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Preface

The Helmholtz International Summer School ”HEAVY QUARK PHYSICS” was held at the Bogoli-
ubov Laboratory of Theoretical Physics of the Joint Institute of Nuclear Physics JINR, Dubna, Moscow
region, in the period August 11 – 21. 2008. This school is a continuation of a series of workshops on
heavy quark physics held in Dubna (1993, 1996, 2000), Bad Honnef (1994), Rostock (1997) and the
Helmholtz-JINR School held in Dubna in 2005.
Heavy quark physics is one of the frontiers of research in high energy physics. In the past, the experi-
mental collaborations ARGUS and CLEO at thee+e− storage rings at DESY and Cornell respectively,
the four collaborations, ALEPH, DELPHI, L3 and OPAL at LEP, and the SLD experiment at SLAC,
spearheaded this field of research. However, in the recent past, the experiments BABAR and BELLE
at the asymmetric B-factories at SLAC and KEK, respectively, and the two experiments CDF and D0,
operating at thepp̄ collider Tevatron at Fermilab, have moved to the forefront of heavy quark physics,
providing a wealth of data. The highlights of the B-factory experiments are, among other topics, precise
measurements of the matrix elementsVcb andVub of the quark mixing matrix,VCKM, CP asymmetries,
determining the three inner angles of the CKM-unitarity triangle, weak-interaction induced mass differ-
ence∆MBd

involving the neutral meson complexB0
d−B0

d, and rareB-meson decays involving flavour
changing neutral currents, such asB → Xs,d (γ, `+`−). Likewise, the twopp̄ experiments, CDF and
D0, have provided seminal results on the physics of theB0

s meson (and its antiparticle), highlighted by
the measurement of theB0

s − B0
s mass difference∆MBs

, and onΛb and other higher massb-baryons.
More recently, these experiments have also provided first experimental results on the measurements of
the phase of theB0

s − B0
s system,φBs

, defined asφBs
= −2βs = arg(−VtsV ∗tb/VcsV ∗cb). Currently

the measuremens are off by 2.2σ from the Standard Model valueφBs ' −2◦. These and other re-
lated studies will be set forth in the experiments (ATLAS, CMS, and, in particular, LHCb) at the Large
Hadron Collider, which has just started its operations. If the current trends in theb→ s quark transitions
are confirmed by the subsequent experiments, it would imply evidence of physics beyond the standard
model in the quark sector, crowning the weak interaction studies carried out over the last 50 years.
The main thrust of theoretical studies in heavy quark physics is on achieving theoretical precision com-
mensurate with those in experiment (or better). This requires development of reliable calculational tools
with firm theoretical underpinnings. For this purpose, effective field theories, obtained by integrating
out the heavy degrees of freedom, provide the framework to study the physics of the hadrons containing
theb- andc-quarks. They enable us to carry out pertrurbative QCD improvements in the various tran-
sition amplitudes and prescribe the hadronic matrix elements to be calculated using a non-perturbative
approach. The four most-popular approaches to handle the non-perturbative parts are: Lattice QCD,
heavy quark effective theory (HQET), soft collinear effective theory (SCET) and the QCD sum rules.
These approaches were discussed at great length at the school, both in terms of their structure and appli-
cations to the weak decays of the heavy hadrons. Another topic taken up at this school was the physics
involving the top quark. In particular, the role of the top quark in the context of the electroweak radiative
corrections, and the QCD radiative corrections to the top quark decays, were discussed in detail. Apart
from these, a number of topics related to the properties of charmonia, heavy (b- andc-) baryons, double
heavy baryons and heavy tetraquarks were covered by several speakers.
The school on Heavy Quark Physics was well-attended, judged from more than 65 participants and
lecturers, listed in these proceedings. They include a large number of students and young researchers
who presented their work in contributed talks. Quite a few of these contributions, though not all, are
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included in the proceedings. However, the slides of all the talks are available at the web address:
http://theor.jinr.ru/~hq2008/index.htm.
The online proceedings are available at:
http://www-library.desy.de/preparch/desy/proc/proc09-07.pdf.

We thank all the lecturers for their excellent talks, elucidating the technical aspects and the wide-ranging
applications. We regret that two of the lecturers (Iain Stewart and Enrico Lunghi) were not able to
come to Dubna. However, their absence was compensated by their eloquent talks, given using Skype,
which was a novelty at the JINR! We thank the Helmholtz-Gesellschaft and JINR for their financial,
administrative and logistic support. Finally, we thank the DESY Directorate for the financial support
and the DESY Library staff (Martin K̈ohler, Kirsten Sachs and Maren Stein) for their help in putting
these proceedings together.

Co-editors:
Ahmed Ali and Mikhail Ivanov
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Three Lectures on

Meson Mixing and CKM phenomenology

Ulrich Nierste

Institut für Theoretische Teilchenphysik
Universität Karlsruhe
Karlsruhe Institute of Technology,
D-76128 Karlsruhe, Germany

I give an introduction to the theory of meson-antimeson mixing, aiming at students who
plan to work at a flavour physics experiment or intend to do associated theoretical studies.
I derive the formulae for the time evolution of a neutral meson system and show how the
mass and width differences among the neutral meson eigenstates and the CP phase in
mixing are calculated in the Standard Model. Special emphasis is laid on CP violation,
which is covered in detail for K−K mixing, Bd−Bd mixing andBs−Bs mixing. I explain the
constraints on the apex (ρ, η) of the unitarity triangle implied by εK , ∆MBd , ∆MBd/∆MBs

and various mixing-induced CP asymmetries such as aCP(Bd → J/ψKshort)(t). The impact
of a future measurement of CP violation in flavour-specific Bd decays is also shown.

1 First lecture: A big-brush picture

1.1 Mesons, quarks and box diagrams

The neutral K, D, Bd and Bs mesons are the only hadrons which mix with their antiparticles.
These meson states are flavour eigenstates and the corresponding antimesons K, D, Bd and Bs
have opposite flavour quantum numbers:

K ∼ sd, D ∼ cu, Bd ∼ bd, Bs ∼ bs,
K ∼ sd, D ∼ cu, Bd ∼ bd, Bs ∼ bs, (1)

Here for example “Bs ∼ bs” means that the Bs meson has the same flavour quantum numbers as
the quark pair (b, s), i.e. the beauty and strangeness quantum numbers are B = 1 and S = −1,
respectively. The meson states in Eq. (1) are also eigenstates of the strong and electromagnetic
interactions. As long as we neglect the weak interaction, they are also mass eigenstates, with
the same mass for meson and antimeson. In the Standard Model (SM) all interaction vertices
conserve flavour, except for the couplings of W bosons to fermions.1 The piece of the SM
Lagrangian which describes the W couplings to quarks reads

LW =
gw√

2

∑

j,k=1,2,3

[
Vjk ujL γ

µdkLW
+
µ + V ∗jk dkL γ

µujLW
−
µ

]
. (2)

1Strictly speaking, this statement assumes that the so-called unitary gauge for the weak gauge bosons is
adopted. The unphysical charged pseudo-Goldstone bosons, which appear in other gauges, also have flavour-
changing vertices. Changing the gauge shuffles terms between the pseudo-Goldstone bosons and the longitudinal
components of the gauge bosons.
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Figure 1: Box diagrams for K−K , D−D , Bd−Bd and Bs−Bs mixing. The zigzag lines
represent W bosons. For each process there is also a second box diagram, obtained by a 90◦

rotation.

Here gw is the weak coupling constant and V is the 3× 3 unitary Cabibbo-Kobayashi-Maskawa
(CKM) matrix :

V =




Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb


 . (3)

In Eq. (2) I have further used the notations (d1, d2, d3) = (d, s, b) and (u1, u2, u3) = (u, c, t).
The W boson only couples to the left-handed components of the quark fields as indicated by
the subscript “L” in Eq. (2). At fourth order in the weak coupling we can change the flavour
quantum numbers by two units and obtain transitions between mesons and antimesons. The
corresponding Feynman diagrams are shown in Fig. 1. These |∆F | = 2 diagrams, where
F denotes the appropriate flavour quantum number F = S, C or B, represent the lowest
non-vanishing contribution to the transition matrix element Σ12 defined by

−i(2π)4δ(4)(pM − pM )Σ12 =
〈M(~pM )|S|M(~pM )〉

2MM
(4)

with the S-matrix S and the generic notation M = K,D,Bd or Bs. (The notation Σ12 refers to
the quantum-mechanical two-state system with |1〉 = |M〉 and |2〉 = |M〉.) I comply with the
standard relativistic normalisation of the meson states, 〈M(~p ′)|M(~p)〉 = 2E (2π)3δ(3)(~p ′ − ~p).
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The meson mass MM =
√
E2 − ~p 2 in the denominator in Eq. (4) is introduced for later

convenience. In terms of the Hamiltonian (density) HSM
int (x) = −LSMint (x), which encodes all

interactions of the SM, the S-matrix is given by the usual time-ordered exponential

S = Te−i
R
d4xHSM

int (x). (5)

In order to link Eqs. (4) and (5) to the diagrams of Fig. 1 we must consider the contribution from
LW in Eq. (2) to −HSM

int and expand the time-ordered exponential in Eq. (5) to order g4
w. The

determination of this term amounts to the calculation of the two contributing box diagrams with
the usual Feynman rules of the weak interaction. To this point we have only used standard text-
book quantum field theory, noting an important omission: No effect of the strong interaction
has been taken into account by now. Most importantly, we do not know yet how to take care of
quark confinement, which forces the external quarks in the diagrams of Fig. 1 to form mesons.
As an important feature, Quantum Chromodynamics (QCD) behaves very differently at short
and long distances: At short distances (probed by large energies) the QCD coupling constant
gs is small and we can apply perturbation theory [1], just as we did with the weak interaction.
That is, effects of short-distance QCD can be included by adding gluons to the diagrams in
Fig. 1. At large distances, corresponding to low energies, QCD is non-perturbative and one
must resort to different methods, such as lattice gauge theory or QCD sum rules. Long-distance
QCD is also referred to as hadronic physics, because its degrees of freedom are hadrons rather
than quarks and gluons. In many cases the associated theoretical uncertainties are the main
obstacle in the relation between measured quantities and the fundamental parameters of nature
encoded in the Lagrangian L. Theorists pursue a two-fold strategy to deal with hadronic
uncertainties: On one hand they try to refine non-perturbative methods such as lattice gauge
theory. On the other hand they try to identify quantities in which hadronic uncertainties
are small or even absent or look for ways to eliminate hadronic uncertainties through clever
combinations of different observables. We will encounter both strategies in our discussion of
meson-antimeson mixing. Weak processes of hadrons involve several largely-separated energy
scales.2 For example, in B−B mixing we encounter mt > MW � mb � ΛQCD, where
ΛQCD ∼ 0.4 GeV is the fundamental scale of the strong interaction governing e.g. the size
of binding energies. In order to correctly calculate Σ12 we must separate the different scales
from each other and apply different computational methods to large and small energy scales.
However, without detailed understanding of the strong interaction we can roughly assess the
relative importance of the contributions from the different internal quark flavours in Fig. 1: In
the case of Bd−Bd mixing and Bs−Bs mixing one finds that the box diagram with internal
top quarks vastly dominates over the diagrams with light quarks, because the result of the
diagram grows with the internal quark mass. For K−K mixing and D−D mixing no such
estimate is possible, because the contribution with the heaviest quark is suppressed by small
CKM elements.

Owing to Σ12 6= 0, M and M mix and are no more mass eigenstates. The latter are obtained
by diagonalising the 2× 2 matrix Σij , where

−i(2π)4δ(4)(p′i − pj)Σij =
〈i, ~pi′|SSM|j, ~pj〉

2MM
(6)

with |1, ~p1〉 = |M(~p1)〉 and |2, ~p2〉 = |M(~p2)〉 generalises Eq. (4). We list two important aspects
of meson-antimeson mixing:

2I use natural (or Planck) units with ~ = c = 1, so that masses and momenta have units of GeV.
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i) The two mass eigenstates are linear combinations of M and M . The degeneracy is lifted
and we can denote the two mass eigenstates by MH and ML, where “H” and “L” stand
for “heavy” and “light”, respectively. MH and ML not only differ in their masses, but
also in their lifetimes.

ii) If we produce a meson M at some time t = 0, the corresponding state will evolve into a
superposition of M and M at later times t > 0. One observes meson-antimeson oscilla-
tions.

We will calculate the differences among the masses and decay widths in the second and third
lectures. Studies of neutral Kaons mainly exploit property i), while the mixings of the other
three neutral meson systems are investigated through property ii). The reason for the Kaon’s
special role here is the vast lifetime difference between KH and KL. The former state, usually
denoted as Klong, lives roughly 500 times longer than KL = Kshort, so that one can easily
produce a Klong beam. For D, Bd and Bs mesons the width differences are much smaller
than the average decay width of the two eigenstates and this method is not feasible. The
identification of the meson (discriminating between M and M) needed to track the meson-
antimeson oscillations is called flavour tagging. To observe the oscillations the mesons must
move sufficiently fast in the detector. Modern B factories, which produce (Bd, Bd) pairs via the
Υ(4S) resonance, have therefore asymmetric beam energies, so that the centre-of-mass frame
(coinciding with the rest frame of the Υ(4S)) moves with respect to the laboratory frame.
At hadron colliders studies of meson-antimeson oscillations profit from the large boost of the
produced mesons. Tevatron and LHC are especially powerful for Bs physics, because the Bs−Bs
oscillations are very rapid.

1.2 A bit of history

Meson-antimeson mixings belong to the class of flavour-changing neutral current (FCNC) pro-
cesses, which involve different flavours with the same electric charge. Since in the SM such
processes are forbidden at tree-level, they are sensitive to new heavy particles appearing as
virtual particles in loop diagrams. Historically, the first new particle predicted from the consid-
eration of FCNCs was the charm quark, which was needed to eliminate large tree-level FCNC
couplings in conflict with experiment [2]. Subsequently, the rough size of the charm quark mass
mc was predicted from the size of the mass difference ∆MK = MH −ML in the neutral Kaon
system [3]. A great success story of flavour physics has been the exploration of the discrete
symmetries charge conjugation (C), parity (P ) and time reversal (T ). Charged Kaon decays
had revealed in 1956 that P and C are not conserved by the weak interaction, while physicists
kept their faith in a good CP symmetry. If CP were conserved, we could assign CP quantum
numbers to Klong and Kshort. The latter meson was observed to decay into a two-pion state,
and each pion is CP -odd and contributes a factor of −1 to the total CP quantum number (which
is multiplicative). A further contribution to the CP quantum number of a two-particle state
stems from the angular momentum: States with orbital angular momentum quantum number
l involve the spherical harmonic Y lm(~n), where ~n = ~p/|~p| and ~p is the relative momentum of
the two particles considered. Since Y lm(~n) = (−1)lY lm(−~n), states with odd l have P and CP
quantum numbers −1, while those with even l are even under P and CP . Since the decaying
Kaon has no spin and the total angular momentum is conserved in any decay process, the two
pions in the final state have have l = 0 in the Kaon rest frame. (In general the spin wave
function also matters, but pions have spin zero.) In total we find that the two-pion state is
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CP -even. Now Klong was only seen to decay into three pions, so that this meson was believed
to be CP -odd. In fact, its long lifetime stems from the kinematical suppression of the decay
into the CP -odd three–pion state. To understand that a three-pion state is always CP -odd,
first note that we get a contribution of (−1)3 = −1 from the intrinsic CP quantum numbers
of the three pions. Next pick any two of the pions and call there relative orbital angular mo-
mentum quantum number l1. Likewise we denote the quantum number for the relative orbital
angular momentum between this pair and the third pion by l2. One of the selection rules for
the addition of angular momenta implies that the total quantum number l satisfies l ≥ |l1− l2|.
Since l = 0, this means that l1 = l2 and the “orbital” contribution to the CP quantum number
is (−1)l1+l2 = (−1)2l1 = 1. Thus the three-pion state is CP -odd, irrespective of the value of l1.

In 1964 the decay Klong → ππ was observed, establishing CP violation [4]. The two-
generation Standard Model, whose construction was completed later in that decade [5], could
not accommodate this phenomenon: We will see below that CP -violating interactions of quarks
necessarily involve complex couplings. While the Vjk ’s in Eq. (2) are a priori complex, one can
render them real in the two-generation SM by transforming the quark fields as

dj → eiφ
d
j dj , uk → eiφ

u
kuk. (7)

with appropriate phases φdj and φuk . The net effects of these rephasings are the replacements of
the Vjk ’s by

Vjke
i(φdj−φuk ). (8)

These expressions involves three independent phases and we may choose e.g. φd1 − φu1 , φd1 −
φu2 and φd2 − φu1 in such a way that the three complex phases of a unitarity 2 × 2 matrix
are eliminated, arriving at the real Cabibbo matrix. In 1973 Kobayashi and Maskawa have
pointed out that a physical CP -violating phase persists in the quark mixing matrix, if there
are at least three generations [6]: A unitary 3× 3 matrix has 6 complex phases while we have
only 5 phase differences φdj − φuk at our disposal. The finding of Kobayashi and Maskawa
was largely ignored at that time and only appreciated after the third fermion generation was
experimentally established. In 1987 the ARGUS experiment at DESY observed Bd−Bd mixing,
at an unexpectedly large rate [7]. This finding was the first hint at a truly heavy top quark,
which enters the lower left box diagram of Fig. 1.

1.3 CP violation

The last stroke of the brush is devoted to CP violation. Defining

CP |M(~pM )〉 = −|M(−~pM )〉, CP |M(~pM )〉 = −|M(−~pM)〉 (9)

we first look at decays M → fCP andM → fCP, where fCP is a CP eigenstate:

CP |fCP〉 = ηCP|fCP〉 (10)

with ηCP = ±1. The CP operator appearing in Eqs. (9) and (10) is unitary, i.e. (CP )−1 = (CP )†.
To get an idea of the importance of meson-antimeson mixing for the study of CP violation we
first assume that M and M do not mix. We could still measure the decay rates of the CP -
conjugate processes M → fCP andM → fCP. If we find them different we establish direct CP
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violation (often called CP violation in decay). However, it is very difficult to relate a direct CP
asymmetry to a fundamental CP phase in L: A non-zero direct CP asymmetry also requires
final state interaction related to the rescattering process M → f ′CP → fCP. Rescattering leads
to CP -conserving complex phases in the decay amplitude. In the absence of such phases the
amplitudes of M → fCP andM → fCP would simply be related by complex conjugation since
all phases would switch sign under CP . But then the two decay amplitudes would have the
same magnitude leading to identical decay rates. For M = D,Bd, Bs this hadronic rescattering
process is mainly inelastic and intractable with present theoretical methods.

But thanks to meson-antimeson mixing we can study meson states which are superpositions
of |M〉 and |M〉. The mass eigenstates |MH〉 and |ML〉 are linear combinations of |M〉 and |M〉:

|ML〉 = p|M〉+ q|M〉 ,
|MH〉 = p|M〉 − q|M〉 , (11)

with |p|2 + |q|2 = 1. We can calculate p and q from the box diagrams in Fig. 1 and will do so
in the following sections. A commonly used shorthand notation for decay amplitudes is

Af = A(M → f) = 〈f |S|M〉, Af = A(M → f) = 〈f |S|M〉. (12)

A key quantity to study CP violation is the combination

λf =
q

p

Af
Af

. (13)

λf encodes the essential feature of the interference of the M → f and M → f decays, the
relative phase between q/p (from meson-antimeson mixing) and Af/Af (stemming from the
studied decay). In a first application, I discuss the decays of neutral Kaons into two charged or
neutral pions. A neutralK orK meson state is a superposition ofKH = Klong andKL = Kshort.
At short times the decays of the Kshort component of our Kaon beam will vastly dominate over
the Klong decays and one can access the decay rates Γ(Kshort → ππ) for ππ = π+π−, π0π0. At
large times, say, after 10 times the Kshort lifetime, our beam is practically a pure Klong beam
and we can study the CP -violating Γ(Klong → ππ) decays. It is advantageous to switch to the
eigenbasis of strong isospin I :

|π0π0〉 =

√
1

3
| (ππ)I=0〉 −

√
2

3
| (ππ)I=2〉 ,

|π+π−〉 =

√
2

3
| (ππ)I=0〉+

√
1

3
| (ππ)I=2〉 ,

The strong interaction respects strong-isospin symmetry to an accuracy of typically 2%, so that
we can neglect any rescattering between the I = 0 and I = 2 states. Consequently, no direct
CP violation contributes to the famous CP -violating quantity

εK ≡
〈(ππ)I=0|Klong〉
〈(ππ)I=0|Kshort〉

. (14)

Abbreviating A0 ≡ A(ππ)I=0
, A0 ≡ A(ππ)I=0

and (see Eq. (13)) λ0 ≡ λ(ππ)I=0
we insert Eq. (11)

into Eq. (14) and readily find

εK =
1− λ0

1 + λ0
. (15)
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The experimental value [8]

εexp
K = ei φε (2.23± 0.01)× 10−3 with φε = (0.967± 0.001)

π

4
. (16)

therefore allows us to determine λ0, which in our example is apparently close to 1. In our case
with |A0| = |A0| (absence of direct CP violation) we have |λ0| = |q/p|. With Eq. (15) we find

εK '
1

2
[1− λ0] ' 1

2

(
1−

∣∣∣∣
q

p

∣∣∣∣− i Imλ0

)
(17)

up to corrections of order ε2K . Remarkably, from the real and imaginary part of εK we infer
two CP -violating quantities:

i) the deviation of |q/p| from 1 and

ii) the deviation of Imλ0 from 0.

The first quantity is independent of the studied final state f and codifies CP violation in mixing.
The second quantity, Imλf , measures CP violation in the interference of mixing and decay or,
in short, mixing-induced CP violation in the decay M → f .

In the case of D,Bd or Bs mixing studies one tags the flavour at some time t = 0. The
corresponding meson states are called |M(t)〉 and |M(t)〉 and satisfy |M(t = 0)〉 = |M〉 and
|M(t = 0)〉 = |M〉. For t > 0 these time-dependent states are calculable superpositions of |M〉
and |M〉 and by observing the time-dependence of M(t) → f we can infer λf . The presently
most prominent application of this method is the precise determination of Imλf in the decay
Bd → J/ψKshort by the B factories BaBar and BELLE. Needless to say that we will discuss
this important topic in detail below.

While C, P , and T are violated in nature, the combination CPT is a good symmetry. This
CPT theorem holds in any local Poincaré-invariant quantum field theory [9]. It implies that
particles and antiparticles have the same masses and total decay widths. When applied to our
mixing problem characterised by Σ in Eq. (6) the CPT theorem enforces Σ11 = Σ22. However,
while the CPT theorem implies Γtot(M) = Γtot(M), one still has different time-integrated total
decay rates for tagged mesons,

∫∞
0
dtΓtot(M(t)) 6=

∫∞
0
dtΓtot(M(t)). This quantity is sensitive

to the “arrow of time” and the difference Γtot(M(t))−Γtot(M(t)) measures CP violation rather
than CPT violation. Throughout my lectures I assume CPT invariance and therefore identify
CP symmetry with T symmetry. Still, experiments have tested the CPT theorem by probing
Σ11 = Σ22 in K−K mixing. We may speculate that Poincaré invariance and CPT symmetry
are violated by the unknown dynamics of quantum gravity. If we are lucky the size of CPT
violation scales linearly in the inverse Planck Mass MPlanck. Interestingly, today’s accuracy of
the CPT test Σ11 = Σ22 is roughly MK/MPlanck.

2 Second lecture: Time evolution

2.1 Time-dependent meson states

In the Schrödinger picture, the time evolution of a quantum-mechanical state |ψ〉 = |ψ, t = 0〉 is
given by |ψ, t〉 = U(t, 0)|ψ〉, with the unitary time-evolution operator U(t, 0). Consider first the
case of a weakly-decaying charged meson (i.e. K+, D+ or B+), which cannot mix with other
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Figure 2: Left: generic self energy Σ of a charged meson. Right: M 0−M0 mixing amplitude
Σ12.

states. The corresponding state at t = 0, |M+〉, will evolve into a superposition of all states
allowed by energy-momentum conservation. This class of states consists of the original meson
state |M+〉 and all final states |f〉 into which M+ can decay. Defining

|M+(t)〉 = |M+〉〈M+|U(t, 0)|M+〉 (18)

we can write

U(t, 0)|M+〉 = |M+(t)〉 +
∑

f

|f〉〈f |U(t, 0)|M+〉.

In order to find |M+(t)〉 we take a shortcut, by employing the exponential decay law to deduce

|M+(t)〉 = e−iMM te−Γt/2|M+〉 (19)

in the meson rest frame. The first term is the familiar time evolution factor of a stable state with
energy E = MM . The second factor involving the total width Γ is understood by considering
the probability to find an undecayed meson at time t:

∣∣〈M+|M+(t)〉
∣∣2 = e−Γt

Whenever I work in the Schrödinger picture I normalise the states as 〈M+|M+〉 = 1. Since
MM − iΓ/2 is independent of t, we can compute it using the familiar covariant formulation of
quantum field theory. The optical theorem tells us that MM and −Γ/2 are given by the real
and imaginary parts of the self-energy Σ (depicted in the left diagram of Fig. 2), where

−i(2π)4δ(4)(~p ′ − ~p)Σ =
〈M+(~p ′)|S|M+(~p)〉

2MM
(20)

(To be precise, the diagram in Fig. 2 corresponds to 2MMΣ, so that Σ = MM − iΓ/2 has mass
dimension 1.) From Eq. (19) we find

i
d

d t
|M+(t)〉 =

(
MM − i

Γ

2

)
|M+(t)〉. (21)

This equation can be generalised to a two-state system describing neutral meson mixing:

i
d

d t

(
|M(t)〉
|M(t)〉

)
= Σ

(
|M(t)〉
|M(t)〉

)
(22)
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where now Σ is the 2× 2 matrix defined in Eq. (6). Recall that any matrix can be written as
the sum of a hermitian and an antihermitian matrix. We write

Σ = M − i Γ

2
(23)

with the mass matrix M = M † and the decay matrix Γ = Γ†. Then

M12 =
Σ12 + Σ∗21

2
,

Γ12

2
= i

Σ12 − Σ∗21

2
. (24)

The expressions on the RHS of Eq. (24) are called dispersive and absorptive parts of Σ12,
respectively. The right diagram in Fig. 2 generically represents all contributions to Σ12. To
compute Σ12 we can certainly use perturbation theory for the weak interaction (which to lowest
order amounts to the calculation of the box diagram in Fig. 1), but we must take into account
the non-perturbative nature of the strong binding forces. The diagonal elements M11 and M22

are the masses of M and M and are generated from the quark mass terms in L and from the
binding energy of the strong interaction. However, the off-diagonal elements M12 = M∗21 and
all elements of Γ stem from the weak interaction and are therefore tiny in comparison with M11

and M22. The only reason why we can experimentally access M12 roots in the CPT theorem:
CPT symmetry enforces

M11 = M22, Γ11 = Γ22, (25)

so that the eigenvalues of Σ are exactly degenerate for Σ12 = Σ21 = 0. Even the smallest Σ12

can lift the degeneracy and can lead to large meson-antimeson mixing.
With our shortcut we have avoided to prove that Eq. (21) holds with time-independent M

and Γ. In fact, Eq. (21) and the inferred exponential decay law in Eq. (19) are not valid exactly,
but receive tiny (and phenomenologically irrelevant) corrections [10]. The same statement is
true for Eqs. (22) and (23), a proper derivation of Eq. (22) using time-dependent perturbation
theory for the weak interaction employs the so-called Wigner-Weisskopf approximation [11].
Corrections to this approximation have been addressed in Ref. [13] and are below the 10−10

level.
We now proceed with the solution of our Schrödinger equation in Eq. (22). Eq. (11) means

that the eigenvectors of Σ in Eq. (6) are (p, q)T and (p,−q)T . That is, Σ is diagonalised as

Q−1ΣQ =

(
ML − iΓL/2 0

0 MH − iΓH/2

)
(26)

with

Q =

(
p p
q −q

)
and Q−1 =

1

2pq

(
q p
q −p

)
. (27)

The ansatz in Eq. (27) works because Σ11 = Σ22. The mass eigenstates |ML,H(t)〉 obey an expo-
nential decay law as |M+(t)〉 in Eq. (19) with (MM ,Γ) replaced by (ML,H ,ΓL,H). Transforming
back to the flavour basis gives

(
|M(t)〉
|M(t)〉

)
= Q

(
e−iMLt−ΓLt/2 0

0 e−iMH t−ΓHt/2

)
Q−1

(
|M〉
|M〉

)
(28)
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I adopt the following definitions for the average mass and width and the mass and width
differences of the mass eigenstates:

m =
MH +ML

2
= M11 = M22 , Γ =

ΓL + ΓH
2

= Γ11 = Γ22 ,

∆M = MH −ML , ∆Γ = ΓL − ΓH .
(29)

Note that ∆M is positive by definition while ∆Γ can have either sign. Experimentally the sign
of ∆Γ is only known for Kaons and my sign convention in Eq. (29) corresponds to ∆ΓK > 0.
The Standard-Model prediction for ∆ΓBd and ∆ΓBs is also positive, while no reliable prediction
is possible for the sign of ∆ΓD. The matrix appearing in Eq. (28) can be compactly written as

Q

(
e−iMLt−ΓLt/2 0

0 e−iMH t−ΓHt/2

)
Q−1 =




g+(t)
q

p
g−(t)

p

q
g−(t) g+(t)


 (30)

with

g+(t) = e−imt e−Γt/2

[
cosh

∆Γ t

4
cos

∆M t

2
− i sinh

∆Γ t

4
sin

∆M t

2

]
,

g−(t) = e−imt e−Γt/2

[
− sinh

∆Γ t

4
cos

∆M t

2
+ i cosh

∆Γ t

4
sin

∆M t

2

]
. (31)

Inserting Eq. (30) into Eq. (28) gives us a transparent picture of the meson-antimeson oscilla-
tions:

|M(t)〉 = g+(t) |M〉+
q

p
g−(t) |M〉 ,

|M(t)〉 =
p

q
g−(t) |M〉+ g+(t) |M〉 , (32)

We verify g+(0) = 1 and g−(0) = 0 and find that g±(t) has no zeros for t > 0 if ∆Γ 6= 0.
Hence an initially produced M will never turn into a pure M or back into a pure M . We will
frequently encounter the combinations

|g±(t)|2 =
e−Γt

2

[
cosh

∆Γ t

2
± cos (∆M t)

]
,

g∗+(t) g−(t) =
e−Γt

2

[
− sinh

∆Γ t

2
+ i sin (∆M t)

]
. (33)

2.2 ∆M , ∆Γ and CP violation in mixing

We still need to solve our eigenvalue problem. The secular equation for the two eigenvalues
σL,H = ML,H− iΓL,H/2 of Σ is (Σ11−σL,H)2−Σ12Σ21 = 0. The two solutions of this equation
therefore satisfy

(σH − σL)
2

= 4 Σ12Σ21

or

(∆M + i
∆Γ

2
)2 = 4

(
M12 − i

Γ12

2

)(
M∗12 − i

Γ∗12

2

)
. (34)
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Taking real and imaginary part of this equation leads us to

(∆M)
2 − 1

4
(∆Γ)

2
= 4 |M12|2 − |Γ12|2 , (35)

∆M ∆Γ = −4 Re (M12Γ∗12) , (36)

Further Eq. (26) implies [Q−1ΣQ]12 = [Q−1ΣQ]21 = 0, which determines

q

p
= −∆M + i∆Γ/2

2M12 − iΓ12
= − 2M∗12 − iΓ∗12

∆M + i∆Γ/2
. (37)

(There is also a second solution with the opposite sign, which, however, is eliminated by im-
posing ∆M > 0.) For the simplification of Eqs. (35–37) it is useful to identify the physical
quantities of the mixing problem in Eqs. (22) and (23). In quantum mechanics we can always
multiply either |M〉 or |M〉 by an arbitrary phase factor without changing the physics. This
will change the phases of M12, Γ12 and q/p, none of which can therefore have any physical
meaning. The three physical quantities of meson-antimeson mixing are

|M12|, |Γ12|, and φ = arg

(
−M12

Γ12

)
. (38)

Eq. (36) then reads

∆M ∆Γ = 4 |M12||Γ12| cosφ. (39)

We can easily solve Eqs. (35) and (39) to express ∆M and ∆Γ, which we want to measure by
studying meson time evolutions, in terms of the theoretical quantities |M12|, |Γ12| and φ. We
recognise that the phase φ is responsible for CP violation in mixing introduced after Eq. (17):
By multiplying the two expression for q/p in Eq. (37) with each other we find

(
q

p

)2

=
2M∗12 − iΓ∗12

2M12 − iΓ12
=

M∗12

M12

1 + i

∣∣∣∣
Γ12

2M12

∣∣∣∣ eiφ

1 + i

∣∣∣∣
Γ12

2M12

∣∣∣∣ e−iφ
. (40)

We immediately verify from this expression that φ 6= 0, π indeed implies |q/p| 6= 1, which defines
CP violation in mixing.

Interestingly, CP violation in mixing is small (if quantified in terms of |q/p| − 1) for the K,
Bd and Bs systems. For D−D mixing this is most likely also the case, but the experimental
data are not accurate enough at present. In the case of K−K mixing we have established this
phenomenon in Eq. (17) from the measured value of Re εK in Eq. (16). In the B−B systems the
line of arguments is as follows: Experimentally we know ∆M � ∆Γ and theoretically |Γ12| �
∆M is firmly established from a SM calculation, since the possible impact of new physics on
|Γ12| is small. Then Eqs. (35) and (39) imply ∆M ≈ 2|M12| and therefore |Γ12| � |M12|, so
that the second term in the numerator and denominator of Eq. (40) is small, irrespective of the
value of φ. Thus |q/p| ' 1 for Bd and Bs mesons. It is useful to define the quantity a through

∣∣∣∣
q

p

∣∣∣∣
2

= 1− a. (41)
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For the K, Bd and Bs systems we know that a is small. By expanding (q/p)2 in Eq. (40) in
terms of φ or Γ12/M12 we find

a =
4|Γ12| |M12|

4|M12|2 + |Γ12|2
φ+O(φ2), for K−K mixing (42)

a = Im
Γ12

M12
+O

((
Im

Γ12

M12

)2
)

=

∣∣∣∣
Γ12

M12

∣∣∣∣ sinφ , for B−B mixing. (43)

With this result it is straightforward to solve Eqs. (35) and (39) for ∆M and ∆Γ. Incidentally,
in both cases we have

∆M ' 2 |M12|, (44)

∆Γ ' 2 |Γ12| cosφ. (45)

which holds up to corrections of order φ2 for Kaons and of order |Γ12/M12|2 for B mesons.
Of course, in the former case one can also replace cosφ by 1. Importantly, in B physics one
deduces from Eq. (37) that

q

p
= − M∗12

|M12|
[1 +O(a)] . (46)

That is, the phase of −q/p is essentially given by the phase of the Bd−Bd or Bs−Bs box
diagram in Fig. 1. Since B−B mixing is dominated by the box diagram with internal tops we
readily infer

q

p
= −V

∗
tbVtq
VtbV ∗tq

= − exp[i arg (V ∗tbVtq)
2] for Bq−Bq mixing with q = d, s (47)

up to tiny corrections of order a.

2.3 Time-dependent decay rates

Flavour factories are e+e− colliders whose CMS energy matches the mass of an excited quarko-
nium state which predominantly decays into (M,M) pairs. Running on the ψ(3770), Υ(4S) or
Υ(5S) resonances, one copiously produces (D,D), (Bd, Bd) or (Bs, Bs) mesons. The (M,M)
pairs are in an entangled quantum-mechanical state until the decay of one of the mesons is
observed. If the decay mode M → f is allowed while M → f is forbidden one calls M → f
a flavour-specific mode or a tagging mode. The most prominent examples are the semileptonic
decays M → X`+ν`. For the discovery of Bs−Bs mixing the flavour-specific mode Bs → D−s π

+

has played an important role [14]. A flavour-specific decay tags the decaying meson as either
M or M . The Einstein-Podolsky-Rosen effect then ensures that the other meson is an M or M ,
respectively. The time of the flavour tagging “starts the clock”, i.e. defines t = 0 in Eqs. (31)
and (32). This method is called opposite-side tagging. In hadron colliders pairs of different
hadrons can be produced, e.g. a Bs can be produced together with a B− or Λb plus several
lighter hadrons. Still, at the quark level (b, b) pairs are produced, so that the flavour tagging
works as well. As an additional possibility, hadron colliders permit same-side tagging, where the
flavour is determined at the time of the hadronisation process: When, say, a b-quark hadronises
into a B meson several pions and Kaons are produced as well. The charges of these light mesons
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are correlated with the charge of the light valence quark, which in the case of the B meson is
an anti-d quark.

The time-dependent decay rate of a meson tagged at t = 0 as M is defined as

Γ(M(t)→ f) =
1

NM

dN(M(t)→ f)

d t
, (48)

where dN(M(t)→ f) denotes the number of decays into the final state f occurring within the
time interval between t and t+ d t. NM is the total number of M ’s produced at time t = 0. An
analogous definition holds for Γ(M(t)→ f). One has

Γ(M(t)→ f) = Nf |〈f |S|M(t)〉|2 , Γ(M(t)→ f) = Nf
∣∣〈f |S|M(t)〉

∣∣2 (49)

with the time-independent normalisation factor Nf comprising the result of the phase-space
integration. It is straightforward to calculate Γ(M(t) → f) and Γ(M(t) → f) in terms of Af
and Af defined in Eq. (12), we just need to insert |M(t)〉 and |M(t)〉 from Eq. (32) into Eq. (49).
Trading Af for λf (see Eq. (13)) and a (see Eq. (41)) and making use of Eq. (33) we find the
desired formulae:

Γ(M(t)→ f) = Nf |Af |2 e−Γt

{
1 + |λf |2

2
cosh

∆Γ t

2
+

1− |λf |2
2

cos(∆M t)

−Reλf sinh
∆Γ t

2
− Imλf sin (∆M t)

}
, (50)

Γ(M(t)→ f) = Nf |Af |2
1

1− a e
−Γt

{
1 + |λf |2

2
cosh

∆Γ t

2
− 1− |λf |2

2
cos(∆M t)

−Reλf sinh
∆Γ t

2
+ Imλf sin(∆M t)

}
. (51)

Often we want to compare these decay modes with the corresponding decays into the final state
which is CP-conjugate with respect to f . For states f with two or more particles we define

|f〉 = CP |f〉 , (52)

while for the initial one-particle states we have defined CP in Eq. (9). For example, for
f = D−s π

+ the CP -conjugate state is f = D+
s π
−. Whenever we discuss CP (or any other

discrete transformation) in decay processes, we apply the transformation in the rest frame of
the decaying meson. The transformation in Eq. (52) is understood to reverse the signs of three-
momenta as in Eq. (9). For two-body final states, which are our prime focus, we can rotate
this mirror-reflected state by 180◦, so that the three-momenta of the rotated CP -transformed
state coincide with those of the original state. This procedure is usually implicitly understood
when people discuss decays into CP eigenstates composed of two distinct particles, such as
K → π+π−. For a CP eigenstate fCP Eqs. (10) and (52) imply |fCP〉 = ηfCP |fCP〉.
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In the M(t)→ f decay rates it is advantageous to keep Af while trading Af for λf :

Γ(M(t)→ f) = Nf
∣∣∣Af

∣∣∣
2

e−Γt (1− a)

{
1 + |λf |−2

2
cosh

∆Γ t

2
−

1− |λf |−2

2
cos(∆M t)

−Re
1

λf
sinh

∆Γ t

2
+ Im

1

λf
sin(∆M t)

}
, (53)

Γ(M(t)→ f) = Nf
∣∣∣Af

∣∣∣
2

e−Γt

{
1 + |λf |−2

2
cosh

∆Γ t

2
+

1− |λf |−2

2
cos(∆M t)

−Re
1

λf
sinh

∆Γ t

2
− Im

1

λf
sin(∆M t)

}
. (54)

Eqs. (50–51) and Eqs. (53–54) are our master formulae to calculate any time-dependent
decay rate of interest. We discuss two important applications here. The first one is the time
dependence of a flavour-specific decay, which satisfies Af = Af = λf = 1/λf = 0. In addition

we consider a decay mode with |Af | = |Af |, that is without direct CP violation. Semileptonic
decays satisfy both conditions. Our master formulae become very simple for this case. Defining
the mixing asymmetry,

A0(t) =
Γ(M(t)→ f)− Γ(M(t)→ f)

Γ(M(t)→ f) + Γ(M(t)→ f)
, (55)

one finds to order a:

A0(t) =
cos(∆M t)

cosh(∆Γ t/2)
+
a

2

[
1− cos2(∆M t)

cosh2(∆Γ t/2)

]
. (56)

Note thatA0(t) is not a CP asymmetry. Instead Γ(M(t)→ f) ∝ |〈M |M(t)〉|2 is proportional to
the probability that an “unmixed” M decays to f at time t, while Γ(M(t)→ f) ∝ |〈M |M(t)〉|2
is the corresponding probability for the process M → M → f . The asymmetry A0(t) is often
employed to measure ∆M . In the ARGUS discovery of Bd−Bd mixing [7] no time-dependence
was observed. Instead so-called like-sign dilepton events were observed in semileptonic (Bd, Bd)
decays, meaning that one of the two mesons must have mixed. By counting these events and
comparing the number with the number of opposite-sign dilepton events one can infer the
quantity x = ∆M/Γ. The corresponding formula can be found by integrating our master
formulae over t.

The CP asymmetry in flavour-specific decays (often called semileptonic CP asymmetry)
reads

afs ≡ Γ(M(t)→ f)− Γ(M(t)→ f)

Γ(M(t)→ f) + Γ(M(t)→ f)
=

1− (1− a)2

1 + (1− a)2
= a+O(a2). (57)

Define the untagged decay rate

Γ[f, t] = Γ(M(t)→ f) + Γ(M(t)→ f) (58)

to find:

afs,unt(t) =
Γ[f, t]− Γ[f, t]

Γ[f, t] + Γ[f, t]
=

afs

2
− afs

2

cos(∆M t)

cosh(∆Γt/2)
. (59)
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Hence no tagging is needed to measure afs! We observe that we can determine the three
physical quantities characterising meson-antimeson mixing, |M12|, |Γ12| and a, by measuring
∆M , ∆Γ and afs. At present all three quantities are only measured for K−K mixing! Also
the semileptonic CP asymmetry of B mesons can be measured without observing any time
dependence. In the spirit of ARGUS we can compare the number of positively-charged like-sign
dilepton pairs with the number of negatively-charged ones. Such measurements are performed
at the B factories and the Tevatron, but no non-zero semileptonic CP asymmetry has been
established by now.

Amusingly, the oscillations drop out from the tagged quantity in Eq. (57), while they persist
in Eq. (59). In most applications one can neglect the tiny a in Eqs. (50–51) and Eqs. (53–54).
Then we realise that in the untagged rates, obtained by adding Eqs. (50) and (51) or Eqs. (53)
and (54), the terms involving cos(∆Mt) and sin(∆Mt) vanish.

The second application of our master formulae are decays into CP eigenstates, M → fCP.
The time-dependent CP asymmetry is

afCP(t) =
Γ(M(t)→ fCP)− Γ(M(t)→ fCP)

Γ(M(t)→ fCP) + Γ(M(t)→ fCP)
. (60)

Using Eq. (50) and Eq. (51) one finds

afCP(t) = −A
dir
CP cos(∆M t) +Amix

CP sin(∆M t)

cosh(∆Γ t/2) +A∆Γ sinh(∆Γ t/2)
+O(a) , (61)

with (for f = fCP)

Adir
CP =

1− |λf |2

1 + |λf |2
, Amix

CP = − 2 Imλf

1 + |λf |2
, A∆Γ = − 2 Reλf

1 + |λf |2
. (62)

Note that |Adir
CP |2 + |Amix

CP |2 + |A∆Γ|2 = 1. Experimentally one can track the time-dependence of
af (t) and read off the coefficients of cos(∆M t) and sin(∆M t), so that one can determine |λf |
and Imλf . When studying decay amplitudes we can treat the weak interaction perturbatively
by drawing quark-level Feynman diagrams involving the exchange of W-bosons. While we
cannot fully compute those diagrams, because we cannot estimate how the quarks are “dressed”
by the strong interaction, we can still assess the CP-violating phases by identifying the CKM
elements in the diagrams. Decays in which all contributing Feynman diagrams carry the same
CP-violating phase are called golden modes. These modes satisfy |Af | = |Af |, so that there is
no direct CP violation. In a golden M → fCP decay this means |λfCP | = 1 and in Eqs. (61)
and (62) we have Adir

CP = 0 and
Amix
CP = ImλfCP . (63)

Moreover the phase of AfCP/AfCP is trivially read off from the phase of the CKM elements. In
B physics, where we also know the phase of q/p from Eq. (47), we can therefore directly relate
the measured ImλfCP to phases of CKM elements, if M → fCP is golden.

3 Third lecture: Linking quarks to mesons

3.1 The Cabibbo-Kobayashi-Maskawa matrix

We have encountered the CKM matrix V in Eq. (3). A unitary 3×3 matrix can be parameterised
by three angles and six complex phases. With the rephasings in Eqs. (7) and (8) we can eliminate
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five phases from V leaving us with one physical CP -violating phase. In the parameterisation
favoured by the Particle Data Book one has

V =




c12c13 s12c13 s13e
−iδ13

−s12c23 − c12s23s13e
iδ13 c12c23 − s12s23s13e

iδ13 s23c13

s12s23 − c12c23s13e
iδ13 −c12s23 − s12c23s13e

iδ13 c23c13


 , (64)

where cij = cos θij and sij = sin θij . The real angles θij may be chosen so that 0 ≤ θij ≤ π/2,
and the phase δ13 so that −π < δ13 ≤ π. For the discussion of CKM metrology it is useful to
introduce the Wolfenstein parameterisation [15]

V =




1− 1
2λ

2 λ Aλ3(ρ− iη)
−λ 1− 1

2λ
2 Aλ2

Aλ3(1− ρ− iη) −Aλ2 1


+O(λ4) , (65)

which is an expansion in terms of the small parameter λ = 0.22. The remaining three parameters
A, ρ and η are a bit smaller than 1. The Wolfenstein parameterisation nicely reveals the
hierarchical structure of the CKM matrix, with diagonal elements of order 1 and smallest
elements in the upper right and lower left corners. We can now understand why the prediction
of mc from ∆MK in 1974 was successful: Any contribution involving the top quark (at that time
unknown and unimagined by the authors of Ref. [3]) to the upper left diagram in Fig. 1 is highly
suppressed by small CKM elements, since |VtdVts| ' λ5, while |VcdVcs| ' |VudVus| ' sin θc ' λ.
Further the upper left 2 × 2 submatrix, the Cabibbo matrix, is almost unitary and involves
only a single parameter, the Cabibbo angle θc with Vud ' Vcs ' cos θc and Vus ' −Vcd ' λ.
Therefore the two new elements Vcd and Vcs predicted in Ref. [2] were completely fixed in terms
of the known θc. In the Wolfenstein approximation only Vub and Vtd have a complex phase and
CP violation is characterised by η 6= 0.

Any unitary 3× 3 matrix satisfies

V ∗1jV1k + V ∗2jV2k + V ∗3jV3k = δjk (66)

and V ∗j1Vk1 + V ∗j2Vk2 + V ∗j3Vk3 = δjk. (67)

If we choose j 6= k the three terms add to zero. We can depict the relations in Eqs. (66) and
(67) as triangles in the complex plane, e.g. for Eq. (66) the three corners are located at 0, V ∗1jV1k

and −V ∗2jV2k . The three sides can be associated with the three terms summing to zero. The
area of all six triangles is the same and given by J/2, where J is the Jarlskog invariant [16]

J ≡ Im [V ∗tdVtbV
∗
ubVud] = c12c23c

2
13s12s23s13 sin δ13 ' A2λ6η. (68)

Here the third expression refers to the exact parameterisation of Eq. (64) and the last result
uses the Wolfenstein approximation. Four of the six unitarity triangles are squashed, the
three sides are similar only for the choice (j, k) = (3, 1). Moreover, within the Wolfenstein
approximation the shapes of the triangles corresponding to Eqs. (66) and (67) are equal for
(j, k) = (3, 1). Applying the phase transformations of Eqs. (7) and (8) rotates the unitarity
triangles in the complex plane, but leaves their shape fixed. Seeking a definition of a rephasing-
invariant unitarity triangle with a physical meaning we divide Eq. (66) (for (j, k) = (3, 1)) by
V ∗23V21 = V ∗cbVcd to arrive at

V ∗ubVud
V ∗cbVcd

+
V ∗tbVtd
V ∗cbVcd

+ 1 = 0 (69)
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ρ+iη 1−ρ−iη

βγ

α

C=(0,0) B=(1,0)

A=(ρ,η)

Figure 3: The (standard) unitarity triangle.

When people speak of “the” unitarity triangle they refer to the rescaled triangle defined by
Eq. (69). Since its baseline coincides with the interval [0, 1] of the real axis, the unitarity
triangle is completely determined by the location of its apex (ρ, η), where

ρ+ iη ≡ −V
∗
ubVud
V ∗cbVcd

. (70)

Inserting Eq. (65) into Eq. (70) one realises that (ρ, η) = (ρ, η) within the Wolfenstein approx-
imation, which here is good to an accuracy of 3%. The unitarity triangle is depicted in Fig. 3.
The two non-trivial sides of the triangle are

Ru ≡
√
ρ2 + η2, Rt ≡

√
(1− ρ)2 + η2. (71)

CP -violating quantities are associated with the triangle’s three angles

α = arg

[
− VtdV

∗
tb

VudV ∗ub

]
, β = arg

[
−VcdV

∗
cb

VtdV ∗tb

]
, γ = arg

[
−VudV

∗
ub

VcdV ∗cb

]
. (72)

The angle γ coincides with δ13 of Eq. (64) at the sub-permille level. With Eqs. (70–72) one
obtains

ρ+ iη = Rue
iγ , 1− ρ− iη = Rte

−iβ . (73)

The unitarity relation of Eq. (69) now simply reads

Rue
iγ +Rte

−iβ = 1 (74)

Taking real and imaginary parts of Eq. (74) reproduces formulae which you know from high-
school geometry, allowing us to express any two of the four quantities Ru, Rt, γ, β in terms of
the remaining two ones. By multiplying Eq. (74) with either exp(−iγ) or exp(iβ) one finds
analogous relations involving α = π − β − γ.

Sometimes one needs to refine the Wolfenstein approximation to higher orders in λ. It is
prudent to define [17]

λ ≡ s12, Aλ2 ≡ s23 (75)
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to all orders in λ and to expand all CKM elements in terms of λ, A, ρ and η to the desired
order in λ. Then, for example:

Vub = Aλ3(ρ− iη)

(
1 +

λ2

2
+O(λ4)

)
. (76)

The phase

βs = arg

[
−VtsV

∗
tb

VcsV ∗cb

]
= λ2η +O(λ4) (77)

plays an important role in Bs−Bs mixing; βs is small, of order 0.02 (equal to 1 degree). In the
phase convention of Eq. (64) the phase of VcsV

∗
cb is O(λ6) and

arg(−Vts) = βs(1 +O(λ2)). (78)

Organising the phases in powers of λ, we find all CKM elements real to order λ2 except for Vub,
Vtd and Vts. Going to higher orders one encounters arg(−Vcd) ' A2ηλ4 and arg(Vcs) ' −A2ηλ6.

3.2 Effective Hamiltonians

We now address the strong interaction, which is the main obstacle on our way from quark
diagrams to mesonic amplitudes like M12 and A(M → f). In Sect. 1.1 we have seen that
weak processes of mesons are multi-scale processes. For instance, B−B mixing involves three
largely separated scales, since mt ∼MW � mb � ΛQCD. These scales must be disentangled to
separate the short-distance QCD, which is described by the exchange of quarks and gluons, from
the long-distance hadronic physics, whose characteristic property is the confinement of quarks
into hadrons. The key tool to separate the physics associated with the scale mheavy from the
dynamics associated with mlight � mheavy is the construction of an effective field theory. The
corresponding effective Hamiltonian Heff is designed to reproduce the S-matrix elements of the
Standard Model up to corrections of order (mlight/mheavy)n where n is a positive integer:

〈f |Te−i
R
d4xHSM

int (x)|i〉 = 〈f |Te−i
R
d4xHeff (x)|i〉

[
1 +O

(
mlight

mheavy

)n ]
(79)

I exemplify the method with an effective Hamiltonian which reproduces the amplitude for B−B
mixing up to corrections of order m2

b/M
2
W . That is, we employ Eq. (79) for the case i = B

and f = B (where B = Bd or Bs), mlight = mb and mheavy = MW ∼ mt. The corresponding
effective Hamiltonian reads

Heff = HQCD(f=5) +HQED(f=5) +H |∆B|=2. (80)

Here the first two terms are the usual QCD and QED interaction Hamiltonians with 5 “active
flavours”, meaning that they do not involve the top quark. The last term describes the weak
interaction. Adapted to the process under study, H |∆B|=2 only encodes the physics related to
B−B mixing, but does not describe other weak processes such as meson decays. It is called
H |∆B|=2, because it describes physical processes in which the bottom quantum number B
changes by two units. H |∆B|=2 does not contain W-boson, Z-boson or top-quark fields, instead
the ∆B = 2 transition of the box diagram in Fig. 1 is mediated by an effective four-quark
coupling:

Q = qLγνbL qLγ
νbL with q = d or s. (81)
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Figure 4: The four-quark operator Q for Bq−Bq mixing with q = d or s.

