on i runs over the possible twist-2 operators and
· · · represents other terms with irrelevant coefficient functions and operators.

Let us denote nf−1 massless quarks as a column vector ψ = (q1, q2, · · · , qnf−1)T. Then
the relevant operators in quark sector are light-flavour-singlet quark (L), heavy quark (H) and
light-flavour-nonsinglet quark (NS) operators as follows:

Oµ1 ···µn
L = in−1ψγ{µ1Dµ2 · · ·Dµn}1ψ − trace terms , (2a)

Oµ1 ···µn
H = in−1qHγ

{µ1Dµ2 · · ·Dµn}qH − trace terms , (2b)

Oµ1 ···µn
NS = in−1ψγ{µ1Dµ2 · · ·Dµn}(Q2

ch − 〈e2〉(nf−1)1)ψ − trace terms , (2c)

where { } means complete symmetrization over the Lorentz indices µ1 · · ·µn and Dµ denotes
covariant derivative. In quark operators OnL and OnNS given in Eqs.(2a) and (2c), 1 is an
(nf−1)× (nf−1) unit matrix, Q2

ch is the square of the (nf−1)× (nf−1) quark-charge matrix,

and 〈e2〉(nf−1) = (
∑nf−1

i e2
i )/(nf −1) is the average charge squared of massless quarks. Note

that we have a relation Tr(Q2
ch − 〈e2〉(nf−1)1) = 0. Due to this relation, the operator OnNS

does not mix with operators OnL and OnH . In addition to the above quark operators, the gluon
(OnG) and photon (Onγ ) operators are also relevant and appear in the r.h.s. of Eq.(1). Here the
importance of inclusion of the heavy quark operator should be stressed. We treat the heavy
quark in the same way as the light quarks and assume that both heavy and light quarks are
radiatively generated from the photon target. In contrast, in the case of the nucleon target,
heavy quarks are treated as radiatively generated from the gluon and light quarks.

The coefficient function Cik,n(k = 2, L) corresponding to the operatorsOni (i = L,H,G,NS, γ)
satisfies the following mass-independent renormalization group (RG) equation:

[
µ
∂

∂µ
+ β(g)

∂

∂g
+ γm(g)m

∂

∂m
− γn(g, α)

]

ij

Cjk,n

(
Q2

µ2
,
m2

µ2
, ḡ(µ2), α

)
= 0 , (3)
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with i, j = L,H,G,NS, γ. Here β(g) and γm(g) are the beta function and the anomalous
dimension for the mass operator, respectively, and γn(g, α) is a 5 × 5 anomalous dimension
matrix. To the lowest order in the QED coupling constant α, this matrix has the following
form:

γn(g, α) ≡
(

γ̂n(g) 0
Kn(g, α) 0

)
, γ̂n ≡




γnLL γnHL γnGL 0
γnLH γnHH γnGH 0
γnLG γnHG γnGG 0

0 0 0 γnNS


 , (4)

and Kn(g, α) is the four-component row vector

Kn = (Kn
L,K

n
H ,K

n
G,K

n
NS) , (5)

which describes the mixing between the photon operator and the remaining hadronic operators.
The solution to the RG equation (3) is given by

Cik,n

(
Q2

µ2
,
m2

µ2
, ḡ(µ2), α

)
=

{
T exp

[∫ ḡ(µ2)

ḡ(Q2)

dg
γn(g, α)

β(g)

]}

ij

Cjk,n

(
1,
m̄2(Q2)

Q2
, ḡ(Q2), α

)
,

(6)
with ḡ(µ2) being effective running QCD coupling constant and m̄(Q2) is the running heavy
quark mass evaluated at Q2.

