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We consider effects of strong electromagnetic fields in collisions of ultra-relativistic nuclei
at the RHIC and LHC colliders. Since the parameter Zα is not small (Zα ≈ 0.6 for Au-Au
and Pb-Pb collisions), the whole series in Zα has to be summed in order to obtain the
cross section with sufficient accuracy. For the production of lepton pairs we present new
results related to the Coulomb corrections (corresponding to multi-photon exchange of the
produced leptons with the nuclei) and to the unitarity corrections (corresponding to the
exchange of light-by-light blocks between nuclei). For nuclear bremsstrahlung we calculated
the unitarity corrections and a special case related to virtual Delbrück scattering.

1 Introduction

Recently, electromagnetic processes in ultra-relativistic nuclear collisions were discussed in nu-
merous papers (see [1, 2, 3] for a review and references therein) which are connected mainly
with operation of the RHIC collider and the future LHC lead-lead option. For these colliders,
the charge numbers of nuclei Z1 = Z2 ≡ Z and their Lorentz factors γ1 = γ2 ≡ γ are given in
Table 1, together with indicative values for relevant lepton pair production cross sections.

Collider Z γ σe
+e−

Born [kb] σµ
+µ−

Born [b]

RHIC, Au-Au 79 108 36.0 0.213

LHC, Pb-Pb 82 3000 227 2.49

Table 1: Colliders and cross sections for lepton pair production.

Strictly speaking, only a few electromagnetic processes with the production of leptons or
photons are related to fundamental physics. Nevertheless, many of electromagnetic processes
are of great importance for two reasons: either they are dangerous or they are useful for
experiments at the RHIC and LHC colliders. Since the Born cross section σe

+e−
Born is huge (see
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Figure 1: Feynman diagram for lepton pair production in the Born approximation.

Table 1), e+e− pair production can be a serious background for many experiments. It is also
an important issue for the beam lifetime and luminosity of these colliders [4]. This means that
various corrections to the Born cross section are of great importance. The subject is notoriously
problematic, and a few controversies have been discussed and clarified in Refs. [1, 5, 6, 7, 8, 9].

A primary reason for the enhanced interest in the nuclear collisions is due to the fact that
the typical Lorentz-boosted electric fields of nuclei are immensely strong; they are of the order
of

E ∼ Ze

ρ2 γ = γ Zα ESchwinger with ρ =
~
mec

, ESchwinger =
m2
ec

3

e~
= 1.3 · 1016 V

cm
; (1)

therefore,
E/ESchwinger ∼ 60 for RHIC and ∼ 1800 for the LHC , (2)

but the interaction times are very short, so that only a very small four-dimensional space-time
volume is available for pair production. As a result, one can still use perturbation theory in
terms of the nuclear interaction, but the perturbation parameter Zα ≈ 0.6 approaches unity
for Au-Au and Pb-Pb collisions.

Throughout the paper we use a system of units in which c = 1, ~ = 1, α = e2/(~c) ≈ 1/137,
and denote the electron, muon and nuclear mass as m, µ and M and L = ln(γ2).

2 Strong-field effects in the e+e− pair production

The cross section of one pair production in the Born approximation (described by the Feynman
diagram of Fig. 1) was obtained many years ago [10]. Since the parameter Zα is not small
the whole series in Zα has to be summed to obtain the cross section with sufficient accuracy.
Fortunately, there is an important small parameter

1

L
< 0.11 , L = ln (γ2) , (3)

and therefore, in some cases it is sufficient to calculate the corrections in the leading logarithmic
approximation (LLA) only.

2.1 Summary of available theoretical results

The exact cross section for one pair production σ1 can be written in the form

σ1 = σBorn + σCoul + σunit , (4)

where two different types of strong-field corrections have been distinguished. We start our dis-
cussion with the production of the lightest lepton pairs, electrons and positrons. The Coulomb
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Figure 2: Feynman diagram for the Coulomb correction to the lepton pair production.
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Figure 3: Feynman diagram for the unitarity correction to the lepton pair production

corrections σCoul to electron-positron pair production correspond to multi-photon exchanges of
the produced e± with the nuclei (Fig. 2),

σCoul = −A(Zα) [L2 −B(Zα)L]
28

27π

(Zα)4

m2
, (5)

where the leading coefficient

A(Zα) = 6f(Zα) = 6 (Zα)2
∞∑

n=1

1

n(n2 + (Zα)2)
≈ 1.9 (6)

was calculated ten years ago in Ref. [5] and next-to-leading coefficient

B(Zα) ≈ 5.5 (7)

was calculated only recently [9]. It was also shown in Ref. [5] that the Coulomb corrections
disappear for large transverse momenta of the produced leptons, at p±⊥ � m.