For historical reasonsQ is called a four-quark operator, but it is nothing but a point-like coupling
of four quark fields as shown in Fig. 4. We have

H |∆B|=2 =
G2
F

4π2
(VtbV

∗
tq)

2 C |∆B|=2(mt,MW , µ)Q(µ) + h.c. (82)

where the lengthy expression multiplying Q is just the effective coupling constant multiplying
the four-quark interaction of Fig. 4. This coupling constant is split into several factors, the first
of which contains the Fermi constant GF . The second factor summarises the CKM elements
of the box diagram and the third factor C |∆B|=2(mt,MW , µ) is the Wilson coefficient, which
contains the information on the heavy mass scales MW and mt. Finally µ is the renormal-
isation scale, familiar from QCD. Just as any other coupling also Q must be renormalised.
The renormalised operator Q depends on µ through the renormalisation constant ZQ(µ) via
Q = ZQQ

bare and (in a mass-independent scheme like MS) the latter dependence is only im-
plicit through g(µ), where g is the QCD coupling constant.3 With the decomposition in Eq. (82)
C |∆B|=2 has dimension two and is real.

C |∆B|=2 is calculated from the defining property of Heff in Eq. (79): We compute the
∆B = 2 process both in the Standard Model and with the interactions of H eff and adjust
C |∆B|=2 such that the two results are the same, up to corrections of order m2

b/M
2
W . Obviously

we cannot do this with mesons as external states i and f . But a crucial property of H eff is
the independence of the Wilson coefficient on the external states. We can compute it for an
arbitrary momentum configuration for the external quarks as long as the external momenta are
of the order of mlight. That is, we do not need to know the complicated momentum configuration
of quarks bound in a meson state. Further all QCD effects in C |∆B|=2 are purely perturbative:

C |∆B|=2 = C |∆B|=2,(0) +
αs(µ)

4π
C |∆B|=2,(1) + . . . (83)

We can understand why and how this works if we expand the result of the box diagram of Fig. 1
in terms of the momenta of the external quarks, which are at most of order mb. The leading
term consists of the result of a loop integral with external momenta set to zero and the spinors
of the external quark states. Now the “effective theory side” of Eq. (79) involves the tree-level

3The analogy with the renormalisation of the QCD coupling constant is more obvious if one reads the product
CZQQ

bare in a different way: By assigning ZQ to C rather than Q one may view C as a renormalised coupling
constant. The notion of a “renormalised” operator instead of a ”renormalised Wilson coefficient” has historical
reasons.
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diagram corresponding to

〈f |Te−i
R
d4xHeff (x)|i〉(0) ' −i

∫
d4x〈f |Heff(x)|i〉(0) = −i

∫
d4x〈f |H |∆B|=2(x)|i〉(0)

= −i(2π)4δ(4)(pf − pi)
G2
F

4π2
(VtbV

∗
tq)

2 C |∆B|=2,(0) 〈f |Q|i〉(0)

where |i〉 = |pb, sb; pq, sq〉 and |f〉 = |pq , sq; pb, sb〉 are the external states characterised by the
momenta and spins of the quarks. The superscript “(0)” indicates the lowest order of QCD
everywhere. Since 〈f |Q|i〉 reproduces the spinor structure (“Dirac algebra”) of the box diagram,
the coefficient C |∆B|=2,(0) inferred from this matching calculation is solely determined in terms
of the loop integral and therefore only depends on MW and mt. The matching calculation
becomes less trivial when we go to the next-to-leading order (NLO) of QCD. Now HQCD enters
the matching calculation and we must dress both the box diagram and the effective diagram in
Fig. 4 with gluons in all possible ways. Denoting the SM amplitude by

M = M(0) +
αs
4π
M(1) + . . . , (84)

our NLO matching calculation amounts to the determination of C |∆B|=2,(1) from

−M(0) − αs
4π
M(1) =

G2
F

4π2
(VtbV

∗
tq)

2
[
C |∆B|=2,(0) +

αs
4π
C |∆B|=2,(1)

]

·
[
〈Q〉(0) +

αs
4π
〈Q〉(1)

] [
1 +O

(
m2
b

M2
W

)]
+ O

(
α2
s

)
(85)

On the RHS the external states are suppressed for simplicity of notation. The QCD corrections
to the box diagram in M(1) not only depend on the light scales, i.e. external momenta and
light quark masses, they also suffer from infrared (IR) divergences. These divergences signal
the breakdown of QCD perturbation theory at low energies. However, the gluonic corrections
to Fig. 4, which are comprised in 〈Q〉(1), exactly reproduce the infrared structure of the SM
diagrams: They involve the same IR divergences and have the same dependence on the light
mass scales. Collecting the O(αs) terms from Eq. (85),

−M(1) =
G2
F

4π2
(VtbV

∗
tq)

2
[
C |∆B|=2,(0)〈Q〉(1) + C |∆B|=2,(1)〈Q〉(0)

]
, (86)

one finds identical IR structures on the LHS and in the first term in the square brackets, while
C |∆B|=2,(1) only contains heavy masses and no IR divergences. In conclusion, the IR structure
of the SM amplitude properly factorises with an “infrared-safe” C |∆B|=2. This success can be
understood by separately discussing the regions of small and large loop momentum passing
through a gluon line in the diagrams ofM(1). The infrared-sensitive diagrams are identified as
those in which the gluon connects two external quark lines. (The other diagrams are infrared-
finite and one can set the light mass parameters to zero.) If the loop momentum traversing the
gluon line is small, we can neglect it in the heavy top and W propagators. Therefore the loop
integration factorises into two one-loop integrations and the second loop integral involving the
heavy particles simply reproduces the one-loop result contained in C |∆B|=2,(0). The gluon-loop
integration —still over soft momenta only— is equal to the one in the corresponding diagram
in 〈Q〉(1), where the gluon connects the same quark lines. Therefore the region of integration
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with a soft gluon factorises with the leading-order coefficient C |∆B|=2,(0) in Eq. (85). The
region of the momentum integration with a hard gluon momentum does not factorise in this
way and contributes to C |∆B|=2,(1). However, the region of large gluon loop momentum is not
infrared-sensitive and we can neglect the light momenta and masses. Therefore C |∆B|=2,(1)

does not depend on the light mass scales. Conversely, 〈Q〉 contains only small scales of order
mlight and encodes the full infrared structure of M. Therefore our quark-level calculation is
meaningful for C |∆B|=2, but not for 〈Q〉. In order to make a theoretical prediction for the B−B
mixing amplitude, we must compute 〈B|Q|B〉 with nonperturbative methods. The factorisation
of M into short-distance coefficients and long-distance operator matrix elements is also called
operator product expansion.

Here I only derive the result for the leading-order (LO) Wilson coefficient C |∆B|=2,(0). In a
first step let us decompose M(0) as

M(0) =
∑

j,k=u,c,t

V ∗jbVjq V
∗
kbVkqM(0)

jk 〈Q〉(0), q = d or s, (87)

whereM(0)
jk 〈Q〉(0) is the result of the box diagram containing internal quark flavours (j, k) with

the CKM elements factored out. We then write

M(0)
jk = −G

2
F

4π2
M2
W S̃(xj , xk) (88)

with xj = m2
j/M

2
W . The function S̃(xj , xk) is symmetric, S̃(xj , xk) = S̃(xk , xj). In the next

step we use CKM unitarity to eliminate V ∗ubVuq = −V ∗tbVtq − V ∗cbVcq from Eq. (87):

−M(0) =
G2
F

4π2
M2
W

[
(V ∗tbVtq)

2
S(xt) + 2V ∗tbVtq V

∗
cbVcqS(xc, xt) + (V ∗cbVcq)

2
S(xc)

]
〈Q〉(0).

(89)

S and S̃ are related as

S(xj , xk) = S̃(xj , xk)− S̃(xj , 0)− S̃(0, xk) + S̃(0, 0), for j, k = c, t,

S(x) ≡ S(x, x), (90)

where I have set the up-quark mass to zero. In Eq. (89) the last two terms are tiny, because
xc ∼ 10−4 and

S(xc) = O(xc), S(xc, xt) = O(xc lnxc). (91)

This consequence of CKM unitarity is called the Glashow-Iliopoulos-Maiani (GIM) suppression,
related to the vanishing of FCNCs in the limit of equal internal quark masses (here mc and
mu = 0). No GIM suppression occurs in top loops, because xt ∼ 4. The dominant contribution
to Eq. (87) involves

S(xt) = xt

[
1

4
+

9

4

1

1− xt
− 3

2

1

(1− xt)2

]
− 3

2

[
xt

1− xt

]3

lnxt ≈ 2.3. (92)

The tiny charm contribution does not contribute to C |∆B|=2,(0) at all; to accommodate for it
we must refine our operator product expansion to include higher powers of (mlight/mheavy) in
Eq. (79). We can read off C |∆B|=2,(0) from Eqs. (85) and (89):

C |∆B|=2,(0)(mt,MW , µ) = M2
W S (xt). (93)
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The functions S(x) and S(xc, xt) are called Inami-Lim functions [28].
The factorisation in Eqs. (79) and (85) also solves another problem: No largely separated

scales appear in C |∆B|=2(mt,MW , µ) provided that we take µ = O(MW ,mt), so that no large
logarithms can spoil the convergence of the perturbative series. While no explicit µ-dependence
is present in our LO result in Eq. (93), there is an implicit µ-dependence throughmt(µ), which is
a running quark mass (typically defined in the MS scheme). C |∆B|=2,(1) also contains an explicit
ln(µ/MW ) term. Two sources contribute to this term: First, there is already a ln(µ/MW ) term
in M(1), familiar to us from matrix elements with MS-renormalised UV divergences. Second,
M(1) contains the large logarithm ln(mb/MW ) which is split between matrix elements and
Wilson coefficients as

ln
mb

MW
= ln

mb

µ
+ ln

µ

MW
. (94)

This feature is transparent from Eq. (86).
The scale µtW = O(MW ,mt) at which we invoke Eq. (85) to find C |∆B|=2 is called the

matching scale and C |∆B|=2(mt,MW , µtW ) has a good perturbative behaviour. Similarly, no
large logarithms occur in 〈Q(µb)〉, if we choose a scale µb ∼ mb in the matrix element. Since
the µ-dependence in H |∆B|=2 is spurious, we can take any value of µ we want, but this value
must be the same in C(µ) and 〈Q(µ)〉. That forces us to either relate C(µtW ) to C(µb) or to
express 〈Q(µb)〉 in terms of 〈Q(µtW )〉 in such a way that large logarithms

αns lnn
µtW
µb

(95)

are summed to all orders n = 0, 1, 2 . . . in perturbation theory. This can be achieved by solving
the renormalisation group (RG) equation for either C(µ) or 〈Q(µ)〉. All steps of this procedure
are analogous to the calculation of the running quark mass, which can be found in any textbook
on QCD. RG-improvement promotes our LO result to a leading-log (LL) quantity:

C |∆B|=2,(0)(mt,MW , µb) = u(0)(µb, µtW )C |∆B|=2,(0)(mt,MW , µtW ) (96)

〈Q(µtW )〉 = u(0)(µb, µtW )〈Q(µb)〉 (97)

u(0)(µb, µtW ) =

(
αs(µtW )

αs(µb)

) γ
(0)
+

2β
(5)
0 with γ

(0)
+ = 4. (98)

The evolution factor u(0)(µb, µtW ) depends on the anomalous dimension of Q, which equals

(αs/(4π))γ
(0)
+ to LL accuracy. β

(f)
0 = 11− 2f/3 is the first term of the QCD β function. One

usually writes

C |∆B|=2(mt,MW , µb) = ηBbB(µb)C
|∆B|=2,(0)(mt,MW , µtW ) (99)

where all dependence on µb is absorbed into bB(µb) and all heavy scales reside in ηB . This
factorisation is possible to all orders in αs. It is trivially verified in the LL approximation of
Eq. (98), where simply u(0)(µb, µtW ) = ηBbB(µb). In Eq. (99) mt is understood as mt(mt) (and
not as mt(µtW )). In this way ηB is independent of µtW to the calculated order; the residual
µtW dependence is already tiny in the NLL result. ηB mildly depends on xt = m2

t/M
2
W and in

practice one can treat it as a constant number [18]:

ηB = 0.55, bB(µb = mb = 4.2 GeV) = 1.5. (100)
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The dependences of bB on µb and the chosen renormalisation scheme cancel in the product
bB(µb)〈Q(µb)〉. The quoted number is for the MS–NDR scheme, where “NDR” refers to the
treatment of the Dirac matrix γ5. Details on this topic can be found in [19]. We see that
the impact of short-distance QCD corrections is moderate, since ηB bB(µb) = 0.84. The NLL
calculation of Ref. [18] has found only small two-loop corrections and the remaining uncertainty
affects ηB only in the third digit behind the decimal point. RG-improved perturbation theory
works superbly! Combining Eqs. (82), (93) and (99) we obtain our final expression for the
|∆B| = 2 hamiltonian:

H |∆B|=2 =
G2
F

4π2
M2
W (VtbV

∗
tq)

2 ηB S(xt)bB(µb)Q(µb) + h.c. (101)

Finally we cannot escape from quark confinement! Our hadronic matrix element is conven-
tionally parameterised as

〈Bq |Q(µb)|Bq〉 =
2

3
M2
Bq f

2
Bq

B̂Bq
bB(µb)

(102)

with the Bq meson decay constant fBq and the bag factor B̂Bq . The parameterisation in

Eq. (102) is chosen in such a way that B̂Bq/bB(µb) is close to one. It will be especially useful
once precise experimental data on fBd ∼ fB+ from leptonic B+ decays will be available. With
the help of our effective field theory we have beaten the problem of long-distance QCD in B−B
mixing down to the calculation of a single number. Lattice gauge theory computations cover
the ranges [29]

fBd

√
B̂Bd = (225± 35) MeV, fBs

√
B̂Bs = (270± 45) MeV. (103)

The quoted hadronic uncertainties are the main problem in the extraction of |VtbVtq | from

the measured ∆MBq . B̂Bd could differ from B̂Bs , but no computation has established any
significant difference by now.

Putting Eqs. (101) and (102) together we find the desired element of the B−B mass matrix:

M12 =
〈Bq |H |∆B|=2|Bq〉

2MBq

=
G2
F

12π2
ηBMBq B̂Bqf

2
Bq M

2
W S

(
m2
t

M2
W

)(
VtbV

∗
tq

)2
. (104)

We remark that there is no contribution of H |∆B|=2 to Γ12, because 〈Bq |H |∆B|=2|Bq〉 has no
absorptive part. By inspecting Eq. (24) we can verify that the dispersive or absorptive part
of some amplitude can be calculated by replacing the loop integrals by their real or imaginary
parts, respectively, while keeping all complex CKM elements. But only diagrams with light
internal quarks involve loop integrals with a non-zero imaginary part. Hence we must extend
our effective-Hamiltonian formalism to include the effects of light internal quarks in the box
diagrams, if we want to predict ∆ΓBq . Contracting the heavy W-boson lines in the diagrams

of Fig. 1 to a point does not correspond to a contribution from H |∆B|=2 in the effective theory.
Instead this is a second-order effect involving some effective |∆B| = 1-Hamiltonian H |∆B|=1,
which we must add to Heff in Eq. (80). The relevant piece from the RHS of Eq. (79) is

−1

2

∫
d4xd4y 〈B|TH |∆B|=1(x)H |∆B|=1(y)|B〉. (105)
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Figure 5: Second-order contribution of H |∆B|=1 to Bs−Bs mixing. The diagrams constitute
the dominant contribution to ∆ΓBs .

The LO contribution to this bilocal matrix element is depicted in Fig. 5 for the case of Bs−Bs
mixing. The contribution from Eq. (105) to B−B mixing is much smaller than the one
from H |∆B|=2, which is enhanced due to the heavy top mass entering Eq. (92). Therefore we
can neglect the bilocal contribution in M12 and only need to consider it for Γ12. From this
observation we also conclude that |Γ12| � |M12| leading to |∆Γ| � ∆M , which we already
exploited in Eqs. (43–47).

3.3 SM predictions of ∆M , ∆Γ and afs

In Sec. 3.2 we have collected all ingredients of the SM calculation of ∆M = 2|M12| for the Bd
and Bs systems. Looking at Eq. (65) we realise that |Vtb| is well-known and |Vts| is essentially
fixed by the well-measured |Vcb|. From Eqs. (104) and (103) we find the SM prediction

∆MBs = (12.5± 4.3) meV = (19.0± 6.6) ps−1. (106)

The first unit is milli-electronvolt, a unit which we do not encounter often in high-energy physics.
By dividing with ~ one finds the second expression in terms of inverse picoseconds, which is
more useful since ∆M is measured from the oscillation frequency in Eq. (55). Eq. (106) is in
good agreement with the Tevatron measurement of [14, 20]

∆M exp
Bs

=
(
17.77± 0.10(stat) ± 0.07(syst)

)
ps−1. (107)

The corresponding quantity for Bd−Bd mixing is well-measured by several experiments with
[8]

∆M exp
Bd

= (333.7± 3.3) µeV = (0.507± 0.005) ps−1. (108)

We can use ∆MBd to determine |Vtd|. From Eq. (104) we infer

∆MBd = (0.52± 0.02) ps−1

( |Vtd|
0.0082

)2

fBd

√
B̂Bd

225 MeV




2

. (109)

The 16% error of the lattice value in Eq. (103) dominates the uncertainty on the extracted |Vtd|.
The all-order Wolfenstein parameterisation defined by Eqs. (70) and (75) implies

|Vtd| = Aλ3Rt +O(λ5). (110)
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Since Aλ2 ' |Vcb| is well-known, ∆MBd essentially determines Rt, i.e. one side of the unitarity
triangle. Even better, we can use the ratio ∆MBd/∆MBs for the same purpose: If one forms
the ratio of the hadronic quantities in Eq. (103), many uncertainties drop out:

ξ =
fBs

√
B̂Bs

fBd

√
B̂Bd

= 1.20± 0.06. (111)

In the limit of exact flavour-SU(3) symmetry (corresponding to mu = md = ms) one has ξ = 1
which reduces the calculational task to compute the deviation of ξ from 1. The somewhat large
error in Eq. (111) reflects the ongoing discussion on potentially large chiral logarithms [21] which
may increase ξ significantly. This problem occurs, because lattice simulations use values for the
pion mass which are larger than the physical value. The extrapolation to mπ ' 140 MeV with
the help of chiral perturbation theory introduces this source of error. Sum-rule calculations of
ξ (or rather fBs/fBd) which automatically include these logarithms, however, give values at the
lower end of the range in Eq. (111) [22]. Further all short-distance QCD drops out from the
ratio ∆MBd/∆MBs , so that one simply has

∣∣∣∣
Vtd
Vts

∣∣∣∣ =

√
∆MBd

∆MBs

√
MBs

MBd

ξ. (112)

The Wolfenstein expansion leads to
∣∣∣∣
Vtd
Vts

∣∣∣∣ = Rtλ

[
1 + λ2

(
1

2
− ρ
)

+O(λ4)

]
. (113)

Combining Eqs. (112) and (113) (and using MBs/MBd = 1.017) we easily derive a home-use
formula for Rt:

Rt = 0.887
∆MBd

0.507 ps−1

17.77 ps−1

∆MBs

ξ

1.2

λ

0.2246
[ 1 + 0.05 ρ ] (114)

Neither ρ ≈ 0.2 nor the 1% error on λ ' 0.2246 have an impact on the error of Rt. Using the
numerical input from Eqs. (107–108) and Eq. (111) we find

Rt = 0.90± 0.04 (115)

and the uncertainty is essentially solely from ξ in Eq. (111).
Next we discuss ∆Γ and the quantity afs in Eq. (57), which governs CP violation in mixing.

In order to find these quantities we need to calculate Γ12. This involves the diagrams of Fig. 5
and brings in a new feature, power corrections of order ΛQCD/mb [23]. NLL QCD corrections
to Γ12 in the B system have been calculated in Ref. [24, 25, 26]. In the SM the CP phase φ
of Eq. (38) is so small that one can set cosφ to 1 in Eq. (45). If we normalise ∆Γ to ∆M we
can eliminate the bulk of the hadronic uncertainties. Updated values, obtained by using an
improved operator basis, are [27]

∆ΓBs =

(
∆ΓBs
∆MBs

)th

∆M exp
Bs

= 0.088± 0.017 ps−1, (116)

∆ΓBd =

(
∆ΓBd
∆MBd

)th

∆M exp
Bd

=
(

26.7
+5.8
−6.5

)
· 10−4 ps−1. (117)
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Figure 6: Impact of adfs on the (ρ, η) plane: The solid blue curves limit the allowed range (defined

by the error in Eq. (120)) for a hypothetical measurement of ad exp
fs = −5 · 10−4. The solid red

curves are for ad exp
fs = −10−3 instead. For further information see Ref. [25], from which the

figure is taken.

The width difference in the Bs system amounts to 12.7± 2.4% of the average width ΓBs ' ΓBd
[27] and is in the reach of present experiments. Needless to say that there are no useful data
on ∆ΓBd . The predictions for the CP asymmetries in flavour-specific decays of Eq. (57) are
calculated from Eq. (43) and read [25, 26, 27]

asfs = (2.06± 0.57) · 10−5 (118)

adfs =
(
−4.8

+1.0
−1.2

)
· 10−4. (119)

Also the current data for these CP asymmetries are not useful for CKM metrology. A future
measurement of ad exp

fs will add an interesting new constraint to the (ρ, η) plane [25]:

(η −Rfs)
2 + (1− ρ)2 = R2

fs with Rfs = − ad exp
fs(

10.1
+1.8
−1.7

)
· 10−4

. (120)

The theory prediction of Refs. [25, 26] enters the denominator of Rfs, the quoted value is
consistent with Eq. (119) and stems from the update in Ref. [27]. Eq. (120) defines a circle
with radius Rfs centred around (ρ, η) = (1, Rfs). Therefore the circle touches the ρ axis at the
point (1, 0), see Fig. 6.

We have seen that the three quantities related to Bs−Bs mixing discussed in Eqs. (106),
(116) and (118) have little dependence on ρ and η. Only ∆MBs has an impact on CKM
metrology, through Eq. (114). The small sensitivity to ρ and η becomes a virtue in searches for
new physics, where Bs−Bs mixing plays an important role.

Next we discuss K−K mixing: The calculation of M12 now forces us to compute box
diagrams of Fig. 1 with all possible quark flavours u, c, t, because the top contribution involving
S(xt) is suppressed by the small CKM factor (V ∗tsVtd)

2 ' A4λ10(1−ρ+ iη)2. The charm and up
contributions, however, are proportional to only two powers of λ. Therefore we cannot neglect
these contributions despite of the smallness of S(xc) and S(xc, xt) (discussed around Eq. (91)).
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Their calculation proceeds in two major steps: First, the top quark and W-boson are integrated
out. In the resulting effective theory the ∆S = 2 transitions receive second-order contributions
from a |∆S| = 1-Hamiltonian H |∆S|=1. We have already seen this in our discussion of ∆B = 2
transitions, the corresponding expression for K−K mixing is obtained by replacing H |∆B|=1

with H |∆S|=1 in Eq. (105) (and is described by the analogous diagrams of Fig. 5). In addition to
this bilocal contribution, the term with S(xc, xt) also involves a |∆S| = 2-Hamiltonian H |∆S|=2

which mediates K−K mixing via a local four-quark operator, just as in the case of B−B
mixing. The |∆S| = 1 and |∆S| = 2 Wilson coefficients of this effective field theory are evolved
down to the scale µbc = O(mc) at which the second step of the calculation is performed: Now
the bottom and charm quarks are integrated out and the effective field theory set up in the first
step is matched to another effective field theory. The new theory treats mb and mc as heavy
scales, so that all box diagrams involving at least one charm quark are effectively contracted
to a point. All information on mc (and mb which plays a minor role) resides in the Wilson
coefficient of the local ∆S = 2 operator

Q = dLγνsL dLγ
νsL. (121)

The effective |∆S| = 2 Hamiltonian can therefore be written in a similar way as the |∆B| = 2
Hamiltonian of Eq. (101):

H |∆S|=2 =
G2
F

4π2
M2
W

[
(VtsV

∗
td)

2 ηtt S(xt) + 2VtsV
∗
tdVcsV

∗
cd ηct S(xc, xt)

+ (VcsV
∗
cd)

2 ηcc xc
]
bK(µK)Q(µK) + h.c. (122)

The NLL results for the short-distance QCD factors read

ηtt = 0.57, ηct = 0.47± 0.05, ηcc = (1.44± 0.35)

(
1.3 GeV

mc

)1.1

. (123)

The QCD coefficients in Eq. (123) were calculated to LL accuracy in Ref. [30]. The NLL
calculation of ηtt [18] is analogous to that of ηB , with one new feature: When crossing the
threshold µbc one must change the number of active flavours in the QCD β function and the
NLL anomalous dimension γ+ from f = 5 to f = 3. The NLL results for ηct [31] and ηcc
[32] have a sizable uncertainty, because they are sensitive to the low scale of µbc ∼ mc where
αs is large. ηcc also exhibits a sizable dependence on αs(MZ) and on mc = mc(mc), so that
the central values quoted in the literature vary over some range. The expression in Eq. (123)
approximates the dependence on mc and corresponds to αs(MZ) = 0.119 ± 0.002. The scale
µK must be chosen below mc and is typically taken around 1 GeV, where perturbation theory
is still applicable. One finds bK(µK = 1 GeV) = 1.24 ± 0.02 and the error stems from the
uncertainty in αs.

In the discussion of |∆S| = 2 transitions we must also address corrections of order m2
light/m

2
heavy

which correspond to subleading terms in the operator product expansion of Eq. (79). While
these corrections are of order Λ2

QCD/m
2
t for the first term inH |∆S|=2, they are of order Λ2

QCD/m
2
c

in the case of the charm contributions involving S(xc, xt) = O(xc lnxc) and S(xc) ' xc in
Eq. (122). The largest of these power corrections involves two |∆S| = 1 operators and corre-
sponds to the box diagram in Fig. 1 with two internal up-quarks. To understand the power
counting, recall that the charm contribution in H |∆S|=2 is proportional to M2

Wxc = m2
c , while
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the box with up-quarks involves no power of mc, so that its size is characterised by the hadronic
energy scale ΛQCD. Including this bilocal contribution we write:

M12 =
1

2mK
〈K|H |∆S|=2|K〉 −Disp

i

4mK

∫
d4x 〈K|H |∆S|=1(x)H |∆S|=1(0)|K〉 . (124)

Here “Disp” denotes the dispersive part of the matrix element, which is introduced in Eq. (24)
and is discussed after Eq. (104). The enhancement of the second term stems from the so-
called ∆I = 0 rule which describes the non-perturbative enhancement of the decay Kshort →
(ππ)I=0. The two terms in Eq. (124) are usually referred to as short-distance and long-distance
contributions. The long-distance contribution has defied any reliable calculation from first
principles so far. In this humbling situation we can only compare the experimental value of
∆MK to the short-distance contribution

∆MSD
K =

|〈K|H |∆S|=2|K〉|
mK

. (125)

In order to compute ∆MSD
K we need the hadronic matrix element

〈K|Q(µK)|K〉 =
2

3
M2
K f

2
K

B̂K
bK(µK)

. (126)

Contrary to the situation in the B system, the Kaon decay constant fK = 160 MeV is well-
measured. We remark here that we know B̂K in a particular limit of QCD: If the number of
colours Nc is taken to infinity, 〈K|Q(µK)|K〉 can be expressed in terms of the current matrix

element 〈0|dLγνsL|K〉 which defines fK . For Nc = ∞ one finds B̂K/bK(µK) = 3/4; including

certain calculable (“factorisable”) 1/Nc corrections changes this to B̂K/bK(µK) = 1. A recent
lattice calculation finds [33]

B̂K = 0.72± 0.04. (127)

The experimental value of the Klong–Kshort mass difference is [8]

∆M exp
K = (3.483± 0.006) µeV = (5.292± 0.009) · 10−3 ps−1. (128)

Inserting Eqs. (122) and (126) into Eq. (125) gives

∆MSD
K

∆M exp
K

= (0.98± 0.22)B̂K. (129)

∆MSD
K is dominated by the term proportional to (VcsV

∗
cd)

2 and the error in Eq. (129) essentially
stems from ηcc in Eq. (123). This uncertainty will shrink when ηcc is calculated to NNLL
accuracy. With Eq. (127) we find that H |∆S|=2 contributes (70± 25)% to the measured ∆MK .

The off-diagonal element of the decay matrix is given by

Γ12 = Abs
i

2mK

∫
d4x 〈K|H |∆S|=1(x)H |∆S|=1(0)|K〉 (130)

=
1

2mK

∑

f

(2π)4δ4(pK − pf )〈K|H |∆S|=1|f〉 〈f |H |∆S|=1|K〉 ' 1

2mK
A∗0 A0 . (131)
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Here “Abs” denotes the absorptive part of the matrix element. Γ12 is an inclusive quantity
built out of all final states f into which both K and K can decay. A special feature of the
neutral Kaon system is the saturation of Γ12 by a single decay mode, which is K → (ππ)I=0.
The notation A0 and A0 for the corresponding decay amplitudes has been introduced after
Eq. (14). Γ12 is a non-perturbative quantity and its computation on the lattice involves the
difficult task to understand and master the ∆I = 0 rule. The relation between Γ12 and ∆ΓK
has been derived in Eq. (45). Experimentally we have [8]

∆Γexp
K = (7.335± 0.004)µeV = (11.144± 0.006) · 10−3 ps−1. (132)

With Eqs. (128) and (132) we have precise experimental information on |M12| ' ∆MK/2 and
|Γ12| ' ∆ΓK/2. To fully characterise K−K mixing we also need to know the phase φ defined
in Eq. (38). As in the case of B−B mixing we study a CP asymmetry in a flavour-specific
decay mode. With Eqs. (11) and (41) one easily finds

AL ≡ Γ(Klong → `+ν π−)− Γ(Klong → `−ν̄ π+)

Γ(Klong → `+ν π−) + Γ(Klong → `−ν̄ π+)

=
1− |q/p|2
1 + |q/p|2 '

a

2
. (133)

At this point it is worthwhile to look back at the quantity εK which we have encountered
in the first lecture in Eq. (14). From Eq. (17) we have learned that Re εK measures CP
violation in mixing quantified by 1−|q/p|, just as AL in Eq. (133). While Im εK is related to a
different physical phenomenon, namely mixing-induced CP violation, it provides the very same
information on the fundamental parameters of K−K mixing: Since K → (ππ)I=0 dominates
Γ12, the CP -violating phase of A0/A0 equals arg Γ12, see Eq. (131). With this observation and
the help of Eq. (42) we can express εK in Eq. (17) entirely in terms of ∆MK , ∆ΓK and φ.
Interestingly, the phase φε of εK (see Eq. (14)) is simply given by

φε = arctan
∆MK

∆ΓK/2
. (134)

More details of this calculation can be found in Chapter 1.6 of Ref. [34]. Nature chose ∆MK ≈
∆ΓK/2 by accident, so that φε in Eq. (14) is close to 45◦. The bottom line is that φε carries no
information on CP violation and that |εK | and AL involve the same fundamental CP -violating
quantity, which is φ. To extract φ from AL in Eq. (133) or from εK in Eq. (17) we use Eq. (42),
with 2|M12|/|Γ12| ' ∆MK/(∆ΓK/2) traded for tanφε:

AL =
1

2
sin(2φε)φ+O(φ2)

εK ' 1

2
sin(φε)e

iφεφ+O(φ2) (135)

Using the experimental value

Aexp
L = (3.32± 0.06)× 10−3

gives

φ = (6.77± 0.12)× 10−3. (136)
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This number is in reasonable agreement with φ = (6.48 ± 0.03) × 10−3 found from εK with
Eq. (135). Next we relate φ to a constraint on (ρ, η): Specifying to the standard phase conven-
tion for the CKM matrix (with VusV

∗
ud real and positive) we start from Eq. (38) to write

φ = arg

(
−M12

Γ12

)
' ImM12

|M12|
− arg(−Γ12) = 2

[
ImM12

∆M exp
K

+ ξK

]
(137)

where

2ξK ≡ − arg(−Γ12) ' − arg

(
−A0

A0

)
. (138)

In Eq. (137) I have used that the phases of M12 and −Γ12 are separately small in the adopted
phase convention and further traded |M12| for the experimental ∆MK/2. In Eq. (138) the
saturation of Γ12 by A∗0 A0 in Eq. (131) has been used. Thus −ξK is just the CP-odd phase
in the decay K → (ππ)I=0. A recent analysis has estimated ξK ≈ −1.7 · 10−4 [35], so that
ξK contributes roughly −6% to the measured value of φ. The dominant term proportional to
ImM12 = Im 〈K|H |∆S|=2|K〉 involves the CKM factors

Im (VtsV
∗
td)

2 ' 2(Aλ2)4λ2 η (1− ρ)

Im (2VtsV
∗
tdVcsV

∗
cd) ' −Im (VcsV

∗
cd)

2 ' 2(Aλ2)2λ2 η, (139)

where the lowest-order Wolfenstein expansion has been used. Inspecting the dependences of
the CKM factors on ρ and η we see that the experimental constraint from φ defines a hyperbola
in the (ρ, η) plane. Combining Eq. (139) with Eqs. (122) and (137), inserting the QCD factors
from Eq. (123) and the matrix element from Eq. (126) and finally using φ = (6.48±0.03)×10−3

from εK this hyperbola reads

η =
1

B̂K

0.34± 0.03

1.3± 0.1− ρ . (140)

The uncertainties in B̂K from Eq. (127) and from ηcc and ηct in Eq. (123) (reflected by 1.3±0.1)
inflict errors of similar size on the η extracted from Eq. (140). The numerator 0.34 ± 0.03 is
calculated with |Vcb| = Aλ2 = 0.0412 ± 0.0011. The 10% uncertainty of this number stems
solely from the error in |Vcb|, which enters η in Eq. (140) with the fourth power.

The neutral Kaon system is the only neutral meson system for which all three quantities
∆M , ∆Γ and φ are measured. It should be stressed that also the sign of ∆Γ/∆M is firmly
established. Measuring sign (∆Γ/∆M) is difficult for all meson-antimeson systems. In the
neutral Kaon system the measurement of ∆M and sign (∆Γ/∆M) uses Kshort regeneration: If
a Klong beam hits a nucleus in a target (the regenerator), strong inelastic scattering changes
the |Klong〉 state into a superposition of |Klong〉 and |Kshort〉 giving access to observables which
are sensitive to ∆M and the abovementioned sign. For details on these experimental aspects I
refer to [36].

Finally I discuss D−D mixing: Box diagrams in Fig. 1 with one or two internal b quarks are
highly CKM-suppressed. The dominant box diagrams with internal d and s quarks suffer from
a very efficient GIM suppression proportional to m4

s/m
2
c. This makes the diagrams sensitive

to very low scales and perturbative calculations of ∆MD, ∆ΓD and aDfs are put into doubt. In
the effective theory both M12 and Γ12 are dominated by the bilocal contribution with H |∆C|=1.
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Figure 7: Gluonic penguin diagram with an internal top quark.

The only possible clear prediction is the qualitative statement that all these quantities are
very small. Theoretical calculations usually quote numbers for the quantities x ≡ ∆MD/ΓD
and y ≡ ∆ΓD/(2ΓD). The theoretical predictions for |x|, |y| cover the range from zero to
|x|, |y| ∼ 0.01 and come without reliable error estimates. Therefore current experimental values
are compatible with the SM but may also be dominated by a new physics contribution. A
“smoking gun” of new physics, however, would be the discovery of a non-zero CP asymmetry
in the D system.

3.4 Mixing-induced CP asymmetries

At the end of Sect. 2.3 we have learned that mixing-
induced CP asymmetries can provide clean informa-
tion on fundamental CP phases in the Lagrangian.
These CP asymmetries involve the interference be-
tween mixing and decay amplitudes as depicted on
the right.

B
q/p−→ B

Af↘ ↙Af

f

In this lecture we restrict the discussion to gold-plated modes which involve a CP eigenstate
fCP in the final state, cf. Eq. (10).4 In the Bd and Bs meson systems the mixing-induced
CP asymmetries are a real gold mine, because there are many decay modes satisfying the
condition for a golden decay mode as defined after Eq. (62). Prominent examples are the
decays Bs → J/ψφ and Bd → J/ψKshort, whose decay amplitudes essentially only involve
the CKM factor VcsV

∗
cb. To understand this first note that the decay proceeds at tree–level

by exchanging a W boson. There are also contributions involving an up, charm or top quark
loop, with attached gluons splitting into the charm-anticharm pair hadronising into the J/ψ
meson. Such diagrams are called penguin diagrams. A penguin diagram in the narrow sense only
involves one neutral vector boson (which can be a gluon, photon or Z boson). A gluonic penguin
diagram is depicted in Fig. 7. (Yet a J/ψ cannot be produced from a single gluon. One needs a
photon or three gluons at least.) In the context of mixing-induced CP asymmetries one often
speaks of penguin pollution, because the penguin diagrams may involve different CKM factors
than the tree diagram spoiling the golden-mode property. To estimate the penguin pollution
in Bs → J/ψφ and Bd → J/ψKshort first use the unitarity relation VtsV

∗
tb = −VcsV ∗cb − VusV ∗ub

to write

H |∆B|=1 = VcsV
∗
cbhc + V ∗csVcbh

†
c + VusV

∗
ubhu + V ∗usVubh

†
u. (141)

4One can also identify gold-plated decays into non-CP eigenstates, important channels are e.g. Bs → D±s K∓.
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Here the last two terms are highly suppressed, since |V ∗usVub| ∼ 0.03 |V ∗csVcb|. Moreover, hu
has no tree contributions, but solely stems from penguin diagrams with up and top quarks.
Since these loop effects involve non-perturbative physics, it is difficult to quantify the loop
suppression. Still, the CKM suppression is efficient enough to render the modes gold-plated at
the level of a few percent. Since the CKM elements are factored out in Eq. (141), hc and hu
only contain Wilson coefficients, operators and real constants. Importantly, hu,c and h†u,c are
related by the CP transformation:

h†u,c = (CP )†hu,cCP. (142)

While I discuss Bs → J/ψφ and Bd → J/ψKshort here for definiteness, the results apply to
other gold-plated M → fCP modes as well, with obvious replacements for the CKM elements.
The underlying reason for the cancellation of hadronic uncertainties in gold-plated decays is
the CP invariance of QCD: While we cannot compute 〈fCP|hc|B〉5, we can relate this matrix
element to 〈fCP|h†c|B〉 through

〈fCP|h†u,c|B〉 = 〈fCP|(CP )†hu,cCP |B〉 = −ηCP〈fCP|hu,c|B〉, (143)

where I just used the CP transformations of Eqs. (9–10) and Eq. (142). We first apply this to
the decay mode Bs → J/ψφ. The final state consists of two vector mesons. By conservation of
angular momentum they can be in states with orbital angular momentum quantum numbers
l = 0, 1 or 2: The two spin-1 states of the vector mesons can be added to a state of total spin
0, 1 or 2, which requires an orbital angular momentum of l = 0, 1 or 2 to give a J/ψφ state
with zero total angular momentum. The p-wave state with l = 1 is CP -odd and the other two
states are CP -even, owing to the parity quantum number (−1)l of their spatial wave function.
Experimentally one separates these states by an angular analysis [37, 38] of the data sample.
This can be done including the full time dependence of the decay, so that we can isolate the
time-dependent CP asymmetries in the different partial-wave channels. The most-populated
state is the CP-even l = 0 (i.e. s-wave) state. Writing fCP = (J/ψφ)l with ηCP = (−1)l we
obtain for the amplitudes AfCP and AfCP (see Eq. (12)):

AfCP

AfCP

' 〈fCP|H |∆B|=1|Bs〉
〈fCP|H |∆B|=1|Bs〉

=
V ∗csVcb
VcsV ∗cb

〈fCP|h†c|Bs〉
〈fCP|hc|Bs〉

= −ηCP
V ∗csVcb
VcsV ∗cb

(144)

Combining this result with Eqs. (47) and (13) we find

λfCP = ηCP
V ∗tbVts
VtbV ∗ts

V ∗csVcb
VcsV ∗cb

= ηCP e
2iβs . (145)

In the last step I have used the definition of βs in Eq. (77). With Eq. (145) we can calculate
the time-dependent CP asymmetry of Eq. (61). First we verify that our golden mode satisfies
|λfCP | = 1, so that Adir

CP in Eq. (62) vanishes. The other two quantities in Eq. (61) evaluate
with Eq. (145) to Amix

CP = −ηCP sin(2βs) and A∆Γ = −ηCP cos(2βs), so that (neglecting the tiny
O(a) term)

afCP(t) = ηCP
sin(2βs) sin(∆MBs t)

cosh(∆ΓBs t/2)− ηCP cos(2βs) sinh(∆ΓBs t/2)
for fCP = (J/ψφ)l. (146)

5In flavour physics matrix elements like 〈f |H |∆B|=1|M〉 are always understood to include the strong inter-
action. This means that the fields are understood as interacting fields in the Heisenberg picture with respect to
the strong interaction.
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Figure 8: Interfering amplitudes which give rise to mixing-induced CP violation for the two
golden modes discussed in the text.

In the SM βs is small and a(J/ψφ)l(t) is an ideal testing ground to find new physics [27, 38].
Next I discuss Bd → J/ψKshort. The final state has orbital angular momentum l = 1

balancing the spin of the J/ψ. Neglecting the small CP violation in K−K mixing we can
regard the Kshort as CP -even. The J/ψ is CP -even as well and the orbital angular momentum
contributes a factor of −1 to the total CP quantum number. Thus ηJ/ψKshort

= −1. From Fig. 8

we observe a novel feature compared to Bs → J/ψφ. The interference of the Bd and Bd decays
involves K−K mixing: The Bd decay involves the K component of Kshort, while the Bd decays
into the K component of Kshort. Experimentally the Kshort is detected via a pair of charged
pions whose invariant mass equals MK , denoted here by (π+π−)K . Therefore we should identify
the amplitudes AfCP=J/ψKshort

and AfCP=J/ψKshort
with A(Bd → J/ψK → J/ψ(π+π−)K) and

A(Bd → J/ψK → J/ψ(π+π−)K), respectively. Therefore

AJ/ψKshort

AJ/ψKshort

=
VcbV

∗
cs

V ∗cbVcs

VusV
∗
ud

V ∗usVud
, λJ/ψKshort

= −V
∗
tbVtd
VtbV ∗td

VcbV
∗
cs

V ∗cbVcs

VusV
∗
ud

V ∗usVud
' −e−2iβ (147)

In the last step I have used the definition of β in Eq. (72) and neglected arg[−VcdV ∗cs/(VudV ∗us)] '
A2λ4η < 10−3, so that ImλJ/ψKshort

' sin(2β). We may further neglect ∆ΓBd in Eq. (61) to
find the most famous time-dependent CP asymmetry,

aJ/ψKshort
(t) = sin(2β) sin(∆MBdt). (148)

Finally I give a (very incomplete) list of other golden M → fCP decays. The decay Bs →
J/ψφ can be substituted for Bs → J/ψη(′), which does not require any angular decomposition.
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In a hadron collider experiment η’s and η′’s are hard to detect, but Bs → J/ψη(′) is interesting
for B factories running on the Υ(5S) resonance. While the modes discussed above provide
insight into the physics of B−B mixing, one can also use mixing-induced CP violation to probe
CP phases from new physics in loop-induced B decays such as Bd → φKshort [39]. This mode
is triggered by the quark decay b→ sss. The same transition in probed in Bs → φφ. Likewise
new physics in the b → sdd amplitude may reveal itself in Bs → KshortKshort. Gold-plated
D0 decays are D0 → Kshortπ

0 and D0 → Kshortρ
0, which are penguin-free c → sdu decays. A

gold-plated K decay is Klong → π0νν [40]. Here no meson-antimeson oscillations are present,
but K−K mixing nevertheless enters the process through the mass eigenstate Klong. The final
state π0νν is CP -even and the dominant contribution to the decay involves mixing-induced CP
violation, i.e. the decay amplitude is proportional to Imλf (see e.g. Ref [41]).

3.5 The unitarity triangle

Many measurements contribute to the global fit of the unitarity triangle defined in Eq. (70) and
depicted in Fig. 3. Conceptually it is useful to disentangle tree decays from FCNC processes:
Tree-level amplitudes are insensitive to new physics and therefore determine the true apex (ρ, η)
of the unitarity triangle. In principle one could determine the unitarity triangle in this way,
insert the result into the SM predictions of the FCNC processes and then assess the possible
impact of new physics on the latter. In practice, however, the tree constraints still suffer from
large uncertainties, while for example aJ/ψKshort

(t) in Eq. (148) and ∆MBd/∆MBs in Eq. (114)
determine sin(2β) and the side Rt (see Eq. (71)) fairly precisely. Therefore, for the time being,
it is best to combine all information into a global fit of the unitarity triangle.

From b→ c`ν decays |Vcb| ' Aλ2 is precisely determined. Therefore we realise from Eqs. (71)
and (76) that any measurement of |Vub| essentially fixes the side Ru of the triangle. |Vub| is
determined from (inclusive or exclusive) semileptonic b→ u decays and hadronic uncertainties
limit the accuracy of the extracted |Vub| to 8-10%. The theoretical methods used to determine
|Vcb| and |Vub| are briefly reviewed in Ref. [42]. The angle γ of the unitarity triangle is currently
measured in two ways from tree-level decays: First, the interference of the b→ cus and b→ ucs

amplitudes in B± → ( )

DK± decays is exploited [43]. Second, one measures mixing-induced CP
violation in Bd → ππ, Bd → ρπ or Bd → ρρ decays, which allows to find the angle α of the
desired triangle. These modes are not gold-plated and suffer from penguin pollution, which,
however, can be eliminated by means of an isospin analysis [44]. While the extracted result for
α is sensitive to new physics in Bd−Bd mixing, this possible effect can be eliminated if the
measured αexp and βexp are combined to give γexp = π−αexp−βexp. Combining the constraints
from |Vub|, γ and α with those from meson-antimeson mixing discussed in this lecture results
in the unitarity triangle shown in Fig. 9.

Suggestions for further reading

There are many good review articles on meson-antimeson mixing and flavour physics in general,
putting emphasis on different aspects of the field. A student interested in the theoretical
foundation of flavour physics, effective Hamiltonians and higher-order calculations is referred
to the lecture in Ref. [48] and the review articles in Refs. [34, 49]. Most reviews and lectures
focus on CP violation and I recommend Refs. [47] and [50]. I have only briefly touched D−D
mixing, two review articles dedicated to D physics are cited in Ref. [51]. Lectures covering
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Figure 9: Global fit to the unitarity triangle from the CKMFitter group [45]. A different
statistical approach is used by the UTFit group [46].

both K and D physics can be found in Ref. [52]. A concise summary of the physics entering
CKM metrology can be found in Ref. [42], a more elaborate article on the subject is Ref. [53].
Standard textbooks on flavour physics are listed in Ref. [54].
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Electroweak radiative corrections and heavy top

M. I. Vysotsky1

1ITEP, Moscow, Russia

1 Lecture 1: 5 steps

Why are we going to speak about electroweak radiative corrections (ERC) in the summer 2008?

Practical aspects: SM prediction of the value of MH from ERC: MH = (85 + 30− 20) GeV.

If LHC discovers a heavy Higgs boson, it will mean that new electroweak nonsinglet parti-
cle(s) do exist.

Besides Higgs: if other particle(s) are discovered at LHC – their contribution(s) to ERC will
be one of the first questions you would like to analyze.

So: ERC will be a hot topic at LHC.

Theoretical aspect: creation of the renormalizable theory of weak interactions in the 60’s is
one of the greatest achievements of theoretical physics in the XX century.

So: an educated person should know how to calculate radiative corrections in GWS theory.

Why to discuss ERC at the School on “Heavy Quark Physics”?

Usually (QED, QCD) heavy particle contributions to rad.corr. are damped.
Muon magnetic moment [1] :

µ = e/(2mµ)[1 + α/(2π)(Schwinger) + ... + (mµ/Λ0)2 ( Berestetskii, Krohin, Khlebnikov,
1956)].

By the way, µexp = [1 + (1165920.8 ± 0.6)10−9]e/(2mµ), and experimental uncertainty
corresponds to Λ0 > 3 TeV, just LHC scale...

Nondecoupling.

In electroweak theory heavy particle contributions to radiative corrections are enhanced
because of Higgs mechanism of mass generation. Let us estimate leading term in meson-
antimeson transition amplitude [2] .

t’Hooft-Landau gauge, GH = 1/p2

HQP08 1HQP08 39



-H +H

d, s

d, s

t

tb

b

(mt/η)4

∫
d4ppαpβ/[(p

2 −m2
t )

2p4] =

∼ m2
t/η

4 ∼ G2
Fm

2
t

MZ = 91.188(2)GeV ; MW = 80.400(25)GeV ; ΓZ , Br(Z → l+l−), Al,c,bFB

and other parameters of Z are measured now with the precision better than 0.1 % .

How large are radiative corrections?

δ ∼ g2

16π2 = αW
4π = α

4π sin2 θ
≈ 0.2% =⇒

one needs to take into account these corrections to deal with experimental data.

Brief reminder.
QED: L(e0,m0)
At one loop we get:

e = e0[1 + ce
α

π
ln

Λ2

m2
e

] , m = m0[1 + cm
α

π
ln

Λ2

m2
e

] , (1)

where Λ is the ultraviolet cutoff.
e and m are measured with record precision and from (1) we get:
e0 ≡ e0(Λ,m, e), m0 ≡ m0(Λ,m, e).
The next step is the calculation of some amplitude; say Compton scattering, eγ → eγ:

A = A0(e0,m0) +A1(e0,m0,Λ) = A(e,m, s, t)

In this way we get a finite expression with one loop radiative corrections taken into account.
QED (quod erat demonstrandum).

SU(2)L ⊗ U(1)
The situation differs from QED.

Let us consider a gauge sector:
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1. L(g, g′, η). These coupling constants and Higgs expectation value are not measured
directly and are known with rather poor precision;

2. MZ is known precisely, but it is not a parameter of the Lagrangian...

So, some modifications are needed.
Different approaches to study radiative corrections are possible.

1989 - start of SLC and LEP I;

LEPTOP, 1991 - 1995
Victor Novikov, Lev Okun, Alexander Rozanov, M.V. [3]

(ZFITTER (D.Yu. Bardin et al., Dubna - Zeuten) - was widely used by LEP collaborations
to deal with raw data; other approaches can be found in the literature).

5 steps to heaven
1. The best measured observables: Gµ, mZ , α

2. Gµ = Gµ(g0, ḡ0, η0; Λ), mZ = ..., α = ...

3. g0 = g0(Gµ,mZ , α; Λ); ḡ0 = ḡ0(Gµ,mZ , α; Λ); η0 = η0(Gµ,mZ , α; Λ)

4. mW = mW (g0, ḡ0, η0; Λ),

5. mW = mW [g0(Gµ,mZ , α; Λ), ḡ0(Gµ,mZ , α; Λ), η0(Gµ,mZ , α; Λ); Λ]
Dependence on Λ in the last expression cancels because the theory is renormalizable.
Take other observables
(ΓZ = ..., AFB = ..., ...)
and repeat items 4 and 5.

This is all what is needed to take into account electroweak radiative corrections at one loop.

QED.

A technical remark: ultraviolet cutoff Λ breaks local gauge invariance. To restore it in QED
one subtracts photon mass, which appears to be proportional to eΛ.

In QAD we wish to calculate IVB masses.

The way out: dimensional regularization.
We will calculate integrals in D = 4− 2ε dimensional space-time, where they converge and

local gauge invariance is not spoiled.