The matrix elements of the relevant operators Oni sandwiched by the photon states with
momentum p are expressed as

〈γ(p)|Oµ1 ···µn
i |γ(p)〉 = Ain

(P 2

µ2
,
m̄2(µ2)

µ2
, ḡ(µ2)

)
{pµ1 · · · pµn − trace terms}

≡ Ain

(P 2

µ2
,
m̄2(µ2)

µ2
, ḡ(µ2)

)
{pµ1 · · · pµn}n , (7)

with i = L,H,G,NS, γ, and Ain is the reduced photon matrix element with µ being the renor-
malization point. Then the moment sum rules for the virtual photon structure functions F γ2
and F γL are given by (k = 2, L)

Mγ
k (n,Q2, P 2) =

∫ 1

0

dxxn−2F γk (x,Q2, P 2)

=
∑

i=L,H,G,NS,γ

Ain

(P 2

µ2
,
m̄2(µ2)

µ2
, ḡ(µ2)

)
Cik,n

(
Q2

µ2
,
m2

µ2
, ḡ(µ2), α

)
. (8)

Now using Eq.(6) and choosing µ2 = P 2, we obtain the master formula for the moments for
the case when a heavy quark exists,

Mγ
k (n,Q2, P 2) =

∑

i,j=L,H,G,NS,γ

Ain

(
1,
m̄2(P 2)

P 2
, ḡ(P 2)

){
T exp

[∫ ḡ(P 2)

ḡ(Q2)

dg
γn(g, α)

β(g)

]}

ij

×Cjk,n
(

1,
m̄2(Q2)

Q2
, ḡ(Q2), α

)
. (9)

The heavy quark mass effects appear in the reduced photon matrix element Ain and the coeffi-
cient function Cjk,n as the running quark mass m̄.
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3 Heavy quark mass effects in QCD

We focus on the moments Mγ
2 (n,Q2, P 2) and consider the heavy quark mass effects up to the

NLO. We take the difference between Mγ
2 (n,Q2, P 2) and the one for the case when all nf quarks

are massless,

∆Mγ
2 (n,Q2, P 2, m̄2) = Mγ

2 (n,Q2, P 2)−Mγ
2 (n,Q2, P 2)

∣∣∣
massless

. (10)

We already know Mγ
2 (n,Q2, P 2)

∣∣∣
massless

(actually, up to the NNLO). The 1-loop (4×4) anoma-

lous dimension matrix γ̂
(0)
n in hadronic sector in Eq.(4) has four eigenvalues λnL, λn± and λnNS and

we find λnL = λnNS(= γ
(0),n
ψψ = γ

(0),n
NS ) . Diagonalizing the matrix γ̂

(0)
n , we evaluate Mγ

2 (n,Q2, P 2)
in Eq.(9) up to the NLO and obtain

∆Mγ
2 (n,Q2, P 2, m̄2) =

α

4π

1

2β0


 ∑

i=±,NS
∆Ani

[
1−

(
αs(Q

2)

αs(P 2)

)dni ]

+
∑

i=±,NS
∆Bni

[
1−

(
αs(Q

2)

αs(P 2)

)dni +1
]

+ ∆Cn

+O(αs) ,(11)

where dni = λni /2β0 (i = ±, NS) with β0 = 11− (2/3)nf . In the massive quark limit,
Λ2 � P 2 � m2 � Q2, the explicit expressions of ∆Ani ,∆Bni ,∆Cn are

∆AnNS = −12β0e
2
H(e2

H − 〈e2〉nf )(∆ÃψnG/nf ), (12a)

∆An± = −12β0e
2
H〈e2〉nf (∆ÃψnG/nf )

γ
(0),n
ψψ − λn∓
λn± − λn∓

, (12b)

∆BnNS = 0, ∆Bn± = 0, ∆Cn = 12β0e
4
H(∆ÃψnG/nf ) , (12c)

where eH is the heavy quark charge, 〈e2〉nf =
∑nf
i=1 e

2
i /nf is the average squared charge and

∆ÃψnG/nf = 2

[
− n2 + n+ 2

n(n+ 1)(n+ 2)
ln
m̄2

P 2
+

1

n
− 1

n2

+
4

(n+ 1)2
− 4

(n+ 2)2
− n2 + n+ 2

n(n+ 1)(n+ 2)

n∑

j=1

1

j


 . (13)

We see from Eq. (11) that in our approach, using the OPE and the RG equation, the heavy
quark mass effects start to appear at the NLO, but not at the LO. Also for the longitudinal
structure function F γL(x,Q2, P 2), heavy quark mass effects do not appear in the LO (O(α)).