Collider σCoul
σBorn

σunit
σBorn

σCoul
σBorn

(Ref. [11])

RHIC, Au-Au −10% −5.0% −17%

LHC, Pb-Pb −9.4% −4.0% −11%

Table 2: Coulomb and unitarity corrections to the e+e− pair production.
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The unitarity corrections σunit which are due to the unitarity requirement of the scatter-
ing matrix, correspond to the exchange of the virtual light-by-light blocks between the nuclei
(Fig. 3). They were calculated in Ref. [7] and updated in Ref. [8].

It was found that the Coulomb corrections are about 10 % while the unitarity corrections
are about two times smaller (see Table 2). In the last column of Table 2 we display the result
of Baltz [11] obtained by numerical calculations using a formula for the cross section resulting
from “exact solution of the semiclassical Dirac equations”. In fact, this formula allows one
to calculate the Coulomb correction in the leading logarithmic approximation only which is
insufficient in this very case.

2.2 Probabilities for e+e− pair production at a given impact param-
eter between nuclei

Due to the fact that Z1Z2α� 1 for modern heavy-ion colliders, it is possible for γ � 1 to treat
the nuclei as sources of the external field and calculate the probability of n-pair production
Pn(ρ) in the collision of two nuclei at a given impact parameter ρ. The cross section is then
found to be

σn =

∫
Pn(ρ) d2ρ . (8)

What do we know about the function Pn(ρ)?
It was realized many years ago that in the Born approximation

P1(ρ) ∼ (Zα)4L at ρ ∼ 1/m (9)

and, therefore, this probability can be greater than 1 (see Ref. [12]). It means (i) that one
should take into account the unitarity corrections, which come from the unitarity requirement
for the S-matrix and (ii) that the cross section for multiple pair production should be quite
large.

It was argued in [13] that the factorization of the multiple pair production probability is
described with good accuracy by the Poisson distribution:

Pn(ρ) =
[n̄e(ρ)]n

n!
e−n̄e(ρ) , (10)

where n̄e(ρ) is the average number of produced e+e− pairs. It is evident that the unitarity
requirement is fulfilled by the Poisson distribution, whose sum over n gives one.

The probability for producing one pair, given in perturbation theory by n̄e(ρ), should be
modified to read n̄e(ρ) exp[−n̄e(ρ)]. For the one-pair production it corresponds to replacement:

σe+e− =

∫
n̄e(ρ) d2ρ → σe+e− + σunit

e+e− =

∫
n̄e(ρ) e−n̄e(ρ) d2ρ , (11)

where

σunit
e+e− = −

∫
n̄e(ρ)

[
1− e−n̄e(ρ)

]
d2ρ (12)

is the unitarity correction. It should be noted that the main contribution to σe+e− comes from
ρ� 1/m, while the main contribution to σunit

e+e− comes from ρ ∼ 1/m.
The function n̄e(ρ) is a very important quantity for the evaluation of unitarity corrections.

It was found for γ � 1 in closed form (taken into account (Zα)n terms exactly) in Ref. [14]
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and the problem of its proper regularization was solved in [6]. But the obtained close form for
n̄e(ρ) is, in fact, a nine-fold integral and its calculation is very laborious.

A simpler approximate expression for n̄e(ρ) is very desirable. The functional form of this
function in the region of interest reads

n̄e(ρ, γ, Z) = (Zα)4 F (x, Z) [L−G(x, Z)] , L = ln (γ2) , x = mρ . (13)

The simple analytical expressions for functions F (x, Z) and G(x, Z) is obtained in [7] only at
large values of the impact parameters, ρ� 1/m. On the other hand, for the calculation of the
unitarity corrections we need F (x, Z) and G(x, Z) in the range ρ ∼ 1/m.

In the paper [15] the authors gave a detailed consideration of the function F (x, Z) including
tables and compact integral presentation in the form of an “only” five-dimensional integral.
Using some numerical calculations for the function n̄e(ρ, γ, Z), a simple approximation for
G(x, Z) has been found in [8]:

G(x, Z) ≈ 1.5 ln(x+ 1.4) + 1.9 . (14)

As a result, the approximate expression

n̄e(ρ, γ, Z) = (Zα)4 F (x, Z) [L− 1.5 ln(x+ 1.4)− 1.9] , L = ln (γ2) , x = mρ (15)

with the function F (x, Z) from [15] can be used for calculation of unitarity corrections with an
accuracy on the order of 5 %.