So, in all formulas instead of Λ poles 1/ε will occur. In final formulas which express physical
quantities (MW ,ΓZ , ...) through Gµ, mZ , α these poles cancel.
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step 2, α

e

e R

R R

Re

eZ,γγγ

α =
e2

0

4π
[1−Π′γ(0)− 2

s

c

ΠγZ(0)

M2
Z

] , (2)

where Z interaction is given by
ḡ(T3 −Qs2) = −Q s

ce, ḡ = g/c = e/(cs)

s ≡ sinθ - the sine of electroweak mixing angle.

α→ ᾱ
The obtained equation for fine structure constant can be used to get formulas for electroweak

rad.corr.
However, since Π′γ(0) ∼ α ln(Λ2/m2

l,q), where ml and mq are the masses of charged leptons
and quarks, in final expressions u.v. cutoff Λ will be substituted by MZ , and logarithmically
enhanced rad. corr. will emerge.

Their physical sense is transparent: they correspond to α running from q2 = 0 to the
electroweak scale q2 = M2

Z .

It is very convenient to take this running into account from the very beginning, separating
it from proper weak rad. corr.

ᾱ ≡ α(MZ) =
e2

0

4π
[1− Πγ(M2

Z)

M2
Z

− 2
s

c

ΠγZ(0)

M2
Z

] (3)

This equation will be used to determine the bare parameters of electroweak Lagrangian (re-

member that e2
0 = g2

0(1− g2
0

ḡ2
0
)).

From Eqs (2,3) one should find the numerical value of ᾱ:

ᾱ =
α

1− δα , δα = Π′γ(0)− Πγ(M2
Z)

M2
Z

, (4)

and for electron loop one easily obtains:

δα =
α

3π
ln(

M2
Z

m2
e

) .

Substituting it into Eq.(4) we obtain one of the most famous equations in physics: zero charge
formula of Landau, Abrikosov, Khalatnikov [4].

Summing up leptonic and hadronic contributions we get:

α(MZ) ≡ ᾱ = [128.95(5)]−1
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instead of α = [137.0359991(5)]−1.

step 2, MZ

ZZZ

GZµν =
−igµν

k2 −M2
Z0

+ ΠZ(k2)
+ ... ,

The pole position corresponds to the Z-boson mass:

M2
Z = M2

Z0
−ΠZ(M2

Z) , MZ0 =
ḡ0η0

2
. (5)

step 2, Gµ
µ→ eνµν̄e

It is convenient to divide rad. corr. into 2 parts: dressing ofW - boson propagator, described
by ΠW (0), and vertexes and boxes, denoted by D:

Gµ√
2

=
g2

0

8m2
W0

[1 +
ΠW (0)

M2
W

+D] =
1

2η2
0

[1 +
ΠW (0)

M2
W

+D] . (6)

What about logarithmic running of the weak charge from q2 ≈ m2
µ to q2 ≈ M2

W ? ΠW (q2)

contains logarithmic term: ΠW (q2) ∼ q2 ln Λ2

max(q2,m2
e)

. However, due to nonzero mass of IVB

running takes place only above this mass.

So, there are two conditions for the charge to run logarithmically:
momentum transfer should be larger than the masses of the particles in the loop and larger

than the mass of the corresponding vector boson.
Or the distances should be smaller...

That is why in the Z - and W - boson physics the big log occurs only in the running of α.

step 3

Gµ =
1√
2η2

0

[1 +
ΠW (0)

M2
W

+D] ,

M2
Z =

1

4
ḡ2

0η
2
0 −ΠZ(M2

Z) ,

4πᾱ = g2
0(1− g2

0

ḡ2
0

)[1− Πγ(M2
Z)

M2
Z

− 2
s

c

ΠγZ(0)

M2
Z

]

.
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For bare parameters we get:

η2
0 =

1√
2Gµ

[1 +
ΠW (0)

M2
W

+D] ,

ḡ2
0 = 4

√
2GµM

2
Z [1 +

ΠZ(M2
Z)

M2
Z

− ΠW (0)

M2
W

−D] ,

and it is convenient to rewrite the equation for g0 in the following way:

g2
0

ḡ2
0

(1− g2
0

ḡ2
0

) =
πᾱ√

2GµM2
Z

(1 +
ΠW (0)

M2
W

− ΠZ(M2
Z)

M2
Z

+
Πγ(M2

Z)

M2
Z

+

+2
s

c

ΠγZ(0)

M2
Z

+D) .

sinθ
Arithmetic was enough to solve the first 2 equations; for the third one trigonometry is

needed.
Let us define an electroweak mixing angle:

sin2 θ cos2 θ =
πᾱ√

2GµM2
Z

, sin2 θ = 0.2310(1)

and solve the third equation:

g0

ḡ0
= c[1 +

s2

2(c2 − s2)
(
ΠZ(M2

Z)

M2
Z

− ΠW (0)

M2
W

− Πγ(M2
Z)

M2
Z

−2
s

c

ΠγZ(0)

M2
Z

−D)] .

step 4; custodial symmetry
Let us start from the W - boson mass:

M2
W = M2

W0
−ΠW (M2

W ) , MW0 =
g0η0

2
.

At step 2 an analogous equation was written for MZ ; using it we get:

MW

MZ
=
g0

ḡ0
[1 +

ΠZ(M2
Z)

2M2
Z

− ΠW (M2
W )

2M2
W

] .

If U(1) charge g′0 were zero, then g0 = ḡ0, and at tree level MW = MZ , which is a good
approximation to the real life: 80GeV ≈ 90GeV .

t: anticustodial symmetry
What about loops? If mup = mdown, then ΠZ(M2

Z) = ΠW (M2
W ) and IVB stay degenerate.

In the real life top quark is extremely heavy, and the contribution of the (t, b) doublet to
the difference of W - and Z- boson masses is enhanced as m2

t/M
2
Z ≈ 4.
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step 5, MW

MW

MZ
= c+

c3

2(c2 − s2)
(
ΠZ(M2

Z)

M2
Z

− ΠW (M2
W )

M2
W

)+

+
cs2

2(c2 − s2)
(
ΠW (M2

W )

M2
W

− ΠW (0)

M2
W

− Πγ(M2
Z)

M2
Z

−

−2
s

c

ΠγZ(0)

M2
Z

−D) ,

UV divergences cancel in the last expression:
the formula for finite one loop ew rad. corr. to the ratio of IVB masses is obtained!!!

Z → l+l− Reminding that Z-boson coupling constant is ḡ0 and corresponding generator
equals

T3 − s2
0Q

we get for the decay amplitude at the tree level:

A0 =
ḡ0

2
l̄[−1

2
γαγ5 − (

1

2
− 2s2

0)γα]l Zα .

Taking into account the expressions for ḡ0 and g0/ḡ0 as well as the loop corrections to the
tree diagram we straightforwardly obtain the expression for the decay amplitude free from the
ultraviolet divergences.

l

l

lZ ZZ

l

A =

√√
2GµM2

Z [1 +
ΠZ(M2

Z)

2M2
Z

− ΠW (0)

2M2
W

− 1

2
D−

−1

2
Π′Z(M2

Z)]× [(−1

2
+ FA)l̄γαγ5l+

+

(
2s2 − 1

2
+ FV + 2cs

ΠZγ(M2
Z)

M2
Z

+
2s2c2

c2 − s2
×

×(
ΠW (0)

M2
W

− ΠZ(M2
Z)

M2
Z

+
Πγ(M2

Z)

M2
Z

+ 2
s

c

ΠγZ(0)

M2
Z

+D)

)

l̄γαl] ,

where functions FA and FV take into account corrections to Zll vertex.

step 5, gA and gV
Let us rewrite the expression for the decay amplitude:

A =

√√
2GµM2

Z l̄[gAγαγ5 + gV γα]l Zα .

The UV finite expressions for axial and vector coupling constants are given by a long formula
above.
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2 Lecture 2: top and Higgs

Formulas for electroweak radiative corrections obtained in the first lecture are characterized by
strong dependence on the top quark mass which helped to find the top at TEVATRON in 1994.

There are two places in ew corrections to IVB parameters where top quark contributions
are enhanced:

1. the polarization operators (of nonconserved currents);
2. Z → tt̄→ bb̄ decay amplitude.

Why does current nonconservation matter?
Πγ(q2), ΠγZ(q2) ∼ [gµνq

2 − qµqν ](a+ bq2/m2
t + ...),

while ΠW ∼ gµν(m2
t + ...).

m2
t term from Π’s

In the limit m2
t � m2

W ,m
2
Z we have:

Π(m2
V ) = Π(0), that is why we get the following relations:

MW

MZ
= c+

c3

2(c2 − s2)
(
ΠZ(0)

M2
Z

− ΠW (0)

M2
W

) ,

gA = −1

2
− 1

4
(
ΠZ(0))

M2
Z

− ΠW (0)

M2
W

) ,

gV /gA = 1− 4s2 +
4c2s2

c2 − s2
(
ΠZ(0)

M2
Z

− ΠW (0)

M2
W

) .

In order to honestly calculate the mt dependence of the physical observables one should
calculate the top quark contributions to polarization operators:

−iΠψ
µν(q2) = −

−
∫

dDk

(2π)DµD−4

Spγµ(γ5)(k̂ +m1)γν(γ5)(k̂ + q̂ +m2)

(k2 −m2
1)((k + q)2 −m2

2)
,

where we use dimensional regularization of the quadratically divergent expression: D = 4− 2ε
and the factor µ takes care of the canonical dimension of the integral.

WWZ

,

, bt

bt t

b
Z

“Back of the envelope” calculation of m2
t term:

Πψ
Z(0)

M2
Z

− Πψ
W (0)

M2
W

=
3ᾱ

8πc2s2M2
Z

∫
dp2

(p2 +m2
t )

2
×

×
[
p4/2 + (p2 +m2

t )
2/2− p2(p2 +m2

t )
]

=
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=
3ᾱ

16πc2s2
(
mt

MZ
)2 .

Specific for Z → bb decay m2
t term comes from:

b

Z

+
H

b

t+
H

t
Z

b

b t

b
Z

b

Htb vertex is proportional to mt, that is why one-loop diagrams produce correction to Zbb
coupling enhanced as (mt/MZ)2.

To calculate this correction we can neglect Z-boson momentum.
Z-boson coupling is proportional to T3 − Qs2. The part proportional to b-quark electric

charge Q induces vector coupling which is not renormalized by Higgs loop (CVC) - so, at zero
momentum transfer (qZµ = 0) the sum of one loop diagrams is zero.

What remains is T3 which induces the coupling with bL and tL.
And again the vector part is not renormalized, so only axial current remains.
Since Z-boson has only vector coupling with Higgs, we should not calculate corresponding

vertex diagram. And only the diagram with Ztt coupling should be taken into account.
Calculating a vertex diagram with UV cutoff Λ we get:

ḡ/4/(16π2)(
mt

η/
√

2
)2×

×[−1/2ln(Λ2/m2
t ) + 3/2]b̄γα

(1 + γ5)

2
b Zα ,

while (tH) insertions into external legs give:

ḡ/4/(16π2)(
mt

η/
√

2
)2×

×[1/2ln(Λ2/m2
t ) + 1/2]b̄γα

(1 + γ5)

2
b Zα .

The sum of the two last expressions produces correction to gbL:

−ḡ/2[1− (
mt

η/
√

2
)2/(16π2)]b̄γα

(1 + γ5)

2
b Zα =

= −ḡ/2[1− α

8πc2s2
(
mt

MZ
)2]bγα

(1 + γ5)

2
b Zα ,

which reduces ΓZ(bb).

MH

Electroweak rad. corr. depend on MH . This is the reason why from precision measurement
of Z- and W -boson parameters the value of MH is extracted.
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Which diagrams matter? The radiation of Higgs from the fermion line is proportional to

mf/η, and since η = 1/(
√√

2Gµ) = 246GeV even in the case of b-quark it should be neglected.

What remain are the vector boson polarization operators (just as in the case of top, if we
forget for the moment Z → bb decay).

It is convenient to perform calculations in unitary gauge where the nonphysical degrees of
freedom (H±, ImH0) are absent.

Z ,   W

H

W,Z

H

W,Z

The following substitution allows to extract Higgs interactions with W-boson from W mass
term:

(
gη

2
)2|W |2 → (

g(η +H0)

2
)2|W |2 =

= (
gη

2
)2|W |2 +

1

2
g2ηH0|W |2 +

g2

4
H02 |W |2 =

= M2
W |W |2 + gMWH

0|W |2 +
1

4
g2H02 |W |2 .

Analogously from the Z-boson mass term in Lagrangian we can obtain HZZ and HHZZ
coupling constants.

A less trivial example is the extraction of Hγγ vertex from the following one loop effective
Lagrangian:

Leff (q2 �M2) =
1

4
F 2
µν×

×
∑ bie

2

16π2
log(

Λ2

M2
i

) ,

where b = −4/3 for a charged lepton, −4Q2 for a (colored) quark, 7 for W -boson are the
coefficients of Gell-Mann – Low function. Substituting M = f(g)η(1 + H/η) and expanding
the logarithm we obtain the amplitude of H → γγ decay. The most remarkable in the last
formula is the sign of the W loop contribution, opposite to that of the lepton and quark loop,
and number 7 as well.

Asymptotic freedom in the USSR, 1965.
Let me start from number 7 obtained by V.S.Vanyashin and M.V.Terentiev in their 1965

ZhETPh paper [5] . At present the easiest way to derive it is the following:
7 = 11/3CV − 1/6− 1/6, CV = 2 for SU(2) ,
where 11/3CV is the contribution of the massless vectors in adjoint representation to the

β-function. One factor 1/6 comes from the Higgs doublet contribution to the same SU(2) β-
function, while another 1/6 is the Higgs doublet contribution to the running of the coupling
constant g′,

1/e = 1/g + 1/g′ .
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Concerning the sign Vanyashin and Terentiev stressed that it is opposite to that which always
occurs in QFT.

A bit of history: I heard from Terentiev that when he was giving a talk at ITEP seminar on
this paper Pomeranchuk said that evidently the theory was not selfconsistent (he relied upon
Landau - Pomeranchuk “zero-charge” theorem). At the end of the paper this “wrong sign”
behavior of β-function was attributed to nonrenormalizability of the electrodynamic of massive
charged vector bosons.

However in the Abstract the anomalous character of the electric charge renormalization was
emphasized.

M.V. Terentiev worked at ITEP, V.S. Vanyashin worked and is still working at Dnepropetro-
vsk Physico-Technical Institute.

It is remarkable that if Higgs boson mass is around 120 GeV (which is quite probable: SM
fit, see below) than H → γγ decay will play the important role in Higgs discovery and factor
“7” will become known to everybody in hep community 45 years after its first appearance.

Back to Higgs in radiative corrections.
Calculation of W - and Z-boson polarization operators provides us with explicit dependence

of physical observables on MH . In the limit MH �MZ we get:

ΠH
W ∼M2

H ln(M2
H) +M2

H + (M2
W + q2) ln(M2

H) .

In the differences of polarization operators on which physical quantities depend:

ΠW (M2
W )

M2
W

− ΠW (0)

M2
W

,
ΠZ(M2

Z)

M2
Z

− ΠW (M2
W )

M2
W

and

Π′Z(M2
Z)

the first two terms cancel and we are left with the logarithmic dependence on Higgs mass .

Heavy top and Higgs asymptotics:

MW

MZ
= c+

3ᾱc

32πs2(c2 − s2)

[
(
mt

MZ
)2 − 11

9
s2 ln(

MH

MZ
)2

]
,

gA = −1

2
− 3ᾱ

64πc2s2

[
(
mt

MZ
)2 − s2 ln(

MH

MZ
)2

]
,

gV
gA

= 1− 4s2 +
3ᾱ

4π(c2 − s2)

[
(
mt

MZ
)2 − (s2 +

1

9
)×

× ln(
MH

MZ
)2

]
.

Since the coefficients multiplied by log are almost equal, without the knowledge of the value of
mt one could not determine the value of MH .
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3 Lecture 3: SM fits; NP contributions

After top discovery at Tevatron in 1994 the electroweak precision data provide information on
Higgs mass.

The dependence on MH is provided by Π’s; the “constants” are also very important. The
expressions in square brackets at a previous slide are substituted by three functions:

Vm(t, h) , VA(t, h) , VR(t, h) ;

t ≡ (mt/MZ)2, h ≡ (MH/MZ)2,

which take into account all the existing loop calculations (αW , αsαW ,..., for details see Novikov,
Okun, Rozanov, Vysotsky [3] .

Yellow Report
After the first years of LEPI operation it has become clear that the experimental data on

Z parameters will have very high accuracy. That is why 4 codes which existed in literature
have been compared with the aims to check numerical consistency of the different approaches
to radiative corrections calculation and to determine theoretical uncertainties.

The results are published in the CERN Yellow Report 95-03, Editors D.Bardin, W. Hollik,
G.Passarino [6] .

From history to our days.
LEPTOP fit of the precision observables (A.Rozanov, Summer 2008).

Observable Exper. data LEPTOP fit Pull
ΓZ , GeV 2.4952(23) 2.4963(15) -0.5
σh, nb 41.540(37) 41.476(14) 1.8
Rl 20.771(25) 20.743(18) 1.1
AlFB 0.0171(10) 0.0164(2) 0.8
Aτ 0.1439(43) 0.1480(11) -0.9
Rb 0.2163(7) 0.2158(1) 0.7
Rc 0.172(3) 0.1722(1) -0.0
AbFB 0.0992(16) 0.1037(7) -2.8
AcFB 0.0707(35) 0.0741(6) -1.0
s2
l (QFB) 0.2324(12) 0.2314(1) 0.8

Observable Exper. data LEPTOP fit Pull
ALR 0.1513(21) 0.1479(11) 1.6
Ab 0.923(20) 0.9349(1) -0.6
Ac 0.670(27) 0.6682(5) 0.1
mW , GeV 80.398(25) 80.377(17) 0.9
mt, GeV 172.6(1.4) 172.7(1.4) -0.1
MH, GeV 84+32

−24

α̂s 0.1184(27)
1/ᾱ 128.954(48) 128.940(46) 0.3
χ2/nd.o.f 18.1/12
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With 10 MeV experimental accuracy of MW the accuracy in MH will be (+20 -15) GeV,
while at the moment MH < 140(150)GeV at 95% C.L., MH < 185(200)GeV at 99.5% C.L.

(numbers in brackets take into account theoretical uncertainty).
This is the end of the Standard Model story.

The main results for other domains of particle physics:

1. QCD: power corrections for Z width into hadrons are definetly negligible; the obtained
value of α̂s appears to be considerably larger than (some) QCD people believed; in particular
J/ψ is outside of the perturbative QCD domain;

2. GUT: the precise determination of sinθ excludes simplest SU(5) unification theory with-
out low energy SUSY.

New Physics.
What if LHC after a couple of months of operation will announce the discovery of 300 GeV

(or even heavier) Higgs?
It will definitely mean that beyond Standard Model there are other electroweak nonsinglet

particles which contribute to the functions Vi and shift the value of MH in the minimum of χ2.
Before discussing New Physics contribution to radiative corrections let me present two pop-

ular sets of parameters widely used in literature.

ε1, ε2, ε3

A set of three parameters εi has been suggested by Altarelli, Barbieri and Jadach for the
most general phenomenological analysis of New Physics [7]. These parameters are in one-to-one
correspondence with our parameters Vi:

ε1 ∼ αWVA
ε2 ∼ αW [(VA − Vm)− 2s2(VA − VR)]

ε3 ∼ αW (VA − VR)

Since ε2 and ε3 do not contain the leading ∼ m2
t term, their values were useful in search for

New Physics before the mass of top quark was measured directly.

S, T, U
These letters, popular in particle physics, were used by Peskin and Takeuchi for the parametriza-

tion of the so-called oblique corrections due to New Physics contribution to electroweak observ-
ables [8]. Schematically:

δε1 = αT , δε2 ∼ αU , δε3 = αS ,

where δ means that only NP contributions should be taken into account.
Literally, Peskin and Takeuchi made one more step. Discussing NP with a scale much larger

than MZ they expanded the polarization operators at q2 = 0, taking into account only the first
two terms, Π(0) and Π′(0), which is the correct approximation as far as higher derivatives are
suppressed as [(M2

Z)/(M2
NP )]n. One can find in the literature (PDG) the allowed domains of

S,U and T for a given value of Higgs mass and check, if your favourite NP model falls in these
domains.
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However, some caution is necessary:

1. if the mass of a new particle is only slightly above MZ/2 then the heavy mass expansion
does not work;

2. the allowed domain of S,U and T depends on MH .

To decouple or to nondecouple?
This is the first question you must ask analyzing NP. The most famous example of NP with

decoupling is SUSY.
Why do sleptons and squarks decouple? Because mass splitting within SU(2) doublet is

small, while from scalar fields you can organize only vector current, which is conserved. What
about charginos and higgsinos? They form vector multiplets (not chiral) which also decouples.

As a result the direct searches of the superpartners push lower limits on their masses so
high (hundreds of GeV) that their contributions to rad.corr. are MOSTLY negligible.

Is there any relation between low energy SUSY and rad. corr. except SUSY GUT?
Yes: in all the variants of SUSY the lightest Higgs boson mass appeared to be less than 200

GeV, usually close to 100 GeV, which nicely coincides with the values of MH obtained from
rad. corr.

4 generation [9].
The simplest example of nondecoupled New Physics. It nondecouples just as the third

generation with heavy top. Mass of the neutral lepton N should be larger than MZ/2 since Z
boson width allows only 3 light neutrino flavors.

Many new parameters: masses of new particles and their mixing with three light generations.
For simplicity let us suppose that mixing is small.

At the next two slides the results of data fit by the LEPTOP code performed by Alexander
Rozanov in summer 2008 are presented.

4 generation with 120 GeV Higgs
mE = 200GeV, mU +mD = 450 GeV, χ2/d.o.f. = 17.6/11, the quality of fit is the same as

in SM.

4 generation with 600 GeV Higgs
mE = 200GeV, mU +mD = 450 GeV, χ2/d.o.f. = 17.4/11, the quality of the fit is the same

as in SM.

So: Higgs is light ONLY in SM or if NP decouples.

Soon after LHC will start to produce physics the last pages of Electroweak Interactions will
be written.

I am grateful to Victor Novikov, Lev Okun and Alexandre Rozanov for many years of fruitful
collaboration and to Ahmed Ali and Mikhail Ivanov for the invitation to deliver lectures at
School and for hospitality in Dubna.

This work was supported by Rosatom and grants RFBR 07-02-00021, RFBR 08-02-00494
and NSh-4568.2008.2.
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Higher radiative corrections in HQET

Andrey Grozin

Budker Institute of Nuclear Physics, Novosibirsk 630090, Russia

After a brief introduction to Heavy Quark Effective Theory, we discuss α representation
in HQET and methods of calculation of some kinds of HQET diagrams up to three loops.

1 Introduction

Effective field theories are very useful for describing physics at low energies � M , or large
distances � 1/M , where M is a high energy scale where some new particles or interactions
become important. Effective Lagrangians are constructed as series in 1/M . Coefficients in them
are obtained by matching scattering amplitudes in the full theory and in the effective one up
to some order in 1/M . These matching coefficients are the only quantities which depend on
M . All calculations inside the effective theory involve only characteristic energy scales (they
are �M) of processes under consideration. The case when there is one such scale is especially
simple. We can choose the renormalization scale µ of order of this characteristic energy scale.
Then there will be no large logarithms in perturbative series, and truncating such series will
produce small errors. If we try to consider the same process in the full theory, there is a second
scale M , and no choice of µ allows us to get rid of large logarithms. Also, each extra scale in
Feynman diagrams (with loops) makes their calculation much more difficult technically.

Heavy Quark Effective Theory (HQET) is an effective low-energy field theory for some
problems in QCD. In many widely-known effective field theories (Heisenberg–Euler theory of
low-energy photon interactions, Fermi 4-fermion theory of weak interactions at low energies)
the heavy particle (electron or W in these examples) does not appear. In HQET, the heavy
quark appears in initial and final states, but is always nearly on-shell and non-relativistic (in
some reference frame).

HQET is discussed in textbooks [1, 2] in detail. Here we shall concentrate on methods and
results of calculations of multiloop Feynman diagrams in HQET, see e.g. [3]. Various methods
of multiloop calculations are presented in the excellent book [4] in great detail, most of these
methods are used in HQET.

2 Heavy Quark Effective Theory

2.1 Lagrangian and Feynman rules

We are going to consider a class of QCD problems involving a single heavy quark with (on-shell)
mass m� ΛQCD. Namely, we require that there exists a reference frame where it stays nearly
at rest all the time. In other words, there exists a 4-velocity v (v2 = 1) such that

p = mv + p̃ , (2.1)
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and the characteristic residual momentum p̃µ � m. Light quarks and gluons also have char-
acteristic momenta pµi � m. Such problems can be described, instead of QCD, by a simpler
effective field theory called HQET. Its Lagrangian is a series in 1/m. At the leading order,

L = Q̃viv ·DQ̃v +O
(

1

m

)
+ (light fields) . (2.2)

The HQET heavy-quark field satisfies /vQ̃v = Q̃v. All light fields are described as in QCD. In
the v rest frame,

L = Q̃+iD0Q̃+O
(

1

m

)
+ (light fields) , (2.3)

where Q̃ is a 2-component spinor.
The mass shell of the heavy quark, i.e., the dependence of its residual energy p̃0 on its

momentum ~p, is

p̃0 = p0 −m =
~p 2

2m
.

At the leading order in 1/m, it becomes p̃0 = 0. This is exactly what follows from the La-
grangian (2.3).

The HQET Lagrangian (2.2) is not Lorentz-invariant, because it contains a fixed vector v.
However, v is not uniquely defined. It can be changed by ∼ p̃/m (see (2.1)). Lagrangians with
such different choices of v must produce identical physical predictions. This requirement is
called reparametrization invariance, and it restricts 1/mn corrections in the Lagrangian.

The heavy-quark chromomagnetic moment is, by dimensionality, ∼ 1/m. Therefore, at the
leading order the heavy-quark spin does not interact with the gluon field. We may rotate the
spin at will without changing physics — heavy-quark spin symmetry. In particular, B and
B∗ are degenerate and have identical properties, because they can be transformed into each
other by rotating the b spin. We can even change the magnitude of the heavy-quark spin (e.g.,
to switch it off) without changing physics — this supersymmetry group is called superflavour
symmetry.

It is difficult to simulate a QCD heavy quark on the lattice because the lattice spacing
a must be much less than the minimum characteristic distance of the problem, 1/m. The
HQET Lagrangian does not contain m, and the only applicability condition of its discretization
is a � 1/p̃. When we investigate the structure of heavy–light hadrons, p̃ ∼ ΛQCD, and the
condition a� 1/ΛQCD is the same as for light hadrons.

The Lagrangian (2.2) gives the Feynman rules

p̃
= i

1 + /v

2

1

p̃ · v + i0
,

a µ

= igtavµ . (2.4)

In the v rest frame, the propagator is (the unit 2× 2 spin matrix assumed)

i
1

p̃0 + i0
. (2.5)

In the coordinate space, the heavy quark does not move:

0 x
= −iθ(x0)δ(~x ) . (2.6)
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HQET-quark loops vanish because the heavy quark propagates only forward in time. We can
also see this in the momentum space: all poles of the propagators in such a loop are in the
lower p̃0 half-plane, and closing the integration contour upwards, we get 0.

These Feynman rules can be also obtained from QCD at m→∞. The QCD massive-quark
propagator gives the HQET one:

mv + p̃
=

p̃
+O

(
p̃

m

)
,

m+m/v + /̃p

(mv + p̃)2 −m2 + i0
=

1 + /v

2

1

p̃ · v + i0
+O

(
p̃

m

)
. (2.7)

The QCD vertex, when sandwiched between two projectors, becomes the HQET one:

1 + /v

2
γµ

1 + /v

2
=

1 + /v

2
vµ

1 + /v

2
. (2.8)

When there is an external leg near a vertex, there is no projector; but we can insert it, and the
argument holds.

We have thus proved that at the tree level any QCD diagram is equal to the corresponding
HQET diagram up to O(p̃/m) corrections. This is not true at loops, because loop momenta can
be arbitrarily large. Renormalization properties of HQET (anomalous dimensions, etc.) differ
from those in QCD.

2.2 One-loop propagator diagram

Let’s calculate the simplest one-loop diagram (Fig. 1)

1

iπd/2

∫
ddk[

−2 (k + p̃) · v − i0
]n1
[
−k2 − i0

]n2
=

1

iπd/2

∫
dk0 d

d−1~k[
−2 (k0 + ω)− i0

]n1
[
−k2

0 + ~k 2 − i0
]n2

= (−2ω)d−n1−2n2I(n1, n2) . (2.9)

It depends only on the residual energy ω = p̃0, not ~̃p; the power of −2ω is clear from dimensional
counting.

k + p̃

k

p̃ p̃

n1

n2

Figure 1: One-loop propagator diagram

If ω > 0, real pair production is possible, and we are on a cut. We shall consider the case
ω < 0, when the integral is an analytic function of ω. We’ll set −2ω = 1. If n1 is integer and
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n1 ≤ 0, I(n1, n2) = 0 because this is a massless vacuum diagram. If n2 is integer and n2 ≤ 0,
I(n1, n2) = 0 because the diagram contains an HQET loop.

At ω < 0, all poles in the k0 plane are below the real axis at k0 > 0 and above the real axis
at k0 < 0, and we can rotate the integration contour counterclockwise without crossing poles
(if ω > 0, we cross the pole at k0 = −ω − i0). This Wick rotation

k0 = ikE0 (2.10)

(Fig. 2) brings us into Euclidean momentum space (k2 = −k2
E).

C

|~k| − i0

−|~k|+ i0

−ω − i0

ω < 0

k0

Figure 2: Wick rotation

In the Euclidean space,

I(n1, n2) =
1

πd/2

∫
dkE0(

1− 2ikE0

)n1

∫
dd−1~k(

~k 2 + k2
E0

)n2
. (2.11)

Using the well-known formula

∫
ddkE

(k2
E +m2)n

= πd/2(m2)d/2−n
Γ
(
n− d

2

)

Γ(n)
(2.12)

with d→ d− 1, m2 → k2
E0, n→ n2, we obtain

I(n1, n2) =
Γ
(
n2 − d−1

2

)

π1/2Γ(n2)

∫ (
k2
E0

)(d−1)/2−n2
dkE0(

1− 2ikE0

)n1
. (2.13)

The integrand is even in kE0, and has cuts at k2
E0 < 0 (it would be wrong to write it as

kd−1−2n2

E0 ). Deforming the integration contour around the upper cut (Fig. 3), we can express
the integral via the discontinuity at this cut:

I(n1, n2) = 2
Γ
(
n2 − d−1

2

)

π1/2Γ(n2)
cos

[
π

(
d

2
− n2

)]∫ ∞

0

kd−1−2n2dk

(2k + 1)n1
. (2.14)

This integral can be easily calculated in Γ functions:

I(n1, n2) =
22n2−d+1

π1/2
cos

[
π

(
d

2
− n2

)]
Γ(d− 2n2)Γ(n1 + 2n2 − d)Γ

(
n2 − d−1

2

)

Γ(n1)Γ(n2)
. (2.15)
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C

− i
2

kE0

Figure 3: Integration contour

Using the well-known properties of the Γ function

Γ(2x) = π−1/222x−1Γ(x)Γ
(
x+ 1

2

)
, Γ(x)Γ(1− x) =

π

sinπx
, (2.16)

we can simplify this result:

I(n1, n2) =
Γ(n1 + 2n2 − d)Γ

(
d
2 − n2

)

Γ(n1)Γ(n2)
. (2.17)

It is also easy to derive this result in coordinate space [3]. HQET propagators in momentum
and coordinate space are related by

∫ +∞

−∞

e−iωt

(−2ω − i0)n
dω

2π
=

i

2Γ(n)

(
it

2

)n−1

e−0tθ(t) , (2.18)

∫ ∞

0

e(iω−0)t

(
it

2

)n−1

dt = − 2iΓ(n)

(−2ω − i0)n
; (2.19)

massless propagators — by

∫
e−ip·x

(−p2 − i0)n
ddp

(2π)d
=

i

(4π)d/2
Γ(d/2− n)

Γ(n)

(
4

−x2 + i0

)d/2−n
, (2.20)

∫ (
4

−x2 + i0

)n
eip·xddx = −i(4π)d/2

Γ(d/2− n)

Γ(n)

1

(−p2 − i0)d/2−n
. (2.21)

Our diagram in coordinate space (Fig. 4, x = vt) is just the product of the heavy propaga-
tor (2.18) and the light one (2.20) (where −x2/4 = −t2/4 = (it/2)2):

−1

2

1

(4π)d/2
Γ(d/2− n2)

Γ(n1)Γ(n2)

(
it

2

)n1+2n2−d−1

θ(t) .

The inverse Fourier transform (2.19) gives our diagram (2.9) in momentum space

i

(4π)d/2
I(n1, n2)(−2ω)d−n1−2n2 ,

where I(n1, n2) is given by (2.17).
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n1

n2

0 x

Figure 4: One-loop propagator diagram in coordinate space

2.3 Renormalization

The Lagrangian contains bare fields and parameters:

L = Q̃v0iv ·D0Q̃v0 D0µ = ∂µ − ig0A
a
0µt

a . (2.22)

They are related to the renormalized ones by the renormalization constants:

Q̃v0 = Z̃
1/2
Q Q̃v , A0 = Z

1/2
A A , a0 = ZAa , g0 = Z1/2

α g , (2.23)

where a0 is the gauge-fixing parameter. The ghost field, the light-quark fields (and their masses)
are renormalized as in QCD (not written here). Minimal renormalization constants have the
structure

Zi = 1 +
Z11

ε

αs
4π

+

(
Z22

ε2
+
Z21

ε

)(αs
4π

)2

+ · · · (2.24)

They don’t contain ε0 and εn (n > 0) terms, only negative powers needed to remove divergences,
and hence are called minimal. We have to define αs to be exactly dimensionless. In the MS
scheme αs depends on the renormalization scale µ:

g2
0

(4π)d/2
= µ2εαs(µ)

4π
Zα(αs(µ))eγEε , (2.25)

where γE is the Euler constant.
Let’s calculate the HQET propagator with one-loop accuracy:

+ + · · ·

iS̃(ω) = iS̃0(ω) + iS̃0(ω)(−i)Σ̃(ω)iS̃0(ω) + · · · (2.26)

where

S̃0(ω) =
1

ω
. (2.27)

The one-loop heavy-quark self-energy (Fig. 5) is

Σ̃(ω) = iCF

∫
ddk

(2π)d
ig0v

µ 1

k0 + ω
ig0v

ν−i
k2

(
gµν − ξ

kµkν
k2

)
, (2.28)

where ξ = 1− a0. In the numerator, we may replace (k · v)2 = (k0 + ω − ω)2 → ω2, because if
we cancel k0 + ω in the denominator the integral vanishes. Using (2.17), we obtain

Σ̃(ω) = CF
g2

0(−2ω)1−2ε

(4π)d/2

[
2I(1, 1) +

ξ

2
I(1, 2)

]

= CF
g2

0(−2ω)1−2ε

(4π)d/2
Γ(1 + 2ε)Γ(1− ε)

d− 4

(
ξ +

2

d− 3

)
. (2.29)
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k + p̃

k

p̃ p̃

Figure 5: One-loop heavy-quark self-energy

The propagator expressed via renormalized quantities is

ωS̃(ω) = 1 + CF
αs(µ)

4πε
e−2Lε

[
3− a(µ) + 4ε+ · · ·

]
, (2.30)

where

L = log
−2ω

µ
.

It should be equal S̃(ω) = Z̃QS̃r(ω), where the renormalized propagator S̃r(ω) is finite at ε→ 0.
Therefore,

Z̃Q = 1 + CF (3− a)
αs
4πε

(2.31)

(it is also easy to write S̃r(ω)).

The HQET field does not renormalized in the Yennie gauge a = 3. This is exactly the
reason why this gauge has been introduced in the theory of electrons interacting with soft
photons (Bloch–Nordsieck model), which is the Abelian HQET. In the Abelian case, this non-
renormalization holds to all orders due to the exponentiation theorem. In HQET, this is only
true at one loop.

Now we shall discuss the renormalization of g. Due to the gauge invariance, all g’s in
the Lagrangian are equal. The coupling of the HQET quark field to gluon is thus identical
to the usual QCD coupling, where the HQET heavy flavour is not counted in the number of
flavours nf . In order to find Zα we need to renormalize the heavy-quark – gluon vertex and all

propagators attached to it. We have already calculated Z̃Q. The renormalization of the gluon
propagator is well known (Fig. 6):

ZA = 1−
[
CA
2

(
a− 13

3

)
+

4

3
TFnf

]
αs
4πε

. (2.32)

Figure 6: One-loop gluon self-energy
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Let’s introduce the vertex

ω ω′

q

= ig0t
aΓ̃µ , Γ̃µ = vµ + Λ̃µ , (2.33)

where Λ̃µ starts from one loop. When expressed via renormalized quantities, the vertex should
be Γ̃ = Z̃ΓΓ̃r, where the renormalized vertex Γ̃r is finite at ε→ 0. A physical matrix element is
obtained from the corresponding vertex by multiplying it by the wave-function renormalization

constant Z
1/2
i for each external leg. In our case,

g0Γ̃Z̃QZ
1/2
A = gΓ̃rZ

1/2
α Z̃ΓZ̃QZ

1/2
A = finite.

Therefore, Z
1/2
α Z̃ΓZ̃QZ

1/2
A must be finite. But the only minimal (2.24) renormalization constant

finite at ε→ 0 is 1:
Zα =

(
Z̃ΓZ̃Q

)−2
Z−1
A . (2.34)

At one loop the HQET vertex is given by two diagrams (Fig. 7). It is very easy to calculate
the first one. It contains two heavy denominators which can be replaced by a difference:

1

(k0 + ω)(k0 + ω′)
=

1

ω′ − ω

(
1

k0 + ω
− 1

k0 + ω′

)
. (2.35)

We get the difference of the self-energies:

Λ̃µ1 = −
(

1− CA
2CF

)
Σ̃(ω′)− Σ̃(ω)

ω′ − ω vµ . (2.36)

This result can also be obtained from the Ward identity. The UV divergence of this contribution
is

Λ̃µ1 =

(
CF −

CA
2

)
(a− 3)

αs
4πε

vµ . (2.37)

The second diagram is more difficult. It has been calculated in [5]. Now we only need
its UV divergence, and it should be ∼ vµ. We may nullify all external momenta. After
that, the diagram will contain no scale and hence vanish. It will contain both UV and IR
divergences which cancel. Therefore, we’ll have to introduce some IR regularization to get the
UV divergence. We have

ig0Λ̃µ2 =
CA
2

∫
ddk

(2π)d
ig0v

α′ i

k · v ig0v
β′

× −i
k2

(
gαα′ − ξ

kαkα′

k2

) −i
k2

(
gββ′ − ξ

kβkβ′

k2

)
ig0V

αβµ(k,−k, 0) , (2.38)

Figure 7: One-loop HQET vertex

8 HQP08

A.G. GROZIN

62 HQP08



where the three-gluon vertex is

V µ1µ2µ3(p1, p2, p3) = (p3 − p2)µ1gµ2µ3 + (p1 − p3)µ2gµ3µ1 + (p2 − p1)µ3gµ1µ2 . (2.39)

It vanishes when contracted with the same vector in all three indices:

V µ1µ2µ3(p1, p2, p3)vµ1vµ2vµ3 = 0 ,

and when contracted in two indices with the corresponding momenta:

V µ1µ2µ3(p1, p2, p3)p1µ1p2µ2 = 0 .

Therefore, ξ0 and ξ2 terms vanish:

Λ̃µ2vµ = iCAg
2
0ξ

∫
ddk

(2π)d
k2 − (k · v)2

(k2)3
.

Averaging over k directions (k · v)2 → k2/d, we get

Λ̃µ2vµ = iCAg
2
0ξ

(
1− 1

d

)∫
ddk

(2π)d
1

(k2)2
.

The UV divergence of this integral can be obtained by introducing any IR regularization, e.g.,
an IR cut-off in the Euclidean momentum integral or a small mass:

∫
ddk

(2π)d
1

(k2)2

∣∣∣∣
UV

=
i

(4π)d/2ε
. (2.40)

We arrive at the UV divergence of the second vertex diagram:

Λ̃µ2 = −3

4
CA(1− a)

αs
4πε

vµ . (2.41)

From (2.37) and (2.41) we obtain

Z̃Γ = 1 +

[
CF (a− 3) + CA

a+ 3

4

]
αs
4πε

. (2.42)

The product which appears in (2.34) is

Z̃ΓZ̃Q = 1 + CA
a+ 3

4

αs
4πε

. (2.43)

In the Abelian case Z̃ΓZ̃Q = 1 to all orders, due to the Ward identity. This is why we only got
the non-abelian colour structure CA in (2.43). Finally, combining this with (2.32), we see that
the a dependence cancels, and

Zα = 1− β0
αs
4πε

, β0 =
11

3
CA −

4

3
TFnf . (2.44)

Thus we have derived the one-loop β function of QCD (nf does not include the HQET heavy
flavour Q). Most textbooks use the massless-quark – gluon vertex or the ghost – gluon one (see,
e.g., [3]). In the later case, calculations are a little shorter. The HQET derivation presented
here is as short as the ghost one.
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3 α parametrization

3.1 General formulae

α parametrization of Feynman integrals (including those containing numerators) is discussed
in many textbooks, see e.g. [6]. Here we shall discuss HQET integrals; all rules can be trivially
obtained from [6], though they were not yet explicitly stated in the literature.

First let’s calculate the one-loop diagram (2.9) (Fig. 1) using α parametrization

1

an
=

1

Γ(n)

∫ ∞

0

dααn−1e−aα . (3.1)

We get
1

Γ(n1)Γ(n2)

∫
dααn2−1 dβ βn1−1 ddk eX , X = αk2 + 2β(k + p̃) · v .

We shift the integration momentum

k = k′ − β

α
v

to eliminate the linear term in the exponent:

X = αk′2 − β2

α
+ 2βω .

Now it is easy to calculate the momentum integral:

∫
ddk eαk

2

= i

∫
ddkE e

−αk2
E = i

(π
α

)d/2
. (3.2)

Therefore,

(−2ω)d−n1−2n2I(n1, n2) =
1

Γ(n1)Γ(n2)

∫
dααn2−1 dβ βn1−1 α−d/2 exp

(
−β

2

α
+ 2βω

)
.

Now we make the substitution β = αy and integrate in α:

Γ
(
n1 + n2 − d

2

)

Γ(n1)Γ(n2)

∫ ∞

0

dy yn1−1
[
y(y − 2ω)

]d/2−n1−n2
.

The HQET Feynman parameter y has the dimensionality of energy and varies from 0 to ∞.
The y integral can be easily calculated in Γ functions, and we again obtain (2.17).

Now we shall consider the most general HQET Feynman integral without numerators. Any
HQET diagram contains a single heavy line and has the form

I =

∫ ∏ ddki
iπd/2

1∏
Lnaa

∏
Hnc
c
, (3.3)

where ki are loop momenta (i, j ∈ [1, L]),

La = m2
a − q2

a − i0 , Hc = −2qc · v − i0
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are light denominators (a, b ∈ [1, Nl]) and heavy ones (c, d ∈ [1, Nh]):

qa =
∑

Naiki +
∑

Nanpn , qc =
∑

Nciki +
∑

Ncnpn ,

pn are external momenta (n,m ∈ [1, Ne − 1]), and the coefficients N express momenta of
propagators via the loop and external momenta (these coefficients are equal to 0 or ±1). Using
the α representation (3.1) for all lines, we obtain

I =
1∏

Γ(na)
∏

Γ(nc)

∫ ∏
dαa α

na−1
a

∏
dβc β

nc−1
c

∏ ddki
iπd/2

eX ,

X =
∑

αa(q2
a −m2

a) + 2
∑

βcqc · v . (3.4)

Dimensionalities of the parameters are αa ∼ 1/M2, βc ∼ 1/M . The exponent is

X =
∑

Mijki · kj − 2
∑

Qi · ki + Y , (3.5)

where

Mij =
∑

αaNaiNaj ,

Qi = −
∑

αaNaiNanpn − v
∑

βcNci ,

Y =
∑

αa

(∑
Nanpn

)2

+ 2
∑

βcNcnpn · v −
∑

αam
2
a . (3.6)

Now we shift the loop momenta ki = k′i +Ki to eliminate linear terms:

Ki =
∑

M−1
ij Qj . (3.7)

Then
X =

∑
Mijk

′
i · k′j −

∑
M−1
ij Qi ·Qj + Y . (3.8)

Performing the Wick rotation to Euclidean k′i and integration in the loop momenta, we obtain

I =
1∏

Γ(na)
∏

Γ(nc)

∫ ∏
dαa α

na−1
a

∏
dβc β

nc−1
c [D(α)]

−d/2

× exp

[
−A(α) +A1(α, β) + A2(α, β)

D(α)
−
∑

αam
2
a

]
, (3.9)

where

D(α) = detM ,

A(α)

D(α)
=
∑

M−1
ij αaαbNaiNanNbjNbmpn · pm −

∑
αaNanNampn · pm ,

A1(α, β)

D(α)
= 2

∑
M−1
ij αaβcNaiNanNcjpn · v − 2

∑
βcNcnpn · v ,

A2(α, β)

D(α)
=
∑

M−1
ij βcβdNciNdj . (3.10)
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The polynomials D(α), A(α), A1(α, β), A2(α, β) have dimensionality 1/M 2L. The function
D(α) is homogeneous in αa of degree L. The function A(α) is homogeneous in αa of degree
L+ 1 and linear in pn · pm. The function A1(α, β) is linear in βc, of degree L in αa, and linear
in pn · v. The function A2(α, β) is quadratic in βc and of degree L−1 in αa; it does not contain
momenta.

It is always possible to calculate (at least) one integration in (3.9). Let’s insert δ (
∑
αa − η) dη

under the integral sign, and make the substitution αa = ηxa, βc = ηyc. Then the η integral is
a Γ function:

I =
Γ
(∑

na +
∑
nc − Ld2

)
∏

Γ(na)
∏

Γ(nc)

∫ ∏
dxa x

na−1
a

∏
dyc y

nc−1
c δ

(∑
xa − 1

)

[D(x)]d/2
[
A(x)+A1(x,y)+A2(x,y)

D(x) +
∑
xam2

a

]Pna+
P
nc−Ld/2 .

(3.11)
The ordinary Feynman parameters xa are dimensionless and vary from 0 to 1; the HQET
Feynman parameters yc have dimensionality of energy and vary from 0 to ∞.

3.2 Graph-theoretical rules

The polynomials D(α), A(α), A1(α, β), A2(α, β) can be extracted directly from the diagram,
see [6]. We shall formulate the rules and illustrate them by an example shown in Fig. 8.

p1

p2

1 2
3

1 2

Figure 8: An HQET vertex diagram

1. Cut a few light lines so as to get a connected tree, form the product of αa of the cut
lines. D(α) is the sum of all such products.

D = α1α2 + α1α3 + α2α3 .

2. Cut a few light lines to get two connected trees (the heavy line is in one of the two parts).
Form the product of αa of the cut lines and multiply it by (−P 2), where P is the momentum
flowing from one connected part to the other one. A(α) is the sum of all such terms.

A = −p2
2α1α2α3 .

3. Cut a single heavy line and a few light ones to get two connected trees (now the heavy
line enters one connected part and leaves the other one). Form the product of βc of the cut
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heavy line and αa of the cut light ones and multiply by (−2P · v), where P is the momentum
flowing from the first connected part to the second one. A1(α, β) is the sum of all such terms.

A1 = −2p1 · v β1α1(α2 + α3)− 2(p1 + p2) · v β1α2α3

− 2(p1 + p2) · v β2α2(α1 + α3)− 2p1 · v β2α1α3 .

4. Cut a few light lines to get a connected diagram with a single loop in such a way that
this loop contains at least one heavy line. Sum βc of the heavy lines belonging to the loop,
square the sum, and multiply by αa of the cut light lines. Sum all terms.

A2 = α1β
2
2 + α2β

2
1 + α3(β1 + β2)2 .

These rules can be simplified a little. Suppose p1 is the residual momentum of the incoming
heavy line, and let’s route it along the heavy line. Then the exponent X (3.4) contains 2p1 ·
v
∑
βc. We can add this expression to the exponent in (3.9), and then set p1 = 0 while

calculating A1(α, β).
There is an analogy between Feynman diagrams in α representation and electrical circuits

(Table 1). The average momentum flowing through a propagator corresponds to current. The
first Kirchhoff rule is satisfied: the sum of momenta flowing into a vertex vanishes. Light lines
are resistors αa, and heavy lines — voltage sources βcv (batteries with zero internal resistance,
the voltage does not depend on the current). The second Kirchhoff rule says that the sum of
voltages along a loop (say, loop i) must vanish. These equations are nothing but the equations∑
MijKj = Qi which determine the average loop momenta Ki (see (3.7)).

Current Voltage

a
q̄a =

∑
NaiKi +

∑
Nanpn αaq̄a

c
q̄c =

∑
NciKi +

∑
Ncnpn βcv

Table 1: Analogy with electrical circuits

The Joule heat
∑
αaq̄

2
a plus 2 times the energy consumption by the voltage sources

∑
βcq̄c ·v

gives

−A(α) +A1(α, β) +A2(α, β)

D(α)
.

The case αa → 0 or βc → 0 corresponds to a short circuit (line shrinks to a point); the case
αa →∞ — no contact (the line is removed).
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Generalization to integrals with numerators is straightforward [6]. Suppose we have a poly-
nomial P(qa, qc) inserted into the numerator of (3.3). Then we can add

2
∑

qa · ξa + 2
∑

qc · ηc

to the exponent X (3.4), and apply the differential operator

P
(

1

2

∂

∂ξa
,

1

2

∂

∂ηc

)

to the result at ξa = 0, ηc = 0. Before this step, the only difference is the substitution
βcv → βcv + ηc, and the fact that a light line a can be also considered “heavy” in A1 and A2

calculations, with ξa playing the role of βv. Let’s formulate the rules to calculate A1, A2.
3′. Cut a single heavy line (say, c) and a few light ones to get two connected trees, and form

the product of −2(βcv + ηc) · P , where P is the momentum flowing from the first connected
part to the second one; multiply this product by αa of all cut light lines. Or cut a single light
line (say, a) and a few light ones to get two connected trees, form the product −2ξa · P , and
multiply it by αb of these additional cut lines. Here the first and the second connected parts
are defined by the direction of the momentum of the first cut line (qc or qa for a heavy or light
line). A1(α, β, ξ, η) is the sum of all such terms.

4′. Cut a few light lines to get a connected diagram with a single loop. Sum βcv + ηc or ξa
of the heavy or light lines belonging to the loop, square the sum, and multiply by αa of the cut
light lines. Sum all terms to get A2(α, β, ξ, η).

4 HQET propagator diagrams

4.1 Two loops

4.1.1 Diagram 1

We have calculated the one-loop HQET propagator diagram by three different methods (Sects. 2.2
and 3.1). Now we shall consider two-loop propagator diagrams in HQET. There are two generic
topologies of such diagrams (Fig. 9). This means that all other possible topologies can be ob-
tained from these ones by shrinking some lines. The method of calculation of these diagrams
has been constructed in [7].