4 Numerical analysis

The structure functions of the virtual photon are derived from the double-tag measurements
of the reaction e+e− → e+e−+ hadrons. So far there exist only two experimental results
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Figure 2: QCD and QPM predictions for F γeff

vs. PLUTO data
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Figure 3: QCD and QPM predictions for F γeff

vs. L3 data

reported: one from the PLUTO Collaboration [7] and the other from the L3 Collaboration [8].
Both collaborations measured an effective photon structure function

F γeff(x,Q2, P 2) = F γ2 (x,Q2, P 2) +
3

2
F γL(x,Q2, P 2) . (14)

We evaluate F γeff up to the NLO and compare our theoretical predictions with these data. The
PLUTO (L3) data are at Q2 = 5 (120) GeV2 and P 2 = 0.35 (3.7) GeV2. Therefore, we assume
that the active flavours are u, d, s (massless) plus c (heavy) for the case of PLUTO and u, d, s, c
(massless) plus b (heavy) for L3. We take the following values of the quark masses as inputs:

mc = 1.3 GeV (for PLUTO), mb = 4.2 GeV (for L3). (15)

We plot F γeff(x,Q2, P 2) for Q2 = 5 GeV2 and P 2 = 0.35 GeV2 together with the PLUTO data in
Fig. 2. The thick red solid (green dashed) line represents the NLO QCD result with (without)
charm quark mass effects. We have put Λ = 0.2 GeV. Although the condition Q2 � m2

c is not
satisfied, the predicted curve with mass effects shows a trend of reducing the “over-estimated”
massless QCD calculation.

Also shown in Fig. 2 are the results by Quark Parton Model (QPM). In QPM F γeff(x,Q2, P 2)
is expressed by the following four structure functions as

F γeff(x,Q2, P 2) =
( 5

β̃2
− 3
)
x

[
WTT −

1

2
WTS

]
+

5

β̃2
x

[
WST −

1

2
WSS

]
, (16)

where WTT , WST , WTS , and WSS [9, 10] are functions of x and

β̃ =

√
1− P 2Q2

(p · q)2
, β =

√
1− 4m2

(p+ q)2
, L = ln

1 + ββ̃

1− ββ̃
, (17)

and charge factors δiγ(= 3× e4
i ). The quark mass dependence resides in the parameter β. For

the massless case we have β = 1. The thin blue solid (purple dashed) line represents the QPM
result with (without) charm quark mass effects.
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Figure 3 shows the results of F γeff(x,Q2, P 2) for Q2 = 120 GeV2 and P 2 = 3.7 GeV2 together
with the L3 data. In this case the condition Λ2 � P 2 � m2

b � Q2 is satisfied. The thick red
solid line represents the NLO QCD prediction with bottom quark mass effects while the thick
green dashed line shows the massless QCD result. Due to its charge factor, we see that the
bottom quark mass effects are almost negligible. Also shown are the QPM results: the case
for massive c and b (the thin blue solid line) and the case for massless u, d, s, c and b (the thin
purple dashed line).

The heavy quark mass has an effect of reducing the photon structure functions in magnitude.
This feature is explained by the suppression of the heavy quark production rate due to the
existence of its mass. The kinematical constraint for the heavy quark production (p+q)2 ≥ 4m2

gives xmax = 1

1+ 4m2

Q2 +P2

Q2

below which the contribution of heavy quark to the structure functions

exists and, therefore, the difference between the cases of massive and massless quark emerges
above xmax. This kinematical “threshold” effect is not clearly seen in our analysis since we
adopted the framework based on the OPE and took into account only the leading twist-2
operators. But still we see in Fig. 2 that the difference between the two becomes bigger at
larger x. It is also noted that the heavy quark mass effects are sensitive to the electric charge
of the relevant quark. The photon structure functions depend on the quark-charge factors 〈e2〉
and 〈e4〉. Thus, as we see from Figs. 2 and 3, the up-type heavy quark has larger effects than
the down-type heavy quark.