3 Strong-field effects in µ+µ− pair production

The motivation for the consideration of processes involving heavier lepton pairs is given by
the fact that they may be easier to observe experimentally than e+e− pair production. This
process was recently considered in detail in Refs. [16, 8]. It was found that: (i) the Coulomb
corrections are small, while unitarity corrections are large; (ii) the exclusive cross section differs
considerable from its Born value, but its experimental observation is difficult; (iii) the inclusive
cross section coincides with the Born cross section; (iv) the Born contribution can be easily
calculated using the equivalent photon approximation (EPA) which has a very good accuracy
in this particular case.

3.1 Born cross section for µ+µ− pair production

Let us consider the production of a µ+µ− pair,

Z1 + Z2 → Z1 + Z2 + µ+µ− , (16)

using the EPA, but taking into account nuclear electromagnetic form factors. The Born dif-
ferential cross section dσB for the considered process is related to the cross section σγγ for the
real γγ → µ+µ− process by the equation

dσB = dn1dn2 dσγγ , (17)

where dni is the number of equivalent photons. A further simple integration leads to the result
shown in Table 1. The accuracy of this calculation is of the order of a few percent.
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In the impact parameter representation, the probability of muon pair production PB(ρ) in
the Born approximation is given as follows (in the LLA),

PB(ρ) =

∫
dn1dn2 δ(ρ1 − ρ2 − ρ)σγγ =

28

9π2

(Z1αZ2α)
2

(µρ)2
Φ(ρ) , (18)

where µ is the muon mass. There are two scales in dependence of function Φ(ρ) on ρ:

Φ(ρ) =

(
4 ln

γ

µρ
+ ln

ρ

R

)
ln
ρ

R
at R� ρ ≤ γ/µ ,

Φ(ρ) =

(
ln

γ2

µ2ρR

)2

at γ/µ ≤ ρ� γ2/(µ2R)

(here R is the nuclear radius). Reassuringly, when we compare the expression for Φ(ρ) with
numerical calculations based on the exact matrix element, we find good agreement for Pb-Pb
collisions: the discrepancy is less then 10 % for µρ > 10, so that Φ(ρ) can be used with good
effect for the calculation of unitarity corrections below.

3.2 Coulomb and unitarity corrections

For the Coulomb correction, the following simple estimate can be obtained. Due to the nu-
clear form factor, there is restriction of transverse momenta of additional exchange photons
on the level of 1/R and the effective parameter of the perturbation series is not (Zα)2, but
(Zα)2/(Rµ)2. Besides, there is an additional logarithmic suppression because the Coulomb
corrections lack the large Weizsäcker–Williams logarithm L. As a consequence, the real sup-
pression parameter is of the order of

η2 =
(Zα)2

(Rµ)2L
, L = ln

(
γ2
)
, (19)

which corresponds to the Coulomb correction∼ 1 %. We have recently carried out a calculation,
based on the asymptotic limit of the Coulomb corrections for the muon pair photo-prodution
by Ivanov and Melnikov [5]. The results of this investigation, whose details will be published

Collider σCoul
σBorn

σCoul
σBorn

(Ref. [17])

RHIC, Au-Au −3.7% −22%

LHC, Pb-Pb −1.3% −14%

Table 3: Coulomb corrections to the µ+µ− pair production.

elsewhere, are in agreement with (19) and they are given in Table 3. In the last column we
display the recent results of Baltz [17], which are in strong disagreement with the results in the
second column obtained by us. Because the simple estimate (19) corresponds to a decrease of
the Coulomb corrections with the growth of the lepton mass, it seems questionable that the
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Figure 4: Ordinary nuclear bremsstrahlung via a virtual Compton scattering.

Coulomb corrections for the muon pair production, according to Ref. [17], might be larger that
those for the e+e− pair production.

The unitarity correction σunit to muon pair production is described by the exchange of
blocks, corresponding to light-by-light scattering via a virtual electron loop, between the nuclei
(see Fig. 3). As usual,

σB =

∫ ∞

2R

PB(ρ) d2ρ→ σB + σunit =

∫ ∞

2R

PB(ρ) e−n̄e(ρ) d2ρ (20)

and

σunit = −
∫ ∞

2R

[
1− e−n̄e(ρ)

]
PB(ρ) d2ρ (21)

is the unitarity correction for the exclusive production of one muon pair. In LLA we find

δunit =
σunit

σB
= −49 % for the Pb-Pb collisions at LHC. (22)

It is seen that unitarity corrections are large, in other words, the exclusive production of one
muon pair differs considerable from its Born value.