The first diagram (Fig. 10) is

− 1

πd

∫
ddk1 d

dk2

Dn1
1 Dn2

2 Dn3
3 Dn4

4 Dn5
5

= (−2ω)2d−n1−n2−2(n3+n4+n5)I(n1, n2, n3, n4, n5) , (4.1)

where

D1 = −2(k10 + ω) , D2 = −2(k20 + ω) ,

D3 = −k2
1 , D4 = −k2

2 , D5 = −(k1 − k2)2

(the power of −2ω is fixed by dimensionality). It is symmetric with respect to (1↔ 2, 3↔ 4),
and vanishes if two adjacent indices are ≤ 0.
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Figure 9: Generic topologies of two-loop propagator diagrams

k10 + ω k20 + ω

k1 k2

k1 − k2

n1 n2

n3 n4n5

Figure 10: Diagram 1

If n5 = 0, the diagram is the product of two one-loop ones:

I(n1, n2, n3, n4, 0) =

n1 n2

n3 n4

= I(n1, n3)I(n2, n4) . (4.2)

If n1 = 0, we first calculate the inner massless loop. The one-loop massless diagram is

1

iπd/2

∫
ddk

[−(k + p)2 − i0]
n1 [−k2 − i0]

n2
= (−p2)d/2−n1−n2G(n1, n2) ,

G(n1, n2) =
Γ(−d/2 + n1 + n2)Γ(d/2− n1)Γ(d/2− n2)

Γ(n1)Γ(n2)Γ(d− n1 − n2)
. (4.3)

This gives the coefficient G(n3, n5), and shifts the power n4 by n3 + n5 − d/2:

n2

n4

n3

n5

=

n5

n3

×
n2

n4 + n3 + n5 − d/2
,

I(0, n2, n3, n4, n5) = G(n3, n5)I(n2, n4 + n3 + n5 − d/2) (4.4)

(the case n2 = 0 is symmetric). If n3 = 0, we first calculate the inner HQET loop. This gives
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the coefficient I(n1, n5), and shifts the power n2 by n1 + 2n5 − d:

n1 n2

n4

n5
=

n1

n5

×
n2 + n1 + 2n5 − d

n3

,

I(n1, n2, 0, n4, n5) = I(n1, n5)I(n2 + n1 + 2n5 − d, n4) (4.5)

(the case n4 = 0 is symmetric).
But what can we do if all 5 powers of denominators are positive? We shall use integration

by parts [8]. Integral of any full derivative over the whole space of loop momenta is zero. When
applied to the integrand of (4.1), the derivative

∂

∂k2
→ n2

D2
2v +

n4

D4
2k2 +

n5

D5
2(k2 − k1) .

Applying (∂/∂k2) · k2 or (∂/∂k2) · (k2 − k1) to the integrand, we obtain zero integral. On
the other hand, we can calculate these derivatives explicitly. Using 2k2 · v = −D2 − 2ω,
2(k2 − k1) · k2 = D3 −D4 −D5, we see that applying these differential operators is equivalent
to inserting

d− n2 − n5 − 2n4 − 2ω
n2

D2
+
n5

D5
(D3 −D4) ,

d− n2 − n4 − 2n5 +
n2

D2
D1 +

n4

D4
(D3 −D5)

under the integral sign. These combinations of integrals vanish. These recurrence relations are
usually written as

[
d− n2 − n5 − 2n4 + n22

+ + n55
+(3− − 4−)

]
I = 0 , (4.6)

[
d− n2 − n4 − 2n5 + n22

+1− + n44
+(3− − 5−)

]
I = 0 , (4.7)

where, for example, 1− lowers n1 by 1 and 2+ raises n2 by 1. Applying (∂/∂k2) · v, we obtain
a (less useful) relation

[
−2n22

+ + n44
+(2− − 1) + n55

+(2− − 1−)
]
I = 0 . (4.8)

A useful relation can be obtained from homogeneity of the integral (4.1) in ω. Applying
ω(d/dω), we get the same integral times its dimensionality 2(d− n3 − n4 − n5)− n1 − n2. On
the other hand, we can calculate the derivative explicitly:

[
2(d− n3 − n4 − n5)− n1 − n2 + n11

+ + n22
+
]
I = 0 . (4.9)

This homogeneity relation is not independent: it is the sum of the (∂/∂k2) · k2 relation (4.6)
and its mirror-symmetric (∂/∂k1) · k1 one.

A particularly useful relation can be obtained by subtracting the 1− shifted homogeneity
relation (4.9) from the (∂/∂k2) · (k2 − k1) relation (4.7):

[
d− n1 − n2 − n4 − 2n5 + 1−

(
2(d− n3 − n4 − n5)− n1 − n2 + 1

)
1−

+ n44
+(3− − 5−)

]
I = 0 . (4.10)
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Solving it for the I with the unshifted indices, we obtain an expression for I(n1, n2, n3, n4, n5)
via 3 integrals:

I =
(2(d− n3 − n4 − n5)− n1 − n2 + 1)1− + n44

+(5− − 3−)

d− n1 − n2 − n4 − 2n5 + 1
I . (4.11)

Each of them has n1 + n3 + n5 reduced by 1. Each application of (4.11) moves us closer to the
origin (Fig. 11). Therefore, after a finite number of steps, any integral I(n1, n2, n3, n4, n5) will
be reduced to the trivial cases in which one of the indices vanishes.

Figure 11: A single step of the integration-by-parts reduction

4.1.2 Diagram 2

The second diagram (Fig. 12) is

− 1

πd

∫
ddk1 d

dk2

Dn1
1 Dn2

2 Dn3
3 Dn4

4 Dn5
5

= (−2ω)2d−n1−n2−n3−2(n4+n5)J(n1, n2, n3, n4, n5) , (4.12)

where

D1 = −2(k10 + ω) , D2 = −2(k20 + ω) , D3 = −2(k10 + k20 + ω) ,

D4 = −k2
1 , D5 = −k2

2

(the power of −2ω is fixed by dimensionality). It is symmetric with respect to (1↔ 2, 4↔ 5),
and vanishes if n4 ≤ 0 or n5 ≤ 0 or two adjacent n1...3 are ≤ 0.

This integral is trivial if n3 = 0 or n1,2 = 0. In general, it has 3 linear denominators and
only 2 loop momenta; therefore, these denominators are linearly dependent:

D1 +D2 −D3 = −2ω . (4.13)

Inserting this combination under the integral sign, we obtain

J = (1− + 2− − 3−)J . (4.14)
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k1

k2

k10 + ω k10 + k20 + ω

k20 + ωn1 n3

n2

n4

n5

Figure 12: Diagram 2

Each application of this recurrence relation reduces n1 +n2 +n3 by 1. Therefore, after a number
of such steps any integral will reduce to the trivial cases (Fig. 11).

The integral (4.12) can contain a power of k1 · k2 in the numerator; this scalar product
cannot be expressed via the denominators. However, this is not a serious problem [9].

Let’s summarize. All scalar integrals belonging to the two generic topologies of Fig. 9, with
any indices ni (and with any power of k1 · k2 in the numerator of the second integral) can be
reduced to linear combinations of two master integrals

= I2
1 , = I2 , (4.15)

with coefficients being rational functions of d. Here the n-loop HQET sunset integral is

· · · = In =
Γ(1 + 2nε)Γn(1− ε)

(1− n(d− 2))2n
. (4.16)

This reduction can be done using integration by parts [7] (see also [9]).

4.2 Three loops

4.2.1 Reduction

There are 10 generic topologies of three-loop HQET propagator diagrams (Fig. 13).

All these integrals, with any powers of denominators and irreducible numerators, can be
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Figure 13: Generic topologies of three-loop propagator diagrams

reduced [9] to 8 master integrals:

= I3
1 , (4.17)

= I1I2 , (4.18)

= I3 , (4.19)

=
I2
1 I(6− 2d, 1)

I2I(5− 2d, 1)
I3 =

3d− 7

2d− 5

I2
1

I2
I3 , (4.20)

=
G2

1I(1, 4− d)

G2I(1, 3− d)
I3 = −2

3d− 7

d− 3

G2
1

G2
I3 , (4.21)

= G1I(1, 1, 1, 1, 2− d/2) , (4.22)

= I1J(1, 1, 3− d, 1, 1) , (4.23)
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= B8 , (4.24)

using integration by parts. Here the n-loop HQET sunset In is defined by (4.16), and the n-loop
massless sunset is

· · ·
= Gn =

1(
n+ 1− nd2

)
n

(
(n+ 1)d2 − 2n− 1

)
n

Γ(1 + nε)Γn+1(1− ε)
Γ(1− (n+ 1)ε)

.

(4.25)
This reduction algorithm has been implemented as a REDUCE package Grinder [9]. It is analo-
gous to the massless package Mincer [10]. The first 5 master integrals can be easily expressed
via Γ functions, exactly in d dimensions. The next two ones reduce to two-loop ones with a
single ε-dependent index1 (Sects. 4.2.2 and 4.2.3). The last one is truly three-loop (Sect. 4.2.4).

4.2.2 J(1, 1, n, 1, 1)

Here we shall calculate the integral J (4.12) (Fig. 12) for arbitrary powers of denominators. To
this end, we shall first consider the one-loop diagram with two different residual energies ω1

and ω2 (Fig. 14a):

I =
1

iπd/2

∫
ddk

Dn1
1 Dn2

2 Dn3
3

, (4.26)

where
D1 = −2(k0 + ω1) , D2 = −2(k0 + ω2) , D3 = −k2 .

If n1,2 are integer, this integral can be easily calculated by partial fraction decomposition
(Sect. 2.3).

k0 + ω1 k0 + ω2

k

ω1 ω2

n1 n2

n3

a
0−vt1 vt2

n1 n2

n3

b

Figure 14: One-loop diagram

Closely following Sect. 2.2, we first integrate in dd−1~k:

I =
Γ
(
n3 − d−1

2

)

π1/2Γ(n3)

∫ (
k2
E0

)(d−1)/2−n3
dkE0(

−2ω1 − 2ikE0

)n1
(
−2ω2 − 2ikE0

)n2

= 2
Γ
(
n3 − d−1

2

)

π1/2Γ(n3)
cos

[
π

(
d

2
− n3

)]∫ ∞

0

kd−1−2n3dk

(2k − 2ω1)n1(2k − 2ω2)n2
.

1Grinder uses B4 = I3I2
1/I2 and B5 = I3G2

1/G2 as elements of its basis instead of (4.20) and (4.21).
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We obtain [11]

I = I(n1 + n2, n3)2F1

(
n1, n1 + n2 + 2n3 − d

n1 + n2

∣∣∣∣ 1−
ω1

ω2

)
(−2ω2)d−n1−n2−2n3 . (4.27)

One can easily check that this result is symmetric with respect to (ω1 ↔ ω2, n1 ↔ n2), using
properties of hypergeometric function. If ω1 = ω2, it reduces to I(n1 + n2, n3).

Let’s also calculate this integral using α representation (Sect. 3.1):

I =
1

Γ(n1)Γ(n2)Γ(n3)

∫
dααn3−1 dβ1 β

n1−1
1 dβ2 β

n2−1
2 α−d/2

× exp

[
− (β1 + β2)2

α
+ 2(ω1β1 + ω2β2)

]
.

Now we make the substitution β1,2 = αy1,2 and integrate in α:

I =
Γ
(
n1 + n2 + n3 − d

2

)

Γ(n1)Γ(n2)Γ(n3)

∫
dy1 y

n1−1
1 dy2 y

n2−1
2

[
(y1 + y2)2 − 2(ω1y1 + ω2y2)

]d/2−n1−n2−n3
.

After the substitution y1 = yx, y2 = y(1− x), the integral in y can be taken:

I =
Γ
(
d
2 − n3

)
Γ
(
n1 + n2 + 2n3 − d

2

)

Γ(n1)Γ(n2)Γ(n3)

×
∫ 1

0

dx xn1−1 (1− x)n2−1 [−2ω1x− 2ω2(1− x)]d−n1−n2−2n3 . (4.28)

And we again obtain (4.27).

Finally, we shall derive the same result in coordinate space (Fig. 14b, see Sect. 2.2):

I = −1

4

Γ
(
d
2 − n3

)

Γ(n1)Γ(n2)Γ(n3)

∫
dt1 dt2 e

i(ω1t1+ω2t2)

(
it1
2

)n1−1(
it2
2

)n2−1(
i(t1 + t2)

2

)2n3−d1

.

The substitution t1 = tx, t2 = t(1− x) reduces this expression to (4.28).

Now we return to our main problem — calculating J = J(n1, n2, n3, n4, n5) (Fig. 12) with
arbitrary indices. We set −2ω = 1; the power of −2ω can be reconstructed by dimensionality.
Substituting the one-loop subdiagram (4.27), we have

J =
I(n1 + n3, n4)

iπd/2

∫
ddk

(−k2)n5(1− 2k0)n2

× (1− 2k0)d−n1−n3−2n4
2F1

(
n1, n1 + n3 + 2n4 − d

n1 + n3

∣∣∣∣
−2k0

1− 2k0

)

=
I(n1 + n3, n4)Γ

(
n5 − d−1

2

)

πd/2Γ(n5)

∫ +∞

−∞

(k2
E0)(d−1)/2−n5dkE0

(1− 2ikE0)n1+n2+n3+2n4−d

× 2F1

(
n1, n1 + n3 + 2n4 − d

n1 + n3

∣∣∣∣
−2ikE0

1− 2ikE0

)
.
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We can deform the integration contour (Fig. 3, kE0 = iz/2):

J =
I(n1 + n3, n4)Γ

(
n5 − d−1

2

)

2d−2n5−1πd/2Γ(n5)
cos

[
π

(
d

2
− n5

)]

×
∫ ∞

0

zd−2n5−1dz

(z + 1)n1+n2+n3+2n4−d 2F1

(
n1, n1 + n3 + 2n4 − d

n1 + n3

∣∣∣∣
z

z + 1

)
.

Now we substitute the series

2F1

(
a, b
c

∣∣∣∣x
)

=
Γ(c)Γ(b)

Γ(a)

∞∑

n=0

Γ(n+ a)Γ(n+ b)

Γ(n+ 1)Γ(n+ c)
xn ,

and integrate term by term. The result is

J =
I(n1 + n3, n4)Γ

(
n5 − d−1

2

)
Γ(d− 2n5)Γ(n1 + n2 + n3 + 2n4 + 2n5 − 2d)

2d−2n5−1πd/2Γ(n5)Γ(n1 + n2 + n3 + 2n4 − d)
cos

[
π

(
d

2
− n5

)]

× 3F2

(
n1, n1 + n3 + 2n4 − d, d− 2n5

n1 + n3, n1 + n2 + n3 + 2n4 − d

∣∣∣∣ 1
)
.

Using (2.16), we can simplify this result:

J(n1, n2, n3, n4, n5) =

Γ
(
d
2 − n4

)
Γ
(
d
2 − n5

)
Γ(n1 + n3 + 2n4 − d)Γ(n1 + n2 + n3 + 2n4 + 2n5 − 2d)

Γ(n4)Γ(n5)Γ(n1 + n3)Γ(n1 + n2 + n3 + 2n4 − d)

× 3F2

(
n1, n1 + n3 + 2n4 − d, d− 2n5

n1 + n3, n1 + n2 + n3 + 2n4 − d

∣∣∣∣ 1
)
. (4.29)

It was first derived in coordinate space [9, 3]. Checking the symmetry (n1 ↔ n2, n4 ↔ n5)
requires using some 3F2 identities.

4.2.3 I(1, 1, 1, 1, n)

This diagram has been calculated in [12] using Gegenbauer polynomial technique in coordinate
space [13]:

n = I(1, 1, 1, 1, n) =
Γ
(
d
2 − 1

)
Γ
(
d
2 − n− 1

)

Γ(d− 2)

×
[

2
Γ(2n− d+ 3)Γ(2n− 2d+ 6)

(n− d+ 3)Γ(3n− 2d+ 6)
3F2

(
n− d+ 3, n− d+ 3, 2n− 2d+ 6

n− d+ 4, 3n− 2d+ 6

∣∣∣∣ 1
)

− Γ(d− n− 2)Γ2(n− d+ 3)

]
. (4.30)

Some details of this method are discussed in [3].
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4.2.4 Inversion

The last three-loop master integral has been calculated [15] using inversion. We shall first
consider inversion relations at one and two loops. The one-loop massive on-shell integral defined
by ∫

ddk

[m2 − (k +mv)2 − i0]
n1 [−k2 − i0]

n2
= iπd/2md−2(n1+n2)M(n1, n2) (4.31)

can be written in terms of the dimensionless Euclidean momentum K = kE/m:
∫

ddK

(K2 − 2iK0)n1(K2)n2
= πd/2M(n1, n2) .

Similarly, the one-loop HQET propagator integral (2.9) expressed via K = kE/(−2ω) is
∫

ddK

(1− 2iK0)n1(K2)n2
= πd/2I(n1, n2) .

Inversion K = K ′/K ′2 transforms the massive on-shell denominator into the HQET one:

K2 − 2iK0 =
1− 2iK ′0
K ′2

.

Therefore,

n1

n2

=

n1

d− n1 − n2

,

M(n1, n2) = I(n1, d− n1 − n2) =
Γ(d− n1 − 2n2)Γ(−d/2 + n1 + n2)

Γ(n1)Γ(d− n1 − n2)
. (4.32)

Similarly, at two loops we obtain [14]

n1 n2

n3 n4
n5

=

n1 n2

d− n1 − n3

− n5

d− n2 − n4

− n5n5
. (4.33)

This relation is less useful, because the HQET diagram in the right-hand side contains two
non-integer indices.

At three loops we have [3]

n1 n2

n3 n4

n5

n6

n7 n8

=

n1 n2

d− n1 − n3

− n5 − n7

d− n2 − n4

− n5 − n8

n5

d− n6 − n7 − n8

n7 n8

n1 n3 n2

n4 n5n6 n7

n8

=

n1 n3 n2

d− n1 − n4

− n6

d− n2 − n5

− n7
n6 n7

d− n3 − n6 − n7 − n8

(4.34)
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In particular, the HQET ladder diagram with all indices ni = 1 is convergent; its value at d = 4
is related [15] to a massive on-shell diagram

= = −5ζ5 + 12ζ2ζ3 . (4.35)

by the second inversion relation. This is one of the on-shell three-loop master integrals, and its
value at d = 4 is known [16, 17]. Calculating this ladder diagram with Grinder:

= 4
(d− 3)2

(d− 4)2
I3
1 −

136

3

(d− 3)(2d− 5)(2d− 7)

(d− 4)3
I1I2

+ 2
(3d− 7)(3d− 8)(81d3 − 891d2 + 3266d− 3988)

(d− 4)4(2d− 7)
I3

+ 9
(d− 3)(3d− 7)(3d− 8)(3d− 10)(3d− 11)

(d− 4)3(2d− 5)(2d− 7)

I2
1

I2
I3 + 8

(d− 3)(3d− 7)(3d− 11)

(d− 4)3

G2
1

G2
I3

− 3

2

(d− 3)(3d− 10)

(d− 4)2
G1I

(
1, 1, 1, 1, 2− d

2

)
− 3d− 11

d− 4
B8 , (4.36)

and solving for the most difficult HQET three-loop master integral B8 (4.24), we obtain the
ε expansion of this integral up to O(ε). This concludes the investigation of three-loop master
integrals, and allows one to solve three-loop propagator problems in HQET up to terms O(1).

4.2.5 Applications

Using this technique, the HQET heavy-quark propagator has been calculated up to three
loops [18], and the heavy-quark field anomalous dimension (obtained earlier by a completely
different method [17]) has been confirmed. The anomalous dimension of the HQET heavy–light
quark current has been calculated [18]. The correlator of two heavy–light currents has been
found, up to three loops, including light-quark mass corrections of order m and m2 [19]. The
quark-condensate contribution to this correlator has been also calculated up to three loops [19].
Its ultraviolet divergence yields the difference of twice the anomalous dimension of the heavy-
quark current and the that of the quark condensate, thus providing a completely independent
confirmation of the result obtained in [18]. The gluon-condensate contribution has been calcu-
lated up to two loops [19] (at one loop it vanishes).

5 On-shell HQET propagator diagrams with mass

5.1 Two loops

On-shell HQET propagator diagrams vanish if all flavours (except the HQET one) are considered
massless, because loop integrals contain no scale. If there is a massive flavour (c in the b-quark
HQET), such diagrams are non-zero. They first appear at two loops. They are used, e.g., to
calculate on-shell renormalization constants in HQET.

Let’s first consider [20] a class of such integrals (Fig. 15)

F (n1, n2) =

∫
f(k2) ddk

Dn1
1 Dn2

2

, where D1 = −2k · v − i0 , D2 = −k2 − i0 , (5.1)
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k

k

1
2

Figure 15: Diagram with a single HQET line

and f(k2) is an arbitrary function. We can construct an identity in which f ′(k2) terms cancel:

∂

∂k
·
(
k − 2

D2

D1
v

)
f(k2)

Dn1
1 Dn2

2

=

[
d− n1 − 2− 4(n1 + 1)

D2

D2
1

]
f(k2)

Dn1
1 Dn2

2

. (5.2)

Integrating it, we obtain an integration-by-parts relation [20]

(d− n1 − 2)F (n1, n2) = 4(n1 + 1)1++2−F (n1, n2) . (5.3)

Let’s call integrals with even n1 apparently even, and with odd n1 — apparently odd (they
would be even and odd in v if we neglected i0 in the denominator). These two classes of integrals
are not mixed by the recurrence relation (5.3). We can use this relation to reduce all apparently
even integrals to vacuum integrals with n1 = 0 (Fig. 16). Apparently odd integrals with n1 < 0
can be reduced to n1 = −1. Substituting n1 = −1 to (5.3), we see that these integrals vanish,
and hence all integrals with odd n1 < 0 vanish too. Apparently odd integrals with n1 > 0 can
be reduced to n1 = 1 (Fig. 16); however, they are not related to those with n1 = −1.

n1

n2

0

0

0

0

0

Figure 16: Recurrence relation
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The solution of the recurrence relation can thus be written as

F (n1, n2) =





(−4)−n1/2
Γ
(
d
2

)

Γ
(
d−n1

2

) Γ
(

1−n1

2

)

Γ
(

1
2

) F
(

0, n2 +
n1

2

)
even n1,

21−n1
Γ
(
d−1

2

)

Γ
(
n1+1

2

)
Γ
(
d−n1

2

)F
(

1, n2 +
n1 − 1

2

)
odd n1 > 0,

0 odd n1 < 0.

(5.4)

Some of these properties can be understood more directly. If n1 < 0, i0 in D−n1
1 can be

safely neglected; averaging this factor over k directions, we obtain 0 for odd n1 and the upper
formula in (5.4) for even n1. It was suggested [21] that this last formula can also be used for
even n1 > 0, but the proof (presented here) only appeared in [20].

k1

k1

k2

k1 + k2

1
2 3

4

Figure 17: Two-loop diagram

Now let’s consider the two-loop diagram (Fig. 17)

F (n1, n2, n3, n4) =
1

(iπd/2)2

∫
ddk1 d

dk2

Dn1
1 Dn2

2 Dn3
3 Dn4

4

, (5.5)

where

D1 = −2k1 · v − i0 , D2 = −k2
1 − i0 ,

D3 = 1− k2
2 − i0 , D4 = 1− (k1 + k2)2 − i0 .

It is symmetric with respect to 3 ↔ 4, and vanishes if n3 or n4 is integer and non-positive. It
can be calculated using α parametrization [20]:

F (n1, n2, n3, n4) = (5.6)

Γ
(
n1

2

)
Γ
(
d−n1

2 − n2

)
Γ
(
n1−d

2 + n2 + n3

)
Γ
(
n1−d

2 + n2 + n4

)
Γ
(
n1

2 + n2 + n3 + n4 − d
)

2Γ(n1)Γ(n3)Γ(n4)Γ
(
d−n1

2

)
Γ(n1 + 2n2 + n3 + n4 − d)

.

In full accordance with (5.4), integrals F (n1, n2, n3, n4) with even n1 reduce to F (0, n2 +
n1/2, n3, n4) (this is a well-known two-loop vacuum integral [22]); those with odd n1 > 0
reduce to F (1, n2 + (n1 − 1)/2, n3, n4); and those with odd n1 < 0 vanish. All apparently even
integrals are proportional to the single master integral

I2
0 = , (5.7)
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and apparently odd ones — to

J0 = = 24d−9π2 Γ(5− 2d)

Γ2(2− d/2)
. (5.8)

Integrals (5.5) can also contain powers of (2k2 + k1) · v in the numerator; see [20] for details of
their evaluation.

5.2 Three loops

5.2.1 Reduction

There are two generic topologies of three-loop on-shell HQET propagator diagrams with a
massive loop (Fig. 18). Algorithms of their reduction to master integrals, using integration by
parts identities, have been constructed [20] by Gröbner bases technique [23].

Figure 18: Topologies of three-loop on-shell HQET propagator diagrams with mass

All apparently even integrals of the first topology reduce to

while apparently odd ones to

All apparently even integrals of the second topology reduce to

while apparently odd ones to
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The master integrals

can be easily expressed via Γ functions. The master integral

has been investigated in detail [24, 25].

5.2.2 A master integral

Now we shall discuss the integrals

In1n2n3 =

n3

n2 n2

n1 n1
(5.9)

(I111 is one of the master integrals). Several approaches have been tried [20, 26]. The best
result was obtained [26] using a method similar to [24].

First we consider (following [28]) the one-loop subdiagram

In1n2(p0) =
n1

n2

=
1

iπd/2

∫
dk0 d

d−1~k

[−2(k0 + p0)− i0]n1 [1− k2 − i0]n2
. (5.10)

After the Wick rotation, we integrate in dd−1~k:

In1n2(p0) =
Γ(n2 − (d− 1)/2)

π1/2Γ(n2)

∫ +∞

−∞
dkE0

(k2
E0 + 1)(d−1)/2−n2

(−2p0 − 2ikE0)n1
.

If p0 < 0, we can deform the integration contour (Fig. 19):

In1n2(p0) = 2
Γ(n2 − (d− 1)/2)

π1/2Γ(n2)
cos

[
π

(
d

2
− n2

)]∫ ∞

1

dk
(k2 − 1)(d−1)/2−n2

(2k − 2p0)n1
.

This integral is

In1n2(p0) =
Γ(n1 + n2 − 2 + ε)Γ(n1 + 2n2 − 4 + 2ε)

Γ(n2)Γ(2(n1 + n2 − 2 + ε))

× 2F1

(
n1, n1 + 2n2 − 4 + 2ε
n1 + n2 − 3

2 + ε

∣∣∣∣
1

2
(1 + p0)

)
,
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or, after using a 2F1 identity,

In1n2(p0) =
Γ(n1 + n2 − 2 + ε)Γ(n1 + 2n2 − 4 + 2ε)

Γ(n2)Γ(2(n1 + n2 − 2 + ε))

× 2F1

(
1
2n1,

1
2n1 + n2 − 2 + ε

n1 + n2 − 3
2 + ε

∣∣∣∣ 1− p2
0

)
. (5.11)

This result was obtained [26] using the HQET Feynman parametrization:

In1n2(p0) =
Γ(n1 + n2 − 2 + ε)

Γ(n1)Γ(n2)

∫ ∞

0

yn1−1(y2 − 2p0y + 1)2−n1−n2−ε dy .

This integral at p0 < 0 gives (5.11) (a similar expression has been derived in [27]).

ip0

i

−i

C

kE0

Figure 19: Integration contour

Now we can integrate in dd−1~p in the three-loop diagram:

In1n2n3 =
Γ(n3 − 3/2 + ε)

π1/2Γ(n3)

∫ +∞

−∞
I2
n1n2

(ipE0)(1 + p2
E0)3/2−n3−εdpE0 . (5.12)

The square of 2F1 in (5.11) can be expressed via an 3F2 using the Clausen identity. We
analytically continue this 3F2 from 1 + p2

E0 > 1 to z = 1/(1 + p2
E0) < 1 and integrate (5.12)

term by term. The result contains, in general, three 4F3 of unit argument.
A convergent integral I122 is related to the master integral I111 by

I122 = − (d− 3)2(d− 4)(3d− 8)(3d− 10)

8(3d− 11)(3d− 13)
I111 .

For this integral, we obtain [26]

I122

Γ3(1 + ε)
= − 1

2ε2

[
1

1 + 2ε
4F3

(
1, 1

2 − ε, 1 + ε,−2ε
3
2 + ε, 1− ε, 1− 2ε

∣∣∣∣ 1
)

− 2

1 + 4ε

Γ2(1− ε)Γ3(1 + 2ε)

Γ2(1 + ε)Γ(1− 2ε)Γ(1 + 4ε)
3F2

(
1
2 , 1 + 2ε,−ε
3
2 + 2ε, 1− ε

∣∣∣∣ 1
)

+
1

1 + 6ε

Γ2(1− ε)Γ4(1 + 2ε)Γ(1− 2ε)Γ2(1 + 3ε)

Γ4(1 + ε)Γ(1 + 4ε)Γ(1− 4ε)Γ(1 + 6ε)

]
. (5.13)
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Expansion of this result up to ε7 agrees with [26]

I122

Γ3(1 + ε)
=
π2

3

Γ3(1 + 2ε)Γ2(1 + 3ε)

Γ6(1 + ε)Γ(2 + 6ε)
. (5.14)

This equality has also been checked by high precision numerical calculations at some finite ε
values. This conjectured hypergeometric identity can also be rewritten in a nice form [28]

g1(ε)4F3

(
1, 1

2 − ε, 1 + ε,−2ε
3
2 + ε, 1− ε, 1− 2ε

∣∣∣∣ 1
)
− 2g2(ε)3F2

(
1
2 , 1 + 2ε,−ε
3
2 + 2ε, 1− ε

∣∣∣∣ 1
)

+ g3(ε) = 0 , (5.15)

where

b(ε) =
Γ(1− ε)Γ(1 + 2ε)

Γ(1 + ε)
, gn(ε) =

bn(ε)

b(nε)(1 + 2nε)
.

We have no analytical proof.

5.2.3 Other master integrals

Other master integrals were calculated [20] using Mellin–Barnes representation (see, e.g., [4]).
Now we shall discuss a simple example of this technique. Let’s consider the one-loop propagator
diagram with two massive lines:

1

iπd/2

∫
ddk

[m2 − k2]n1 [m2 − (k + p)2]n2
.

Using Feynman parametrization,

=
Γ(n1 + n2)

Γ(n1)Γ(n2)

1

iπd/2

∫
dx xn2−1(1− x)n1−1 ddk

[(m2 − k2)(1− x) + (m2 − (k + p)2)x]n1+n2

=
Γ(n1 + n2)

Γ(n1)Γ(n2)

1

iπd/2

∫
dx xn2−1(1− x)n1−1 ddk

[−k2 − 2xp · k − xp2 +m2]n1+n2
.

After the shift k = k′ − xp:

=
Γ(n1 + n2)

Γ(n1)Γ(n2)

1

iπd/2

∫
dx xn2−1(1− x)n1−1 ddk

[m2 + x(1− x)(−p2)− k′2]n1+n2
,

we can integrate in k′:

=
Γ
(
n1 + n2 − d

2

)

Γ(n1)Γ(n2)

∫ 1

0

dx xn2−1(1− x)n1−1

[m2 + x(1− x)(−p2)]n1+n2−d/2 .

Now we shall use Mellin–Barnes representation

1

(a+ b)n
=

a−n

Γ(n)

1

2πi

∫ +i∞

−i∞
dz Γ(−z)Γ(n+ z)

(
b

a

)z
. (5.16)

Here the integration contour is chosen in such a way that all poles of Γ(· · ·+ z) (they are called
left poles) are to the left of the contour, and all poles of Γ(· · · − z) (they are called right poles)
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are to the right of it. It is easy to check (5.16): closing the contour to the right we get the
expansion of the left-hand side in b/a; closing it to the left — the expansion in a/b.

We continue our calculation:

=
md−2(n1+n2)

Γ(n1)Γ(n2)

1

2πi

∫ +i∞

−i∞
dzΓ(−z)Γ(n1 + n2 + z)

(−p2

m2

)z ∫ 1

0

dx xn2+z−1(1− x)n1+z−1

=
md−2(n1+n2)

Γ(n1)Γ(n2)

1

2πi

∫ +i∞

−i∞
dz

Γ(−z)Γ(n1 + z)Γ(n2 + z)Γ
(
n1 + n2 − d

2 + z
)

Γ(n1 + n2 + 2z)

(−p2

m2

)z
.

This means that two massive lines can be replaced by one massless one (raised to the power
−z) at the price of one extra integration in z:

n1

n2

=
1

iπd/2

∫
ddk

[m2 − k2 − i0]
n1 [m2 − (k + p)2 − i0]

n2
=

md−2(n1+n2)

Γ(n1)Γ(n2)

1

2πi

∫ +i∞

−i∞
dz

Γ(−z)Γ(n1 + z)Γ(n2 + z)Γ(n1 + n2 − d/2 + z)

Γ(n1 + n2 + 2z)

m−2z −z
(5.17)

This trick allows us to reduce this master integral to a single Mellin–Barnes integral. Using
integration by parts, we can kill one of three lines in the left (integer) triangle, and calculate
the integrand in Γ functions. This allows us to find several terms of its ε expansion:

=
Γ2(2ε)Γ(3ε− 1)

4Γ(4ε)

1

2πi

∫ +i∞

−i∞
dz

Γ(1 + z)Γ(1/2 + ε+ z)Γ(1 + ε+ z)Γ(−2ε− z)Γ(−ε− z)Γ(−z)

Γ(3/2 + ε+ z)Γ(1− 2ε− z)

= −Γ3(1 + ε)

[
π2

9ε2
− 6ζ3 − 5π2

9ε
+

11

270
π4 − 10

3
ζ3 +

19

9
π2

+

(
−8

3
ζ5 +

8

9
π2ζ3 +

11

54
π4 − 38

3
ζ3 +

65

9
π2

)
ε+ · · ·

]
. (5.18)

This master integral has been evaluated in a closed form using Mellin–Barnes in α repre-
sentation:

=
Γ(1/2− ε)Γ(−ε)Γ2(2ε)Γ(1 + ε)Γ(3ε− 1)

4Γ(3/2− ε)Γ(4ε)

×
[
ψ

(
1

2
− ε
)

+ ψ (1− ε)− 2 log 2 + 2γE

]
. (5.19)

This master integral can be written as a double Mellin–Barnes integral using (5.17). It
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appears possible to calculate one integral:

=
π3/2

4εΓ(3/2− ε)
1

2πi
∫ +i∞

−i∞
dz

Γ(1 + z)Γ
(

3
2 − ε+ z

)
Γ(ε+ z)Γ

(
− 1

2 + ε− z
)

Γ
(
− 3

2 + 2ε− z
)

Γ(−z)

Γ
(

3
2 + z

)
Γ(ε− z)

= Γ3(1 + ε)
32

3
π2 [−1 + 2 (4 log 2− π − 7) ε+ · · · ] . (5.20)

5.2.4 Applications

Feynman integrals considered here were used [20] for calculating the matching coefficients for
the HQET heavy-quark field and the heavy–light quark current between the b-quark HQET with
dynamic c-quark loops and without such loops (the later theory is the low-energy approximation
for the former one at scales below mc). Another recent application — the effect of mc 6= 0 on
b → c plus lepton pair at three loops [29]. The method of regions was used; the purely soft
region (loop momenta ∼ mc) gives integrals of this type. Two extra terms of ε expansion of the
master integral of Sect. 5.2.2 were required for this calculation which were not obtained in [20].
This was the initial motivation for [26].
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Radiative corrections to top quark decays

A. Kadeer1, J.G. Körner1

1Institut für Physik, Johannes-Gutenberg-Universität, Staudinger Weg 7, 55099 Mainz,
Germany

We provide a pedagogical introduction to the subject of Standard Model decays of un-
polarized top quarks into unpolarized and polarized W -bosons including their QCD and
electroweak radiative corrections.

1 Introductory remarks

These lectures held by one of us (JGK) at the II Helmholtz International Summer School on
Heavy Quark Physics in Dubna, Russia (August 11 - 21 2008) are meant as pedagogical lectures
aimed at the level of the audience which, on the participants’ side, was composed of graduate
students with a few postdoctoral students mixed in. We give many details on the Born level
calculation of rates and angular decay distributions which can be profitably used in the higher
order radiative correction calculations. The material collected in the write-up of the lectures
given by one of us at the International School on Heavy Quark Physics in Dubna, Russia (27
May - 5 Jun 2002) [1] covering similar topics will not always be repeated. In addition to the
review [1] we very much recommend the excellent reviews on top quark physics in [2, 3, 4, 5, 6].
One of the main aim of these lectures is to illustrate advanced loop techniques in simple Born
term settings. We begin by listing the basic properties of the Standard Model (SM) top quark
and its SM decay features.

1.1 Mass of the top quark

In our numerical calculations we always take the top quark mass to be mt = 175 GeV. The
latest Tevatron combination is mt = 173.1±0.6(stat.)±1.1(syst.)GeV [7]. Since all our results
are in closed analytical form any other value of the top quark mass can be used as input in
these formulas.

There have been suggestions for indirect measurements of the top quark mass through the
measurements of dynamic quantities that depend on the value of the top quark mass. For
example, the SM (tt̄)-production rate at e.g. hadron colliders is sensitive to the value of the top
quark mass (in particular at the Tevatron II) and thus the (tt̄)-production rate could be used
to “measure” the top quark mass. Another possibility is to accurately measure the longitudinal
and transverse-minus helicity decay rates of the top quark. The ratio of the two helicity rates
is well suited for an indirect determination of the top quark mass since the ratio depends
quadratically on the top quark mass, i.e. ΓL/Γ− ∼ m2

t/m
2
W . One should, however, always take

into account radiative corrections in such indirect top quark mass measurements. For example,
in the latter case the NLO QCD and electroweak radiative corrections have different effects on
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the two partial helicity rates which lead to a 3.6% upward shift in the helicity rate ratio ΓL/Γ−
for top quark masses around 175 GeV [8, 9].

In a third method one measures the mean distance that b-hadrons from (tt̄)-events travel
before they decay [10]. The mean distance is obviously correlated with the value of the top
quark mass. Needless to say that all these indirect top quark mass measurements crucially
depend on the assumed correctness of the SM.

1.2 Top quark decays before it can hadronize

Singly produced top quarks in hadronic collisions are produced by weak interactions and are
almost 100% polarized. The top quark retains its polarization which it has at birth when it
decays. The standard argument is that the life time of the top quark (τt ∼= 4.6 × 10−25s) is
shorter than the hadronization time which is characterized by the inverse of the nonperturbative
scale of QCD, i.e.Λ−1

QCD
∼= 10−23s.

However, one can do better as pointed out in [11] who extended earlier work on depolar-
ization effects in the bottom sector [12, 13]. Consider a polarized top quark which picks up a
s-wave light antiquark of opposite spin direction. This state will be a coherent superposition of
the spin 0 and spin 1 mesonic ground states as follows

t(↑)q̄(↓) =
1√
2

(
t(↑)q̄(↓)− t(↓)q̄(↑)√

2

)

︸ ︷︷ ︸
spin 0

+
1√
2

(
t(↑)q̄(↓) + t(↓)q̄(↑)√

2

)

︸ ︷︷ ︸
spin 1

. (1)

The coherent superposition will become decoherent on two counts. First the system oscil-
lates between the two mass eigenstates with a time scale tdecoherence ≈ 1/∆mT ≈ 6 · 10−22s
characterized by the mass difference ∆mT = mT∗ − mT ≈ (mb/mt)∆mB ≈ 1MeV where
∆mB = mB∗ −mB . Loss of coherence through the decay T ∗ → T + γ can be neglected since it
sets in much later at a time scale tdecay ≈ 6 · 10−17s [11]. Thus the depolarization time scale is
set by tdecoherence and is larger than the tradional estimate based on Λ−1

QCD
∼= 10−23s by a factor

of 60. Altogether, the top quark has decayed after τt = 4.6 · 10−25s much before depolarization
sets in at tdecoherence ≈ 6 · 10−22s. One concludes that the top quark retains its polarization
which it has at birth when it decays.

The decay of polarized top quarks and the corresponding spin-momentum correlations in
these decays will not be discussed in these lectures. A discussion of the spin-momentum cor-
relations and their NLO QCD corrections can be found in [8, 14, 15]. We mention that top
quarks produced at e+e−-colliders also possess a high degree of polarization which, in addition,
can also be attuned by tuning the beam polarization.

The issue of whether the top quark retains its original polarization when it decays is also
of importance in the case of hadronically produced top quark pairs. Although the single top
(or antitop) polarization is zero because parity is conserved in the hadronic production process
there are sizable spin-spin correlations of the top and antitop quark spins which give important
information on the (tt̄)-production process (see e.g. [4]).

2 HQP08

A. K ADEER, J.G. KÖRNER
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1.3 Dominance of the decay t→ Xb +W+

From the unitarity of the KM–matrix one has the relation

|Vub|2︸ ︷︷ ︸
(≈0.004)2

+ |Vcb|2︸ ︷︷ ︸
(≈0.04)2

+ |Vtb|2 = 1 . (2)

One concludes that Vtb ≈ 1. There are a number of other SM decays such as t → Xs + W+

which are negligible compared to the dominant mode t→ Xb +W+ 1.

1.4 Rate ratio of t→ b +W+ (→ leptons) and t→ b +W+ (→ hadrons)

Let us list the possible leptonic and hadronic decay modes of the the W+. For the leptonic
modes one has the three modes

W+ → (τ+ντ ), (µ+νµ), (e+νe) weight : 3 (3)

When listing the weight factor we have neglected lepton mass effects.
For the hadronic modes one has

W+ → cb̄, cs̄, cd̄ weight : 1 ⊗ 3 (colour summation)

→ ub̄, us̄, ud̄ weight : 1 ⊗ 3 (colour summation) (4)

Again mass effects have been neglected. In (4) we have summed over the respective three modes
using again the unitarity of the KM-matrix

∑
j=b,s,d |Vc j |2 = 1 and

∑
j=b,s,d |Vu j |2 = 1. In

addition one has to add in a factor of three from colour summation. One thus obtains

Γ
(
t→ b+W+ (→ leptons)

)

Γ
(
t→ b+W+ (→ hadrons)

) =
3

6
. (5)

1.5 Width of the top quark

As mentioned before the top quark decays almost 100% to t → b+W+ in the SM. The other
SM decay modes are negligible. Let us list the theoretical values of the SM decay width and
radiative corrections relative to the Born term width ( Γ(Born) = 1.56 GeV for mb = 0).

1

Γ(Born)
Γt→b+W+ = 1 Born LO

− 0.27% Born mb 6= 0

− 8.5% QCD NLO [16]

+ 1.55% electroweak NLO [17, 18]

− 1.56% finite W+ − width [16]

− 2.25% QCD NNLO [19, 20] (6)

The NLO and NNLO QCD corrections and the NLO electroweak corections will be discussed
in Sec. 2. The finite width corrections will be discussed in Sec. 5.

1In order to simplify the notation we shall in the following refer to the decay t→ Xb +W+ as t→ b+W+.

HQP08 3

RADIATIVE CORRECTIONS TO TOP QUARK DECAYS

HQP08 91



It is interesting to note that the non-SM decay width into a charged Higgs t→ b+H+ can
become comparable in size to the SM decay width t→ b+W+ for small and large values of tanβ
if mH+ is not too close to the phase space boundary (see e.g. [4]). A precise measurement of the
top quark decay width could therefore provide stringent exclusion regions in the (tanβ, mH+)-
parameter space of Two-Higgs-Doublet models which contain a charged Higgs boson.

The measurement of the top quark decay width is not simple at hadron colliders. In principle
there are two methods to experimentally get a handle on the decay width Γt or lifetime τt = 1/Γt
of the top quark. One can attempt to measure the mean decay length in the laboratory which
is given by the mean decay length 2

s̄ = vlab · τlab = βγ c · τ =
[plab
m

]
c · τ . (7)

where vlab = βc and τlab = γτ , and β = plabc/Elab and γ = Elab/(mc
2). That this measurement

is difficult is illustrated by the following example. Take a top quark width of 1.43 GeV. The
laboratory momentum of the top quark plab must have the astronomically high value of ≈
1015 GeV to produce a mean decay length of 1mm. Nevertheless CDF has attempted such
a measurement using information on the magnitude of the impact parameter of the charged
lepton with respect to the collision vertex. CDF puts a 95% confidence level upper limit of
1.8 · 10−13s on the lifetime of the top quark which corresponds to a 3.7 · 10−12 GeV lower limit
on the top quark width [21]. Naturally, this is not a very useful bound. CDF also provides an
upper limit on the top quark width by a fit of the reconstructed top quark mass to a Breit-
Wigner shape function. The reult is Γt < 13.1 GeV at 95% C.L. [22]. The upper bound is still
nine times larger than the expected SM width.

An indirect way of determining the top quark width relies heavily on the validity of the
SM. The suggestion is to measure the branching ratio B(t → bW ) = Γ(t → bW )/Γ(t → all).
This could be done e.g. by measuring the rate of top quark pair production followed by their
decays t → bW , i.e. by measuring σtt̄ · (B(t → bW ))2. Assuming that one can reliably
calculate σtt̄ one can then extract B(t → bW ) (see e.g. [3]). In the simplest version of this
approach one takes the SM value Γ(t→ bW ) to determine the width of the top quark through
Γ(t → all) = Γ(t → bW )/B(t → bW ). In a more sophisticated approach one uses single-top
production to extract the parameters that determine the partial width Γ(t→ bW ) [23].

We mention that a much improved determination of the top quark width with an uncertainty
of ∆Γ ≈ 30 MeV can be expected from a multi-parameter scan of the threshold region of (tt̄)-
production at the ILC [24].

1.6 Top quark yield

At the LHC top quark pairs will be produced quite copiously in 7 on 7 TeV proton-proton
collisions. After a one-year probation run at reduced energies and luminosities starting in the
end of 2009 the LHC will start running at full energy in 2010 with a low luminosity run of
L ≈ 1033cm−2s−1. After a luminosity upgrade around the year 2017 the high luminosity run
will have L ≈ 1034cm−2s−1. Multiply these numbers with σ(tt̄) ∼ 825 pb = 825× 10−36cm2 to
obtain ≈ 1 (10) (tt̄)-pairs every second for the low (high) luminosity run.

Top quark pair production at the Tevatron II (1 on 1 TeV pp̄-collisions) occurs at a reduced
rate. Because the energy of the Tevatron II is lower, the (tt̄)-production cross section is down

2We have employed a mixed notation in the last equality of Eq.(7) where we set c = 1 for the quantities in
the square bracket [plab/m].
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by a factor of ≈ 100. In addition, the Tevatron II luminosity is down by a factor of ≈ 10
compared to the LHC low luminosity run. Taking these two factors into account one has
≈ 1× 10−3 (tt̄)-pairs per second at the Tevatron II.

In the SM single top production cross section in (pp̄)- and (pp)-collisions is down by a factor
of ≈ 3 compared to top quark pair production. The nice feature of single top production is
that the top quarks are polarized since the production of single top quarks proceeds through
weak interactions. The polarization can be calculated to be close to 100% (see e.g. [4]).

At the ILC (tt̄)-production will occur at a somewhat reduced rate compared to the LHC.
At 500 GeV the NLO rate is σ(tt̄) ∼ 0.5 pb = 0.5 × 10−36cm2 (see e.g. [25, 26]) which gives
10−2 (tt̄)-events per second assuming a luminosity of L ≈ 2 · 1034cm−2s−1.

1.7 Polarization of W+ gauge boson

The decay t → b + W+ is weak and therefore the W+-boson is in general expected to be
polarized. We shall refer to the three partial rates that correspond to the three polarization
states of the W+-boson as longitudinal (ΓL), transverse-plus (Γ+) and transverse-minus (Γ−).
At leading order (LO) the results for the helicity fractions Gi = Γi/Γ (i = L,+,−) (or, in
another language, for the normalized diagonal density matrix elements of the W+-boson ρ00,
ρ++ and ρ−−) are3

GL : G+ : G− =
1

1 + 2y2
: 0 :

2y2

1 + 2y2
, (8)

where y2 = m2
W /m

2
t = 0.211 with mb = 0. Numerically one has

GL : G+ : G− = 0.703 : 0 : 0.297 . (9)

Note that GL + G+ + G− = 1. In comparison, an unpolarized W+ would correspond to

GL : G+ : G− = 1/3 : 1/3 : 1/3 . (10)

1.8 Dominance of the longitudinal mode

As (mW /mt)→ 0 the longitudinal polarization vector becomes increasingly parallel to qµ (see
e.g. [1]), viz.

εµL =
1

mW

(
qµ +O(mW /mt)

)
. (11)

Therefore the longitudinal mode dominates in the large top quark mass limit. In fact, from
qµūbγ

µ(1−γ5)ut = mtūb(1+γ5)ut one concludes from dimensional arguments that ΓL ∼ GFm3
t

whereas Γ± ∼ GFmtm
2
W or Γ±/ΓL ∼ m2

W /m
2
t .

An explicit calculation shows that Γ+ = 0 at LO for mb = 0 (see Eq.(8)). Looking at Fig. 1
the vanishing of the LO transverse-plus rate Γ+ can be understood from angular momentum
conservation. First remember that a massless left-chiral fermion is left-handed as drawn in
Fig. 1. At LO one has a back-to-back decay configuration. Therefore the W+-boson cannot
be right-handed because the m-quantum numbers in the final state would add up to 3/2 which
cannot be reached by the spin 1/2 top quark in the initial state. At NLO (or any higher order)
the decay t→ b+ g+W+ is, in general, no longer back-to-back as illustrated in Fig. 1 and one

3The helicities of the W -boson are alternatively labelled by (L,+,−), (0,+1,−1) or by (L, T+, T−).
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anticipates that Γ+ 6= 0 at NLO and at any higher order. This is, in fact borne out by the NLO
calculation to be described later on. The physics interest lies in the fact that nonvanishing
transverse-plus helicity rates can also be generated by non-SM right-chiral (tb̄)-currents. In
order to unambigously identify non-SM contributions to the transverse-plus helicity rate it is
therefore important to get a quantitative handle on the size of the SM higher order radiative
correction contributions to the transverse-plus helicity rate.

Figure 1: Angular momentum conservation for t→ b+W+ and for t→ b+W+ + g.

1.9 Measurement of the helicity fractions of the W+ through the
angular decay distribution in its decay

The W+ decays weakly to (l+νl) or to (q̄iqj). The angular decay distribution can therefore be
utilized to analyze the polarization of the decaying W+, i.e. the W+ is self-analyzing.

The W+ has the three (diagonal) polarization states L, T+ and T− the weights of which are
determined by the three partial helicity rates ΓL and Γ±. As we shall explicitly derive further
on, the angular decay distribution for t→ b+W+(→ l+ + νl) reads

Xb
t

W+

W+

l+

νl

θ

⇒

⇒

Figure 2: Definition of polar angle θ in the W+ rest system.

dΓ

d cos θ
=

3

4
sin2 θ ΓL +

3

8
(1 + cos θ)2Γ+ +

3

8
(1− cos θ)2Γ− , (12)

where the polar angle θ is measured in the W–rest frame as shown in Fig. 2. Integrating over
cos θ one recovers the total rate Γ = ΓL + Γ+ + Γ−. If the W+ were unpolarized one would
have ΓL = Γ+ = Γ− = Γ/3 resulting in a flat decay distribution dΓ/dcos θ = Γ/2 .
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One can also define a forward-backward asymmetry by considering the rate in the forward
hemisphere ΓF and in the backward hemisphere ΓB in the W+-rest frame. The forward-
backward asymmetry AFB is then given by

AFB =
ΓF − ΓB
ΓF + ΓB

=
3

4

Γ+ − Γ−
ΓL + Γ+ + Γ−

. (13)

At the Born term level one has

AFB(Born) = −3

4

2y2

1 + 2y2
= −0.22 . (14)

The forward-backward asymmetry is negative, i.e. one has more leptons in the backward
hemisphere than in the forward hemisphere. The numerical value of the forward-backward
asymmetry is not very large on account of the dominance of the longitudinal mode.

It is always useful to check on the correctness of the sign of the parity violating term pro-
portional to (± cos θ) and thereby on the sign of AFB . This is again easily done by considering
the collinear cases cos θ = ±1 and appealing to angular momentum conservation. And, in fact,
Eq.(12) shows that the mode Γ− decouples in the forward direction cos θ = 1 (and vice versa Γ+

decouples in the backward direction) as can be appreciated from the helicity configurations in
Fig. 2. This implies that Γ+ favours forward leptons `+ leading to energetic leptons in the t-rest
frame whereas Γ− favours backward `+ leading to less energetic leptons in the t-rest frame. As
we have seen Γ+ = 0 at LO so that one expects a softer lepton spectrum in the t-rest frame
then in the case of the decay of an unpolarized W+.

2 Top quark decay rate

2.1 Leading (LO) rate

We shall calculate the leading order rate in three different ways for pedagogical reasons. The
first way is the traditional covariant way where no particular sophistication is needed. In the
second way we use the helicity methods which has the advantage that by calculating the helicity
amplitudes one has the full spin information of the decay at hand. In the third method we use
the optical theorem which serves the purpose of introducing rather sophisticated technical
material in a simple setting which are needed later on in the higher order calculations.