5 Target mass effects

For the case of massless quarks, we have studied in Ref.[2] the virtual photon structure functions
F γ2 (x,Q2, P 2) and F γL(x,Q2, P 2) in pQCD for the kinematical region Λ2 � P 2 � Q2. There
we have considered the logarithmic corrections arising from QCD higher-order effects, but
ignored all the power corrections of the form (P 2/Q2)k (k = 1, 2, · · · ) coming either from
target mass effects or from higher-twist effects. In fact, if the target is real photon (P 2 = 0),
there is no need to consider target mass corrections. But when the target becomes off-shell
(P 2 6= 0) and for relatively low values of Q2, contributions suppressed by powers of P 2/Q2

may become important. Then we need to take into account these target mass contributions.
The consideration of target mass effects (TME) is important by another reason. In the case of
massless quarks, the maximal value of the Bjorken variable x for the virtual photon target is
not 1 but xmax = 1

1+P2

Q2

, due to the constraint (p+ q)2 ≥ 0, which is in contrast to the nucleon

case where xmax = 1. The structure functions should vanish at x = xmax. However, the NNLO
QCD results [2] for F γ2 (x,Q2, P 2) as well as F γL(x,Q2, P 2) show that the predicted graphs do
not vanish but remains finite at x = xmax. This flaw is coming from the fact that TME have
not been taken into account in the analysis.

As the second topic, we show TME for the virtual photon structure functions F γ2 (x,Q2, P 2)
up to the NNLO and F γL(x,Q2, P 2) up to the NLO in QCD in the framework of the OPE.
The photon matrix elements of the relevant traceless operators in the OPE are expressed by
traceless tensors. These tensors contain many trace terms so that they satisfy the tracelessness
conditions. The basic idea for computing the target mass corrections is to take account of these
trace terms in the traceless tensors properly.

The operators which appear in the OPE in Eq.(1) are traceless and have totally symmetric
Lorentz indices µ1 · · ·µn (λσµ1 · · ·µn−2). Hence {pµ1 · · · pµn}n, which emerges in the photon
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matrix elements of these operators in Eq.(7), is the totally symmetric rank-n tensor formed with
the momentum p alone and satisfies the traceless condition gµiµj{pµ1 · · · pµn}n=0 . When we
take the spin-averaged photon matrix element of the both sides of Eq.(1), we need to evaluate
the contraction between qµ1 · · · qµn and the traceless tensors without neglecting any of the trace
terms. The results are expressed in terms of Gegenbauer polynomials [11]:

qµ1 · · · qµn{pµ1 · · · pµn}n = anC(1)
n (η) , (18a)

qµ1 · · · qµn−2{pλpσpµ1 · · · pµn−2}n =
1

n(n− 1)

[
gλσ

Q2
an2C

(2)
n−2(η) +

qλqσ

Q4
an8C

(3)
n−4(η)

+pλpσan−22C
(3)
n−2(η) +

pλqσ + qλpσ

Q2
an−14C

(3)
n−3(η)

]
, (18b)

where

a = −1

2
PQ, η = −p · q

PQ
, (19)

and C
(ν)
n (η)’s are Gegenbauer polynomials. Then we obtain the Nachtmann moments [11], the

weighted integrals of the structure functions F γ2 and F γL for the definite spin-n contributions,
in stead of the familiar moments of F γ2 and F γL (see Eq.(8)),

Mγ
2 (n,Q2, P 2) =

∫ xmax

0

dx
1

x3
ξn+1

[
3 + 3(n+ 1)r + n(n+ 2)r2

(n+ 2)(n+ 3)

]
F γ2 (x,Q2, P 2), (20)

Mγ
L(n,Q2, P 2) =

∫ xmax

0

dx
1

x3
ξn+1

[
F γL(x,Q2, P 2)

+
4P 2x2

Q2

(n+ 3)− (n+ 1)ξ2P 2/Q2

(n+ 2)(n+ 3)
F γ2 (x,Q2, P 2)

]
, (21)

where r and ξ are defined as

r ≡
√

1− 4P 2x2

Q2
, ξ ≡ 2x

1 +
√

1− 4P 2x2

Q2

=
2x

1 + r
. (22)

The left hand sides of Eqs.(20) and (21) are expressed as

Mγ
2 (n,Q2, P 2) =

∑

i

Ain(P 2, g) Ci2,n(Q2, P 2, g), (23)

Mγ
L(n,Q2, P 2) =

∑

i

Ain(P 2, g) CiL,n(Q2, P 2, g) , (24)

respectively, and are calculable by pQCD. Since the maximal value of x is not 1 but 1

1+P2

Q2

,

the allowed ranges of r and ξ turn out to be rmin ≤ r ≤ 1 and 0 ≤ ξ ≤ 1, respectively, where
rmin = r(xmax) = (1− P 2/Q2)/(1 + P 2/Q2) and ξ(xmax) = 1.