However, the experimental study of the exclusive muon pair production seems to be a very
difficult task. Indeed, this process requires that the muon pair should be registered without
any electron–positron pair production, including e± emitted at very small angles. Otherwise,
the corresponding inclusive cross section will be inclusive and close to the Born cross section
(for details see Ref. [8]).

4 Strong-field effects for the nuclear bremsstrahlung

Ordinary nuclear bremsstrahlung without excitation of the final nuclei is given by the Feynman
diagrams of Fig. 4 and was known in detail many years ago. It can be described as the Compton
scattering of the equivalent photon off the incoming nucleus:

dσbr = dσabr + dσbbr , (23)

and
dσabr = dn1(ω) dσC(ω,Eγ , E2, Z2) . (24)

Here, dn1 is the number of equivalent photons emitted by the nucleus Z1 and dσC(ω,Eγ , E2, Z2)
is the differential cross section for the Compton scattering off nucleus Z2. We can rewrite these
equations as

dσabr = dPa(ρ) d2ρ , (25)
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Figure 5: Nuclear bremsstrahlung via the virtual Delbrück scattering.

where the differential probability dPa(ρ) assumes the form

dPa(ρ) =
Z2

1α

π2

σT(Z2)

ρ2

(
1− xγ +

3

4
x2
γ

)
dEγ
Eγ

, xγ =
Eγ
E2

(26)

with the Thomson cross section (M is the mass of nucleus)

σT(Z2) =
8π

3

Z4
2α

2

M2
. (27)

Now we calculate the unitarity correction [8].

δunit =
dσaunit

dσabr

. (28)

In our case it reads

δunit = − 1

Lγ

∫ ∞

2R

dρ

ρ

[
1− e−n̄e(ρ)

]
, Lγ = ln

(
2γ1 γ

2
2 (1− xγ)

REγ

)
. (29)

An evaluation of this integral gives the following result for a photon energy Eγ = 1 GeV:

δunit = −19 % for the RHIC , δunit = −15 % for the LHC . (30)

5 Large contribution of the virtual Delbrück scattering
into nuclear bremsstrahlung

Recently, in Ref. [18], we have considered the emission of photons not via the virtual Compton
subprocess, but via another one – the virtual Delbrück scattering subprocess of Fig. 5 (the first
results were presented at the PHOTON-2007 conference in Paris). Nuclear bremsstrahlung via
virtual Delbrück scattering in the lowest order of quantum electrodynamics is described by
Feynman diagram of Fig. 5. A first note about this process was given in Ref. [19].

At first sight, this is a process of a very small cross section since σ ∝ α7. But at second
sight, we should add a very large factor Z6 ∼ 1011 and take into account that the cross section
scale 1/m2 is determined not by the nucleon mass, but the electron mass. And last, but not
least, we found that this cross section has an additional logarithmic enhancement of the order
of

L2 & 100 , L = ln
(
γ2
)
. (31)
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Thus, the estimate is

σ ∼ (Zα)
6
α

m2 L2 . (32)

Our analytical result (see for detail Refs. [18]) is

σ = C
(Zα)

6
α

m2 L2 (33)

with C ≈ 0.4. This cross sections is considerably larger than that for ordinary nuclear
bremsstrahlung in the photon energy range:

m� Eγ � mγ . (34)

Thus, the discussed cross section is

σ = 14 barn for RHIC, σ = 50 barn for LHC . (35)

That is quite a serious number! Note for comparison, that the last cross section is 6 times larger
than the total hadronic/nuclear cross section in Pb–Pb collisions, which is roughly 8 barn. The
energy and angular distribution of photons is also calculated in [18].

We conclude this brief report by emphasizing that Coulomb and unitarity corrections, and
loop effects (virtual Delbrück scattering) are essential for an accurate quantitative understand-
ing of photon and lepton production cross sections in ultrarelativistic heavy-ion collisions. The
extremely strong fields encountered in these processes lead to a physical situation not encoun-
tered anywhere else in nature, and thus, surprising effects like loop-dominance over the tree-level
graphs for photon production or a 50 % decrease of an exclusive over an inclusive muon pair
production cross section due to unitarity represent testimonies of the extreme state of matter
and radiation at the RHIC and LHC colliders.
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