2.1.1 Covariant method

The matrix element for the decay t→ b+W+ (pt = pb + q) is given by

M = −i gw
2
√

2
Vtbūbγ

µ(1− γ5)utε
∗
µ . (15)

Upon squaring and summing over the spins one obtains

|M |2 =
∑

spins

g2
w

8
|Vtb|2

(
ūbγ

µ(1− γ5)utε
∗
µ

)(
ūbγ

ν(1− γ5)utε
∗
ν

)†
, (16)
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where we write
∑
spins |M |2 = |M |2. Use of the completeness relations

∑

±1/2

uū = /p+m (17)

and ∑

0,±
εµ(m)ε∗ν(m) = −gµν +

qµqν

m2
W

(18)

leads to (mb = 0)

|M |2 =
g2
w

8
|Vtb|2Tr

{
/pbγ

µ(1− γ5)(/pt +mt)γ
ν(1− γ5)

}(
− gµν +

qµqν
m2
W

)

=
g2
ω

8
|Vtb|2 2Tr

{
/pbγ

µ
/ptγ

ν
}(
− gµν +

qµqν
m2
W

)

=
g2
w

8
|Vtb|2 8

(
(ptpb) +

1

m2
W

2(pbpt) (ptq)
)
. (19)

Using four-momentum conservation pt = pb + q and the mass shell conditions p2
b = m2

b = 0
and q2 = m2

W one obtains

|M |2 =
g2
w

8
|Vtb|2 4m2

t

1− y2

y2
(1 + 2y2) .

The rate can be computed using the two–body decay formula

Γ =
1

2st + 1
R2

[
|M |2

]
, (20)

where R2 denotes the two-body phase space integral [27]. We symbolically write R2

[
|M |2

]
for

the two-body phase space integration over the squared matrix element |M |2, i.e. we write

R2

[
|M |2

]
=

1

2mt

∫
1

(2π)3

d3q

2EW

∫
1

(2π)3

d3pb
2Eb

(2π)4 δ(4)(pt − pb − q) |M |2 . (21)

In order to stay general we calculate R2 for mb 6= 0. The phase space integral will be evaluated
in the top quark rest system. We write 1/(2EW ) =

∫
dEW δ(q2 − m2

W ) =
∫
dEW δ(E2

W −
|~q|2 −m2

W ), where we implicitly take the positive energy solution EW = +
√
|~q|2 +m2

W . The
corresponding relation for the bottom quark energy reads 1/(2Eb) =

∫
dEb δ(p

2
b −m2

b). Using
these two relations one converts the three-dimensional integrations in (21) into four-dimensional
integrations. One obtains

R2

[
|M |2

]
=

1

8π2mt

∫
d4q

∫
d4pb δ(q

2 −m2
W ) δ(p2

b −m2
b) δ

(4)(pt − pb − q) |M |2 . (22)

The integration over d4pb can be done with the result that the argument of the second δ-function
becomes (pt − q)2 −m2

b = m2
t − 2mtEW +m2

W −m2
b , i.e.

R2

[
|M |2

]
=

1

8π2mt

∫
d4q δ(q2 −m2

W ) δ
(
(pt − q)2 −m2

b

)
|M |2 . (23)
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Next one integrates over dEW = d(2mtEW )/2mt with the result that the argument of the
remaining δ-function becomes q2 − m2

W = E2
W − |~q|2 − m2

W → (m2
t + m2

W − m2
b)

2/(4m2
t ) −

|~q|2 −m2
W . The remaining integration over d3q can be done using spherical coordinates such

that d3q → dΩ|~q|2d|~q|2 = 1
2 |~q|d|~q|2. The result is

R2

[
|M |2

]
=

1

8π

1

m2
t

|~q| |M |2 , (24)

where |~q| =
√
λ(m2

t ,m
2
W ,m

2
b)/(2mt) is the magnitude of the momentum of the W+-boson in

the top quark rest (t–rest) frame and where λ(a, b, c) = (a2 +b2 +c2−2ab−2ac−2bc) is Källén’s
function. Naturally we could have calculated the two-body phase space R2 directly without
including the squared matrix element |M |2 in the integrand as long as the kinematic variables
in |M |2 are fixed according to four-momentum conservation and the mass-shell conditions.

We now return to the approximation mb = 0 where |~q | = mt(1 − y2)/2. Substituting the
matrix element squared (19) into the rate formula (20) one obtains

Γ(Born) = Γ0 (1− y2)2(1 + 2y2) , (25)

where Γ0 is the mW = 0 Born term rate (g2
ω/(8m

2
W ) = GF /

√
2)

Γ0 =
GFm

3
t

8π
√

2
|Vtb|2 . (26)

2.1.2 Helicity amplitude method

The helicity amplitudes for t → b+W+ can be calculated from the transition matrix element
by using spinors and polarization vectors with definite helicities λt, λb and λW . One needs to
calculate (we omit the coupling factor −i gw

2
√

2
Vtb)

Hλt;λbλW = ūb(λb)γ
µ(1− γ5)ut(λt)ε

∗
µ(λW ) . (27)

We shall work in the t–rest system with the z-axis along the W+ (see Fig. 3) such that λt =
−λb + λW . In order to be general we keep mb 6= 0.

Figure 3: Definition of the the two–body coordinate system in the top quark rest system.

Let us collect the relevant t–rest system spinor and polarization vector expressions. For the
helicity spinors one has

ut(1/2) =
√

2mt

(
χ+

0

)
, ub(1/2) =

√
Eb +mb

(
χ−
|~q|

Eb+mb
χ−

)
,

ut(−1/2) =
√

2mt

(
χ−
0

)
, ub(−1/2) =

√
Eb +mb

( −χ+
|~q|

Eb+mb
χ+

)
, (28)
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where χ± are Pauli spinors given by χ+ =
(

1
0

)
and χ− =

(
0
1

)
.

The helicity polarization four-vectors of the W+ read

ε∗µ(±1) =
1√
2

(0;±1,−i, 0) ,

ε∗µ(0) =
1√
q2

(|~q|; 0, 0,−q0) . (29)

There are altogether four possible helicity configurations in t→ b+W+ which are listed in
Table 1.

λt λb λW

1/2 -1/2 0
-1/2 1/2 0
1/2 1/2 1
-1/2 -1/2 -1

Table 1: Helicity configurations in t→ b+W+.

For the helicity amplitudes Hλt;λbλW (Q± = (mt ±mb)
2 − q2) one obtains

√
q2H 1

2 ;− 1
2 0 = −mt(

√
Q+ +

√
Q−) +mb(

√
Q+ −

√
Q−)

mb→0
= − 2m2

t

√
1− y2 ,

√
q2H− 1

2 ; 1
2 0 = −mt(

√
Q+ −

√
Q−) +mb(

√
Q+ +

√
Q−)

mb→0
= 0 ,

H 1
2 ; 1

2 1 = −
√

2(
√
Q+ −

√
Q−)

mb→0
= 0 ,

H− 1
2 ;− 1

2−1 = −
√

2(
√
Q+ +

√
Q−)

mb→0
= − 2

√
2mt

√
1− y2 , (30)

where we have included both the mb 6= 0 and mb = 0 results in (30). The squared matrix
element |M |2 finally is given by

|M |2 =
∑

λt=−λb+λW
|Hλt;λbλW |2 = |H 1

2 ;− 1
2 0|2 + |H− 1

2 ; 1
2 0|2︸ ︷︷ ︸

L

+ |H 1
2 ; 1

2 1|2︸ ︷︷ ︸
T+

+ |H− 1
2 ;− 1

2−1|2︸ ︷︷ ︸
T−

= 4m2
t

(1− y2)

y2

(
1︸︷︷︸
L

+ 0︸︷︷︸
T+

+ 2y2

︸︷︷︸
T−

)
, (31)

where we have set mb = 0 in the second line of (31). The result agrees with the covariant calcu-
lation (see Eq.(19)). The advantage of the helicity method is that one can separately identify the
three (diagonal) helicity contributions of the W+ boson L, T+ and T− as indicated in Eq.(31).
In fact, the helicity amplitudes contain the complete spin information of the process. Thus one
can easily calculate other polarization effects using the helicity amplitudes such as the decay of
polarized top quarks, the polarization of the bottom quark and polarization correlation effects.
mb 6= 0 effects are easily included by using the mb 6= 0 helicity amplitudes in Eq.(30). One can
also define covariant helicity projectors which allow one to directly calculate the longitudinal,
the transverse-plus and transverse-minus helicity rates without taking recourse to the helicity
amplitudes. This will be described in Sec. 5.
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2.1.3 Optical theorem method and cutting rules

In this subsection we shall use yet another method to calculate the leading order rate for
t → b + W+ using the optical theorem. Whereas the optical theorem method does not offer
particular technical advantages in LO calculations it is the method of choice for higher order
calculations as e.g. the calculation of the NNLO rate to be described later on. The reason is
simply that the phase space integrations in the NNLO radiative correction calculations become
prohibitively complicated and cannot be automated as easily as higher order loop calculations.
We present the optical theorem method for the LO case for pedagogical reasons because the
LO discussion allows us to introduce concepts which are also needed in the NNLO radiative
correction calculation to be described later on.

Figure 4: Illustration of the optical theorem method to calculate the LO top quark width.

The optical theorem relates the width Γ of a particle to the imaginary part of the self-energy
contribution Σ of the particle. In the top quark case one has 4

Γ =
1

2st + 1

Im Σ

mt
, (32)

where, for the present purposes, Σ is the one-loop self-energy of the top quark as illustrated in
Fig.4.

Using standard Feynman rules [27, 28] the one-loop self-energy contribution is given by
(pt = pb − q)

iΣone−loop =
∑

st

ū(pt, st)

∫
d4q

(2π)4

(
i
gw√

2
γµ

1− γ5

2
Vtb

)
i/pb

p2
b + iε

×

×
(
i
gw√

2
γν

1− γ5

2
Vtb∗

) −i
(
gµν − qµqν/m2

W

)

q2 −m2
W + iε

u(pt, st) . (33)

One can again use the completeness relation
∑
±1/2 utūt = (/pt + mt) to rewrite Eq.(33) as a

trace. The trace can be taken as in Eq.(19) except that one now cannot avail of the mass-shell
conditions q2 = m2

W and p2
b = 0. One obtains

Σone−loop =
1

i

g2
w

8
|Vtb|2

8

m2
W

∫
d4q

(2π)4

ptq(2ptq + 2q2 +m2
W ) +m2

tm
2
W[

(pt + q)2 + iε
][
q2 −m2

W + iε
] . (34)

The usual procedure is to expand the q-dependent numerator factors in terms of the q-dependent
denominator factors Dq = q2 − m2

W and Db = (pt + q)2 in order to obtain q-independent

4A very nice discussion of the optical theorem and related technical material relevant to top quark decays
can be found in the thesis of I.R. Blokland [28].
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numerator factors (the corresponding integrals are called scalar integrals) after cancellation.
We therefore write

ptq = −1

2
(m2

t +m2
W +Dq −Db) ,

q2 = m2
W +Dq . (35)

The contributions proportional to Dq and Db cancel against the denominator pole factors and
their contributions can be dropped when taking the imaginary part since single or zero pole
contributions have no imaginary part (see e.g. [28]). We therefore have

Σone−loop =
1

i

g2
w

8
|Vtb|2

4m4
t

m2
W

(1− y2)(1 + 2y2)

∫
d4q

(2π)4

1[
(pt + q)2 + iε

][
q2 −m2

W + iε)
] . (36)

According to the cutting rules the discontinuity of a Feynman graph is obtained by the
product of the discontinuities of the pole factors which are being cut, where the discontinuity
of a single pole is given by [27, 28]

Disc
1

p2 −m2 + iε
= −2πi δ(p2 −m2) . (37)

Furthermore, the imaginary part and the discontinuity of a graph M are related by 2i ImM =
DiscM . One therefore has

ImΣone−loop =
1

i

1

2i

g2
w

8
|Vtb|2

4m4
t

m2
W

(1−y2)(1+2y2)

∫
d4q

(2π)4
(−2πi)2δ

(
(pt+q)

2
)
δ(q2−m2

W ) . (38)

In order to exhibit the similarity to the integral (23) we change the integration variable q → −q.
One can then use the result of Sec. 2.1.1

∫
d4q δ(q2 −m2

W ) δ
(
(pt − q)2

)
=
π

2
(1− y2))

to arrive at
Γ(Born) = Γ0(1− y2)2(1 + 2y2) , (39)

where, as before,

Γ0 =
GF m

3
t

8
√

2π
|Vtb|2 and y =

mW

mt
. (40)

As it must be the result agrees with the covariant and helicity amplitude calculations. It is
quite reassuring that the decay rate turns out to be positive definite in the end, as it must be,
considering all the minus signs and the factors of (i) appearing in the rate calculation using the
optical theorem method.

2.1.4 Expansion by regions and the (mW /mt)-expansion

In Sec 2.1.3 we have calculated the leading order rate by using the optical theorem and cutting
rules to determine the imaginary part of the one-loop self energy diagram. In this subsection we
shall go one step further and calculate the leading order rate using a (mW /mt)-expansion which
allows us to introduce the concepts of expansion by regions and integration-by-parts identities.
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All latter three concepts are essential in the calculation of the NLLO rate presented in [19, 20].
As emphasized before we shall pattern the LO rate calculation after the NNLO calculation
entirely for pedagogical reasons. In the LO case the follow-up calculations are simple enough to
be presented in a few simple lines, whereas they are more involved in the full NNLO calculation.

Let us summarize the main ideas of the NNLO rate calculation presented in [19, 20] which
we down-size to the present LO case.

• Reduce the two-mass-scale problem (mt,mW ) to a one-mass-scale problem (mt) by ex-
panding in the ratio mW /mt. Obtain the results as an expansion in powers of mW /mt.

• Use dimensional regularization to regularize the UV and IR/M singularities

• Use the method of expansion by regions to calculate the one-loop integral [29, 30, 31].

One has to consider the two regions [29, 30, 31]:

• Hard region
The loop momentum is hard and is of O(mt). One can then expand the W -propagator
as a power series in m2

W /m
2
t � 1:

1

q2 −m2
W

=
1

q2
+
m2
W

q4
+
m4
W

q6
+ ... =

1

q2

∞∑

n=0

(
m2
W

q2

)n
. (41)

The massive propagator has thereby been converted into a sum of massless propagators.

• Soft region
The momentum q flowing through the W is soft. One therefore cannot use the above
expansion (41) of the W propagator. However, in the soft region one can expand the
b-quark propagator, cif.

1

(pt + q)2
=

1

p2
t

∞∑

n=0

(
−2pt · q + q2

p2
t

)n
. (42)

There is only one denominator factor in the loop integral and its imaginary part vanishes

Im

∫
1

i

d4q

(2π)4

1

(q2 −m2
W )

= 0 . (43)

Therefore there is no contribution from the soft region in the one-loop case. This is
different at NLO and NNLO.

What remains to be done is to evaluate integrals of the form

Im

∫
1

i

d4q

(2π)4

1

(q2)n+1(pt + q)2
(44)

which result from the m2
W /q

2 expansion in the hard region. The integrals can all be reduced
to one master integral by using integration-by-parts identities.

The first term in the expansion (41), n = 0, leads to a two–point one–loop integral of the
form

Im

∫
1

i

d4q

(2π)4

1

q2(pt + q)2
. (45)
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We calculate the one-loop integral directly in dimensional regularization (D = 4 − 2ε) and
take its imaginary part at the end without resorting to the cutting rules. The details of how
to evaluate one-loop integrals in dimensional regularization can be found in [27]. One first
introduces a one parameter Feynman parametrization, collects terms and performs a shift in
the integration variable (q + xpt)→ q, i.e.

∫
dDq

(2π)D
1

q2(pt + q)2
=

∫
dDq

(2π)D

∫ 1

0

dx
1

[(q + pt)2x+ q2(1− x)]
2

=

∫
dDq

(2π)D

∫ 1

0

dx
1

[(q + xpt)2 + p2
tx(1− x)]

2

=

∫
dDq

(2π)D

∫ 1

0

dx
1

[q2 + p2
tx(1− x)]

2 . (46)

Next we do a Wick rotation q0 → iq0E . The factor of i from the Wick rotation cancels the
factor of i in the denominator of (44). One then does a D-dimensional Euclidean integration
over the loop momentum q, and, finally, one integrates over the Feynman parameter x which
results in Euler’s Beta function B(1 − ε, 1 − ε). The sequence of steps is represented in the
following sequence of equations:

Im

∫
1

i

dDq

(2π)D
1

q2(pt + q)2
= Im

∫ 1

0

dx
1

(4π)D/2
Γ(2− D

2 )

Γ(2)

(
1

−p2
tx(1− x)

)2−D2

= Im
Γ(1 + ε)

(4π)D/2
Γ(ε)

Γ(1 + ε)
(−p2

t )
−ε
∫ 1

0

dx x−ε(1− x)−ε

=
Γ(1 + ε)

(4π)D/2
Γ(ε)

Γ(1 + ε)
B(1− ε, 1− ε)Im(−p2

t )
−ε

=
Γ(1 + ε)

(4π)D/2
Γ(ε)

Γ(1 + ε)

Γ2(1− ε)
Γ(2− 2ε)

(m2
t )
−ε sinπε . (47)

We retain only the finite term in the last line of (47). One obtains

Im

∫
1

i

d4q

(2π)4

1

q2(pt + q)2
=

1

16π2
π . (48)

We have used

(
−p2

t

m2
t

)−ε = eln(−p2
t/m

2
t )
−ε

= e−ε ln(−p2
t/m

2
t ) = 1− ε ln(p2/m2

t ) + ... (49)

which leads to

Im(
−p2

t

m2
t

)−ε = Im(−1 + i0)−ε = sinπε = πε+ ... . (50)

In addition to the integral (45) with n = 0 the imaginary part of which we have just
calculated we also need the imaginary parts of the integrals (44) with n ≥ 1. They can be
obtained from the “master integral” (45) by integration-by-parts (IBP) techniques [32, 33]. The
general procedure of reducing a set of integrals to a set of simpler integrals is called “reduction
to master integrals”. In the present case this reduction is quite trivial but can become quite
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involved in more general settings. The reduction procedure has been automated by the Laporta
algorithm [34, 35].

Technical aside: Integration-by-parts (IBP) identities [32, 33].
In order to calculate the integral corresponding to the second term in the expansion (41) we
consider the differential form (∂µ := ∂/∂qµ)

∂µ
(pt + q)µ

q2(pt + q)2
=
∂µ(pt + q)µ

q2(pt + q)2
+

(pt + q)µ

q2
∂µ

1

(pt + q)2
+

(pt + q)µ

(pt + q)2
∂µ

1

q2
. (51)

Differentiate carefully, i.e. ∂µq
µ := ∂qµ

∂qµ = D = 4 − 2ε, and drop the “surface term” on the

left-hand side. Also use 2ptq = −m2
t − q2 + (pt + q)2. This gives

1

q4(pt + q)2
=

1

m2
t

(
2ε− 1

q2(pt + q)2
+

1

q4

)
. (52)

In dimensional regularization massless tadpole (single pole) diagrams are zero, i.e. one can drop
the second term on the r.h.s. of (52) after dimensional integration. At the relevant order of ε
one therefore has

Im

∫
1

i

dDq

(4π)D
1

q4(pt + q)2
= − 1

m2
t

Im

∫
1

i

dDq

(4π)D
1

q2(pt + q)2
. (53)

Going through the same exercise for ∂µ
(pt+q)

µ

(q2)n+1(pt+q)2 for n ≥ 2 one finds

Im

∫
1

i

dDq

(4π)D
1

(q2)n+1(pt + q)2
= 0 . for n ≥ 2 (54)

Because the higher order terms vanish we only need to sum the first two terms in the
expansion (41). The result

Im

∫
1

i

dDq

(4π)D
1

(pt + q)2

1

q2

∞∑

n=0

(
m2
W

q2

)n
=

1

16π2

(
1− m2

W

m2
t

)
π (55)

is in agreement with the one in Sec. 2.1.3.

2.2 Next-to-leading order (NLO) QCD corrections

The traditional technique used for NLO calculation is to calculate the one-loop and tree-graph
contributions separately. In the present case the UV singularities are regularized by dimen-
sional regularization whereas the IR/M singularities are regularized by introducing gluon and
bottom quark masses. The IR/M singularities will eventually appear as (lnmg)− and (lnmb)−
singularities and cancel among the one-loop and tree graph contributions [8, 9, 14, 16, 36]. We
mention that the calculation can also be done in dimensional regularization without recourse
to the traditional mg 6= 0 and mb 6= 0 regularization [37].

For example, generic diagrams for the QCD NLO calculation are displayed in Fig. 5.
Without going into the details of the calculation (see e.g. [8]) we just quote the result of the
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1–loop ⊗ Born tree ⊗ tree

Figure 5: Generic NLO QCD contributions

NLO calculation. For the total rate one obtains (Γ̂ = Γ/Γ(Born)) (see e.g. [36])

Γ̂(NLO) = 1+
αs
2π
CF

y2

(1−y2)2(1+2y2)

{
(1−y2)(5+9y2−6y4)

2y2
− 2(1−y2)2(1+2y2)π2

3y2

− (1−y2)2(5+4y2)

y2
ln(1−y2)− 4(1−y2)2(1+2y2)

y2
ln(y) ln(1−y2)−4(1+y2)×

× (1−2y2) ln(y)− 4(1−y2)2(1+2y2)

y2
Li2(y2)

}
. (56)

The numerical value of the NLO QCD correction appears in Eq.(6). Our numerical input
values are mt = 175 GeV and mW = 80.419 GeV. The strong coupling constant has been
evolved from αs(MZ) = 0.1175 to αs(mt) = 0.1070 using two-loop running. Numerically one
has Γ = Γ(Born)(1 − 8.54%). One sees that the NLO QCD corrections reduce the Born term
rate by the large amount of 8.5%.

In the limit y → 0 one obtains

Γ̂(NLO) = 1 +
αs
2π
CF

{
5

2
− 2

3
π2

}
, . (57)

The leading y → 0 contribution reduces the rate by 9.26% which is already quite close to the
rate reduction of the full result (8.5%). We shall return to an assessment of the quality of the
y-expansion later on. It is curious to note that the radiative QCD corrections reduce the LO
rate whereas the radiative QCD corrections to the decay Z → qq̄ enhance the LO rate ratio
Γ̂(LO) by αs

2π (6/4)CF = αs/π, i.e. Γ̂(NLO;Z → qq̄) = 1 + αs/π.
The NLO rate can also be calculated by the optical theorem method using the y-expansion.

At NLO one has contributions both from the soft and the hard region leading to an infinite
power series in y and y ln y where the (y ln y)-contributions come from the interplay of the soft
and hard integration regions. The results of the y-expansion have been checked against the
exact result Eq.(56) up to O(y16) [38] (see also [28]).

2.3 NLO electroweak corrections

In Fig. 6 we have drawn the LO diagram and the four NLO tree-level diagrams that contribute
to t→ b+W+ + (γ). We use the Feynman-’tHooft gauge so that one has a NLO contribution
from the charged unphysical Higgs boson χ+ as shown in Fig. 6. Compare the number of
four electroweak NLO tree-level diagrams with the two QCD NLO tree-level diagrams. When
squaring the tree-level diagrams one would expect a four-fold complexity factor when going
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t

b

W+
µ

t

b

γ W+

t

b

γ

W+

t

b
γ

W+

W+

t

b
γ

W+

χ+

Figure 6: Born and electroweak tree-graph contributions to t → b + W+ (γ). χ+ denotes the
charged Goldstone boson.

from QCD to the electroweak tree-graph corrections. It is therefore quite remarkable that the
squared tree graph expressions in both cases are similar in length and structure [9].

Figure 7: Eighteen electroweak three-point one-loop graphs in Feynman-’tHooft gauge con-
tributing to t→ b+W+.

In addition to the tree graph contributions one has to consider 18 three-point one-loop
graphs in the Feynman-’tHooft gauge as shown in Fig. 7. Looking at Fig. 7 one would superfi-
cially expect 4+8+8=20 one-loop contributions. However, since there is no (W+W+χ0)–vertex,
this number reduces to 18 as stated before. In Fig. 7 χ± and χ0 are the charged and neutral
unphysical Goldstone bosons, and H is the physical Higgs. The results of calculating the one-
loop contributions exist in amplitude form [17]. In the course of calculating the electroweak
radiative corrections to the partial helicity rates the results of [17] were recalculated and con-
firmed by us. In particular we checked the results of [17] numerically with the automated loop
calculation program XLOOPS/GiNaC developed at the University of Mainz [39, 40, 41]. In
addition to the one-loop three-point functions one has a large number of one-loop two-point
functions needed in the one-loop renormalization program. Again these have been reevaluated
using XLOOPS/GiNaC.

We have used the so-calledGF –renormalization scheme for the electroweak corrections where
GF , MW and MZ are used as input parameters. The GF –scheme is the appropiate renormal-
ization scheme for processes with mass scales that are much larger than MW as in the present
case. The electroweak radiative corrections are substantially larger in the so-called α–scheme
where α, GF and MZ are used as input parameters. The numerical results of the electroweak
corrections to the rate are given in Eq.(6).

2.4 NNLO QCD corrections

In the NNLO case squaring of the contributing tree and loop diagrams leads to the four generic
contributions shown in Fig. 8. However, with present techniques, this method is not viable,
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2–loop ⊗ Born 1–loop ⊗ 1–loop

1–loop gluon emission ⊗ 1 gluon emission tree ⊗ tree

Figure 8: Generic NNLO QCD contributions.

mainly because the NNLO phase space integration become too difficult.
Instead, one resorts again to the optical theorem and calculates the NNLO rate from the

three-loop self-energy diagrams according to [19, 20]

Γ(NNLO) =
1

2st + 1

1

mt
ImΣ(3− loop) , (58)

There are altogether 38 three-loop Feynman diagrams a sample of which are shown in Fig. 9.

(a) (b) (c) (d)

(k)(j)(i)

(e) (f) (g) (h)

Figure 9: Sample three-loop diagrams whose imaginary parts contribute to the NNLO calcula-
tion of the top quark width.

The main ideas of the NNLO calculation of the rate have already been described in the
calculation of the Born term rate in Sec. 2.1.3. It turns out that again one only has to consider
two momentum regions. In the hard region all loop momenta are hard and the W -propagator
can be expanded into a series of massless propagators as in the LO case. In the soft region
the gluon momenta are hard but the loop momentum flowing through the W is soft. Differing
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from the LO calculation one now also has contributions from the soft region. In the soft region
the integrals factorize into two-loop self-energy-type integrals and a one-loop vacuum bubble
diagram which are not difficult to integrate. The interplay of the hard and the soft region leads
to additional (yn ln y)-terms in the y = (mW /mt)-expansion.

One can reduce all integrals to 23 master integrals by integration-by-parts identities. Use
was made of Laporta’s algorithm in this reduction to master integrals. The imaginary parts of
the master integrals were calculated using the cutting rules where care had to be taken that
some of the master integrals admitted several ways of cutting them. We mention that the
calculation had been done in the general covariant gauge −gµν + (ξ − 1)kµkν/k2 for the gluon
in order to check on gauge invariance. The numerical results on the NNLO QCD corrections
are given in Eq.(6).

3 W -helicity fractions in top quark decays

3.1 Angular decay distribution for t→ b+W+(→ `+ + ν`) (I)

In Fig. 6 we display the LO amplitude contribution to t → b + `+ + ν`. On squaring the
amplitude and taking the spin sums one is led to the contraction LµνH

µν(Born). For the

Figure 10: LO Born term contribution to t→ b+W+(→ `+ + ν`)

lepton tensor we obtain

Lµν =
1

8
Tr /p`γ

µ(1− γ5)/pνγ
ν(1− γ5)

= pµ` p
ν
ν + pν` p

µ
ν −

1

2
m2
W g

µν − iεµναβp`αpνβ . (59)

The LO hadron tensor is given by (mb = 0)

Hµν(Born) =
1

8
Tr(/pt +mt)γ

µ(1− γ5)/pbγ
ν(1− γ5)

= pµt p
ν
b + pνt p

µ
b − pt · pbgµν − iεµνα

′β′ptα′pbβ′ . (60)

The factors 1/8 have been introduced for convenience. The result of contracting the lepton and
hadron tensor reads

LµνH
µν(Born) = 4(pt · p`) (pb · pν) = 4(pt · p`) (pb · (q − p`) ) . (61)

Note that one originally had
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LµνH
µ′ν′(Born)(−gµµ′ +

qµ′q
µ

m2
W

)(−gνν′ +
qν′q

ν

m2
W

) (62)

which turns into LµνH
µν(Born) in the zero lepton mass case where qµL

µν = qνL
µν = 0. The

lepton mass corrections are of O(m2
`/m

2
t ) and are thus negligible. If one wants to include lepton

mass effects one has to retain the full W–projector in (62).

One must evaluate the invariant LµνH
µν in one frame. Here we choose the rest frame of

the top quark. Since we want to evaluate LµνH
µν in terms of the angle cos θ defined in the

W+-rest frame (Wr .f .) as shown in Fig. 2 we write5

pµ` (Wr.f.) =
mW

2
(1; sin θ cosφ, sin θ sinφ, cos θ) . (63)

We then boost the lepton momentum pµ` (Wr.f.) to the top quark rest frame (tr.f.) where the
invariants in (61) are to be evaluated. The relevant Lorentz boost matrix reads

L(boost) =
1

mW




q0 0 0 |~q|
0 mW 0 0
0 0 mW 0
|~q| 0 0 q0


 (64)

such that

pµ` (tr.f.) = L(boost) pµ` (Wr.f.) .

The boost will not affect the transverse components µ = 1, 2 but only the zero and longitudinal
components µ = 0, 3. In Eq.(64) q0 and |~q| denote the energy and momentum of the W -boson
in the top quark rest frame.

In the following we set mb = 0 such that q0 = mt
2 (1 + y2) and |~q| = mt

2 (1 − y2). Boosting
pµ` (Wr.f.) one obtains

pµ` (tr.f.) =
mt

4

(
(1+y2)+(1−y2) cos θ; 2y sin θ cosφ, 2y sin θ sinφ, (1−y2)+(1+y2) cos θ

)
. (65)

The remaining momentum four–vectors in the t–rest frame are given by

pµt = mt(1; 0, 0, 0) ,

pµb =
mt

2

(
1− y2; 0, 0,−(1− y2)

)
,

qµ =
mt

2
(1 + y2, 0, 0, 1− y2) . (66)

We are now in the position to evaluate the invariants appearing in Eq.(61). We sort the
resulting expression in terms of the polar angle factors sin2 θ and (1± cos θ)2/2. Since we are

5In Eq.(63) we have specified the azimuthal dependence of pµ` (Wr.f.). This is not really needed in the present
application because we do not specify a preferred transverse direction. In general, a transverse direction could
be defined by the polarization of the top quark or the decay products of the b-quark. In this case one has to
retain the azimuthal dependence of the lepton’s momentum as done in (63). Whereas the sign of polar angle
correlations can always be checked by physics arguments, there are no ready physics arguments to check the
signs of the azimuthal correlations. To get the signs of the azimuthal correlations right it is indispensable to use
the boosting method as described above (see e.g. [42]).
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not interested in the azimuthal angle dependence in the present application we integrate over
the azimuthal angle φ. One then obtains the angular decay distribution

∫ 2π

0

dφ LµνH
µν(Born) = 2π

8

3

m4
t

4

{
1

2
(1− y2)
︸ ︷︷ ︸
∼L

3

4
sin2 θ

0︸︷︷︸
∼T+

3

8
(1 + cos θ)2

+ y2(1− y2)︸ ︷︷ ︸
∼T−

3

8
(1− cos θ)2

}
, (67)

where, by comparison with Eq.(21), we have identified the three LO hadron contributions
proportional to L and T±. The normalized helicity fractions GL and G± written down before
in Eq.(8) can be read off from Eq.(67). As we shall see later on from an angular momentum
analysis, the sorting of the angular contributions in (67) should be done exactly along the three
angular factors proportional to sin2 θ and (1 ± cos θ)2/2 discussed above. The corresponding
coefficient factors are then proportional to the partial helicity rates ΓL and Γ±, respectively.
An untreated and unsorted Mathematica output of LµνH

µν would, in general, lead to quite
lengthy and messy expressions.

Repeating the same exercise for mb 6= 0 one obtains (x = mb/mt)
∫ 2π

0

dφ LµνH
µν(Born) = 2π

8

3

m4
t

4

{
1

2

(
(1− x2)2 − y2(1 + x2)

)

︸ ︷︷ ︸
∼L

3

4
sin2 θ

+
1

2
y2
(

1− y2 + x2 −
√
λ
)

︸ ︷︷ ︸
∼T+

3

8
(1 + cos θ)2

+
1

2
y2
(

1− y2 + x2 +
√
λ
)

︸ ︷︷ ︸
∼T−

3

8
(1− cos θ)2

}
, (68)

where
λ = λ(1, y2, x2) = 1 + y4 + x4 − 2y2x2 − 2y2 − 2x2 . (69)

For the mb 6= 0 normalized helicity fractions one now obtains

GL = ((1− x2)2 − y2(1 + x2))/N ,

G+ = y2(1− y2 + x2 −
√
λ)/N ,

G− = y2(1− y2 + x2 +
√
λ)/N , (70)

where
N = (1− x2)2 + y2(1− 2y2 + x2) .

Let us compare the resulting numerical mb 6= 0 values for the normalized helicity fraction with
their mb = 0 counterparts. One obtains (we take mb = 4.8 GeV as default value)

mb = 4.8 GeV: GL : G+ : G−= 0.7025 : 0.0004 : 0.2971 ,

mb = 0 : GL : G+ : G−= 0.7031 : 0 : 0.2969 . (71)
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The effect of including the nonvanishing bottom quark mass can be seen to be quite small.
Although we have derived the decay distributions (67) and (68) for the Born term case, the

angular structure is quite general as will be shown in the next subsection. In the general case
one has to replace the LO Born term structure function Hµν(Born) in (67) and (68) by their
generalized counterparts as e.g. the corresponding NLO or NNLO structure functions.

3.2 Angular decay distribution for t→ b +W+(→ `+ + ν`) (II)

The cos θ dependence of LµνH
µν can also be worked out in a more systematic way by using

the completeness relation for the polarization four–vectors Eq.(18) 6. One can then rewrite the
contraction of the lepton and hadron tensors LµνH

µν as

LµνH
µν = Lµ

′ν′gµ′µgν′νH
µν

=
∑

m,m′

Lµ
′ν′εµ′(m)ε∗µ(m)ε∗ν′(m

′)εν(m′)Hµν

=
∑

m,m′

(
Lµ
′ν′εµ′(m)ε∗ν′(m

′)

) (
Hµνε∗µ(m)εν(m′)

)

=
∑

m,m′
Lmm′Hmm′ . (72)

We have thereby converted the invariant contraction LµνH
µν into a contraction over the spatial

spherical components Lmm′Hmm′ (m,m
′ = +, 0,−), where the spatial spherical components of

the lepton and hadron tensors are defined by

Lmm′ = Lµνεµ(m)ε∗ν(m′) ,

Hmm′ = Hµνε∗µ(m)εν(m′) . (73)

We have again dropped the qµqν -terms in the completeness relation in Eq. (18) since qµL
µ′ν′ =

qνL
µ′ν′ = 0 for massless leptons. The nice feature of the representation (72) is that the left

bracket and the right bracket in the next to last row of (72) are separately Lorentz invariant.
One can therefore evaluate the left bracket in the W+ rest frame, and the right bracket in the
t–rest system without involving any boost.

Let us now specify the the W+-rest frame four-vectors that are needed in the W+-rest frame
evaluation of the lepton matrix Lmm′ . In the W+ rest frame one has

pµ` = mW /2 (1; sin θ cosφ, sin θ sinφ , cos θ) ,

pµν = mW /2 (1;− sinθ cosφ, − sin θ sinφ , − cos θ) , (74)

and the polarization vectors (in our convention aµ = (a0,~a) and aµ = (a0,−~a))

εµ(L) = (0; 0, 0,−1) ,

εµ(±) =
1√
2

(0;±1, i, 0) . (75)

It is then straight-forward to evaluate Lmm′ = Lµνεµ(m)ε∗ν(m′) using the lepton tensor (59).

6Since the method is general we can omit the LO specification in Hµν(Born).
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The various components of the lepton matrix Lmm′ can be written in a very compact and
suggestive way in terms of Wigner’s small d1-function. One has

Lmm′(θ, φ) = m2
W d1

m 1(θ)d1
m′ 1(θ)ei(m−m

′)φ , (76)

where the spin one d1 function is given by (convention of Rose)

d1
mm′(θ) =




1
2 (1 + cos θ) − 1√

2
sin θ 1

2 (1− cos θ)
1√
2

sin θ cos θ − 1√
2

sin θ
1
2 (1− cos θ) 1√

2
sin θ 1

2 (1 + cos θ)


 . (77)

The rows and columns are labeled in the order (+1, 0,−1) . The representation (76) should
be of no surprise to anyone who is familiar with the behaviour of angular momentum states
under a rotation by the angles θ and φ. In the lepton system (x′, y′, z′) the only nonvanishing
component of the lepton matrix is L+1,+1 = m2

W /2 as the antilepton and the neutrino are
both left-handed (see Fig. 2). Eq.(76) represents the rotation of the lepton matrix from the
lepton system (x′, y′, z′) to the hadron system (x, y, z). In the case ml 6= 0 one has to augment
Eq.(76) by temporal spin 0 components and interference contributions of the temporal spin 0
and spatial spin 1 components [44].

When integrating LµνH
µν over the azimuthal angle φ one remains only with the three

diagonal elements of Hmm′ . One has
∫
dφ LµνH

µν = 2πm2
W

∑

m=+1,0,−1

d1
m,+1(θ)d1

m,+1(θ)Hmm

= 2π
2

3
m2
W

(
3

4
sin2 θH00 +

3

8
(1 + cos θ)2H++ +

3

8
(1− cos θ)2H−−

)
. (78)

By convention one drops one of the double indices in the diagonal elements of the hadronic
density matrix Hmm, i.e. one replacesH00 → H0 and H±± → H± as has been done in the rest of
this paper. For the LO case one reproduces Eq.(21) using H00(= HL) = |H 1

2 ;− 1
2 0|2 + |H− 1

2 ; 1
2 0|2,

H++(= H+) = |H 1
2 ; 1

2 1|2 and H−−(= H−) = |H− 1
2 ;− 1

2−1|2 from (30).
The advantage of method II is that the method can easily be applied to more complex

decay processes involving spin. Also one can easily incorporate lepton mass effects and include
polarization effects of initial and final state particles [43, 44]. For example, method II was
applied to the full angular analysis of B → D,D∗ + ` + ν` (` = e, µ, τ) [43, 44] and the rare
decays B → K,K∗ + `+ + `− (` = e, µ, τ) [45] including results on the polarisation of the final
lepton. Another example is [42] where we have used method II to describe the semileptonic decay
process of a polarized Ξ0, Ξ0(↑)→ Σ++l−+ν̄l (l− = e−, µ−) followed by the nonleptonic decay
Σ+ → p + π0. In this process the mass difference MΞ0 −MΣ+ = 125.46 MeV is comparable
to the µ–mass which makes inclusion of lepton mass effects mandatory. In fact one finds
Γ(µ)/Γ(e) ≈ 1/120 in this process. A cascade type analysis as used in the method II is
ideally suited for Monte Carlo event generators that describe complex cascade decays involving
particles with spin. In fact, we wrote a Monte Carlo generator for the above semileptonic Ξ0

decay process [42] which was profitably used in the analysis of the NA48 data on this process.

3.3 Experimental results on helicity fractions

An early MC study quotes experimental sensitivities of δGL = 0.7 % and δG+ = 0.3 % for
an integrated luminosity of 100 fb−1 at Tevatron II energies which corresponds to ≈ 8 · 106
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(tt̄)-pairs [46]. Compare this to the NLO QCD changes δGL = 0.7 % and δG+ = 0.1 % to
be discussed later on which shows that the radiative corrections are of the same order as the
experimental sensitivities. Much higher event rates can be reached at the LHC in one year.
A more recent MC study based on 10 fb−1 at the LHC quotes measurement uncertainties of
δGL = 1.9 %, δG+ = 0.22 % and δG− = 1.8 % [47].

Experimentally, there has been a continuing interest in the measurement of the helicity
fractions. Latest measurements are

CDF(2008 [48]) : GL = 0.66± 0.16(stat)± 0.05(syst)

G+ = −0.03± 0.06(stat)± 0.03(syst)

DO(2009 [49]) : GL = 0.490± 0.106(stat)± 0.085(syst)

G+ = −0.104± 0.076(stat)± 0.066(syst) (79)

All of these measurements are well within the SM predictions.

4 Construction of covariant helicity projectors

In Eq.(73) we have defined the helicity structure functions Hm (m = L,+,−) which multiply
the angular factors in the angular decay distribution. According to their definition in Eq.(73)
the helicity structure functions Hm can be calculated in a frame-dependent way by use of the
frame-dependent polarization vectors (29). It is much more convenient to calculate the helicity
structure functions covariantly, and, in fact, a covariant projection is indispensable for the
NLO and NNLO calculations. The covariantization is achieved by defining covariant helicity
projectors IPµνm which covariantly project onto the helicity structure functions via

Hm = IPµνm Hµν (m = L,+,−). (80)

This definition holds for any general hadron tensor structure irrespective of the fact that we
have dealt only with the Born term hadron tensor up to now. To construct the covariant helicity
projectors we start with their representation in terms of the t-rest frame polarization vectors
(29) according to the definition Eq.(73). One has

IPµνL = ε∗µ(L) εν(L) ,

IPµν± = ε∗µ(±) εν(±). (81)

In covariantizing the forms (81) it helps to remember that the helicity projectors must be
four-transverse to the momentum of the W+, i.e. they must satisfy

qµIPµνm = qνIPµνm = 0 . (82)

Further, they must satisfy the orthonormality and completeness relations

orthonormality : gµνIPµνm =− 1

gαβIPµαm IPβνn =− δmnIPµνm

completeness :
∑

m

IPµνm := IPµνU+L = −gµν +
qµqν

m2
W

(83)

As it turns out the covariant projectors can be constructed from the following three projectors
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• Projector for the total rate IPµνU+L

IPµνU+L = −gµν +
qµqν

m2
W

(84)

• Projector for the longitudinal helicity rate IPµνL

IPµνL =
m2
W

m2
t

1

|~q |2
(
pµt −

pt · q
m2
W

qµ
)(
pνt −

pt · q
m2
W

qν
)

(85)

• Projector for the forward-backward asymmetric helicity rate IPµνF = IPµν+ − IPµν−
(ε0123 = 1)

IPµνF =
1

mt

1

|~q | iε
µναβpt,αqβ (86)

The denominator factor |~q |2 refers to the top quark rest frame. In invariant form the nor-
malization factor is given by |~q |2 = ((ptq)

2 −m2
Wm

2
t )/m

2
t . Finally, the three projectors read

(Hm = IPµνm Hµν ; m = L,+,−)

IPµνL =
m2
W

m2
t

1

|~q |2
(
pµt −

pt · q
m2
W

qµ
)(
pνt −

pt · q
m2
W

qν
)
,

IPµν± =
1

2

(
IPµνU+L − IPµνL ± IPµνF

)
. (87)

It is instructive to check that, in the t-rest frame or in the W+-rest frames, the covariant helicity
projectors in Eq. (87) reduce to the form (81) in terms of the rest frame polarization vectors
(29) and (75), respectively. Note, though, that in the W -rest frame the normalization factor
|~q | in Eqs. (85) and (86) has to be replaced by y|~pt | where |~pt | is the magnitude of the top
quark momentum in the W+-rest frame.

The denominator factors |~q |−2 and |~q |−1 in Eqs. (85) and (86) are needed for the correct
normalization of the projectors, cif. Eq.(83). As we shall see later on the denominator factors
|~q |2 and |~q | somewhat complicate the NLO and NNLO calculation of the helicity rates as
compared to the total rate.

5 Narrow width approximation

Let us begin with by discussing how to factorize of the three–body rate Γ(t→ b+ `+ + ν`) into
the two–body rates Γ(t→ b+W+) and Γ(W+ → `++ν`) using the narrow width approximation
for the W -boson. The rate formula for the three body decay t→ b+ `+ + ν reads (see [27])

Γ3 =
1

2mt

∫
1

(2π)3

d3pb
2Eb

∫
1

(2π)3

d3pl+

2El+

∫
1

(2π)3

d3pνl
2Eνl

1

2
|M3|2(2π)4δ(4)(pt−pb−p`+−pνl) , (88)

which we write as

Γ3 =
1

2
R3

[
|M3|2

]
. (89)
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The squared three-body matrix element |M3|2 is given by

|M3|2 = 64
g2
ω

8
Lµν

g2
ω

8
|Vtb|2Hµν

∣∣∣ 1

q2−m2
W +imWΓW

∣∣∣
2

, (90)

where we have introduced the Breit-Wigner line shape to account for the finite width of the
W+–boson. We have also reinstituted the factor of 8 · 8 = 64 in (90) which was introduced
earlier for convenience.

Next we introduce the identity

1 =

∫
dq2

∫
d3q

2EW
δ(4)(q − p`+ − pνl) , (91)

which can be seen to be true in the W+ rest frame where q2 = E2
W and

∫ dE2
W

2EW
δ(EW − El+ −

Eνl) = 1. The identity (91) allows one to factorize the three-body phase space integral R3(t→
b+ `+ + ν`) into the two-body phase space integrals R2(t→ b+W+) and R2(W+ → l+ + νl).
One has

R3 = 2mW

∫
dq2

(2π)

R2(t→b+W+)︷ ︸︸ ︷
1

2mt

{∫
1

(2π)3

d3pb
2Eb

∫
1

(2π)3

d3q

2EW
(2π)4δ(4)(pt − pb − q)

}

1

2mW

{∫
1

(2π)3

d3p`+

2E`+

∫
1

(2π)3

d3pνl
2Eνl

(2π)4δ(4)(q − p`+ − pνl))
}

︸ ︷︷ ︸
R2(W+→l++νl)

. (92)

The phase space nicely factorizes. But how about the factorization of the squared three–body
matrix element |M3|2 ? The matrix element squared also factorizes after angular integration
which can be seen by using the relation

∫
d cos θ dφLmn(θ, φ) =

4π

3
m2
W δmn (93)

which follows from the explicit representation of Lmn(θ, φ) given in Eq.(76). In fact, one has

∫
d cos θ dφ

(∑

m,n

Hmn

∑

m,n

Lmn(θ, φ)
)

=
1

Tr {δmn}
(∑

n

Hnn

)∫
d cos θ dφ

(∑

m

Lmm(θ, φ)
)
.

(94)
The factor 1/Tr{δmn} = 1/3 provides for the crucial statistical factor 1/(2sW + 1) in the W+

width formula. Note that the explicit angular integrations over cos θ and φ appearing in (94)
are implicit in (92) 7. One thus finds

Γ(t→ b+ `+ + ν) =
mW

π

∫
dq2 1

2
R2

[
|M |2(t→ b+W+)

]

· 1
3
R2

[
|M |2(W+ → `+ + ν)

]∣∣∣ 1

q2−m2
W +imWΓW

∣∣∣
2

. (95)

7We mention that an alternative derivation of the appearance of the statistical factor 1/3 has been given in
[50].
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The narrow–width approximation consists in the replacement of the Breit-Wigner line shape
by a δ–function, cif .

∣∣∣ 1

q2−m2
W +imWΓW

∣∣∣
2

=
π

mW ΓW

1

π

mW ΓW
(q2−m2

W )2 +m2
WΓ2

W

ΓW→0
=

π

mW ΓW
δ(q2 −m2

W ) . (96)

Using the narrow-width approximation for the W+-boson the three-body decay t→ b+ `+ + ν
can be seen to factorize, cif .

Γ(t→ b+ `+ + ν`) = Γ(t→ b+W+)
Γ(W+ → `+ + ν`)

ΓW

= Γ(t→ b+W+) BR(W+ → `+ + ν`) (97)

which is a result which one expects from physical intuition. Incidentally, the derivation of
the factorization formula (97) was posed as one of the problems in the 2004 TASI lectures
of T. Han [51]. Judging from the contents of this subsection this was not one of his simpler
problems.

The numerical value of the finite-width correction to the total width listed in (6) consists
of the replacement of δ(q2 −m2

W ) by the Breit–Wigner line shape and integrating over q2, cif .

∫ m2
t

0

dq2 δ(q2 −m2
W ) →

∫ m2
t

0

dq2mWΓW
π

1

(q2 −m2
W )2 +m2

WΓ2
W

(98)

where ΓW is the width of the W -boson (ΓW = 2.12 GeV ).
Numerically the finite-width correction to the total Born term rate amounts to 1.56% (see

Eq.(6)) and is of the order of ΓW /mW = 2.64% as would be expected. A more extensive
discussion on finite width corrections can be found in [50, 52].

6 Higher order corrections to helicity fractions

6.1 NLO QCD and electroweak corrections

As in the calculation of the NLO total rate structure function HU+L = H+ + H− + HL (we
call H+ +H− = HU where U stands for the “unpolarized transverse”) we have employed the
traditional technique when calculating the helicity structure functions HL and H±, i.e. we have
separately calculated the hadronic loop and tree contributions after contracting them with the
relevant projectors IPµνL , IPµν± .

As mentioned before, the appearance of the normalization factors |~q|−1 and |~q|−2 in the
projectors make the calculation technically more difficult than that for the total rate. For the
one-loop contribution the additional normalization factors are of no concern since they appear
only as overall factors outside of the one-loop integral. This is different for the phase space
integration of the tree-graph contributions where the normalization factors appear under the
integral. Typically one of the phase space integrations is over the scaled invariant mass of the
bottom quark and the gluon z = (pb + pg)

2/m2
t . The normalization factors then appear as

overall factors |~q|−1 and |~q|−2 in the phase space integral, where

|~q| = mt

2

√
λ(1, y2, z) . (99)
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The ensuing class of phase space integrals is more general and more difficult than the class of
integrals appearing in the total rate calculation. Nevertheless, the phase space integrations can
still be done in closed form.

As a sample result we present the mb = 0 result for Γ̂L = ΓL/ΓU+L(Born). One obtains [8,
14, 36]

Γ̂L(NLO) =
1

(1−y2)2(1+2y2)

(
(1− y2)2 +

αs
2π
CF

{
(1−y2)(5+47y2−4y4)/2

− 2π2

3
(1+5y2+2y4)−3(1−y2)2 ln(1−y2) + 16y2(1+2y2) ln(y)− 2(1−y)2

× (2−y+6y2+y3) ln(1−y) ln(y)− 2(1+y)2(2+y+6y2−y3) ln(y) ln(1+y)

− 2(1−y)2(4+3y+8y2+y3)Li2(y)− 2(1+y)2(4−3y+8y2−y3)Li2(−y)
})

. (100)

In the limit y → 0 one finds Γ̂L(NLO) = 1 + αsCF /(2π)(5/2− 2π2/3) and thus Γ̂L(NLO)
saturates the total rate Γ̂(NLO) (see Eq.(57)) in this limit. This is expected since ΓU/ΓL ∝
m2
W /m

2
t = y2. Results for the other two NLO QCD helicity rates Γ̂+ and Γ̂− can be found in

[8, 14, 36]. The NLO electroweak corrections to the helicity rates can be found in [9].
Let us summarize our numerical NLO results on the helicity fractions including also the

finite width corrections discussed in Sec.5. We write

Γi = Γi(Born) + ∆Γi(QCD) + ∆Γi(EW) + ∆Γi(FW) + ∆Γi(mb 6= 0) . (101)

As before we normalize the partial rates to the total Born term rate ΓU+L(Born). Thus we
write Γ̂i = Γi/ΓU+L(Born) (i = +,−, L). For the transverse-minus and longitudinal rates we
factor out the normalized partial Born rates Γ̂i and write (i = −, L)

Γ̂i = Γ̂i(Born)
(

1 + δi(QCD) + δi(EW) + δi(FW) + δΓi(mb 6= 0)
)
, (102)

where δi = ΓU+L(Born) ∆Γi/Γi(Born). Writing the result in this way helps to quickly assess
the percentage changes brought about by the various corrections.

Numerically one has

Γ̂− = 0.297
(

1− 0.0656(QCD) + 0.0206(EW)− 0.0197(FW)− 0.00172(mb 6= 0)
)

= 0.297(1− 0.0664) , (103)

and

Γ̂L = 0.703
(

1− 0.0951(QCD) + 0.0132(EW)− 0.0138(FW)− 0.00357(mb 6= 0)
)

= 0.703(1− 0.0993) . (104)

It is quite remarkable that the electroweak corrections almost cancel the finite width corrections
in both cases.