The inversion of the Nachtmann moments can be made to express the structure functions
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Figure 4: F γ2 (x,Q2, P 2) with TME.

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9  1

F L
γ (x

,Q
2 ,P

2 )/α

x

nf=4, Q2=30GeV2, P2=1GeV2, xmax=0.968

xmax

NLO + TME
NLO + no TME

Figure 5: F γL(x,Q2, P 2) with TME.

F γ2 and F γL explicitly as functions of x, Q2 and P 2. Introducing the following functions,

G(ξ) ≡ 1

2πi

∫ c+i∞

c−i∞
dn ξ−n+1M

γ
2 (n,Q2, P 2)

n(n− 1)
, (25a)

H(ξ) ≡ −dG(ξ)

dξ
=

1

2πi

∫ c+i∞

c−i∞
dn ξ−n

Mγ
2 (n,Q2, P 2)

n
, (25b)

F (ξ) ≡ −dH(ξ)

dξ
=

1

2πi

∫ c+i∞

c−i∞
dn ξ−n−1Mγ

2 (n,Q2, P 2) , (25c)

FL(ξ) ≡ 1

2πi

∫ c+i∞

c−i∞
dn ξ−n−1Mγ

L(n,Q2, P 2) , (25d)

we find

F γ2 (x,Q2, P 2) =
x2

r3
F (ξ)− 6κ

x3

r4
H(ξ) + 12κ2x

4

r5
G(ξ) , (26)

F γL(x,Q2, P 2) =
x2

r
FL(ξ)− 4κ

x3

r2
H(ξ) + 8κ2x

4

r3
G(ξ) . (27)

Equations (26) and (27) are the final formulas for the photon structure functions F γ2 and F γL
when target mass effects are taken into account.

We plot the graphs of F γ2 (x,Q2, P 2) and F γL(x,Q2, P 2) as functions of x in Fig.4 and Fig.5,
respectively, for the case of Q2 = 30GeV2 and P 2 = 1GeV2 with xmax = 0.968. We take Λ = 0.2
GeV and nf = 4 for the number of active quark flavours. The Bjorken variable x ranges from
0 to xmax. We observe that TME become sizable at larger x region. While TME enhances F γ2
at larger x, it reduces F γL . The target mass correction is of order 10 % when compared at the
maximal values for F γ2 . In the case of F γL , the maximal value is attained in the middle x, where
the TME reduces the F γL about 5 %.

6 Summary

Using the framework based on the OPE supplemented by the RG method, we investigated
the heavy quark mass effects and also the target mass effects on the virtual photon structure
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functions. As for the heavy quark effects, we assumed that heavy quark is generated radiatively
from the target photon as well as light quarks. In terms of the OPE terminology, we included the
heavy quark operator. Then, the heavy quark mass effects appear in the reduced photon matrix
element of this operator and also in the coefficient functions. We evaluated F γeff (x,Q2, P 2) with
quark mass effects up to the NLO and compared our results with the PLUTO and L3 data..
The predicted curve with charm quark mass effects in Fig. 2 shows a right trend of reducing
the “over-estimated” massless QCD calculation. As we see in Fig. 3, the bottom quark mass
effects are almost negligible due to its charge factor.

When we study the virtual photon structure functions in the framework based on the OPE
we also need to consider target mass corrections. We derived the Nachtmann moments for the
structure functions and then, by inverting the moments, we obtained the expressions in closed
form for F γ2 (x,Q2, P 2) and F γL(x,Q2, P 2), both of which include the target mass corrections.
We observe that the target mass effects appear at larger x and become sizable near xmax.
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