In the case of the transverse-plus rate the partial Born term rate cannot be factored out
because of the fact that Γ+(Born) is zero. In this case we present our numerical result in the
form

Γ̂+ = ∆Γ̂+(QCD) + ∆Γ̂+(EW) + ∆Γ̂+(mb 6= 0). (105)
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One has

Γ̂+ = 0.000927(QCD) + 0.0000745(EW) + 0.000358(mb 6= 0)

= 0.00136. (106)

Note that the finite width correction to the transverse-plus helicity rate is zero. Numerically
the NLO corrections to Γ̂+ occur only at the pro mille level. It is save to say that, if top quark
decays reveal a violation of the SM left-chiral (V − A) current structure that exceeds the 1%
level, the violations must have a non-SM origin such as e.g. an admixture of a right-chiral
(V +A) current structure in the decay vertex t→ b+W+.

6.2 Quality of the (mW/mt)–expansion

In order to check on the quality of the y = (mW /mt)-expansion we take the known closed form
NLO result (100) for Γ̂L and expand it in powers of y2 and y2 ln y. The expansion of the curly
bracket in (100) reads

ΓL(αs) = Γ0
αs
2π
CF

{
...
}

= Γ0
αs
2π
CF

{(
5

2
− 2π2

3

)
+

(
40− 10π2

3

)
y2

+
1

9

(
119− 12π2 − 6 ln y

)
y4 +

(
−253

90
+

10 lny

3

)
y6 + ...

}
. (107)

Note that ΓL(αs) → 0 as the phase space closes at y = 1 (Li2(−1) = −π2/12). In Fig. 7 we
show a plot of the y-dependence of ΓL(αs) (in units of [Γ0

αs
2πCF ]) for different orders of yn

and for the full result. All curves start at (5/2 − 2π2/3) = 0.459 for y = 0. The full result
goes to zero at y = 1 remembering that Li2(−1) = −π2/12. As Fig. 7 shows the quality of the
expansion is already quite good at O(y6) even for large y-values.

This raises the hope that such a (mW /mt)-expansion can also be usefully employed in other
contexts. One could think of possible applications of the NNLO calculation of t → b + W+

discussed earlier (which only exists in expanded form) to processes such as

• b→ u+ `− + ν̄`

• µ− → e− + ν̄e + νµ

extending q2 over the whole kinematical range 0 6 q2 6 (m1 −m2)2 in these processes.
The region very close to the upper kinematical limit of q2 given by q2

max = (mt − mb)
2

requires a separate discussion because this region is sensitive to mb 6= 0 effects. The upper
kinematical limit is called the zero recoil point since ~q = 0 at this point. For example, at zero
recoil (y = 1−mb/mt = 1− 4.8/175 = 0.973) one finds

mb 6= 0 : GL : G+ : G− = 1/3 : 1/3 : 1/3 (108)

using Eq.(70). The equipartitioned helicity fractions result from the fact that, close to zero
recoil, the only surviving transition is the allowed Gamow-Teller s–wave transition. However,
for mb = 0 one has the zero recoil ratios at y = 1 (see Eq.(8))

mb = 0 : GL : G+ : G− = 1/3 : 0 : 2/3 . (109)
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Figure 11: Quality of the y-expansion of the αs corrections to ΓL(αs). Shown are different
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dashed line : O(y4); dash-dotted line: O(y6); full line: exact result. Vertical line corresponds
to the physical point y = mW /mt = 0.459 .

In order to investigate the behaviour of the helicity fractions close to zero recoil, in Fig. 8 we
plot the y2-dependence of the helicity fractions for mb 6= 0 and mb = 0 with zero recoil values
at y = 1 −mb/mt and y = 1, respectively. In the region close to their respective zero recoil
points the curves considerably differ from each other. Away from zero recoil the mb = 0 and
mb 6= 0 curves very quickly approach each other. Fig. 8 shows that it is safe to use the mb = 0
approximation for y-values below y ≈ 0.9.
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Figure 12: Helicity fractions GL,G+ and G− close to zero recoil. Dashed line: mb 6= 0; full line:
mb = 0. The kinematical zero recoil point is given by y = 1 (full line) and y = 1 − mb/mt

(dashed line).
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6.3 NNLO QCD corrections to helicity fractions

In Sec. 2.4 we have desribed how the total NNLO rate can be calculated in a y = (mW /mt)-
expansion using the optical theorem. Two new features appear in the corresponding NNLO
calculation of the helicity rates ΓL,±. First there is a parity violating three-loop contribution
which is projected out by the projector IPµνF . One has to deal with the problem of how to treat
γ5 in the environment of dimensionally regularized loop integrals. We take the prescription
of [53] and replace

γµγ5 →
1

3!
εµαβγγ

αγβγγ . (110)

When using this prescription one needs to add finite three-loop counter terms which are given
in [54].

The second new feature is related to the normalization factors |~q |−1 and |~q |−2 in the three
helicity projectors IPµνL,± which replace the total rate projector IPµνU+L = −gµν + qµqν/m2

W .
In the hard region one can expand in inverse powers of the (large) propagator pole factor
P = (pt + q)2 −m2

t .

|~q |2 = q2
0 −m2

W =

(
ptq

mt

)2

−m2
W . (111)

One expands in the propagator pole factor P = (pt + q)2 − m2
t = 2ptq + q2, i.e. ptq =

1
2P (1 − m2

WP
−1) where one can replace q2 by m2

W since one is cutting through the W -line
anyhow. One then has

1

|~q | 2 =
4m2

t

P 2

∞∑

n=0

(
2m2

WP
2 −m4

W + 4m2
tm

2
W

P 2

)n
,

1

|~q | =
2mt

P

∞∑

n=0

(
2n

n

)(
2m2

WN −m4
W + 4m2

tm
2
W

4P 2

)n
. (112)

Thus, the additional propagator-like structures from the projectors are transformed into a scalar
on-shell propagator with momentum p+q and mass mt raised to arbitrary, integer powers. This
will eventually lead to twelve additional three-loop master integrals next to the master integrals
appearing in the total rate calculation of [19, 20] whose imaginary parts can again be calculated
in closed analytical form using the cutting rules.

In the soft region one cannot perform an expansion of |~q |, since |~q |2 = q2
0 −m2

W and q0 is of
order mW in the soft region. However, in this region the W boson loop factorizes. Therefore,
one only has to replace the usual one-loop vacuum bubble integrals with integrals of the type

∫
ddq

(q2 −m2
W ) (q2

0 −m2
W )n

, (113)

with n = 1/2 and 1. These integrals are not difficult to evaluate.

The validity of the treatment of these two new features has been tested against the known
NLO results up to O((mW /mt)

16) [38]. First results of the NNLO calculation have been
published in [38]. Complete results on the NNLO calculation of the helicity rates will be
published soon [55].
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7 Summary and conclusions

We have discussed some of the properties of the top quark with an emphasis on the SM decay
properties of the top quark. We have defined partial helicity rates into polarized W+-bosons
and have derived the resulting angular decay distribution of W+

pol → l+ν. We have described
the LO calculation of the partial helicity rates using several methods including also the optical
theorem and a mW /mt-expansion as a preparation for the description of the NNLO calculation
of the total rate and the partial helicity rates. We have summarily described the main features
of NLO QCD and electroweak corrections to the total width and the partial helicity rates.

We are looking forward to the LHC era with its expected wealth of data on the top quark
and its decay properties.
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120 HQP08



[23] D. O. Carlson and C. P. Yuan, arXiv:hep-ph/9509208.

[24] M. Martinez and R. Miquel, Eur. Phys. J. C 27 (2003) 49

[25] S. Groote, J. G. Körner and M. M. Tung, Z. Phys. C 70 (1996) 281

[26] S. Groote, J. G. Körner and J. A. Leyva, arXiv:0905.4465 [hep-ph]. [27]

[27] M. E. Peskin and D. V. Schroeder, Reading, USA: Addison-Wesley (1995) 842 p

[28] I. R. Blokland, “Multiloop calculations in perturbative quantum field theory,” Alberta University thesis
2004, UMI-NQ-95909

[29] V. A. Smirnov, Mod. Phys. Lett. A 10 (1995) 1485

[30] V. A. Smirnov, Phys. Lett. B 394 (1997) 205

[31] M. Beneke and V. A. Smirnov, Nucl. Phys. B 522 (1998) 321

[32] F. V. Tkachov, Phys. Lett. B 100 (1981) 65.

[33] K. G. Chetyrkin and F. V. Tkachov, Nucl. Phys. B 192 (1981) 159.

[34] S. Laporta and E. Remiddi, Phys. Lett. B 379 (1996) 283

[35] S. Laporta, Int. J. Mod. Phys. A 15 (2000) 5087

[36] M. Fischer, S. Groote, J. G. Körner and M. C. Mauser, Phys. Rev. D 63 (2001) 031501

[37] A. Czarnecki, Phys. Lett. B 252 (1990) 467.

[38] J. H. Piclum, A. Czarnecki and J. G. Körner, Nucl. Phys. Proc. Suppl. 183 (2008) 48.

[39] A. Frink, J. G. Körner and J. B. Tausk, “Massive two-loop integrals and Higgs physics,” arXiv:hep-
ph/9709490.
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Beauty and charm results from the B factories

Boštjan Golob

Faculty of Mathematics and Physics, University of Ljubljana, Jadranska 19, 1000 Ljubljana,
Slovenia
Jožef Stefan Institute, Jamova 39, 1000 Ljubljana, SLovenia

In two lectures we present recent results from the existing B-factories experiments, Belle
and BaBar. The discussed topics include short phenomenological motivation, experimental
methods and results on B meson oscillations, selected rare B meson decays (leptonic,
b → sγ and b → s`+`−), mixing and CP violation in the system of D0 mesons, and
leptonic decays of Ds mesons.

1 Introduction

The lectures presented in this paper are a part of the B-factories lectures prepared in collabo-
ration with A.J. Bevan (also given in the proceedings of the school). To obtain an approximate
overview of recent results on flavour physics arising from Belle and BaBar both sets of presen-
tations (each composed of two one-hour lectures) should be consulted.

The lectures presented here include - beside the experimental methods and results - some
short phenomenological sketches of motivation and/or interpretation of individual measure-
ments. The author, being an experimentalist, should warn the reader that some examples of
phenomenological interpretation are simplified and that serious theoretical treatment requires
consultation of references given in the text. Examples are thus to be treated with a grain of
salt; to quote the famous poet: ”It is a curious fact that people are never so trivial as when
they take themselves seriously.” (O. Wilde, 1854 - 1900).

A large majority of results presented in the lectures arise from the measurements performed
with the two experiments taking data at the B-factories, e+e− asymmetric colliders running
at the center-of-mass (CM) energy

√
s = mΥ(4S)c

2 1. Υ(4S), a bb̄ bound state with a mass
just above the threshold for Υ(4S)→ BB̄ decay, is a copious source of B meson pairs. Mesons
are produced almost at rest in the CM system, but since the electron beam has an energy
higher than the positron one, they are boosted and decay time dependent measurements of
meson decays are thus possible. The Belle detector [1], operating at the KEKB collider [2]
in Tsukuba, Japan, has so far recorded an integrated luminosity of around 860 fb−1, roughly
corresponding to 950× 106 pairs of B mesons 2. The BaBar detector [3] at the PEP-II collider
in Stanford, USA, has recorded around 550 fb−1 of data.

Beside the production of B meson pairs from the Υ(4S) other processes take place in e+e−

collisions at the given CM energy. For the subject of the lectures the most important is the
continuum production of cc̄ quark pairs, arising in e+e− → γ∗ → cc̄. This is sketched in Fig.

1Here and in the following we adopt a notation where mX represents a nominal mass value of particle X. If
we refer to the reconstructed invariant mass of a system Y we use the notation m(Y ).

2Both, B0B̄0 and B+B− pairs are produced, at approximately the same rate.
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1, where the cross-section for hadron production in electron-positron collisions is plotted as a
function of the CM collision energy. The cross-section for the production of cc̄ pairs is larger

Figure 1: Cross-section for production of hadrons in e+e− collisions as a function of
√
s. The

resonant production of Υ(4S)→ BB̄ is represented as the light shaded area, and the continuum
e+e− → γ∗ → qq̄ as the dark shaded area.

than the one for the B meson production, at the integrated luminosity of KEKB it corresponds
to around 1.1× 109 produced pairs of charmed hadrons.

In the course of the lectures we will mention also some related results from experiments other
than B-factories, specifically the ones from the CDF-II experiment at Tevatron [4], recording
data in pp̄ collisions, and Cleo-c experiment [5] at the e+e− collider CESR, running at the DD̄
meson pair production threshold. All these experiments provide for a truly diverse experimental
environment to study various aspects of heavy flavour physics. ”We all live with the objective
of being happy; our lives are all different and yet the same.” (A. Frank, 1929 - 1945).

2 Lecture I

”Never loose an opportunity of seeing anything beautiful, for beauty is God’s handwriting.”
(R.W. Emerson, 1803-1882)

2.1 B meson oscillations

The mixing of neutral mesons, that is the transition of a neutral meson P 0 into its antiparticle
and vice-versa, appears as a consequence of states of definite flavour (P 0, P̄ 0) being a linear
superposition of the eigenstates of an effective Hamiltonian (states of a simple exponential time
evolution) P1,2:

|P1,2〉 = p|P 0〉 ± q|P̄ 0〉 . (1)

For a thorough derivation of the equations describing the oscillations of mesons the reader is
advised to follow [6].

While the mass eigenstates have a simple time evolution, the time dependent decay rate of
flavour eigenstates depends on the mixing parameters x and y, expressed in terms of the mass

2 HQP08
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and width difference of P1,2 as x = (m1 −m2)/Γ̄ and y = (Γ1−Γ2)/2Γ̄. Γ̄ is the average decay
width of the two mass eigenstates. The decay rate of a state initially produced as a P 0 is

dΓ(P 0 → f)

dt
= e−t

[(
|Af |2 + |q

p
Āf |2

)
cosh yt+

(
|Af |2 − |

q

p
Āf |2

)
cosxt

+2<
(q
p
A∗f Āf

)
sinh yt− 2=

(q
p
A∗f Āf

)
sinxt

]
. (2)

In the above equation t is a dimensionless decay time, defined in terms of a proper decay time
t′ as t = t′Γ̄. The notation Af , Āf is used to represent instantaneous amplitudes for P 0 → f
and P̄ 0 → f decays. It is obvious from Eq. (2) that using the decay time distribution of
experimentally accessible flavour eigenstates one can determine the mixing parameters x and y.
Moreover, the effect of the mixing parameters on dΓ/dt depends on the chosen decay channel
(Af , Āf ). The decay time distribution of an initially produced P̄ 0 is obtained from Eq. (2) by
replacing Af ↔ Āf and q/p→ p/q. The decay time distributions for decays to conjugated final
state f̄ are obtained by a simple f → f̄ transformation. The above decay rates are illustrated
in Fig. 2 for several values of x and y.
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Figure 2: Probability for an initially produced meson P 0 to decay at time t as P 0 (full curve)
or P̄ 0 (dashed curve). Qualitatively the left example roughly corresponds to the case of B0

s

mesons, the middle one to the case of B0 mesons and the right one to the case of D0 mesons.
Note the logarithmic scale on the right plot.

The neutral B meson pairs3 from Υ(4S) decays are produced in a quantum coherent state
with the quantum numbers corresponding to that of the Υ(4S). Before the coherence is dis-
turbed by a decay of one of the mesons, the pair is always in a B0 − B̄0 state. The decay rates
given above are valid only after the first of the two mesons decays. To be used in measurements
of B0 mesons produced from Υ(4S), the decay time t in Eq. (2) should thus be changed to ∆t,
the difference between the decay times of the first and the second neutral B meson (and the
exponential factor should include |∆t| instead of t).

The experimental method of measuring B0 meson oscillation frequency4 x relies on a similar
method as the one used for measuring the CP violation (see lectures by A.J. Bevan). However,
instead of CP specific final states, flavour specific final states of B meson decays are used (like

3We will use notation B0 for B0
d mesons, while for the strange B mesons we will use a strict B0

s notation.
4Strictly speaking experiments in B system measure the mass difference between the two eigenstates, ∆m.

However, since the dimensionless mixing parameter x = ∆m/Γ̄ can be more directly compared for different
meson species, we prefer to use this. Similarly as for the notation of B mesons, we use ∆m and x for the B0

d
mesons and ∆ms and xs for B0

s mesons. In lecture II we will use xD and yD to denote the corresponding mixing
parameters in the D0 system.
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B0 → J/ψK∗0, K∗0 → K+π−), which allow to determine the flavour of the decaying B meson.
The method is sketched in Fig. 3. The measured t distribution deviates from Eq. (2) due
to several reasons: usage of flavour specific final state (Āf = Af̄ = 0), negligible decay width
difference (y � 1), probability of wrong flavour tagging (w) and finite accuracy in determination
of ∆t (resolution function Rsig(∆t)). Taking into account these corrections, the final expected
decay time distributions are

dΓ(B0 → f)

d∆t
= e−|∆t||Af |2

[
1 + (1− 2w) cos(x∆t)

]
⊗Rsig(∆t)

dΓ(B̄0 → f)

d∆t
= e−|∆t||Af |2

[
1− (1− 2w) cos(x∆t)

]
⊗Rsig(∆t) , (3)

where the ⊗ sign denotes a convolution. The resolution function is composed as a convolution
of several Gaussian functions [7]. The average accuracy of ∆t determination is around 1.4 ps
(the lifetime of B0 mesons is 1.53 ps [8]).

=> flavour at    t = 0

determined
B  (B  )0 0

Υ(4S)

∆ t=∆z/βγc

between decays
determine time

Bsig

J/ ψ

K+

π −
µ

µ−

+
B  or  B0 0

Btag

K−
l −

K*0

of typical decay products

fully reconstruct decay
to flavour specific final state

=> flavour at ∆ t

∆

tag flavour of B from charges

Figure 3: Illustration of the method used to measure the B0 oscillation frequency x.

The most precise single measurement of x [9] uses several flavour specific final states to
reconstruct the signal B0 meson decays. Results are presented in Fig. 4 (left) in form of the
asymmetry

dΓ(B0 → f)/d∆t− dΓ(B̄0 → f)/d∆t

dΓ(B0 → f)/d∆t+ dΓ(B̄0 → f)/d∆t
= (1− 2w) cosx∆t⊗Rsig(∆t) . (4)

The average value of existing ∆m measurements [10], expressed in terms of x = ∆m/Γ̄, is
x = 0.776± 0.008.

Calculation of 〈B̄0|Heff |B0〉 matrix element, visualized by the loop diagram of Fig. 4
(right), results in [11]

∆mq = 2
G2
Fm

2
W ηBmBqBBqf

2
Bq

12π2
S0(m2

t/m
2
W )|V ∗tqVtb|2

(
1 +O(

m2
b

m2
t

)
)
. (5)

The equation is written using a subscript q to emphasize that the same relation is also appro-
priate for the system of B0

s mesons. Using the measured value of the oscillation frequency for
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Figure 4: Left: Result of B0 oscillation frequency measurement [9] shown in the form of the
asymmetry (4). Right: Loop diagram describing the B0 → B̄0 transition (top) and the short
distance contribution to D0 → D̄0 (bottom) transition.

B0 mesons one can determine elements of the Cabibbo-Kobayashi-Maskawa (CKM) matrix, if
the QCD parameters ηB , BBq , fBq are known5. Due to their non-perturbative nature these
quantities are difficult to estimate (usualy the lattice QCD calculations, LQCD, are exploited)
and result in a large uncertianty of CKM elements determination. The constraints from the
measured value of ∆m on parameters (ρ̄, η̄) used to parametrize the CKM matrix [12] are
shown in Fig. 5 (left) [13]. Since 2006 the oscillation frequency is measured also in the system
of B0

s mesons, xs = 25.5 ± 0.6 [14]. In the ratio of ∆ms/∆m the QCD uncertainties cancel
to a large extent. The measured ratio ∆ms/∆m is thus much more constraining than ∆m
constraint alone (Fig. 5 (left)), and actually at the moment represents the most constraining
measurement for the ρ̄ among various flavour physics studies.

2.2 Leptonic B meson decays

Measurements of charged B meson leptonic decays are interesting for several reasons: theoreti-
cally they are easier to interpret compared to semileptonic and hadronic decays, within the SM
the measured rates can potentially yield the value of the least known CKM element Vub, and
they are sensitive to possible contributions of processes beyond the SM. A Feynman diagram of
an arbitrary pseudoscalar meson leptonic decay is shown in Fig. 5 (right). The QCD effects are
described by a single parameter fP , the meson decay constant describing the overlap of the two
quarks wave function. The leptonic decays of a pseudoscalar mesons are helicity suppressed,
the expected ratios of decay widths are 1 : 4×10−3 : 10−7 for the τ, µ and e decays, respectively.
Despite the problems due to at least two undetected neutrinos in the final state the decays to
τ leptons are the only decays observed so far.

The method of measurement consist of fully (partially) reconstructing the accompanying
B meson using a large number of hadronic (semileptonic) decay modes. After the particles
assigned to the tagging meson are successfully identified one searches for one or three charged

5Function S0(x) is known.
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The QCD effects are described by the decay constant fP . Beside the SM W+ contribution also
particles not included in the SM (like the charged Higgs boson) may contribute.

tracks originating from the τ decay. Finally the energy in the electromagnetic calorimeter
(EECL) not assigned to the particles used in the previous reconstruction is examined. Signal
decays with only neutrinos left in the final state are expected to peak at EECL ∼ 0. The
EECL distribution of selected events in the measurement by Belle [15] is shown in Fig. 6 (left).
The excess of events above the expectation from MC simulation at low values of EECL is the
signal for the B+ → τ+ντ decays. From the fit to the distribution the branching fraction
Br(B+ → τ+ντ ) = (1.65 ±0.38

0.37 ±0.35
0.37) × 10−4 is obtained, where the main contribution to the

systematic error arises from the uncertainties in the shape of the EECL signal and background
distributions. A similar measurement performed by BaBar [16] yields Br(B+ → τ+ντ ) =
(1.2 ± 0.4 ± 0.4) × 10−4, and the average of all measurements provided by Heavy Flavour
Averaging Group is Br(B+ → τ+ντ ) = (1.51± 0.33)× 10−4 [10].

Calculation of Γ(B+ → τ+ντ ) yields [17]

Γ(B+ → τ+ντ ) =
G2
F

8π
|Vub|2f2

BmBm
2
τ (1− m2

τ

m2
B

)
[
1− m2

B

m2
H

tan2 β
]2

, (6)

where the last factor in brackets is a correction due to a possible contribution of the charged
Higgs boson. The measured value is in agreement with the SM expectation (using LQCD
prediction fB = (216 ± 22) MeV [18], and |Vub| = (3.9 ± 0.5) × 10−3 [17]) and allows to put
constraints on the parameters (mH , tanβ) in the two Higgs doublet models (mH is the charged
Higgs boson mass and tanβ is the ratio of the vacuum expectation values). The constraints
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Figure 6: Left: Distribution of the energy in the electromagnetic calorimeter for selected B+ →
τ+ντ candidate events. The excess of data (points with error bars) above the expectation from
simulation (histogram) is the signal. Right: Excluded region (shaded) in the (mH , tanβ) plane
arising from the measurement of Br(B+ → τ+ντ ) [15].

arising from the Belle measurement are shown in Fig. 6 (right).

2.3 b→ sγ decays

Decays involving the b → sγ transition cannot occur at the tree level in SM. Such a flavor
changing neutral current (FCNC) is only possible as a higher order process and is thus sensitive
to possible contributions of New Physics (NP). Some possible diagrams, within and beyond
the SM, are shown in Fig. 7 (left). At the parton level the photon energy in the CM frame is
approximately half of the b quark mass. Also at the hadron level Eγ is sensitive to mb, which
is important for determination of |Vub| and |Vcb| from semileptonic B decays.

There are both, theoretical and experimental difficulties in the measurements. The former
arise since in all experimental methods there is a lower cut-off applied to Eγ . To determine the
branching fraction, for example, one has to extrapolate the partial rate for Eγ > Ecut to the full
energy region using models, which introduces theoretical uncertainties. On the experimental
side the efforts are being made to lower the cut-off, but this makes problems due to the huge
backgrounds even more severe (see Fig. 7 (right)). The name of the game is thus to suppress
the backgrounds to an acceptable level; ”Your background and environment is with you for life.
No question about that.” (S. Connery, 1930). Methods of reconstruction may be divided into
inclusive, semi-inclusive and exclusive ones. In an inclusive measurement only the photon is
reconstructed. From the totalEγ distribution of events recorded at the Υ(4S) peak an analogous
distribution of events, recorded 60 MeV below the peak is subtracted. The latter represents
only the photons arising from e+e− → qq̄ (continuum) events, and if the distribution is scaled
according to the integrated luminosity of both samples, the remainder after the subtraction
represents the energy distribution of photons from B meson decays. A search is made for
photon pairs consistent with π0 or η decays and such γ’s are removed from the selected sample.
The remaining background is estimated using simulated samples but normalized using data
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Figure 7: Left: SM (top) and some NP (middle and bottom) contributions to the b → sγ
process. Right: Simulated photon energy distributions from various processes. The smallest
shaded region is the contribution of b→ sγ (note the logarithmic scale).

control samples.

Result of such an inclusive method is shown in Fig. 8 (left) [19]. Eγ distribution peaks at
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c.m.sE

1.5 2 2.5 3 3.5 4

P
ho

to
ns

 / 
50

 M
eV

-4000

-2000

0

2000

4000

6000

Figure 8: Left: Raw CM system photon energy distribution for inclusively reconstructed b→ sγ
decays [19]. Right: Differential branching fraction of B → Xsγ as a function of Eγ obtained in
semi-inclusive measurement [20].

around half of the b quark mass and is consistent with zero above the kinematic limit for B →
Kγ decays, confirming the correctness of the subtraction procedure. To determine the branching
fraction and the correct shape of the energy distribution one has to apply a deconvolution
method to the raw spectrum, correct it for the efficiency of reconstruction, subtract a simulated
contribution of b→ dγ decays (∼4%) and make the transformation to the B meson rest frame.
The partial branching fraction in the interval Eγ > 1.7 GeV is found to be Br(b → sγ) =
(3.31 ± 0.19± 0.37± 0.01) × 10−4. The last uncertainty is due to the boost from the CM to
the B meson frame, and the largest systematic uncertainty arises from the normalization of
backgrounds other than π0 and η.
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As an example of a semi-inclusive measurement we present the analysis of B → Xsγ by
BaBar collaboration [20], where Xs represent a sum of various decay modes with K±, KS, π

±

and η mesons in the final state. The photon energy is in this method calculated from the
invariant mass of the hadronic system m(Xs) which results in a better resolution compared to
the measured photon energy in the electromagnetic calorimeter. The background is suppressed
using neural network for the rejection of continuum events and vetoes for γ’s from π0 and η
mesons. To calculate the branching fraction for B → Xsγ the number of observed events must
be corrected for the fraction of decays not taken into account in the reconstruction (25% at low
m(Xs) due a to non-inclusion of KL, and higher at higher masses). The resulting differential
branching fraction for Eγ > 1.9 GeV is shown in Fig. 8 (right). The integral rate in the
Eγ > 1.9 GeV interval is found to be Br(b→ sγ) = (3.27± 0.18±0.55

0.40±0.04
0.12)× 10−4, where the

last error is due to the QCD parameters affecting the efficiency.
The measured branching fractions impose limits on possible contribution of charged Higgs

boson. The world average of inclusive branching fraction is Br(b → sγ) = (3.52 ± 0.23 ±
0.09)× 10−4 [10]. The 95% C.L. limit following from [21] is mH > 300 GeV for any value of
tanβ. In all measurements also the first and the second moment of the photon energy spectra
are determined. These can be expressed with the same QCD parameters entering also the
determination of |Vub| and |Vcb| in inclusive semileptonic B decays. Details of a simultaneous
fit performed to photon energy spectrum in b→ sγ and lepton momentum and hadronic mass
spectra in semileptonic decays to determine the elements of CKM matrix is described in [10].

2.4 b→ s`+`− decays

Decays involving the b → s`+`− parton process are another example of a FCNC transition.
From that point of view they are interesting for the same reasons as the b→ sγ decays. Again,
the inclusive decays are theoretically easier to interpret than the exclusive ones. Nevertheless,
a lot of work has been done in identifying the observables in exclusive decays, especially B →
K∗`+`−, for which the theoretical uncertainties are small [22]. Feynman diagrams contributing
to b → s`+`− are shown in Fig. 9 (left). The differential decay rate dΓ/dq2, where q2 is the

W
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Figure 9: Left: SM Feynman diagrams for b → s`+`−. Right: Energy substituted B meson
mass for reconstructed B → K∗`+`− decays. The distribution is shown for a part of the full
sample with low q2 [24].

invariant mass of the lepton pair, can be described in terms of effective Wilson coefficients
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Ceff
7 , Ceff

9 and Ceff
10 , which include the perturbative part of the process and thus dependence on

heavy masses of SM particles mW , mt, as well as on possible NP masses mNP. The absolute
value of the coefficient Ceff

7 can be constrained from the measured rate of b→ sγ process, while
in b→ s`+`− additional information (on sign of Ceff

7 , as well as Ceff
9 , Ceff

10 ) can be obtained due
to the interference of the two amplitudes shown in Fig. 9 (left). NP could change the values
of the Wilson coefficients as well as add new operators causing the transition. In exclusive
B → K∗`+`− decays the theoretical description includes beside the Wilson coefficients also the
non-perturbative part expressed by the form factors which are predicted with an accuracy of
around 30% [23]. This uncertainty is significantly reduced in some observables arising from
the study of angular distributions, like the lepton forward-backward asymmetry (AFB) and the
fraction of longitudinally polarized K∗’s (FL).

BaBar performed a study of B → K∗`+`− decays in [24]. The reconstruction proceeds
through identification of a lepton pair (µ+µ− or e+e−) with invariant mass not in the range
of charmonium states J/ψ or ψ(2S). The K∗ can be either charged or neutral, reconstructed
through Kπ, Kπ0 and KSπ final states. The signal can be seen in the energy substituted
B meson mass, MES = (ECM/2)2 − (

∑
i ~pi)

2, where ~pi and ECM are the B decay products
momenta and e+e− collision energy, respectively, calculated in the CM frame (Fig. 9 (right)).
The background is composed of combinatorial one (described by reconstructing events with
µ±e∓ lepton pairs), hadrons misidentified as muons (in µ±µ∓ channel) and peaking background
from B → Dπ decays where the charmed meson decays to K∗π (vetoed by requiring the
invariant mass of K∗π not to be consistent with a D meson).

For the reconstructed events the distribution of the kaon helicity angle in the rest frame of
K∗ is investigated to obtain the fraction of longitudinally polarized K∗’s (FL). FL value is then
used as an input to the fit to the distribution of the angle between the lepton and K∗ in the `+`−

rest frame. This angle follows a 1 + 3FL + (1− FL) cos2 θ` + (8/3)AFB cos θ` distribution. The
AFB is the lepton forward-backward asymmetry which can be predicted in terms of the Wilson
coefficients. In Fig. 10 (left) measured AFB is shown as a function of q2 for the measurement
by BaBar as well as the most recent measurement by Belle collaboration [25]. The measured
values are compared to the SM prediction and the expectation for the Wilson coefficient Ceff

7

of reversed sign. In general the measurements seems to be shifted to larger asymmetry values
than predicted.

Similarly as for the b → sγ decays, also for b → s`+`− semi-inclusive measurements have
been performed by summing up various hadronic decay modes of the strange quark system (KS

or K± with 0 to 4 pions) accounting for around 70% of the total decay rate. The average of
the branching fraction measurements is Br(B → Xs`

+`−) = (4.50±1.03
1.01)× 10−6 [10].

Various measurements of FCNC can be combined to put constraints on possible NP contri-
bution to Wilson coefficients. Within a Minimal Flavour Violation scenario these constraints
are presented in Fig. 10 (right) [26]. Measurements of Br(B → Xsγ), Br(B → Xs`

+`−),
Br(K → πνν) and Br(Bs → µµ) are used as the input. The combination of measurements
is consistent with the SM (δCi = 0) although there are large areas corresponding to non-SM
contributions possible.

3 Lecture II

”Charm is...a way of getting the answer yes without having to ask any clear question.” (A.
Camus, 1913-1960)
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Figure 10: Left: Measured AFB as a function of q2 in B → K∗`+`− decays. The data points
marked with triangles (dashed-dotted error bars) are from [24] and circular data points (full
error bars) from [25]. The shaded regions represent q2 intervals not included in the measurement
(J/ψ, ψ(2S) regions). Full line represents the SM prediction and the dashed curve prediction

with Ceff
7 = −CSM, eff

7 . Right: Constraints on NP contributions to Wilson coefficients arising
from measurements of various FCNC processes [26]. The SM corresponds to δCi = 0. Light
shaded areas represent the 68% C.L. and dark shaded the 95% C.L. region.

3.1 D meson oscillations

The second lecture is devoted to results in physics of charmed hadrons from B-factories. Charm
physics in recent years gained in interest of both, experimental and theoretical physicists, mainly
due to new interesting results from Belle and BaBar. Both experiments are not only factories of
B mesons but also of charmed hadrons (see Section 1 and Fig. 1). Contemporary charm physics
has a twofold impact: as a ground of theory predictions tests, mainly tests of LQCD, and as
a self-standing field of SM measurements and NP searches. An example of the first kind are
the measurements of charmed meson decay constants, to be compared to LQCD calculations,
to verify those and thus enable a more reliable estimates of the CKM matrix elements from
the measurements in the B meson sector. The outstanding examples of the second group
of measurements are recent observations of D0 mixing and searches for the CP violation in
processes involving charmed hadrons.

Neutral D mesons are the only neutral meson system composed of up-like quarks. Hence
a different contribution of virtual new particles than in the mixing of other neutral mesons is
possible in the loops of diagrams describing the D0 ↔ D̄0 transition (Fig. 4 (right)). However,
the short distance contribution to the mixing rate, illustrated by the box diagram, is extremely
small. The reason is the effective GIM suppression; calculation of the amplitude for this transi-
tion reveals [27] that it is proportional to V ∗csV

∗
cdVudVus(m

2
s −m2

d)/m
2
c . Hence the amplitude is

doubly Cabibbo suppressed, and furthermore arises only as a consequence of SU(3) flavour sym-
metry breaking. The resulting oscillation frequency defined in Sect. 2.1 is |xD | = O(10−5). This
unobservable effect is hindered by long distance contribution to the transition amplitude, for ex-
ample from states accessible to both, D0 and D̄0 (e.g. D0 → K+K− → D̄0). This contribution
is difficult to estimate. Current calculations [28] within the SM predict |xD |, |yD| . O(10−2).
The result illustrates the order of magnitude of the mixing parameters to be expected in the D0

system (compare to measured values of x, xs given in Sect. 2.1) as well as the large theoretical
uncertainty of the predictions.

The time evolution of an initially produced D0 meson follows Eq. (2) with the simplification
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due to |xD |, |yD| � 1:

dΓ(D0 → f)

dt
= e−t|Af +

q

p

ixD + yD
2

Af̄ |2 +O(x3
D , y

3
D) . (7)

The time integrated rate for an initially produced D0 meson to decay as a D̄0, RM = (x2
D +

y2
D)/2 ∼ 10−4, is small and represents the reason for a 31 years time span between the discovery

of D0 mesons and the experimental observation of the D0 mixing. According to the famous
writer, ”The duration of passion is proportionate with the original resistance of the woman.”
(H. de Balzac, 1799 - 1850), this was a further motivation to perform such a measurement.

There are several methods and selection criteria common to various measurements of D0

mixing. Tagging of the flavour of an initially produced D0 meson is achieved by reconstruction
of decays D∗+ → D0π+

s or D∗− → D̄0π−s . The charge of the characteristic low momentum pion
πs determines the tag. The energy released in the D∗ decay, q = m(D∗)−m(D0)−mπ , has
a narrow peak for the signal events and thus helps in rejecting the combinatorial background.
D0 mesons produced in B decays have a different decay length distribution and kinematic
properties than the mesons produced in fragmentation. In order to obtain a sample of neutral
mesons with uniform properties one selects D∗ mesons with momentum above the kinematic
limit for the B meson decays. The decay time is obtained from the reconstructed momentum
and decay length of D0 meson, and the latter is obtained from a common vertex of D0 decay
products and an intersection point of D0 momentum vector and the e+e− interaction region.

Methods of measuring the mixing parameters as well as sensitivities depend on specific
final states chosen. The first to be described are decays to CP eigenstate fCP . In the limit
of negligible CP symmetry violation (CPV , described in Section 3.2) the mass eigenstates
D1,2 coincide with the CP eigenstates (in case of no CPV q/p = 1, see Eq. (1)). In decays
D0 → fCP only the mass eigenstate component of D0 with the CP eigenvalue equal to the one
of fCP contributes. By measuring the lifetime of D0 in decays to fCP one thus determines the
corresponding 1/Γ1 or 1/Γ2. On the other hand, flavour specific final states like K−π+ have a
mixed CP symmetry. The measured value of the effective lifetime in these decays corresponds
to a mixture of 1/Γ1 and 1/Γ2. The relation between the two lifetimes can be written as [29]

τ(fCP ) =
τ(D0)

1 + ηfyCP
, (8)

where τ(fCP ) and τ(D0) are the lifetimes measured in D0 → fCP and D0 → K−π+, respec-
tively. ηf = ±1 denotes the CP eigenvalue of fCP . The relative difference of the lifetimes
is described by the parameter yCP . Expressed in terms of the mixing parameters, yCP reads
[29] yCP = yD cosφ− (1/2)AMxD sinφ, with AM and φ describing the CPV in mixing and in
interference between mixing and decays, respectively. In case of no CPV , AM = φ = 0 and
yCP = yD.

The measurement of yCP by Belle [30] represents the first evidence of D0 mixing 6. Number
of reconstructed decays to CP -even states K+K− and π+π− were 110×103 and 50×103, with
purities of 98% and 92%, respectively. A simultaneous fit to the decay time distributions of
KK, ππ and Kπ decays was performed with yCP as a common free parameter. In order to
perform a precision measurement of lifetime in each of the decay modes a special care should

6Published simultaneously with the measurement of D0 → K+π− decays by BaBar [31] which also gives
evidence of the mixing.
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be devoted to a proper description of t resolution function in various data-taking periods (for
details the reader is referred to the original publication). The t distributions and the result
of the fit are presented in Fig. 11. The quality of the fit (χ2/n.d.f. = 313/289) confirms an
accurate description of the resolution effects. The measured value of yCP is (1.31±0.32±0.25)%
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Figure 11: Decay time distributions of D0 → h+h− (h = K, π) [30]. Hatched histogram is
the contribution of background obtained from m(h+h−) sidebands. Full line is the result of a
simultaneous fit to all three distributions with yCP as a common free parameter.

and the largest contribution to the systematic uncertainty arises due to a possible small detector
induced bias in the decay time determination. yCP deviates from the null value by more than
three standard deviations including the systematic uncertainty. This evidence is confirmed by
a similar measurement performed by the BaBar collaboration [32], finding yCP = (1.24±0.30±
0.13)%.

Another possibility to look for the effect of mixing represent decays of initially produced
D0’s to a wrong-sign final state K+π−. While the more abundant D0 decays lead to the
K−π+ charge combination, the wrong-sign combination can be reached through doubly Cabibbo
suppressed (DCS) decays or through a D0 → D̄0 mixing followed by a Cabibbo favored (CF)
D̄0 decay. In order to separate the mixing contribution from the DCS decays an analysis of the
decay time distribution must be performed. The t-dependent decay rate, dΓ(D0 → K+π−) ∝
[RD +

√
RDy

′
Dt + (1/4)(x′2D + y′2D)t2]e−t, consists of three terms corresponding to DCS term

(RD), mixing term (x′2D + y′2D) and the interference between the two. Additional complication
in the interpretation of the result arises since the decay rate depends on parameters x′ and y′

which are the mixing parameters rotated by a strong phase difference between the amplitudes
of CF and DCS decays. In [31] BaBar collaboration fitted the t distribution of around 4000
reconstructed wrong-sign decays. Result of the fit is presented in Fig. 12 (left) in terms of the
allowed region in (x′2, y′) plane. While the central value is in the physically forbidden region
(x′2 < 0) the no-mixing point ((x′2, y′) = (0, 0)) is excluded by a confidence level corresponding
to 3.9 standard deviations. Numerically they find x′2 = (−0.22 ± 0.33 ± 0.21) × 10−3 and
y′ = (0.97± 0.44± 0.31)%.

The method which allows for a direct determination of both mixing parameters, xD and
yD, is the study of decays into self conjugated multi-body final states. Several intermediate
resonances can contribute to such a final state. In the recent measurement by Belle [33] the
KSπ

+π− final state was analyzed, where contributions from CF decays (e.g. D0 → K∗−π+),
DCS decays (e.g. D0 → K∗+π−) and decays to CP eigenstates (e.g. D0 → ρ0KS) are present.
Individual contributions can be identified by analyzing the Dalitz distribution of the decay.
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Due to the interference among different types of decays it is possible to determine their relative
phases (unlike in D0 → K+π− decays where the relative phase between DCS and CF decays
cannot be determined). And most importantly, since these types of intermediate states also
exhibit a specific time evolution one can determine directly the mixing parameters xD and yD
by studying the time evolution of the Dalitz distribution. The signal p.d.f. for a simultaneous
fit to the Dalitz and decay-time distribution is

|〈KSπ
+π−|D0(t)〉|2 = |1

2
A(m2

−,m
2
+)
[
e−iλ1t + e−iλ2t

]
+

1

2
A(m2

−,m
2
+)
[
e−iλ1t − e−iλ2t

]
|2 , (9)

composed of an instantaneous amplitude for D0 decay, A(m2
−,m

2
+), and an amplitude for

the D̄0 decay, Ā(m2
−,m

2
+), arising due to a possibility of mixing. They both depend on the

Dalitz variables m2
− = m2(KSπ

−) and m2
+ = m2(KSπ

+). The dependence on the mixing
parameters is hidden in λ1,2 = m1,2 − iΓ1,2/2. If CPV is neglected the amplitude for D̄0

tagged decays is |〈KSπ
+π−|D̄0(t)〉|2(m2

+,m
2
−, t) = |〈KSπ

+π−|D0(t)〉|2(m2
−,m

2
+, t). As in the

case of B0 oscillation measurements the p.d.f. of Eq. (9) must be corrected to include the finite
resolution on the decay time.

Based on ∼ 500 × 103 reconstructed decays with a purity of 95% Belle obtained a good
description of the Dalitz distribution using 18 different resonant intermediate states and a non-
resonant contribution. A simultaneous fit to m2

−, m
2
+ and t yielded mixing parameters xD =

(0.80 ± 0.29±0.13
0.16)%, yD = (0.33 ± 0.24±0.10

0.14)%. This represents by far the most constraining
determination of xD up to date. Contour of allowed (xD , yD) values at 95% C.L. is shown in
Fig. 12 (right).

3.2 CP violation in the system of neutral D mesons

A general, easy to reach expectation is that possible CPV in processes involving charmed
hadrons must be small within the SM. This arises due to the fact that such processes involve the

14 HQP08

B. GOLOB

136 HQP08



first two generations of quarks for which the elements of the CKM matrix are almost completely
real. Typical CKM factor entering both the short distance box diagram as well as the decays to
real states accessible to both, D0 and D̄0, is V ∗csVus. Using CKM matrix unitarity this can be
expressed as −V ∗cdVud[1+(V ∗cbVub)/(V

∗
cdVud)]. Considering the small absolute value of the second

term one can see that arg(V ∗csVus) ≈ =((V ∗cbVub)/(V
∗
cdVud)) ∼ 7×10−4. This is the typical value

of the weak phase in charmed hadron processes which determines the size of the CPV effects
in the SM. For example, CPV asymmetries like AΓ discussed below, are typically of the order
of xD sinφ, where φ is the weak phase considered, and hence AΓ ∼ O(10−5). Deviation of
|q/p| value from unity, which also represents the CP violation, is roughly expected to be of the
order of sinφ ∼ 10−3. These values are all below the current experimental sensitivity and any
positive experimental signature would be a clear sign of some contribution beyond the SM.

All three distinct types of CP violation, CPV in decays, in mixing and in the interference
between decays with and without mixing (see lectures by A.J. Bevan) can in principle be present
in the D0 system. They are parameterized by AD, AM and φ according to

Af
Āf̄

= 1 +
AD
2

; (AD 6= 0, CPV in decay)

|q
p
| = 1 +

AM
2

; (AM 6= 0, CPV in mixing)

q

p

Āf
Af

= − (1 +AM/2)
√
RD

1 +AD/2
ei(φ−δf ); (φ 6= 0, CPV in interference) . (10)

In the above equations
√
RD is the ratio of amplitude magnitudes |Āf/Af | and δf is the strong

phase difference between the two.
In all mentioned mixing parameter measurements also a search for possible CPV has been

performed 7.
In decays to CP eigenstates (D0 → KK, ππ) one measures lifetimes separately for D0 and

D̄0 tagged events. A measurable asymmetry

AΓ =
τ(D̄0 → fCP )− τ(D0 → fCP )

τ(D̄0 → fCP ) + τ(D0 → fCP )
(11)

is related to the mixing and CPV parameters as [29] AΓ = (1/2)AMyD cosφ − xD sinφ and
equals zero in the case of no CPV . The measured values by Belle [30] and Babar [32] are
AΓ = (0.01 ± 0.30 ± 0.15)% and AΓ = (0.26 ± 0.36± 0.08)%, respectively. Hence there is no
sign of the CP violation at the sensitivity level of around 0.3%.

In D0 → K+π− decays the decay time distribution is also fitted separately for D0 mesons
and their anti-particles. There are six observables, x′±, y′±, R±D, where the ± superscripts
denote the observables for D0 and D̄0 subsamples. They are related to the parameters of Eq.
(10) by AD = (R+

D−R−D)/(R+
D+R−D), R±M = (x′±2+y′±2)/2 and AM = (R+

M−R−M )/(R+
M+R−M ).

From such fits the results of the search for CPV in mixing and in decay are AM = 0.1 ±
2.9, AD = (−2.1±5.4)% [31] or AM = 0.67±1.2, AD = (−2.3±4.7)% [36] (errors here include
statistical and systematic uncertainties). There is no hint of a direct CPV at the level of 5%.

In the t-dependent analysis of D0 → KSππ Dalitz distribution the possibility of CPV is
included by additional two free parameters in the fit, AM and φ. Also the direct CPV can

7Note that both, mixing and CPV searches can also be performed using the time-integrated quantities,
for example the rate of wrong-sign semileptonic decays D0 → D̄0 → `−K+ν [34] or the CP asymmetry
(Γ(D0 → f)− Γ(D̄0 → f̄))/(Γ(D0 → f) + Γ(D̄0 → f̄)) [35].
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be checked by allowing the contributions of various intermediate states to be different for D0

and D̄0 Dalitz distributions. The latter was not observed within the statistical uncertainties.
Parameters of CPV in mixing and interference are found to be AM = −0.26± 0.60± 0.20 and
φ = (−0.24± 0.31± 0.09) rad. The contours of (xD , yD) arising from the fit allowing for the
CPV are presented in Fig. 12 (right).

3.3 Average of D0 mixing parameters

To make conclusions arising from a variety of results on D0 mixing and CPV searches the
Heavy Flavour Averaging Group performs an average of various measurements including cor-
relations among the measured variables [10]. An illustration of (xD , yD) constraints imposed
by individual measurements is shown in Fig. 13 (left). World average of mixing and CPV
parameters for the D0 system is presented in Tab. 1. The results are presented graphically
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Figure 13: Left: Illustration of constraints on (xD , yD) values arising from various measure-
ments. Middle: Probability contours for (xD , yD) corresponding to 1-5 σ C.L. from the average
of measurements [10]. Right: Probability contours for CPV parameters (|q/p|, φ) corresponding
to 1-5 σ C.L. from the average of measurements [10].

Parameter Value Parameter Value
xD (1.00±0.24

0.26)% AD (−2.1± 2.4)%
yD (0.76±0.17

0.18)% |q/p| 0.86±0.17
0.15

RD (0.336± 0.009)% φ −8.8◦±7.6◦
7.2◦

Table 1: Average of D0 mixing (left) and CPV (right) parameters [10].

in Figs. 13 (middle) and 13 (right) as contours in (xD , yD) and (|q/p|, φ) planes. The mixing
phenomena in the neutral D meson system is firmly established, with the mixing parameters xD
and yD of the order of 1%. The oscillation frequency can be compared to the values for other
neutral meson systems, x ≈ 0.8 (B0), xK ≈ 1 (K0) and xs ≈ 25 (B0

s ). Since both parameters,
xD and yD, appear to be positive, it seems that the CP -even state of neutral charmed mesons
is shorter-lived (like in the K0 system) and also heavier (unlike in the K0 system). At the
moment there is no sign of CPV in the D0 system, at the level of one standard deviation of
the world average results.
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Results in the D0 mixing impose some stringent constraints on the parameters of various
NP models [37]. As an example we quote the R-parity violating Supersymmetry models, where
an enhancement of xD could arise from an exchange of down-like squarks or sleptons in the
loop of the box diagram. The exclusion region of possible values of the squark mass and
R-parity violating coupling constants for various upper limits on xD is presented in Fig. 14
(left). Planned Super B-factory, which would accumulate data corresponding to an integrated

X
+ e −

D sD*

K π π γ
sD

µ ν

Kprim π
γ

tag signal

e

Figure 14: Left: Constraints on the values of squark mass and R-parity violating coupling
constants arising from xD < 1% (hatched region is excluded). Dashed lines represent boundaries
of the exclusion region for xD < 1.5%, 0.8%, 0.5% and 0.3% [37]. Right: Sketch of a method
to measure Br(D+

s → µ+ν) [38]. Full lines represent particles detected in the detector or
exclusively reconstructed, and dashed lines particles reconstructed in the recoil (from the known
momenta of incident beams and detected particles).

luminosity of 50 ab−1 (compared to the current 0.8 ab−1 at KEKB), would of course yield
results on D0 mixing and CPV of much better precision. The extrapolated accuracies are
σ(xD) ∼ 0.1%, σ(yD) ∼ 0.06%, σ(|q/p|) ∼ 0.05 and σ(φ) ∼ 3◦. This would allow to severely
constrain relations among parameters of various NP parameters and to search for possible CPV
phenomena in the region where a large number of these models predict an observable effect.
However, one should not forget the words ”Prediction is very difficult, especially of the future.”
(N. Bohr, 1885 - 1962).

3.4 Ds leptonic decays

Charmed mesons leptonic decays are analogous to the leptonic decays of B mesons (Sect. 2.2).
By measuring the rate of such decays one would hope to determine the decay constant of the
corresponding meson, see Eq. (6), and by that test the predictions of LQCD. Both Belle and
BaBar performed measurements of Br(D+

s → µ+ν). Cleo-c collaboration measured decays
D+
s → τν as well.

In [38] Belle measured the absolute branching fraction of D+
s → µ+ν using a method illus-

trated in Fig. 14 (right). Events of the type e+e− → D∗sD
±,0K±,0X are used, where X can be

any number of additional pions from fragmentation, and up to one photon. An event is divided
into a tag side, where a full reconstruction of D and a primary K meson is performed, and a
signal side where the decay chain D∗+s → D+

s γ, D+
s → µ+νµ is searched for. Tag side charged

and neutral D mesons are reconstructed in D → Knπ decays. For all possible combinations
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of particles in X , the signal side D∗+s meson is identified by reconstruction of the recoil mass
mrec(DKX), using the known beam momentum and four-momentum conservation. The recoil
mass mrec(Y ) is calculated as the magnitude of the four-momentum pbeams − pY . The next
step in the event reconstruction is a search for a photon for which the recoil mass mrec(DKXγ)
is consistent with the nominal mass of D+

s . The sample of D+
s mesons reconstructed using

this procedure represent an inclusive sample of decays, among which the leptonic decays are
searched for. If an identified muon is found among the tracks so far not used in the reconstruc-
tion, the square of the recoil mass m2

rec(DKXγµ) is calculated. For signal decays this mass
corresponds to the mass of the final state neutrino and hence peaks at zero.

Final distribution of m2
rec(DKXγµ) is shown in Fig. 15 (left) where a clear signal of leptonic

decays can be seen. Majority of background can be described using reconstructed D+
s → e+ν

decays where due to the helicity suppression no signal is expected. Number of reconstructed
signal decays is found to be N(D+

s → µ+ν) = 169 ± 16 ± 8. Comparing to the number of
inclusively reconstructed D+

s decays and correcting for the efficiency of muon reconstruction
one obtains the branching fraction Br(D+

s → µ+ν) = (6.44± 0.76± 0.56)× 10−3. The largest
contribution to the systematic uncertainty arises from a limited number of simulated decays
used to describe the shape of the signal distribution. Using Eq. (6) (without the factor arising
from the charged Higgs contribution) and the value of |Vcs| as determined in a global fit to the
CKM elements applying the unitarity of the matrix [8], one determines the value of Ds meson
decay constant, fDs = (275± 16± 12) MeV.

BaBar [39] used a somewhat different approach by measuring the yield of D+
s → µ+ν

relative to the D+
s → φπ decays. The branching fraction determined in this way is a relative

measurement normalized to the Br(D+
s → φπ). While this method enables a larger statistics

of the reconstructed sample it suffers from a hard-to-estimate systematic uncertainty in the
normalization mode (φπ state is actually an intermediate state of the K+K−π+ final state
and can be influenced by the interference among various intermediate states). The neutrino
momentum is determined from the missing momentum in an event. The resolution is improved
by constraining the ν and the reconstructed muon momentum to yield the nominal mass of Ds

meson. Fig. 15 (right) shows the distribution of the reconstructed mass difference between the
D∗s and Ds meson, where the signal of leptonic decays consist of 489± 55 events (the error is
statistical only). Calculation of the decay constant yields a value of fDs = (283 ± 17 ± 7 ±
14) MeV, where the last error is due to the uncertainty of Br(D+

s → φπ).

How do the measured values compare to the LQCD calculations? The average of absolute
measurements (beside the described Belle measurement these include measurements by Cleo-c
collaboration in muon and tau decay modes [41]) is fDs = (274 ± 10) MeV [17]. The recent
LQCD result exhibits a huge improvement in the accuracy compared to previous determinations
of the Ds meson decay constant: fDs = (241± 3) MeV [40]. The discrepancy between the two
values is more than 3 standard deviations. While the fact that for the D+ decay constant
experimental results confirm the calculation (albeit within larger errors) may point to some
intervention of NP [42] one should probably wait for a) confirmation of the LQCD estimate
(and especially its uncertainty) and b) more accurate experimental measurements before making
any conclusion 8.

8For D+ decays the H± contribution is proportional to (m2
D/m

2
H )(md/mc) tan2 β while for D+

s decays it is
proportional to (m2

Ds
/m2

H )(ms/mc) tan2 β [43]. See also Eq. (6), where for B+ decays, due to mb � mu, the

correction is simply (m2
B/m

2
H) tan2 β.
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Figure 15: Left: Distribution of m2
rec(DKXγµ) for D+

s → µ+ν candidate events [38]. The peak
at zero corresponds to the signal decays. Right: m(D∗s) −m(Ds) distribution for D+

s → µ+ν
candidate events [39]. Signal peaks at the nominal mass difference.

4 Summary

Although in the lectures we were able to present only a small fraction of exciting physics results
that arose from the B-factories over almost a decade of operation, we hope the selected examples
demonstrate the following:

• B-factories have successfully performed precision measurements in identification of SM
processes and determination of SM parameters, as well as a complement to direct NP
searches that are soon to be started at the LHC;

• experimental tests in general confirm predictions of the SM, although several hints of
discrepancies at the level of 3 standard deviations exist;

• B-factories have outreached their program as foreseen at the startup.

Specifically related to the presented measurements one should note

• B oscillations in conjunction with a breakthrough in Bs oscillations confirm the SM to a
high accuracy;

• leptonic and radiative B meson decays constrain possible contribution of NP but large
room for improvement remains for the Super B-factory;

• important results in charm physics complement the results in the B meson sector;

• measurements of D0 mixing and search for the CPV represent another achieved milestone
in particle physics, more precise measurements and theoretical predictions are needed;

• Ds leptonic decays may test predictions of LQCD once the results are confirmed.
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the result of a splendid work of the Belle and BaBar collaboration members and of the superb
performance of the KEKB and PEP-II accelerators.

The credit for the quotes used goes to:
Oscar Wilde, Irish playwright, poet, 1854-1900.
Anne Frank, Jewish girl, author of the famous diary, 1929-1945.
Ralph Waldo Emerson, American Poet and Essayist, 1803-1882.
Sir Sean Connery, Scottish actor and producer, 1930.
Albert Camus, Algerian-born French writer, 1913-1960.
Honore de Balzac, French novelist and playwright, 1799-1850.
Niels Bohr, Danish physicist, 1885-1962.
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Results from the B factories

Adrian Bevan1
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These proceedings are based on lectures given at the Helmholtz International Summer
School Heavy Quark Physics at the Bogoliubov Laboratory of Theoretical Physics, Dubna,
Russia, during August 2008. I review the current status of CP violation in B meson decays
from the B factories. These results can be used, along with measurements of the sides of
the Unitarity Triangle, to test the CKM mechanism. In addition I discuss experimental
studies of B decays to final states with ‘spin-one’ particles.

1 Introduction

In 1964 Christenson at al. discovered CP violation in weak decay [1]. Shortly afterward
Sakharov noted that CP violation was a crucial ingredient to understanding how our mat-
ter dominated universe came into existence [2]. It was not until 1972 when Kobayashi and
Maskawa extended Cabibbo’s work on quark mixing to three generations that CP violation
was introduced into the theory of weak interactions [3, 4]. The resulting three generation quark
mixing matrix is called the CKM matrix and this has a single CP violating phase. Once the
magnitude of the elements of this matrix have been measured, and the CP violating phase was
parameterized by measurement of CP violation in kaon decays, the CKM matrix could be used
to predict CP violating effects in other processes. The CKM matrix is

VCKM =




Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb


 ,

and it describes the couplings of the u, c and t quarks to d, s, and b quarks, through transitions
mediated by the exchange of a W boson. In 1981 Bigi and Sanda noted that there could be
large CP violating effects in a number of B meson decays, and in particular in the decay of
B0 → J/ψK0

S [5]1. At first it was not obvious how to experimentally test these ideas, that
is until Oddone realized that the effects could be observed using data from collisions at an
asymmetric e+e− collider [6]. Two asymmetric energy e+e− colliders called B factories were
built to probe CP violation in B meson decays, and in doing so, to test the theory behind the
CKM matrix. Recently Kobayashi and Maskawa have been awarded the 2008 Nobel Prize for
Physics2 for their contribution to the CKM mechanism.

The remainder of these proceedings describe the accelerators and detectors calledB factories,
tests of the CKM theory through studies of the unitarity triangle via CP violation and CKM
matrix element measurements, tests of CPT , and studies of B mesons decay to final states with

1Charge conjugation is implied throughout these proceedings.
2The 2008 prize was awarded to Nambu, Kobayashi and Maskawa for work on broken symmetries. See

http://nobelprize.org/nobel prizes/physics/laureates/2008/.
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two spin-one particles. In these proceedings I summarise one half of the lectures on experimental
results from the B factories, and the contribution from Bostjan Golob covers the second half.

2 The B factories

The need to test CKM theory in B decays led to at least 21 different concepts for B factories to
be proposed [7]. Of these only two were built: The BABAR experiment [8] and PEP-II accelera-
tor [9] at the Stanford Linear Accelerator Center in the USA and the Belle experiment [10] and
KEKB accelerator [11] at KEK in Japan. The B factories are similar in design and operation
and started to collect data in 1999, quickly exceeding their original design goals by a large
factor. Table 1 shows the integrated luminosity recorded at BABAR and Belle at various centre
of mass energies

√
s. BABAR finished collecting data in 2008 having recorded 433fb−1 of data

(465 ×106 BB pairs), and at the time of writing these proceedings Belle was still taking data
having recorded 1171fb−1 of data (1257 ×106 BB pairs). These proceedings discuss experimen-
tal measurements made using data taken at the Υ(4S). The physics process of interest here is
e+e− → Υ(4S)→ BB.

BABAR (fb−1) Belle (fb−1) Total (fb−1)
Υ(5S) . . . 24 24
Υ(4S) 433 738 1171
Υ(3S) 30 . . . 30
Υ(2S) 14.5 . . . 14.5
Υ(1S) . . . 7 7

Off-resonance 54 75 129

Table 1: Luminosity of data recorded at different
√
s.

In addition to this interesting process, there is also a significant cross section for e+e− decay
into qq where q is a quark lighter than the b quark, and into di-lepton pairs. These other
processes are backgrounds when studying the decays of B mesons. However, copious amounts
of D mesons and τ leptons are also created at a B factory: In fact a B factory is really a flavour
factory.

For time-dependent CP asymmetry measurements, such as those described in Section 3.1,

the B0 and B
0

created in the Υ(4S) decay are in a P wave correlated state. Neutral B mesons

can mix3, and until one of the B mesons decays, we have only one B0 and one B
0

event in the
decay. This EPR correlation stops at the instant one of the B mesons in the event decays. After

that time t1, the other B in the event oscillates between a B0 and a B
0

state until it decays
at some time t2. The difference between these two decay times is used to extract information
about CP violation. In a symmetric e+e− collider time difference corresponds to a spatial
separation ∆z of 30µm between the B meson vertices which is too small to be measured in a
detector. In an asymmetric energy collider the spatial separation of vertices is approximately
200µm which is measurable in a detector. The need to resolve the two B vertices in an event
is the reason why PEP-II and KEK-B are asymmetric energy e+e− colliders.

3See the contribution of U. Nierst to these proceedings.
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A B meson that decays into an interesting final state such as J/ψK0
S is called the Brec. The

other B meson in the event is called the Btag which is used to determine or tag the flavour of
Brec at the time that the first B meson decay occurs. We don’t know which of the Brec or Btag

decay first, and so the proper time difference between the decay of the Brec and Btag is a signed
quantity related to the measured ∆z by ∆t ' ∆z/cβγ.

3 Unitarity triangle physics

The CKM matrix is unitary, so VCKMV
†

CKM = I , which leads to six complex relations that can
each be represented as closed triangles in the Standard Model (SM). The equation VudV

∗
ub +

VtdV
∗

tb + VcdV
∗

cb = 0 is the one related to the so-called unitarity triangle (shown in Figure 1).
This triangle can be completely parameterised by any two of the three angles α, β, γ, by
measuring the sides, or by constraining the coordinates of the apex. If we are able to measure
more than two of these quantities we can over-constrain the theory. Sections 3.1.1 through 3.1.4
discuss measurements of the angles, and section 3.2 discusses measurements related to the sides
of the triangle. The angles of the unitarity triangle are given by

α ≡ arg [−VtdV
∗

tb/VudV
∗

ub] , (1)

β ≡ arg [−VcdV
∗

cb/VtdV
∗

tb] , (2)

γ ≡ arg [−VudV
∗

ub/VcdV
∗

cb] , (3)

and the apex of the unitarity triangle is given by

ρ+ iη ≡ −VudV
∗

ub

VcdV ∗cb

.

At the current level of experimental precision, we use Vub = |Vub|eiγ and Vtd = |Vtd|eiβ .

V   Vud      ub
*

V   Vcd      cb
*

V   Vtd      tb
*

V   Vcd      cb
*

βγ

α

(1,0)(0,0)

(ρ,η)

 

Figure 1: The unitarity triangle.

3.1 CP violation measurements

The signal decay-rate distribution of a CP eigenstate decay, f+(f−) for Btag= B0 (B
0
), is given

by:

f±(∆t) =
e−|∆t|/τ

4τ
[1∓∆ω ± (1− 2ω)(−ηfS sin(∆md∆t)∓ C cos(∆md∆t))]⊗R(∆t, σ(∆t)),
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where ηf is the CP eigenvalue of the final state f , τ = 1.530± 0.009ps is the mean B0 lifetime

and ∆md = 0.507± 0.005ps−1 is the B0 − B0
mixing frequency [13]. The physical decay rate

is convoluted with the detector resolution R(∆t, σ(∆t)). As ∆Γ is expected to be small in the
SM, it is assumed that there is no difference between B0 lifetimes, i.e. ∆Γ = 0. The parameters
S and C are defined as:

S =
2Imλ

1 + |λ|2 , C =
1− |λ|2
1 + |λ|2 ,

where λ = q
p
A
A is related to the level of B0-B

0
mixing (q/p), and the ratio of amplitudes of

the decay of a B
0

or B0 to the final state under study (A/A). Sometimes we assign the wrong
flavour to Btag. The probability for this to happen is given by the mis-tag fraction ω, where

∆ω is the difference between the mistag probability of B0 and B
0

decays.
CP violation is probed by studying the time-dependent decay-rate asymmetry

A =
R(∆t)−R(∆t)

R(∆t) +R(∆t)
= −ηfS sin(∆md∆t)− C cos(∆md∆t),

where R(R) is the decay-rate for B0 (B
0
) tagged events. The Belle Collaboration use a different

convention to that of the BABAR Collaboration with C = −ACP . Here all results are quoted
using the S and C convention.

In the case of charged B-meson decays (and π0π0 as there is no vertex information) one can
study a time integrated charge asymmetry

ACP =
N −N
N +N

,

where N (N) is the number of B (B) decays to the final state. A non-zero measurement of S,
C or ACP is a clear indication of CP violation.

In order to quantify the mistag probabilities and resolution function parameters, the B
factories study decay modes to flavour specific final states. These states form what is usually
referred to as the Bflav sample of events. The following decay modes are included in the Bflav

sample: B → D(∗)−π+, D(∗)−ρ+, and D(∗)−a+
1 . It is assumed that the mistag probabilities

and resolution function parameters determined for the Bflav sample are the same as those for
the signal Brec decays.

There are three types of CP Violation that can occur: (i) CP Violation in mixing, which
requires |q/p| 6= 1, (ii) CP Violation in decay (also called direct CP violation) where |A/A| 6= 1,
and (iii) CP violation in the interference between mixing and decay amplitudes.

3.1.1 The angle β

The golden channel predicted to be the best one to observe CP violation in B meson decays
through the measurement of sin 2β is B0 → J/ψK0

S [5]. The phase β comes from the Vtb

vertices of the B0 − B0
mixing amplitudes. This is just one of the theoretically clean b→ ccs

Charmonium decays, where the measurement of S is a direct measurement of sin 2β, neglecting
the small effect of mixing in the neutral kaon system. The other theoretically clean decays
include ψ(2S)K0

S, χ1cK
0
S , ηcK

0
S , and J/ψK∗0. Figure 2 shows the mixing and tree diagrams
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d b

b d

u, c, t
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dqV
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ψJ/
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+W

d d

b c

c

s

Figure 2: The (left) mixing and (right) tree contributions to Charmonium decays.

relevant for b → ccs Charmonium decays. There are several calculations of the level of SM
uncertainty on the measurement of sin 2β in b→ ccs decays which include theoretical and data
driven phenomenological estimates of this uncertainty [14, 15, 16]. The data driven method uses
B0 → J/ψπ0 to limit the SM uncertainties at a level of 10−2, and the theoretical calculations
limit these uncertainties to be O(10−3) to O(10−4). BABAR found a signal for CP violation in
B meson decay in 2001 [17] and this result was confirmed two weeks later by Belle [18]. The
latest analyses from the B factories provide the most precise test of CKM theory [19, 20]. These
results are summarised in Table 2 where the BABAR result uses B decays to J/ψK0, ψ(2S)K0

S ,
χ1cK

0
S, ηcK

0
S , and J/ψK∗0 to measure sin 2β. Belle use J/ψK0, and ψ(2S)K0

S final states for
their measurement.

Experiment sin 2β
BABAR 0.691± 0.029(stat.)± 0.014(syst.)
Belle 0.650± 0.029(stat.)± 0.018(syst.)
World Average 0.671± 0.024

Table 2: Experimental results for sin 2β from the B fac-
tories.

When converting the measured
value of sin 2β to a value of β we
obtain a four fold ambiguity on
β. The four solutions for beta are
21.1◦, 68.9◦, 201.1◦, and 248.9◦.
The two solutions 68.9◦ and 248.9◦

are disfavoured by cos 2β measure-
ments from decays such as B0 →
J/ψK∗ [21], D∗D∗K0

S [22] and
D∗0h0 [23]. The only solution for β that is consistent with the Standard Model is β =
(21.1 ± 0.9)◦. This result corresponds to the first test of the CKM mechanism as the apex
of the unitarity triangle can be constrained using Eq. 1. In order to fully constrain the theory,
we need a second measurement from one of the observables described below.

As can be seen from Table 2, the precision of the sin 2β result from the B factories is still
limited by statistics. This measurement will be refined by the next generation of experiments,
including LHCb [24], SuperB [25] and SuperKEKB [26]. For example, the measurement of sin 2β
with 75ab−1 from SuperB will be systematics limited and have a precision of ±0.005 [25].
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3.1.2 The angle α

The measurement of α is not as straight forward as β. All of the decay channels that are
sensitive to α have potentially large contributions from loop amplitudes4, in addition to the
leading order tree and mixing contributions. Figure 3 shows these tree and loop contributions.
In the absence of a loop contribution, the interference between tree and mixing amplitudes
would result in S = sin(2α). Here the weak phase5 measured is α = π − β − γ where β comes
from the Vtd vertices of the mixing amplitudes, and γ comes from the Vub vertex of the tree
amplitude. However, the loop contributions have a different weak phase to the tree contribution,
so they ’pollute’ the measurement of α. There are two schemes used in order to determine the
loop pollution δα: (i) use SU(2) relations [28], and (ii) use SU(3) relations [32] to constrain
the effect of loop amplitudes on the extraction of α from measurements of B meson decays to
h+h− final states, where h = π, ρ. The effect of loop amplitudes is δα = α− αeff , where αeff is
related to the measured S and C via S =

√
1− C2 sin(2αeff).

B0

W
+ d

π , ρ− −

+π , ρ+

B0

π , ρ− −

+π , ρ+
W

+

b d

b u u

u

dd d

u

d

g

u, c, t

Figure 3: The tree (left) and gluonic loop (right) contributions to B → h+h− decays.

One can use SU(2) isospin to relate the amplitudes of B decays to ππ final states [28]. This
results in two relations:

1√
2
A+− = A+0 −A00,

1√
2
A

+−
= A

−0 −A00
,

where Aij (A
ij

) are the amplitudes of B (B) decays to the final state with charge ij. These two

relations correspond to triangles in a complex plane with a common base given by |A+0| = |A−0|
neglecting electroweak loop contributions. There are three such relations for ρρ decays, one for
each of the transversity states (Section 5). The extraction of α from ρπ decays is complicated
by the fact that the final state is not a CP eigenstate [29, 30]. A more detailed overview of the
experimental methods used for ππ, ρρ, and ρπ decays is given in Ref. [31].

The experimental results for B → ππ [34, 35], B → ρρ [36, 37, 38, 39, 41, 40], and B →
ρπ [42, 43] decays can be combined together in order to constrain α. This constraint is shown
in Figure 4 for the SU(2) approach. The solution compatible with the SM is α = (91± 8)◦ [33]
which provides a second reference point to test the CKM mechanism.

Beneke at al. proposed the use of SU(3) to relate the loop component of B+ → ρ−K∗0 to
the loop component of B0 → ρ+ρ− [32]. In order to do this, one has to measure the branching

4These loop amplitudes are often called ’penguins’ in B physics literature. This nomenclature stems from a
lost bet as described in Ref. [27].

5A weak phase is one that changes sign under CP . The angles of the unitarity triangle are weak phases.
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fractions and fractions of longitudinally polarized signal in both decay channels, as well as
S and C for the longitudinal polarization of B0 → ρ+ρ−. On doing this, BABAR finds that
α = (89.8+7.0

−6.4)◦, where the corresponding loop to tree ratio measured is 0.10+0.03
−0.04 [37].
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Figure 4: The constraint on α from an isospin
analysis of B → hh decays. Constraints are
made on the magnitude of the penguin to tree
ratio for B → ππ decays when making this plot.
This figure is reproduced from UT fit [33]. The
shaded regions correspond to the allowed solu-
tions for α.

The strongest constraint on α comes from
the study of B → ρρ decays and this measure-
ment is currently limited by statistics. The
next generation of experiments will be able
to refine our knowledge of α: LHCb will be
able to measure this toO(5◦) [44] with 10fb−1

of data using B → ρπ decays, but will not be
able to measure all of the necessary inputs
for the ππ and ρρ measurements. The Su-
perB experiment will be able to measure α to
a level that will be limited by systematic and
theoretical uncertainties: O(1− 2◦) [25] with
a data sample of 75ab−1.

It is also possible to constrain α using
SU(3) based approaches for decays such as
B → a1π, and a1ρ. Even though these de-
cays are experimentally challenging to mea-
sure, the time-dependent analysis of B → a1π
decays has been performed [45]. Additional
experimental constraints, such as the branch-
ing fractions of K1π decays, are required to
interpret those results as a measurement on
α. Only a branching fraction upper limit ex-
ists for B0 → a±1 ρ

∓ [46].

3.1.3 The angle γ

There are several promising methods being
pursued in order to constrain γ or sin(2β+γ),
however none of these provides as stringent a bound as those for β and α. Here I discuss three
methods used to constrain γ: these are called Gronau-London-Wyler (GLW) [47], Attwood-
Dunietz-Soni (ADS) [48] and Giri-Grossman-Soffer-Zupan (GGSZ) [49]. These three methods
are theoretically clean, and use B decays to D(∗)K(∗) final states to measure γ.

The GLW method [47] uses B+ → D0
CPX

+ and B+ → D
0

CPX
+ where X+ is a strangeness

one state, and D0
CP is a D0 decay to a CP eigenstate (similarly for D

0

CP ) to extract γ. The
CP -even eigenstates used are D0

CP → h+h− where h = π,K, and the CP -odd eigenstates used
are D0

CP → K0
Sπ

0,K0
Sω, and K0

Sφ. The ratio of Cabibbo allowed to Cabibbo suppressed decays
is given by the parameter rB . The experimentally determined value is rB ∼ 0.1 which leads to
a relatively a large uncertainty on γ extracted using this method. A similar measurement has
been performed using D∗0CPK decays, where r∗B is found to be 0.22±0.09±0.03, and only weak
constraints can be placed on γ [52, 51].

The ADS method [48] uses the doubly Cabibbo suppressed decays B+ → D∗0K(∗)± where
the interference between amplitudes with a D and a D decaying into a K+π− final state is
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sensitive to γ. As with the GLW method, the ADS method requires more statistics than are
currently available in order to measure γ [53, 54].

The GGSZ method [49] uses B decays to D(∗)0K(∗) final states where the D(∗) subsequently
decays to K0

Sh
+h− (h = π,K)to constrain γ. This method is self tagging either by the charge of

the reconstructed B± meson, or by the charge of the reconstructed K(∗) for neutral B decays.
One has to understand the D Dalitz decay distribution to determine γ. Using this method
Belle measure γ = (76+12

−13 ± 4± 9)◦ [55] where the errors are statistical, systematic and model

dependent. The corresponding BABAR measurement is γ = (76+23
−24±5±5)◦ [56]. The difference

in statistical uncertainties of these measurements comes from the fact that Belle measure a
larger value of rB than BABAR.

Figure 5 shows the experimental constraint on γ where the total precision on this angle is
20◦ with a central value of 71◦. The next generation of experiments will be able to refine our
knowledge of γ: LHCb will be able to measure this to O(2◦) [44] with 10fb−1 of data. The
SuperB experiment will be able to measure γ to O(1◦) [25] with a data sample of 75ab−1.
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Figure 5: The experimental constraint on γ. This figure is from CKM Fitter [50].

3.1.4 Angle constraints on the CKM theory

The angle measurements described in the previous sections individually constrain CKM theory
by restricting the allowed values of ρ and η. The individual and combined constraints of these
measurements are shown in Fig. 6. The angle constraints are consistent with CKM theory
at the current level of precision. Combining the angle measurements: β = (21.1 ± 0.9)◦,
α = (89.9+7.0

−6.4)◦, and γ = (71 ± 20)◦, we obtain ρ = 0.13± 0.04 and η = 0.34± 0.02. The the
precision on these constraints is dominated by our knowledge of α and β. CKM theory requires
that α + β + γ = 180◦. The B factory measurements give α + β + γ = (190± 21)◦ where the
precision of this test is limited by our knowledge of γ.
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Figure 6: Angle constraints on ρ and η from (top left) β, (top right) α, (bottom left) γ, and
(bottom right) combined. The shaded contours show the 68% (black), 90% (light) and 95%
(medium) confidence levels.

3.1.5 Direct CP violation

Experiment ACP
BABAR −0.107± 0.016+0.006

−0.004 [61]
Belle −0.094± 0.018± 0.008 [60]
CDF −0.086± 0.023± 0.009 [62]
CLEO −0.04± 0.16± 0.02 [63]

Table 3: Experimental results for ACP , where the first
error quoted is statistical and the second is systematic.

Direct CP violation was established
by the NA48 and KTeV experi-
ments in 1999 [57, 58] through the
measurement of a non-zero value
of the parameter ε′/ε. This phe-
nomenon was confirmed 45 years af-
ter CP violation was discovered in
kaon decays. In contrast to this in
B meson decay direct CP violation
was observed only a few years after
CP violation was established. The first observation of direct CP violation in B decays was
made via the measurement of a non-zero ACP in B0 → K±π∓ decays in 2007 by BABAR [59].
The following year Belle confirmed this result [60]. The latest results of this measurement are
summarised in Table 3. It has been suggested that the difference in the direct CP violation
observed in B0 → K±π∓ and B+ → K+π0 could be due to new physics (See Ref. [59] and
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references therein). A more plausible explanation is that the difference arises from final state
interactions [64].

3.1.6 Searching for new physics

The B factories have seen evidence for, or have observed indirect CP violation in B0 → J/ψK0,
B0 → J/ψπ0, B0 → ψ(2S)K0

S , B0 → η1cK
0
S, B0 → η′K0, B0 → f0

0 (980)K0
S, B0 → K+K−K0,

B0 → D∗+D∗−, and B0 → π+π−. They have also seen evidence for or observed direct CP
violation in B0 → π+π−, B0 → ηK∗0, B0 → ρ±π∓, B0 → K±π∓, B± → ρ0K∓, B → D0

CP+K,

B → D(∗)0K∗. All of the measurements of CP violating asymmetries to date are consistent
with CKM theory. It is possible that there is more to CP violation than the CKM theory and
the rest of this section discusses one way to search for effects beyond CKM.

SM S∆Theory uncertainty: 
-0.3 -0.2 -0.1 0 0.1 0.2 0.3

0’Kη

0 Kη

0 Kφ

S
0 K0π

0 Kω

0 K0ρ

0(980) K0
0f Not including LD amplitude

Figure 7: Theoretical estimates of ∆SSM.

A large number of rare B de-
cays are sensitive to β however as
these measurements are not neces-
sarily clean we call the phase mea-
sured βeff . These fall into two cat-
egories: those that are loop domi-
nated; and those that have a loop
and a tree contribution. The SM
loop amplitude can be replaced by
a corresponding amplitude with un-
known heavy particles, for example
the SUSY partners of the SM loop
constituents, so the loops are sensi-
tive to the presence of new physics.
The consequence of this is that if
there are new heavy particles that
contribute to the loop, the SM cal-
culated expectation for observables
will differ from experimental measurements of the observables. sin 2β has been measured
to an accuracy of 1◦ using tree dominated ccs decays and this can be used as a reference
point to test for deviations from the SM. If we measure sin 2βeff for a rare decay, then
∆S = sin 2βeff− sin 2β−∆SSM is zero in the absence of new physics. Here ∆SSM is a term that
accounts for the effect of possible higher order SM contributions to a process that would lead to
the measured sin 2βeff differing from the ccs measurement. Such effects include contributions
from long distance scattering (LD), annihilation topologies and other often neglected terms.
There has been considerable theoretical effort in recent years to try and constrain ∆SSM which
is summarised in Figure 7. The figure is divided into decay modes, and each decay mode has
up to four error bands drawn on it. These error bands come from (top to bottom) calculations
by Beneke at al. [65], Williamson and Zupan [66], Cheng at al. [67], and Gronau at al. [68].
It is clear from this work that some of the decay modes are clean, and the SM expectation of
sin 2βeff is essentially the same as the expectation for sin 2β from ccs. However some modes
have a significant contribution to ∆S from ∆SSM. The experimental situation is shown in
Figure 8 [69].
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Figure 8: Measurements of sin 2βeff -sin 2β. The top part
and vertical band show the reference measurement from
ccs decays (See Sec. 3.1.1), the middle part shows mea-
surements from b → s loop processes, and the part sec-
tion shows measurements from b→ d processes with loop
and tree contributions. All results shown are averages of
measurements from BABAR and Belle.

The most precisely determined
sin 2βeff from a b→ s loop process is
that of B0 → η′K0. This is also one
of the theoretically cleanest chan-
nels, and is consistent with the SM
expectation of ∆S = 0 at the cur-
rent precision. In recent years it has
been frequently noted that the aver-
age value of sin 2βeff − sin 2β is less
than zero with a significance of be-
tween two and three standard devi-
ations. However as discussed above,
it is not correct to compare the aver-
age of any set of processes unless the
value of ∆SSM is the same for that
set. If one wants to make a com-
parison at the percent level, it has
to be done on a mode-by-mode ba-
sis, and to do that we need to build
a next generation of experiments to
record and analyse O(50−100)ab−1

of data. The two proposed experi-
ments SuperB and SuperKEKB will
be able to make such measurements.
If one compares the measured values
of sin 2βeff−sin 2β for the b→ d pro-
cesses which have a tree and a loop
contribution it is clear that they
are consistent with the SM expec-
tation. At future B factories it will
be possible to extend this approach
to making comparisons of the preci-
sion measurements of α and γ from
different decay channels.

3.2 Side measurements

This section discusses the measure-
ments of |Vub|, |Vcb|, and |Vtd/Vts| in turn. All of these quantities are can be used to con-
strain the unitarity triangle. The measurements of |Vub| and |Vcb| use the semi-leptonic decays
B → X`ν where X = Xu or Xc and it is possible to put constraints on |Vtd/Vts| by measuring
B → Xd,sγ decays.

3.2.1 Measuring |Vub|
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]-3 10×|  [ub|V
2 3 4 5

]-3 10×|  [ub|V
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 HFAG Ave. (BLNP) 
 0.16 + 0.32 - 0.27±4.32 

HFAG Ave. (DGE) 
 0.14 + 0.19 - 0.13±4.26 

HFAG Ave. (GGOU) 
 0.15 + 0.20 - 0.23±3.96 

HFAG Ave. (ADFR) 
 0.22± 0.13 ±3.76 

HFAG Ave. (BLL) 
 0.38± 0.24 ±4.87 

 BABAR (LLR) 
 0.36± 0.32 ±4.92 

 BABAR endpoint (LLR) 
 0.48± 0.29 ±4.28 

 BABAR endpoint (LNP) 
 0.47± 0.30 ±4.40 

HFAG
ICHEP08

Figure 9: Constraints on |Vub| compiled by HFAG [71].

The branching ratios of B decays
to u`ν semi-leptonic final states are
proportional to |Vub| for a limited
region of phase space. In order to
reduce backgrounds in these mea-
surements, both B mesons in the
event are reconstructed using the
so-called recoil method. This in-
volves reconstructing the inclusive
or exclusive b → u`ν signal, as well
as reconstructing everything else in
the event into a fully reconstructed
final state (i.e. one with no miss-
ing energy). If this is done correctly
for a BB event, then the missing
4-momentum in the centre of mass
will correspond to the 4-momentum
of the undetected ν from the sig-
nal decay. The recoil method re-
sults in low signal efficiencies, typ-
ically a few percent, however most
of the non-B background will have
been rejected from the selected sam-
ple of events and the signal sample
is relatively clean. Once isolated,
it is possible to measure the partial
branching fraction of a decay as a function of a phase space variable, including the q2 of the `ν
in the final state, the invariant mass of the Xu, missing mass (corresponding to the neutrino),
or energy of the lepton.

Given the partial branching fraction measurement, theoretical input is required in order to
compute |Vub|. There are several schemes available to convert the partial branching fraction to
a measurement of |Vub| (ADFR, BLNP, BLL, DGE, GGOU, LLR, and LNP), and all of these
schemes [70] give compatible results [71]. Figure 9 shows the different values of |Vub| extracted
from the data for the different schemes where the LLR and LNP schemes use B → Xu`ν decays
normalised to B → Xsγ decays in order to determine |Vub|.

3.2.2 Measuring |Vcb|

The recoil method discussed above is also used in order to isolate signals in the measurement
of |Vcb|. Only two decay channels are considered (i) B → D`+ν and (ii) B+ → D∗0`+ν where
the partial branching fraction of these decays is proportional to |Vcb| up to some form factor.

The partial branching fraction of B → D`+ν is proportional to G2|Vcb|2, where G is a
form factor that depends on kinematic quantities. As the measurement is statistically limited,
seven (nine) different D0 (D+) daughter decays into final states with neutral and charged
pions and kaons are reconstructed. The results obtained using a combined fit to all data are
G(1)|Vcb| = (43.0± 1.9± 1.4)× 10−3, where |Vcb| = (39.8± 1.8± 1.3± 0.9)× 10−3 [71] where
this result is dominated by BABAR [72, 73]. Errors are statistical, systematic and from the form
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factor dependence. Figure 10 shows the distribution of G(1)|Vcb| versus ρ2 obtained, where the
form factor G depends on the shape parameter ρ2.

The partial branching fraction of B+ → D∗0`+ν is proportional to F 2|Vcb|2, where F is a
form factor that depends on kinematic quantities. The measurement of |Vub| using this mode
is systematically limited, and as a result the only D∗0 daughter decay channel considered is to
a D0π final state, where the D meson subsequently decays to K+π−. The values of F (1)|Vcb|
and the slope parameter ρ2 are extracted from a three dimensional fit to data, where the
discriminating variables in the fit are the mass difference between the reconstructed D∗ and D
meson masses ∆m, the angle between the B and the Y = D∗` in the centre of mass θ∗BY and an
estimator for the dot product of the four velocities of the B and the D∗. The results obtained
are F (1)|Vcb| = (35.97 ± 0.53) × 10−3 and |Vcb| = (38.7 ± 0.6 ± 0.9) × 10−3, where the first
uncertainty is experimental and the second is theoretical [71] where this result is dominated by
Belle and BABAR [73, 74, 75, 76]. Figure 10 shows the distribution of F (1)|Vcb| versus ρ2.
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Figure 10: Measurements of (left) G(1)|Vcb| and (right) F (1)|Vcb| versus the slope ρ2 obtained
from D(∗)`ν decays. These plots are from Ref. [71].

3.2.3 Measuring |Vtd/Vts|

It is possible to measure the ratio |Vtd/Vts| using B → Xdγ and B → Xsγ decays as outlined
by Ali, Asatrian and Greub [77]. The branching fractions of these processes depend on |Vtd|
and |Vts|, respectively. These are Flavour Changing Neutral Currents that are sensitive to new
physics, where the leading order contributions are electroweak loop amplitudes. BABAR perform
an inclusive analysis of B → Xdγ decays where Xd is reconstructed from between two and four
π mesons, or a π+η final state, and extract a branching fraction in two regions of the invariant
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mass mX of Xd [78]. Belle perform an exclusive analysis and reconstruct Xd in ρ and ω final
states [79]. The branching fractions measured are summarised in Table 4.

Experiment Region/mode B (×10−6)

BABAR 0.6 < mX < 1.0 GeV/c2 1.2± 0.5± 0.1

BABAR 1.0 < mX < 1.8 GeV/c2 2.7± 1.2± 0.4

Belle B+ → ρ+γ 0.87+0.29
−0.27

+0.09
−0.11

Belle B0 → ρ0γ 0.78+0.17
−0.16

+0.09
−0.10

Belle B0 → ωγ 0.40+0.19
−0.17

+0.09
−0.10

Table 4: Branching fraction (B) measurements for B → Xdγ. Inclusive measurements shown
are from BABAR, and exclusive measurements shown are from Belle.

The constraint on |Vtd/Vts| obtained using these measurements are 0.195+0.020
−0.019(expt) ±

0.015(theory) and 0.177 ± 0.043(expt) ± 0.001(theory) from Belle and BABAR, respectively.
The small theoretical uncertainty on the BABAR measurement is the result of the method used
to determine |Vtd/Vts| from data.

4 Tests of CPT

The combined symmetry of C, P and T otherwise written as CPT is conserved in locally gauge
invariant quantum field theory. The role of CPT in our understanding of physics is described
in more detail in Refs. [80, 81, 82, 83] and an observation of CPT violation would be a sign of
new physics. CPT violation could be manifest in neutral meson mixing, so the B factories are
well suited to test this symmetry. The contribution to these proceedings by Nierst describes
the phenomenon of neutral meson mixing in detail in terms of the complex parameters p and
q. It is possible to extend the formalism used by Nierst to allow for possible CPT violation,
and in doing so the heavy and light mass eigenstates of the B0 meson BH and BL become

|BL,H〉 = p
√

1∓ z|B0〉 ± q
√

1± z|B0〉,

where B0 and B
0

are the strong eigenstates of the neutral B meson. If we set z = 0 we recover
the CPT conserving solution and if CP and CPT are conserved in mixing then |q|2 + |p|2 = 1.

Two types of analysis have been performed by BABAR to test CPT . The first of these uses
the Bflav sample that characterises the dilution and resolutions for the Charmonium sin 2β
analysis discussed in Section 3.1 along with the Charmonium CP eigenstates B0 → J/ψK0,
ψ(2S)K0

S, and χ1cK
0
S to extract z [86]. This analysis also uses control samples of charged B

decays: B+ → D
(∗)0

π+, J/ψK(∗)+, ψ(2S)K+, and χ1cK
+ to obtain

∣∣∣∣
q

p

∣∣∣∣ = 1.029± 0.013(stat.)± 0.011(syst.),

(ReλCP/|λCP|)Rez = 0.014± 0.035(stat.)± 0.034(syst.),

Imz = 0.038± 0.029(stat.)± 0.025(syst.),

which is compatible with no CP violation in B0 −B0
mixing and CPT conservation.
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The second and more powerful type of analysis uses di-lepton events where both B mesons
in an event decay into an X∓`±ν final state tests CPT . Di-lepton events can be grouped by
lepton charge into three types: ++, +− and −− where the numbers of such events N++, N+−

and N−− are related to ∆Γ and z as a function of ∆t as described in Ref. [89]. Using these
distributions we can construct two asymmetries: the first is a T/CP asymmetry

AT/CP =
P (B

0 → B0)− P (B0 → B
0
)

P (B
0 → B0) + P (B0 → B

0
)

=
N++ −N−−
N++ −N−− =

1−
∣∣∣ qp
∣∣∣
4

1 +
∣∣∣ qp
∣∣∣
4 ,

and the second is a CPT asymmetry

ACPT (∆t) =
N+−(∆t > 0)−N+−(∆t < 0)

N+−(∆t > 0) +N+−(∆t < 0)
' 2

Imz sin(∆md∆t)−Rez sinh
(

∆Γ∆t
2

)

cosh
(

∆Γ∆t
2

)
+ cos(∆md∆t)

,

where ACPT (∆t) is sensitive to ∆Γ×Rez. In the Standard Model AT/CP ∼ 10−3 and ACPT =
0 [84, 85]. BABAR measure [87]

∣∣∣∣
q

p

∣∣∣∣− 1 = (−0.8± 2.7(stat.)± 1.9(syst.))× 10−3,

Imz = (−13.9± 7.3(stat.)± 3.2(syst.))× 10−3,

∆Γ×Rez = (−7.1± 3.9(stat.)± 2.0(syst.))× 10−3,

which is compatible with no CP violation in B0 − B0
mixing and CPT conservation. It is

possible to study variations as a function of sidereal time, where 1 sidereal day is approximately
0.99727 solar days [88] where z depends on the four momentum of the B candidate. BABAR

re-analysed their data to and find that it is consistent with z = 0 at 2.8 standard deviations [89].
The constraint on z is shown in Figure 11.

 1 Im z
-0.08 -0.06 -0.04 -0.02 0 0.02

Γ∆  1
R

e 
z

-0.04

-0.03

-0.02

-0.01

0

Figure 11: Constraints on the imaginary part of z and ∆Γ × Rez using dilepton events at
BABAR. This figure is reproduced from Ref. [89].

5 B decays to spin one particles
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Figure 12: A schematic of the decay of a B
meson via two ρ mesons to a four pion final
state. The ρ meson final states are shown in
their rest frames, and φ is the angle between
the decay planes of the ρ mesons.

Decays of B mesons to final states with two
vector (JP = 1−) or axial-vector (JP = 1+)
particles have a number of interesting kine-
matic observables that can be used to test
theoretical understanding of heavy flavour.
The angular distribution of such a process
where the spin one particles decay into two
daughters is a function of three variables: φ,
θ1 and θ2, where φ is the angle between the
decay planes of the spin one particles, and θi
are the angles between the spin one particle
decay daughter momentum and the direction
opposite to that of the B0 in the spin one par-
ticle rest frame. The θi are often referred to
as helicity angles. Figure 12 illustrates these
three angles for the decay B0 → ρ+ρ−.

It is only possible to perform a full angular analysis if we have sufficient data to constrain
the unknown observables. When we search for a rare decay it is normal to perform a simplified
angular analysis in terms of the helicity angles, having first integrated over φ. On doing this
one obtains

d2Γ

Γd cos θ1d cos θ2
=

9

4

[
fL cos2 θ1 cos2 θ2 +

1

4
(1− fL) sin2 θ1 sin2 θ2

]

where the parameter fL is referred to as the fraction of longitudinally polarized events which
is given by

ΓL
Γ

=
|H0|2

|H0|2 + |H+1|2 + |H−1|2
= fL,

where the Hi are helicity amplitudes. It is convenient to analyse the data using the transversity
basis when performing time-dependent CP studies where the transversity amplitudes are A0 =
H0, A⊥ = (H+1−H−1)/

√
2 and A|| = (H+1 +H−1)/

√
2 [90]. A0 and A|| are CP even and A⊥

is CP odd. Helicity suppression arguments lead to the expectation of the following hierarchy:

A0 : A|| : A⊥ ∼ O (1) : O
(
mR

mB

)
: O
(
mR

mB

)2

,

where mR is the mass of the spin one resonance and mB is the B meson mass. This hierarchy
predicts that fL = 1−m2

R/m
2
B [91, 92, 93, 94]. The B factories have measured the fraction of

longitudinally polarized events in a number of different channels, the results of which are shown
in Table 5.

It is clear that the helicity suppression argument works for a number of the decay modes
studied. These are all tree dominated processes such as B → ρ+ρ−. It is also clear that there are
several decay modes that do not behave in the same way. The most precisely measured channel
that disagrees with the helicity suppression argument is B0 → φK∗0, where fL ∼ 0.5. This
discrepancy is often called the ‘polarization puzzle’ in the literature. Several papers for example
Ref. [92] have highlighted the possibility that new physics could be the source of the difference,
however final state interactions or refined calculations could also account for the difference. The
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Decay Mode BABAR Belle
B0 → φK∗0 [95, 96] 0.494± 0.34± 0.013 0.45± 0.05± 0.02
B+ → φK∗+ [97, 96] 0.49± 0.05± 0.03 0.52± 0.08± 0.03
B0 → ρ+ρ− [37, 41] 0.992± 0.024+0.026

−0.013 0.941+0.034
−0.040 ± 0.030

B0 → ρ0ρ0 [38, 40] 0.75+0.11
−0.14 ± 0.05 . . .

B+ → ρ0ρ− [36, 39] 0.905± 0.042+0.023
−0.027 0.95± 0.11± 0.02

B0 → ωK∗0 [98] . . . 0.56± 0.29+0.18
−0.08

B+ → ωρ∗+ [99] 0.82± 0.11± 0.02 . . .

B0 → K∗0K
∗0

[100] 0.80+0.10
−0.12 ± 0.06 . . .

B0 → ρ0K∗0 [101] 0.57± 0.09± 0.08 . . .
B+ → ρ0K∗+ [101] 0.96+0.04

−0.15 ± 0.05 . . .
B+ → ρ+K∗0 [101, 102] 0.52± 0.10± 0.04 0.43± 0.11+0.05

−0.02

Table 5: Experimental results for fL from B meson decays to two vector meson final states.
The first uncertainty is statistical and the second is systematic.

decay modes that do not follow the naive helicity suppression argument are all loop dominated.
In addition to studying B decays to final states with two vector particles, it is possible to study
vector axial-vector and two axial-vector final states. Measurements of these decays could help
refine our understanding of the source of the polarization puzzle. There are a number of rare
decays that have suppressed standard model topologies, for example B → φφ and B → φρ.
Experimental limits on these decays are at the level of a few 10−7 [103]. These decays could be
significantly enhanced by new physics, and Gronau and Rosner recently suggested that φ − ω
mixing could result in a significant enhancement of the B → φρ+ decay [104].

6 Summary

The B factories have produced a large number of results in many areas of flavour physics. The
ability of the B factories to quickly crosscheck each others results has been extremely beneficial
to the development of experimental measurements and techniques over the past decade. Only
a small number of these results have been discussed here: those pertaining to testing the
unitarity triangle, CPT , and B decays to final states with two spin one particles. These results
are consistent with the CKM theory for CP violation in the Standard Model. There are a
number of measurements sensitive to new physics contributions that can be made at future
experiments such as SuperB in Italy and Super KEK-B in Japan [25, 26]. Such precision tests
of flavour physics could be used to elucidate the flavour structure beyond the Standard Model.
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Lepton-number violating meson decays

in theories beyond the Standard Model

Anatoly Borisov

Faculty of Physics, Moscow State University, 119991 Moscow, Russia

After discussion of mechanisms of lepton number violation, we consider meson decays
K+ → π−`+`′+ and D+ → K−`+`′+ (`, `′ = e, µ) with ∆L = 2 in the Standard Model ex-
tended by massive Majorana neutrinos and in a supersymmetric extension of the Standard
Model with explicit breaking of R-parity by trilinear or bilinear Yukawa couplings in the
superpotential. We give estimates of the branching ratios for these decays and compare
the effectiveness of various decay mechanisms taking into account present experimental
bounds on lepton mixing, masses of neutrinos and superparticles, and R-parity violating
couplings.

1 Introduction

In the Standard Model (SM), the lepton L and baryon B numbers are conserved due to the
accidental U(1)L × U(1)B symmetry. But the L and B nonconservation is a generic feature of
various extensions of the SM. That is why lepton-number violating processes are sensitive tools
for testing theories beyond the SM.

The following ∆L 6= 0 processes have been extensively studied: neutrinoless double beta
decay (A,Z)→ (A,Z+ 2) + e−+ e− [1, 2, 3]; rare meson decays M+ →M ′−`+`′+ (`, `′ = e, µ)
(K+ → π−µ+µ+ etc.) [4, 5, 6, 7]; same-sign dilepton production in high-energy hadron-hadron

and lepton-hadron collisions: pp → `±`′±X [8, 9, 10], e±p → (−)
νe `

±`′±X [11, 12]; (µ−, e+)
conversion in nuclei (A,Z) + µ−b → e+ + (A,Z − 2)∗ [13].

The SM is based on the gauge group

GSM = SU(3)c × SU(2)I × U(1)Y (1)

with the subscripts c, I , and Y denoting color, weak isospin and hypercharge, respectively,
and three fermion generations (families, f = 1, 2, 3), each of them is consisted of 5 different
representations of GSM:

LfL(1,2,−1) = (νeL, eL)T , (νµL, µL)T , (ντL, τL)T ;

QfL(3,2, 1/3) = (uL, dL)T , (cL, sL)T , (tL, bL)T ;

EfR(1,1,−2) = eR, µR, τR; UfR(3,1, 4/3) = uR, cR, tR; Df
R(3,1,−2/3) = dR, sR, bR. (2)

The fermion interactions are mediated by 12 (= 8c + 3I + 1Y ) gauge vector bosons.
In addition, the SM contains a single Higgs boson doublet ϕ(1,2, 1). Its nonzero vacuum

expectation value 〈ϕ〉 spontaneously breaks the gauge symmetry and yields masses to weak
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bosons (as well as to charged fermions and the Higgs boson itself):

〈ϕ〉 = (0, v/
√

2 )T ⇒ GSM → SU(3)c × U(1)Q, (3)

where the electric charge Q = I3 + Y/2.
The Higgs boson is the only piece of the SM which is not confirmed experimentally up to

now!

2 Lepton numbers and mechanisms of their violation

So there are three lepton families (generations) in the SM (see Eq. (2)). By definition, the lepton
family number (LFN) L` = +1(−1) for particles ` = e−, νe, . . . (for antiparticles ¯̀= e+, ν̄e, . . .),
and L` = 0 for leptons `′ 6= `, ¯̀′ 6= ¯̀. The total lepton number (LN)

L = Le + Lµ + Lτ , (4)

so that L = +1(−1) for each ` (¯̀) and L = 0 for other particles (nonleptons).
In the minimal SM (with massless neutrinos), each LFN is conserved separately. For exam-

ple, in the muon decay µ− → e− + ν̄e + νµ: Le = 0 = 1 + (−1) + 0, Lµ = 1 = 0 + 0 + 1,
L = 1 = 1 + (−1) + 1.

The SM has three active neutrinos ν`L(` = e, µ, τ) taking part in charged current (CC) and
neutral current (NC) weak interactions mediated by the massive charged W± and neutral Z
bosons:

LCC = − g√
2

∑
`

(
¯̀
Lγ

µν`LW
−
µ + ν̄`Lγ

µ`LW
+
µ

)
, LNC = − g

2 cos θW

∑
`
ν̄`Lγ

µν`LZµ, (5)

where the weak-mixing angle is defined by tan θW = g′/g with g and g′ being the the SU(2)I
and U(1)Y gauge couplings, respectively. The SM contains no sterile neutrinos ν`R.

In the SM, the lepton family L` and baryon B numbers are conserved to all orders of
perturbation theory due to the accidental global symmetry:

Gglobal
SM = U(1)Le × U(1)Lµ × U(1)Lτ × U(1)B , (6)

existing at the level of renormalizable operators. The symmetry (6) is called accidental because
we do not impose it intentionally. It is a direct consequence of the gauge symmetry and the
choice of the representations of the physical fields.

The SM is a chiral gauge theory, since there are L-doublets and R-singlets of the gauge
group SU(2)I (they have different electroweak interactions, see Eqs. (2) and (5)).

The left-handed and right-handed chiral components of a Dirac field ψ are defined as:

ψL = PLψ, ψR = PRψ, ψ = ψL + ψR,

where the chirality projection operators

PL,R = (1∓ γ5)/2 = P 2
L,R, PLPR = 0, γ5 = iγ0γ1γ2γ3.

Chirality is eigenvalue of the operator γ5: γ5ψL = −ψL, γ5ψR = +ψR.
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Taking into account the relations:

ψ̄γµ∂µψ = ψ̄Lγ
µ∂µψL + ψ̄Rγ

µ∂µψR; ψ̄ψ = ψ̄RψL + ψ̄LψR,

where ψ̄L,R = PL,Rψ = ψ̄PR,L, ψ̄ = ψ+γ0, we see:
• chiral components interact with gauge fields independently;
• the Dirac mass term (LD = −mDψ̄ψ) in the Lagrangian relates different chiral components

and violates chirality conservation that takes place for massless (Weyl) fermions.
In the SM, neutrinos are massless due to absence of ν`R. The only possible neutrino mass

term LML = − 1
2mL(ν̄Lν

c
L + ν̄cLνL) violates the lepton number: ∆L = ±2. The global

symmetry (6) prevents generation of the Majorana mass term LML by loop corrections.
The B − L-violating terms cannot be induced even nonperturbatively because the U(1)B−L

subgroup of the group (6) is non-anomalous.
Discovery of neutrino oscillations (1998–2002) (predicted by B. Pontecorvo in 1957 [14]),

ν` → ν`′ (` 6= `′),

has clearly demonstrated the LFN violation: ∆L`′ = −∆L` = 1. Here ν` is the neutrino of flavor
` = e, µ, τ . It is created in association with the charged lepton `+ in the decay W+ → `+ + ν`.

Up to now the oscillations have been observed unambiguously for solar (νe → νµ(ντ )),
atmospheric (νe → νµ(ντ )), reactor (ν̄e → ν̄µ), and accelerator (νµ → ντ ) neutrinos (for a
review, see [15]).

The neutrino oscillations imply that neutrinos are massive and mixed particles, i.e. the
neutrino flavor state is a coherent superposition of neutrino mass eigenstates:

|ν`〉 =
∑

i
U∗`i |νi〉 (` = e, µ, τ). (7)

Here U = (U`i) ≡ U PMNS is the Pontecorvo–Maki–Nakagawa–Sakata lepton mixing matrix
[14, 16], νis are neutrinos with definite masses mi, and the neutrino mass spectrum is nontrivial:
∆m2

jk ≡ m2
j −m2

k 6= 0.
So neutrino oscillations require extension of the SM (New Physics) to include nonzero neu-

trino masses and violation of LFNs. One of the main unsolved questions of particle physics
is the nature of neutrino masses: to be Dirac or Majorana type? It should be noted that the
neutrino oscillations do not probe the nature of the mass.

The Dirac neutrino carries the lepton number which distinguishes it from the antineutrino.
The Dirac neutrino mass term LD is generated just like the quark and charged lepton masses
via the standard Higgs mechanism (see Eq. (3)) with addition of right-handed neutrinos ν`R:

−LYuk = y``′L̄`ϕ̃ν`′R + H.c., L̄` = (¯̀̀
L, ν̄`L), ϕ̃ = iτ2ϕ⇒ ϕ̃0 = (v/

√
2, 0)T ,

−LY uk ⇒ −LD = (MD)``′ ν̄`Lν`′R + H.c., (8)

where y``′ are Yukawa couplings. The Dirac mass matrix is complex and nondiagonal: (MD)``′ =

y``′v/
√

2. Therefore LD violates LFNs Le, Lµ, Lτ , but it conserves the total LN (4). The
standard diagonalization gives LD = −∑imiν̄iνi, where νi is the 4-component field of Dirac
neutrinos with mass mi, and flavor fields in Eqs. (5)

ν`L(x) =
∑

i
U`iνiL(x),

U is the PMNS mixing matrix (see Eq. (7)).
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The Majorana neutrino is a true neutral particle identical to its antiparticle [17]. There are
two types of Majorana mass terms (we consider a simple case of one flavor):

LML = −1

2
mL(ν̄cLνL + ν̄Lν

c
L), LMR = −1

2
mR(ν̄cRνR + ν̄Rν

c
R). (9)

Here the charge conjugated fields are defined as follows:

ψc = Cψ̄T = Cγ0Tψ∗(ψ∗ = (ψ+)T ), ψ̄c ≡ ψc = ψTC = −ψTC−1, C = iγ2γ0,

and useful relations are valid: ψcL ≡ (ψL)c = PRψ
c = (ψc)R , ψ

c
R ≡ (ψR)c = PLψ

c = (ψc)L.
The Majorana mass term violates lepton number by two units, ∆L = ±2.
The total Dirac–Majorana mass term is given by (see Eqs. (8) and (9))

LD+M = LD + LML + LMR, (10)

and after diagonalization it takes the form

LD+M = −1

2

∑
k
mk(ν̄ckLνkL + ν̄kLν

c
kL) = −1

2

∑
k
mkν̄kνk,

where two mass eigenstates, νk = νkL + νckL = νck, are Majorana neutrinos.
From experimental data, we know that the masses of observed neutrinos are much smaller

than those of charged leptons (m`) and quarks (mq): 0.04 eV < Mass [Heaviest νi] < (0.07÷
0.7) eV [15]. The dominant paradigm for the origin of finite but tiny neutrino mass is the
seesaw mechanism (for a review, see [18]): beyond the SM (at ultra-high energies) there exists
a mechanism generating the right-handed Majorana mass term, and the Dirac mass term is
generated through the standard Higgs mechanism, so that in Eq. (10)

mR � mD ∼ m` or mq, mL = 0. (11)

The neutrino νR is completely neutral under the SM gauge group (1), and mR is not connected

with the SM symmetry breaking scale v =
(√

2GF
)−1/2 ' 246 GeV, but is associated to a

different higher mass scale, e.g., the GUT-scale: mR ∼ ΛGUT ∼ 1015÷1016 GeV � mD. There
exists a large number of seesaw models in which both mD and mR vary over many orders of
magnitude, with mR ranging somewhere between the TeV scale and the GUT-scale [19].

Diagonalization of the mass term (10) of the type (11) gives two mass eigenstates, which
are light ν1 and heavy ν2 Majorana neutrinos:

m1 ' m2
D/mR � mD, m2 ' mR � mD;

νL = iν1L cos θ + ν2L sin θ, νcR = −iν1L sin θ + ν2L cos θ, tan 2θ = 2mD/mR � 1,

so that νL ' iν1L, ν
c
R ' ν2L.

In the general case of an arbitrary number ns(≥ 3) of electroweak-singlet (sterile) neutrinos,
the seesaw mass term is

−LD+MR = ν̄LMDνR +
1

2
ν̄cR MRνR + H.c., (12)

where MD is a 3 × ns Dirac mass matrix and MR is a ns × ns Majorana mass matrix. Its
diagonalization by means of a unitary (3 + ns)× (3 + ns) matrix V gives 3 light and ns heavy
Majorana neutrinos:

ν`L =
∑3

k=1
V`kν

light
kL +

∑ns+3

k=4
V`kν

heavy
kL . (13)
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A possible scenario of the generation of the Dirac-Majorana mass term LD+MR suitable for
the seesaw mechanism may look as follows: the grand unified group GGUT = SO(10) can be
broken to the SM group GSM (1) through the chain

SO(10)
ΛGUT−−−−→ GSM × U(1)B−L

V−→ GSM
v−→ SU (3)c × U(1)Q,

with the breaking scales ΛGUT, V (∼ 1 ÷ 10 TeV) and v. The generated mass matrices in Eq.
(12) are MR = Y V/

√
2 and MD = yv/

√
2, where Y and y are the matrices of corresponding

Yukawa couplings.
Probable mechanisms of LN violation may include exchange by:
• Majorana neutrinos [18] (the preferred mechanism after the discovery of neutrino oscilla-

tions [15]: SM + νM );
• SUSY particles (RPV MSSM [20]: neutralinos, sleptons, squarks, gluinos);
• scalar bilinears [21] (the component ξ−− of the SU(2)I triplet Higgs scalar, doubly charged

dileptons etc.);
• leptoquarks [22] (in various extensions of the SM: scalar or vector particles carrying both

L and B numbers);
• right-handed WR bosons in the left-right symmetric models [23] based on the gauge group

GLR = SU(3)c × SU(2)L × SU(2)R × U(1)B−L (→ GSM → SU(3)c × U(1)Q), νR’s and the
seesaw mechanism are needed);
• other (Kaluza–Klein sterile singlet neutrinos in theories with large extra dimensions [24]:

an infinite tower of KK neutrino mass eigenstates, ...).

3 Semileptonic Decays of pseudoscalar mesons

with ∆L = 2

As examples of the processes with LN violation we consider the rare meson decays

K+ → π′−`+`′+, D+ → K ′−`+`′+ (`, `′ = e, µ, τ) (14)

mediated by Majorana neutrinos or supersymmetric particles.

3.1 Decays via exchange by Majorana neutrinos

The lowest order amplitude of the process is given by the sum of the tree and box diagrams
shown in Fig. 1 (there are also two crossed diagrams with interchanged lepton lines).

M
/-M

+

l
/+

l
+

q
2

_ _
q4

M
+

_
q4

l
+

l
/+

q2

_

M
/-

N

q3
q1

N

q3

q1

W

W

(b)

W W

(t)

Figure 1: Feynman diagrams for the decay M+ →M ′−`+`′+. Here N is a Majorana neutrino,
bold vertices correspond to Bethe–Salpeter amplitudes for mesons as bound states of a quark
and an antiquark.
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The width of the decay M+(P )→M ′−(P ′)`+(p)`′+(p′) is given by

Γ``′ =

(
1− 1

2
δ``′

)∫
(2π)4δ(4)(P ′ + p+ p′ − P )

|At +Ab|2
2mM

d3P ′d3pd3p′

23(2π)9P ′0p0p′0
,

where At (Ab) is the tree(box)-diagram amplitude expressed in the Bethe–Salpeter formalism
of Ref. [25] as

Ai = (2π)−8

∫
d4qd4q′H(i)

µνL
µν
i (i = t, b).

Here the lepton tensors

Lµνi =
g4

4

gµα

p2
i −m2

W

gνβ

p′2i −m2
W

∑
N
U`NU`′NηNmN

×
(
v̄c(p)

[
γαγβ

(pi − p)2 −m2
N

+
γβγα

(pi − p′)2 −m2
N

]
PLv(p′)

)
(i = t, b), (15)

where ηN is the charge conjugation phase factor of the field of Majorana neutrinos with mass
mN : N = ηNN

c, |ηN | = 1; pt = P, p′t = P ′; pb = 1
2 (P − P ′) + q′ − q, p′b = 1

2 (P − P ′)− q′ + q;
the hadron tensors

H(t)
µν = Tr [χP (q)V12γµPL] Tr [χ̄P ′(q

′)V43γνPL] , H(b)
µν = Tr [χP (q)V13γµPLχ̄P ′(q

′)V42γνPL]

are expressed in terms of the elements Vjk of the CKM matrix and the model-dependent Bethe–
Salpeter (BS) amplitudes for the mesons [25]

χP (q) =

∫
d4xeiq·xχP (x) = γ5(1− δM P̂ )φP (q), (16)

where δM = (m1 +m2)/m2
M , mM is the mass of a meson made of a quark q1 and an antiquark

q̄2 with current masses m1 and m2, q = (p1 − p2)/2 is the relative 4-momentum, P = p1 + p2

is the total 4-momentum of the meson, P̂ = γµPµ; the function φP (q) is model dependent. The
tree amplitude is expressed in a model independent way in terms of the decay constants of the
initial and final meson, fM and fM ′ , as follows:

At = −1

4
fMfM ′V12V43PµP

′
νL

µν
t .

The box amplitude depends (in general) on the details of hadron dynamics

Ab = 2V13V42δMδM ′(PµP
′
ν + PνP

′
µ − gµνP · P ′ + iεµναβP

αP ′β)

×
∫

d4q

(2π)4

d4q′

(2π)4
φP (q)φP ′ (q

′)Lµνb (q − q′, p, p′;P − P ′).

We use the leading current-current approximation in the lepton tensors (15) due to relative
smallness of the meson masses, mM � mW , and the expression of the meson decay constant
fM through the function φP (q) in the BS amplitude (16):

fM = 4
√
Nc δM

∫
d4q

(2π)4
φP (q),
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where Nc = 3 is the number of quark colors. For the function φP (q), the relativistic Gaussian
model has been used [25]:

φP (q) =
4π

α2

(
1− µ2

)−1/2
exp

{
− 1

2α2

[
2

(
P · q
mM

)2

− q2

]}
,

α2 =
π

4
√
Nc

(
1− µ2

)1/2 fM
δM

, µ = mMδM =
m1 +m2

mM
. (17)

The branching ratios (BRs)

B``′ = Γ(M+ →M ′−`+`′+)/Γ(M+ → all) (18)

have been calculated for two limiting cases of heavy (mN � mM ) and light (mN � m`, m`′)
Majorana neutrinos (see Eqs. (13), (15) and Ref. [5] for details):

Bheavy
``′ = Cheavy

``′
∣∣〈m−1

``′
〉∣∣2 , Blight

``′ = C light
``′ |〈m``′〉|2 , (19)

where the effective Majorana masses are defined as follows:
〈
m−1
``′
〉

=
∑

N
U`NU`′NηNm

−1
N , 〈m``′〉 =

∑
N
U`N U`′NηNmN . (20)

Here the coefficients Cheavy
``′ are expressed model independently through the meson decay con-

stants, and C light
``′ ’s are calculated with use of the model function (17). The following values of

the parameters have been used in numerical calculations: (fπ, fK , fD) = (130.7, 159.8, 228) MeV;
(mu,md,ms,mc) = (4, 7, 150, 1.26× 103) MeV. The results are shown in the third and fifth
columns of Table 1. The second column of this table shows the present direct experimental
upper bounds on the BRs [15] which are too weak to set reasonable limits on the effective
Majorana masses (20). So we have derived the indirect bounds on the BRs (19) using the limits

Rare decay Exp. upper Cheavy
``′ Ind. bound C light

``′ Ind. bound
bound on B

``′ (MeV2) on Bheavy
``′

(MeV−2) on Blight
``′

K+ → π−e+e+ 6.4× 10−10 8.5× 10−10 5.9× 10−32 4.4× 10−20 2.3× 10−33

K+ → π−µ+µ+ 3.0× 10−9 2.4× 10−10 1.1× 10−24 1.2× 10−20 6.2× 10−34

K+ → π−e+µ+ 5.0× 10−10 1.0× 10−9 5.1× 10−24 8.8× 10−20 2.0× 10−33

D+ → K−e+e+ 4.5× 10−6 2.2× 10−9 1.5× 10−31 4.5× 10−21 2.4× 10−34

D+ → K−µ+µ+ 1.3× 10−5 2.0× 10−9 8.9× 10−24 4.1× 10−21 2.2× 10−34

D+ → K−e+µ+ 1.3× 10−4 4.2× 10−9 2.1× 10−23 9.1× 10−21 2.0× 10−34

Table 1: Experimental and indirect upper bounds on the branching ratios B``′ for the rare
meson decays with ∆L = 2 mediated by heavy or light Majorana neutrinos.

on the masses (20) obtained from the precision electroweak measurements, neutrino oscillation
experiments, searches for the neutrinoless double beta decay and cosmological data:
∣∣〈m−1

ee

〉∣∣ <
(
1.2× 108 GeV

)−1
,
∣∣〈m−1

µµ

〉∣∣ < (1.5× 104 GeV)
−1
,
∣∣〈m−1

eµ

〉∣∣ < (1.4× 104 GeV)
−1

;

|〈m``〉| < 0.23 eV (` = e, µ), |〈meµ〉| < 0.15 eV. (21)

These indirect bounds (see the forth and sixth columns of Table 1) are greatly more stringent
than the direct ones.
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3.2 Decays in the MSSM with explicit R-parity violation

Here we consider another mechanism of the ∆L = 2 rare decays (14) based on R-parity violating
supersymmetry (SUSY) (for a review, see Ref. [20]). The minimal supersymmetric extension of
the SM (MSSM) includes the fields of the two-Higgs-doublet extension of the SM and those of
the corresponding supersymmetric partners. Each fermion (boson) has a superpartner of spin
0 (1/2). R-parity is defined as R = (−1)3(B−L)+2S, where S, L, and B are the spin, the lepton
and baryon numbers, respectively. In the MSSM, R-parity conservation is imposed to prevent
the L and B violation; it also leads to the production of superpartners in pairs and ensures the
stability of the lightest superparticle. However, neither gauge invariance nor supersymmetry
require R-parity conservation. There are many generalizations of the MSSM with explicitly or
spontaneously broken R-symmetry [20]. We consider a SUSY theory with the minimal particle
content of the MSSM and explicit R-parity violation (6RMSSM).

The most general form for the R-parity and lepton number violating part of the superpo-
tential is given by

W 6R = εαβ

(
1

2
λijkL

α
i L

β
j Ēk + λ′ijkL

α
i Q

β
j D̄k + εiL

α
i H

β
u

)
. (22)

Here i, j, k = 1, 2, 3 are generation indices, L and Q are SU(2) doublets of left-handed lepton
and quark superfields (α, β = 1, 2 are isospinor indices), Ē and D̄ are singlets of right-handed
superfields of leptons and down quarks, respectively; Hu is a doublet Higgs superfield (with
hypercharge Y = 1); λijk = −λjik , λ′ijk and εi are constants.

In the superpotential (22) the trilinear (∝ λ, λ′) and bilinear (∝ ε) terms are present. At
first, we assume that the bilinear terms are absent at tree level (ε = 0). They will be generated
by quantum corrections [20], but it is expected that the phenomenology will still be dominated
by the tree-level trilinear terms.

The leading order amplitude of the process K+ → π−+`+ +`
′+ in the 6RMSSM is described

by three types of diagrams shown in Fig. 2. For the numerical estimates of the branching

Figure 2: Feynman diagrams for the decayK+ → π−+`++`
′+ mediated by Majorana neutrinos

ν, neutralinos χ̃0, gluinos g̃ with f̃ being the scalar superpartners of the corresponding fermions
f = `, u, d (leptons and quarks).

ratios (18), we have used the known values for the couplings, decay constants, meson, lepton
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and current quark masses [15], and a typical set of the MSSM parameters and the elements of
the 4 × 4 neutralino mixing matrix from Ref. [26]. In addition, we have taken all the masses
of superpartners to be equal with a common value mSUSY . Taking into account the present
bounds on the effective Majorana masses (21), we find that the main contribution to the decay
width comes from the exchange by neutralinos and gluinos (see Fig. 2). The results of the
calculations for the decays K+ → π−`+`+ and D+ → K−`+`′+ are shown in Table 2 (here
m200 = mSUSY /(200 GeV)) [6].

Rare decay B``′ ×m10
200

K+ → π−e+e+ 1.3× 10−17|λ′111λ
′
112|2

K+ → π−µ+µ+ 4.7× 10−18|λ′211λ
′
212|2

K+ → π−e+µ+ 4.3× 10−18|λ′111λ
′
212 + λ′211λ

′
112|2

D+ → K−e+e+ 1.4× 10−18|λ′122λ
′
111 − 0.39λ′121λ

′
112|2

D+ → K−µ+µ+ 1.3× 10−18|λ′222λ
′
211 − 0.39λ′221λ

′
212|2

D+ → K−e+µ+ 6.5× 10−19|(λ′122λ
′
211 + λ′222λ

′
111)

−0.39(λ′121λ
′
212 + λ′221λ

′
112)|2

Table 2: The branching ratios B
``′ for the meson decays me-

diated by trilinear Yukawa couplings in the 6RMSSM.

For upper bounds on the
trilinear couplings (from analy-
sis of a number of other pro-
cesses [20]) |λ′λ′| . 5×10−6, we
obtain an estimate of the BRs:

B``′(tri6R) . 10−28m−10
200 . (23)

This estimate is much smaller
than the corresponding direct
experimental bounds and lies
between (except for the ee de-
cay mode) the indirect bounds
based on the mechanisms of the decays mediated by heavy and light Majorana neutrinos (see
Table 1).

For the case of tree-level bilinear couplings (ε 6= 0, λ = 0, λ′ = 0 in Eq. (22)), trilinear
couplings cannot be generated via radiative corrections [20]. The bilinear terms in the super-
potential induce mixing between the SM leptons and the MSSM charginos and neutralinos in
the mass-eigenstate basis and lead to the ∆L = ±1 lepton-quark interactions, in particular,
giving rise to the meson decays (14). For this bilinear decay mechanism, the order-of-magnitude
estimate of the BRs is given by [7]

B``′(bi6R) . 10−48m−10
200 , (24)

which is twenty orders of magnitude smaller than that for the trilinear mechanism (23).

4 Conclusion

In the minimal SM (with massless neutrinos), each lepton family number L` and the baryon
number B are conserved due to the accidental global symmetry (6).

The unambiguous observation of neutrino oscillations implies nonzero neutrino masses and
lepton mixing and clearly demonstrates the LFN violation (with conservation of the total LN).

It is natural to believe that the neutrino mass is the first evidence of New Physics.
The LN violation is a generic feature of theories beyond the SM, and searching ∆L 6= 0

processes is a way to test these theories.
The semileptonic rare meson decays (RMDs) with ∆L = 2 were investigated in the SM

extended by Majorana neutrinos and in the MSSM with explicit R-parity violation. The in-
direct bounds on the RMD branching ratios have been derived from the precision electroweak
measurements, neutrino oscillation experiments, searches for the 0ν2β decay, cosmological data,
and bounds on R-parity violating couplings. These indirect bounds are greatly more stringent
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than the bounds from direct searching RMDs. So the RMDs will hardly be seen in the nearest
future.

The neutrinoless double beta decay and the production of same-sign dileptons at colliders
(like the LHC) look substantially more promising for observation.
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B-meson form factors

M.A. Ivanov

JINR, 141980 Dubna, Russia

The results for B-meson heavy-to-light transition form factors calculated using the study
of Dyson-Schwinger equations in QCD are reviewed. In this relativistic approach, which
realises confinement and dynamical chiral symmetry breaking, all physical values of mo-
mentum transfer in the transition form factors are simultaneously accessible. These results
can be useful in the analysis and correlation of the large body of data being accumulated
at extant facilities, and thereby in probing the Standard Model and beyond.

1 Introduction

Transition form factors that characterise the decays of B-mesons into light pseudoscalar and
vector mesons, the so-called heavy-to-light decays, are basic to an understanding of this heavy-
meson’s exclusive semi-leptonic and rare radiative decays. These form factors also provide the
factorisable amplitudes that appear in B-meson exclusive nonleptonic charmless decays. An
understanding of all these processes is essential to the reliable determination of CKM matrix
elements, and transitions mediated by electroweak and gluonic penguin operators. Moreover,
they should provide a means of searching for non Standard Model effects and CP violation.
Considering all these factors, it is not surprising that heavy-light form factors are the subject
of much experimental and theoretical scrutiny, as evidenced by the discussion in Ref. [1].

The analysis of heavy-to-light processes has two facets. One is factorisation; viz., the feature
that in exclusive decays of B-mesons there exist strong interaction effects that do not correspond
to form factors. These may be radiative corrections to purely hadronic operators in the weak
effective Lagrangian or final state interactions between daughter hadrons. The development of
soft collinear effective-field theory (SCET) is providing a means of simplifying that problem,
yielding factorisation theorems which enable a systematic approximation to be developed for a
given process in terms of products of soft and hard matrix elements (see, e.g. [2]). Analyses
relevant to the processes we consider herein may be found in Refs. [3, 4, 5, 6, 7] where the
semileptonic B-decay, rare B → (K,K∗)l+l−, B → V γ decay amplitudes were expressed in
terms of the B → P (V ) form factors, light-front distribution amplitudes of the heavy- and
light-mesons and hard scattering kernels that can be evaluated perturbatively.

The second facet, once factorisation for a given process is assumed or proved, is to evaluate
the hadronic transition form factors. Naturally, they cannot be calculated in perturbation
theory. The relevant matrix elements involve single hadrons in the initial and final states.
Hence, their calculation requires information about the structure of both heavy- and light-
mesons. A variety of theoretical approaches have been applied to this problem, recent amongst
which are analyses using light-cone sum rules [8, 9], light-front quark models [10], a constituent-
quark model in a dispersion relation formulation [11], and relativistic quark models – e.g.,
Refs. [12, 13, 14]. It is notable that while the methods of Refs. [8, 9, 10] can only provide access
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to the form factors on a domain of small timelike q2, the entire range of physical momenta is
directly accessible in Refs. [11, 12, 13, 14]. The latter is also true of the method employed in
our approach.

In the present context it is worth explaining that the relativistic constituent quark model
introduced in Ref. [15] has been applied to the description of B and Bc transition form factors
[13, 14] using a small set of variable parameters. The model’s starting point is an interaction
Lagrangian that describes the correlation of constituent-quarks within a meson and represents
the system by a bound-state amplitude. The so-called compositeness condition plays a key role
in the consistent formulation of the model. In these studies the propagation of constituent-
quarks is described by a free-particle Green function; i.e., S(k) = 1/(mQ− 6 k), wherein mQ is
a light or heavy constituent-quark mass. In order to avoid unphysical thresholds in transition
amplitudes, it is necessary that for a meson of mass mH composed of quarks Q1 and Q2,
mH < mQ1 + mQ2 . This poses problems for a description of light vector mesons (ρ, K∗),
heavy flavoured vector mesons (D∗,B∗) and for P -wave and excited charmonium states. To
sidestep this, in the evaluation of matrix elements Refs. [14] employed identical masses for all
heavy pseudoscalar and vector flavored mesons; viz., mB∗ = mB , mD∗ = mD , and for all P -
wave and excited charmonium states. This is probably a reliable approximation for the heavy
mesons because the corresponding mass splittings are small. However, it is merely a stopgap
measure for the light vector mesons, and one of the motivations for this article is to remedy that
situation. We implement confinement of light-quarks, in a manner which we shall subsequently
elucidate.

Models based on results obtained via QCD’s Dyson-Schwinger equations (DSEs) have also
been employed [16, 17, 18, 19]. These studies possess the feature that quark propagation is
described by fully dressed Schwinger functions. That dressing has a material impact on light-
quark characteristics and, e.g., eliminates the threshold problem just described in connection
with Refs. [13, 14]. Within this framework, as we have shown [16, 17, 18, 19] and shall see
again herein, constant mass approximation can nevertheless be justified for b-quarks and to
some extent also for c-quarks. The results for B-meson heavy-to-light transition form factors
calculated using the study of Dyson-Schwinger equations in QCD and published in[16] are
reviewed herein. In this relativistic approach, which realises confinement and dynamical chiral
symmetry breaking, all physical values of momentum transfer in the transition form factors are
simultaneously accessible. These results can be useful in the analysis and correlation of the
large body of data being accumulated at extant facilities, and thereby in probing the Standard
Model and beyond.
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2 Heavy to light transitions

Herein our primary subjects are the following matrix elements, which can be expressed in
Minkowski space via dimensionless form factors:

< P (p2) | q̄ γµ b |B(p1) >= F+(q2)Pµ + F−(q2)qµ ,

< P (p2) | q̄ σµαqα b |B(p1) >=
i

m1 +m2

{
q2 Pµ − Pq qµ

}
FT (q2) ,

< V (p2, ε2) | q̄ γµ(1− γ5) b |B(p1) >=

=
i

m1 +m2
ε†ν2
{
−gµν Pq A0(q2) + PµPν A+(q2) + qµPν A−(q2) + iεµναβP

αqβ V (q2)
}
,

< V (p2, ε2) | q̄ σµνqν(1 + γ5) b |B(p1) >= ε†ν2
{
−
(
gµν − qµqν/q2

)
Pq a0(q2)

+
(
Pµ − qµ Pq/q2

)
Pν a+(q2) + iεµναβP

αqβ g(q2)
}

(1)

For reference it is useful to relate the form factors we have defined to those used, e.g., in Ref. [8],
which are denoted by a superscript c in the following formulae:

F+ = f c+ , F− = − m
2
1 −m2

2

q2
(f c+ − f c0 ) , FT = f cT ,

A0 =
m1 +m2

m1 −m2
Ac1 , A+ = Ac2 , A− =

2m2(m1 +m2)

q2
(Ac3 −Ac0) , V = V c ,

a0 = T c2 , g = T c1 , a+ = T c2 +
q2

m2
1 −m2

2

T c3 . (2)

We note in addition that the form factors Aci (q
2) satisfy the constraints: Ac0(0) = Ac3(0) and

2m2A
c
3(q2) = (m1 +m2)Ac1(q2)− (m1 −m2)Ac2(q2) . (3)

The leading term in a systematic and symmetry preserving truncation of the DSEs yields a
generalised impulse approximation to the matrix elements expressed in Eq. (1), which is depicted
in Fig. 1. This diagram represents an amplitude via a single integral written in Euclidean
metrics:

A(p1, p2) = trCD

∫
d4k

(2π)4
Γ̄P (V )(k;−p2)Sfl(k + p2)ΓI(p2, p1)Sb(k + p1)ΓB(k; p1)Su(k) , (4)

where the trace is over colour and Dirac-spinor indices. Equation (4) makes plain that our
calculations require information about dressed-quark propagators – S(p), meson Bethe-Salpeter
amplitudes – Γ(k;P ), and interaction vertices – ΓI(p, q). We discuss these later on.

In order to provide a well-constrained analysis of the matrix elements in Eqs. (1), we calculate
simultaneously the leptonic decay constants of all participating mesons. w1+w2 = 1, whereas for
vector mesons, For the Bethe-Salpeter amplitudes appearing in these expressions, the canonical
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k + p1 k + p2

k

b d(s)

ū ū

B P (V )

J = γµ, γµγ5, iσµνqν, iσµνqνγ
5

φB(k2) φP (V )((k + w2 p2)
2)

Figure 1: Diagrammatic representation of the matrix elements in Eq. (1). The solid lines
denote dressed-quark propagators; the filled ellipses, meson Bethe-Salpeter amplitudes ; and
the connection of the undulating line with the dressed-quark propagator, an interaction vertex.

normalisation condition is accepted,

2Pµ =

[
∂

∂Kµ
Π(P,K)

]P 2=−m2
0−

K=P

(5)

Π(P,K) = trCD

∫
d4k

(2π)4
Γ̄0−(k;−P )Sf1(k + w1K)Γ0−(k;P )Sf2(k − w2K) .

The expression for vector mesons is analogous and is given explicitly in Ref. [19].
For any quark flavour, the dressed-quark propagator has the general form

S(p) = −iγ · p σV (p2) + σS(p2) = 1/[iγ · pA(p2) +B(p2)]. (6)

An efficacious parametrisation of S(p), which exhibits the features of the numerical solutions of
the quark DSE , has been employed in Ref. [19] and is expressed in an algebraic form via entire
functions:

σ̄S(x) = 2 m̄F(2(x+ m̄2)) + F(b1x)F(b3x) [b0 + b2F(εx)] ,

σ̄V (x) =
1

x+ m̄2

[
1−F(2(x+ m̄2))

]
, (7)

with x = p2/λ2, m̄ = m/λ , F(x) = (1 − e−x)/x , σ̄S(x) = λσS(p2) and σ̄V (x) = λ2 σV (p2).
The parameter values were fixed in Ref. [19] by requiring a least-squares fit to a wide range of
light- and heavy-meson observables, and take the values:

f m̄f bf0 bf1 bf2 bf3
u = d 0.00948 0.131 2.94 0.733 0.185
s 0.210 0.105 3.18 0.858 0.185

(8)

The mass-scale λ = 0.566 GeV, with which value the current-quark masses are mu = 5.4 MeV,
ms = 119 MeV.
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Equations (7) – (8) provide an algebraic form for S(p) that combines the effects of confine-
ment and DCSB with free-particle behaviour at large spacelike p2.

As has been shown in [19] it is reasonable for the c-quark and for the b-quark,sensible, to
employ a constituent-quark propagator; viz.,

SQ(k) =
1

iγ · k + M̂Q

, Q = c, b, (9)

where the values M̂c = 1.32 GeV and M̂b = 4.65 GeV, were fixed in the same least-squares fit
as the light-quark parameters in Eq. (8) [19].

The meson Bethe-Salpeter amplitudes, which appear in Fig. 1 and are consistent with the
generalised impulse approximation. The solution of this equation requires a simultaneous solu-
tion of the quark DSE. However, since we have already chosen to simplify the calculations by
parametrising S(p), we follow Ref. [19] and also employ that expedient with ΓP (V ).

Dynamical chiral symmetry breaking and the axial-vector Ward-Takahashi identity have a
big impact on the structure and properties of light pseudoscalar mesons. In fact, the quark-level
Goldberger-Treiman relations motivate and support the following efficacious parametrisation of
light pseudoscalar meson Bethe-Salpeter amplitudes:

ΓP (k;P ) = iγ5 EP (k2) , EP (k2) =

√
2

fP
BP (k2) , P = π,K, (10)

where BP := Bu|bu0→bP0 is obtained from Eqs. (6), (7), (7) via the replacements bu0 → bπ0 = 0.204,

and bu0 → bK0 = 0.319. as appropriate.
It is reasonable to parametrise vector meson Bethe-Salpeter amplitudes as follows:

ΓVµ (k; p) =
1

NV

(
γµ + pµ

γ · p
M2
V

)
ϕ(k2) , ϕ(k2) = exp(−k2/ω2

V ) ; (11)

namely, a function whose support is concentrated in the infrared. Clearly, pµΓVµ (k; p) = 0.
An ansatz in Eq.(11) is little different to that used in Ref. [19]. The one parameter is a mass-
scale ωV , which specifies the momentum space width of the amplitude. The normalisation is
calculated via the analogues of Eqs. (5) and (6).

For heavy mesons we write [19]

ΓH(k; p) =
1

NH
γH ϕH(k2) , (12)

where γP = i γ5, γV = γ · εV , ϕH(k2) = exp
(
−k2/ω2

H

)
and NH is fixed by Eqs. (5) and (6).

In common with Ref. [19], we assume that the width parameters are spin independent; i.e.,
ωB∗ = ωB , ωD∗ = ωD, as would be the case were heavy-quark symmetry to be realised exactly.
On the other hand, we allow full flavour-dependence, since high precision experiments related
to heavy-quark systems are becoming available. Thus we fit with ωD, ωDs , ωB , ωBs treated as
independent parameters.

Manifest Poincaré covariance is a feature of the direct application of DSEs to the calculation
of hadron observables. The manifest covariance is only possible if the complete and complicated
structure of hadron bound-state amplitudes is retained. That can impose numerical costs since,
e.g., the complete vector meson Bethe-Salpeter amplitude involves eight Poincaré covariants.

Herein, we use simple one-covariant models for the amplitudes with a goal of describing
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simultaneously a wide range of phenomena. With the omission of the full structure of ampli-
tudes, however, comes the complication that our results can be sensitive to the definition of
the relativistic relative momentum. Every study that fails to retain the full structure of the
Bethe-Salpeter amplitude shares this complication.

Hence to proceed we must specify the relative momentum. In common with Refs. [19, 17, 18],
when a heavy-quark line is involved, we allocate all the heavy-light-meson’s momentum to that
heavy-quark and choose the single covariant in the heavy-light-meson’s Bethe-Salpeter ampli-
tude to be a function of only the light-quark momentum. This is evident in Fig. 1.

For the light mesons, our choice is clearly depicted in Fig. 1; viz., a quark with momentum
k1 and antiquark with momentum k2 are bound into a system with total momentum p, with
the relative momentum k = w2k1 +w1k2, where w1 +w2 = 1. In Refs. [17, 18, 19], and in other
phenomenological DSE studies, w2 = 1/2 is usually implicit. Herein we allow w2 to vary and
do not require wud2 = wus2 .

We re-emphasise that the existence of optimal values for these parameters is a consequence
of the truncations employed in setting up the bound state model. No dependence would exist
in an ab initio study, which is possible. However, for the breadth of application herein, an ab
initio study is beyond our capacity.

We parametrise the dressed-quark-photon vertex as was done in Ref. [22] and employ the
Ball-Chiu Ansatz [23]:

iΓfν (`1, `2) = iΣA(`21, `
2
2) γµ + (`1 + `2)µ

[
1

2
iγ · (`1 + `2) ∆A(`21, `

2
2) + ∆B(`21, `

2
2)

]
, (13)

where

ΣF (`21, `
2
2) =

1

2
[F (`21) + F (`22)] , ∆F (`21, `

2
2) =

F (`21)− F (`22)

`21 − `22
,

with F = Af , Bf ; i.e., the scalar functions in Eq. (6) evaluated with the appropriate dressed-
quark propagator. It is critical that this Ansatz satisfies the Ward-Takahashi identity.

It is noteworthy that for heavy-quarks, since from Eq. (9) one has AQ(k2) ≡ 1 and MQ(k2) ≡
M̂Q, Eq. (13) yields

ΓQµ (`1, `2) = γµ ; (14)

namely, the correct heavy-quark limit. With algebraic parametrisations of each of the pieces
that comprise a matrix element one can obtain simple formulae that express the heavy-quark
symmetry limits of these matrix elements. References [17, 18, 19] detail the results of such
analysis. In particular, Sec. VI of Ref. citemishasvy provides a complete discussion of the
heavy-quark symmetry limits of numerous matrix elements.

To highlight a couple of results relevant to our present discussion, we observe that the
leptonic and semileptonic decays of heavy mesons were considered in Ref. [17]. In accord with
heavy-quark effective theory [20], it was shown [17] that in the heavy-quark limit the leptonic
decay constants evolve as (M̂Q)−1/2 and the matrix elements describing semileptonic heavy-
heavy decays can be expressed in terms of a single universal function, ξ. The calculated result
for this function can be written

ξ(w) =
Nc
4π2

κ1κ2

∫ 1

0

dτ
1

W

∫ ∞

0

duϕ2
H(zW )

[
σS(zW ) +

√
u

W
σV (zW )

]
, (15)

with κ2 = 1/[mHN 2
H ], W = 1 + 2τ(1− τ)(w − 1), zW = u− 2EH

√
u/W , and w = −vH1 · vH2

where vH = pH/mH . Owing to the canonical normalisation of the Bethe-Salpeter amplitudes,
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This work Other Reference
fρ 209 209(2) PDG [1]
fK∗ 217 217(5) PDG [1]

fD 223 222.6 (16.7)+2.8
−3.4 CLEO [26, 27, 25]

fDs 281 280(12)(6) CLEO [26, 27, 25]
fD∗ 321 245 (20)+3

−2 LAT [29]
fD∗s 364 272 (16)+3

−20 LAT [30]
fB 176 229+36

−31 (stat)+34
−37 (syst) BELLE[31]

fBs 211 259 (32) HPQCD LAT [32]
fB∗ 198 196 (24)+39

−2 LAT [29]
fB∗s 235 229 (20)+41

−16 LAT [29]

Table 1: Leptonic decay constants fH (MeV) calculated using the parameter values listed in
connection with Eq. (16). Data and selected calculations are provided for comparison.

ξ(w = 1) = 1.
In addition to reproducing the results of heavy-quark symmetry, it is an important feature

of the DSEs that one can examine the fidelity of the formulae obtained in the heavy-quark limit;
viz., elucidate the extent to which they are physically realised. Reference [19] provides a unified
and uniformly accurate description of a broad range of light- and heavy-meson observables. It
concludes that corrections to the heavy-quark symmetry limit of . 30% are encountered in
b→ c transitions and that these corrections can be as large as a factor of 2 in c→ d transitions.

3 Calculated results

In the framework we have set up there are eight variable parameters: The widths of the light-
vector-meson Bethe-Salpeter amplitudes – ωρ, ωK∗ , the widths of the heavy-meson Bethe-
Salpeter amplitudes – ωD, ωDs , ωB , ωBs , and the light-quark momentum partitioning param-
eters – wud

2 , wus
2 . All other parameters, including the quark masses, are taken as reported

in Ref. [19]. We observe that in the widespread application of this framework and variants
thereupon, calculations, when they can be compared with observables, are accurate to a root-
mean-square (rms) deviation of 15%. The current application is not different in principle and
hence this value should provide a reasonable estimate of our theoretical error.

We determine our parameters through a least-squares fit to meson leptonic decay constants.
The parameter values obtained via this procedure are wud

2 = 0.377, wus
2 = 0.316 and, in GeV:

ωρ ωK∗ ωD ωDs ωB ωBs
0.561 0.611 1.50 1.97 1.37 1.63

. (16)

The calculated values of observables are: ρ→ ππ coupling constant gρππ = 4.62 [expt. =5.92(2)]
and K∗ → Kπ coupling gK∗Kπ = 4.55 [expt. =4.67(4)], expressions for which are provided
in Ref. [19], plus the leptonic decay constants listed in Table 1. Our calculated light-meson
leptonic decay constants are unchanged from Ref. [19]: fπ = 146 MeV; fK = 178 MeV – cf.
expt.: 131 MeV and 161 MeV, respectively.
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Figure 2: Our results for the B → π, ρ form factors.

With all parameters fixed, we now proceed to the calculation of the B → P (V ) heavy-
to-light transitions depicted in Fig. 1. Before reporting the predictions, we offer a technical
remark. Calculation of the generalised impulse approximation to the transitions involves the
numerical evaluation of a four-dimensional integral whose integrand is the convolution of entire
functions and functions with a simple pole. The straightforward use of spherical coordinates
in the Euclidean loop integral and the choice of the B-meson rest-frame works well only for
p2

1 ≤ M2
b . When p2

1 > M2
b one needs to shift the integration contour into the complex plane.

Since that is not easily done numerically, we employ an alternate representation that can be
used straightforwardly for any p2

1. Namely, with p2
1 = −m2

1, p2
2 = −m2

2 and (p1 − p2)2 = −q2:

∫
d4k

π2

F (k2)φ
(

(k + w2p2)2
)
σ
(

(k + p2)2
)

M2
b + (k + p1)2

=
1

π

∞∫

0

du

1∫

0

dv

π∫

0

dθF (z1)φ(y2)σ(z2) ,

z1 = u+
1− v
v

[M2
b − vm2

1] ,

y2 = z1 + 2i
√
uv cos θ w2m2 + (1− v)w2 (m2

1 +m2
2 − q2)− w2

2 m
2
2 ,

z2 = z1 + 2i
√
uv cos θ m2 + (1− v) (m2

1 +m2
2 − q2)−m2

2 .

Figure 2 shows our calculatedB → π form factors for q2 ∈ [0, q2
max], with q2

max = (mB−mπ)2;
viz., on the complete, relevant physical domain. It is noteworthy and phenomenologically
important that in our DSE-based approach all form factors can be calculated on the entire
domain of physically accessible momenta. Moreover, the chiral limit is directly accessible and
the consequences of Goldstone’s theorem are manifest, so that both pseudoscalar and vector
light-quark mesons are realistically described. No extrapolation in any quantity is required.

Our calculated results are satisfactorily interpolated by the simple function

F (q2) =
F (0)

1− as+ bs2
, s = q2/m2

B . (17)

We list the values of the form factors at the maximum recoil point, q2 = 0, and the parameters
a and b in Tables 2 and 3. Analytically, a0(0) = a+(0) = g(0) , a result preserved by the
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F+ F− FT A0 A+ A− V a0 a+ g
F (0) 0.24 -0.24 0.24 0.32 0.25 -0.32 0.32 0.25 0.26 0.26
a 1.87 1.97 1.92 1.16 2.08 2.27 2.21 1.26 2.10 2.21
b 0.93 1.04 1.00 0.32 1.14 1.38 1.30 0.48 1.16 1.29

Table 2: B → π(ρ) form factors: values of the parameters in Eq. (17).

F+ F− FT A0 A+ A− V a0 a+ g
F (0) 0.29 -0.28 0.32 0.40 0.30 -0.38 0.37 0.30 0.30 0.30
a 1.85 1.95 1.90 0.98 1.92 2.10 2.05 1.04 1.95 2.05
b 0.96 1.09 1.02 0.034 0.97 1.19 1.13 0.16 1.00 1.12

Table 3: B → K(K∗) form factors: values of the parameters in Eq. (17).

interpolation function. We provide the interpolations so that our results may readily be adapted
as input for other analyses.

In Table 4 we collect our predictions for the form factors at the maximum recoil point and
provide a comparison with extant results obtained within other frameworks. The figures and
tables highlight the wide range of phenomena accessible within our approach. That is equalled
in the table by Refs. [8, 10, 11].

4 Summary

We presented a wide-ranging analysis of B-meson exclusive semileptonic and rare radiative
decays using a phenomenological framework whose elements are based on Dyson-Schwinger
equation (DSE) studies in QCD. Confinement and dynamical chiral symmetry breaking are
expressed within this approach. Moreover, in the present context it is a particular feature of
the method that all transition form factors are directly calculable on the entire physical domain
of accessible momentum transfer. This may be contrasted with numerical simulations of lattice
regularised QCD, which are currently restricted to the domain of intermediate timelike q2 (e.g.,
[36] q2 ∈ [11, 18] GeV2) and QCD Sum Rules, which are directly applicable only on the domain
of small timelike q2 (e.g., [8] q2 ∈ [0, 10] GeV2).

The results presented herein represent a well-constrained calculation. Improvement over an
earlier study [19] was made possible by: the appearance of additional data and lattice results
in the interim; and technical improvements in our treatment of the loop integrals. Our results
should thus prove valuable in the analysis and correlation of the rapidly accumulating body
of information on charmless B-decays. To assist with this, we provided pointwise accurate
parametrisations of our calculated transition form factors.

HQP08 9

B-MESON FORM FACTORS

HQP08 183



This work LCSR [8] LCSR [9] LCQM [10] DQM [11] RQM [12]

f+
Bπ(0) 0.24 0.25±0.05 0.258±0.031 0.25 0.29 0.22

f+
BK(0) 0.30 0.31±0.04 0.331±0.041 0.30 0.36
fTBπ(0) 0.25 0.21±0.04 0.253±0.028 0.25 0.28
fTBK(0) 0.32 0.27±0.04 0.358±0.037 0.33 0.35
V Bρ(0) 0.31 0.32±0.10 0.30 0.31 0.30

V BK
∗
(0) 0.37 0.39±0.11 0.34 0.44

ABρ1 (0) 0.24 0.24±0.08 0.23 0.26 0.27

ABK
∗

1 (0) 0.29 0.30±0.08 0.25 0.36

ABρ2 (0) 0.25 0.21±0.09 0.22 0.24 0.28

ABK
∗

2 (0) 0.30 0.26±0.08 0.23 0.32

TBρ1 (0) 0.26 0.28±0.09 0.26 0.27

TBK
∗

1 (0) 0.30 0.33±0.10 0.29 0.39

Table 4: Our calculated values of B → π,K and B → ρ,K∗ form factors at the maximum
recoil point compared with the results obtained by other authors. Based on the widespread
application of our approach herein and elsewhere, we estimate that the relative systematic
uncertainty in our calculated results is ∼ 15%.
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Heavy hadron molecules

Amand Faessler, Thomas Gutsche, Valery E. Lyubovitskij∗

Institut für Theoretische Physik, Universität Tübingen,
Kepler Center for Astro and Particle Physics,
Auf der Morgenstelle 14, D–72076 Tübingen, Germany

We discuss a possible interpretation of D∗s0(2317), Ds1(2460), B∗s0(5725), Bs1(5778) and
X(3872) mesons as hadronic molecules. Using an effective Lagrangian approach we calcu-
late their weak, strong and radiative decays. The new impact of molecular structure of these
states is the presence of u(d) quarks inK, D(∗) and B(∗) mesons which give rise to the direct
strong isospin-violating transitions D∗s0(B∗s0)→ Ds(Bs)+π0 and Ds1(Bs1)→ D∗s (B∗s )+π0

in addition to the modes generated by η − π0 mixing as was considered before in the lit-
erature.

1 Introduction

Nowadays there is strong interest to study newly observed mesons and baryons in the context of
a hadronic molecule interpretation [1]. As stressed for example in Ref. [2] the scalar D∗s0(2317)
and axial Ds1(2460) mesons could be candidates for a scalar DK and a axial D∗K molecule
because of a relatively small binding energy of ∼ 50 MeV. These states were discovered and
confirmed just a few years ago by the Collaborations BABAR at SLAC, CLEO at CESR
and Belle at KEKB [3]. In the interpretation of these experiments it was suggested that the
D∗s0(2317) and Ds1(2460) mesons are the P -wave charm-strange quark states with spin-parity
quantum numbers JP = 0+ and JP = 1+, respectively.

The next important question concerns the possible structure of the D∗s0(2317) and Ds1(2460)
mesons. The simplest interpretation of these states is that they are the missing js = 1/2 (js
is the angular momentum of the s-quark) members of the cs̄ L = 1 multiplet. However, this
standard quark model scenario is in disagreement with experimental observation, since the
D∗s0(2317) and Ds1(2460) states are narrower and their masses are lower when compared to
theoretical predictions (see e.g. discussion in Ref. [1]). Therefore, in addition to the standard
quark-antiquark picture alternative interpretations of the D∗s0(2317) and Ds1(2460) mesons
have been suggested: four-quark states, mixing of two- and four-quark states, two-diquark
states and two-meson molecular states. Up to now strong and radiative decays of the D∗s0(2317)
and Ds1(2460) mesons have been calculated using different approaches [4]-[28]: quark models,
effective Lagrangian approaches, QCD sum rules, lattice QCD, etc.

A new feature related to the molecular D(∗)K structure of the D∗s0(2317) and Ds1(2460)
mesons is that the presence of u(d) quarks in the D(∗) and K mesons gives rise to direct strong
isospin-violating transitions D∗s0 → Dsπ

0 and Ds1 → D∗sπ
0 in addition to the decay mechanism

induced by η − π0 mixing, as considered previously.

∗On leave of absence from Department of Physics, Tomsk State University, 634050 Tomsk, Russia
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In the present paper we will consider the strong, radiative and leptonic decays of the
D∗s0(2317) and Ds1(2460) meson using an effective Lagrangian approach. The approach is
based on the hypothesis that the D∗s0 and Ds1 are bound states of D,K and D∗,K mesons,
respectively. In other words, we investigate the position that the D∗s0 and Ds1 are (DK) and
(D∗K) hadronic molecules. Their couplings to the constituents are described by effective La-
grangians. The corresponding coupling constants gD∗s0DK and gDs1D∗K are determined by the
compositeness condition Z = 0 [29, 30], which implies that the renormalization constant of the
hadron wave function is set equal to zero. Note, that this condition was originally applied to
the study of the deuteron as a bound state of proton and neutron [29]. Then it was exten-
sively used in low-energy hadron phenomenology as the master equation for the treatment of
mesons and baryons as bound states of light and heavy constituent quarks (see Refs. [30, 31]).
Recently the compositeness condition was used to study the light scalar mesons a0 and f0 as
KK̄ molecules [32]. A new impact of the molecular structure of the D∗s0(2317) and Ds1(2460)
mesons is that the presence of u(d) quarks in the D∗ and K meson gives rise to the direct strong
isospin-violating transitions D∗s0 → Dsπ

0 and Ds1 → D∗sπ
0 in addition to the decay induced

by η − π0 mixing considered before in the literature. We show that the direct transition domi-
nates over the η − π0 mixing transitions. The obtained results for the partial decay widths are
consistent with previous calculations. We also extend our formalism to the bottom sector, that
is to the B∗s0(5725) and Bs1(5778) states and to the charmonium-like states: X(3872), Z(4433,
etc. See details in Refs. [21]-[26].

2 Approach: basic notions and results

In this section we briefly discuss the formalism for the study of hadronic molecules. For example,
we consider the D∗±s0 (2317) meson as a bound state of D and K mesons. Extension to other
states is straightforward. First of all we specify the quantum numbers of the D∗±s0 (2317) mesons.
We use the current results for the quantum numbers of isospin, spin and parity: I(JP ) = 0(0+)
and massmD∗s0 = 2.3173 GeV [3]. Our framework is based on an effective interaction Lagrangian
describing the coupling between the D∗s0(2317) meson and their constituents - D and K mesons:

LD∗s0(x) = g
D∗
s0
D∗−s0 (x)

∫
dyΦD∗s0(y2)D(x + w

KD
y)K(x− w

DK
y) + H.c. (1)

where D and K are the corresponding meson doublets, wij = mi/(mi + mj) is a kinematic
variable, mD and mK are the masses of D and K mesons. The correlation function ΦD∗s0
characterizes the finite size of the D∗s0(2317) meson as a D K bound state and depends on
the relative Jacobi coordinate y with x being the center of mass (CM) coordinate. In the
numerical calculations we employ the Gaussian form for ΦD∗s0 . Its Fourier transform reads

as Φ̃D∗s0(p2
E) = exp(−p2

E/Λ
2
D∗s0

), where pE is the Euclidean Jacobi momentum. Here ΛD∗s0
is a size parameter, which parametrizes the distribution of D and K mesons inside the D∗s0
molecule. The coupling constant gD∗s0 is determined by the compositeness condition [29, 30],
which implies that the renormalization constant of the hadron wave function is set equal to zero:
ZD∗s0 = 1− Σ′D∗s0(m2

D∗s0
) = 0 , where Σ′D∗s0 is the derivative of the D∗s0 meson mass operator.

The effective Lagrangian (1) is the starting point for the study of the decays of hadronic
molecules. It defines the transition of the molecule into its constituents. Then we should
specify the Lagrangian which describes the interaction of the constituents with external fields
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(hadrons and gauge bosons) and the diagrams which contribute to the matrix elements of
physical processes. All further details can be found in Refs. [21]-[24].

3 Results

Below, in Tables 1 – 4, we display our results for the strong Γ(D∗s0(Ds1) → Ds(D
∗
s)π) and

radiative D∗s0(Ds1)→ D∗s(Ds)γ decay widths and their ratios RD∗s0 = Γ(D∗s0 → D∗sγ/Γ(D∗s0 →
Dsπ) and RDs1 = Γ(Ds1 → Dsγ)/Γ(Ds1 → D∗sπ), including the extension to the bottom sector,
and compare them with the predictions of other approaches.

In the heavy quark limit (when masses of charm and bottom quark/mesons go to infinity)
we deduce relations between the couplings of strong decays

GB∗s0Bsπ

GD∗s0Dsπ
∼ mb

mc
,

GBs1B∗sπ

GDs1D∗sπ
∼ mb

mc
. (2)

and decay widths of radiative decays:

Γ(Ds1 → Dsγ)

Γ(D∗s0 → D∗sγ)
=

1

3

(
m2
Ds1
−m2

Ds

m2
D∗s0
−m2

D∗s

)3(mD∗s0

mDs1

)3

' 3.80 , (3)

Γ(Bs1 → Bsγ)

Γ(B∗s0 → B∗sγ)
=

1

3

(
m2
Bs1
−m2

Bs

m2
B∗s0
−m2

B∗s

)3(mB∗s0

mBs1

)3

' 0.74 , (4)

and

Γ(B∗s0 → B∗sγ)

Γ(D∗s0 → D∗sγ)
=

(
m2
B∗s0
−m2

B∗s

m2
D∗s0
−m2

D∗s

)3 (mD∗s0

mB∗s0

)3

' 3.74 , (5)

Γ(Bs1 → Bsγ)

Γ(Ds1 → Dsγ)
=

(
m2
Bs1
−m2

Bs

m2
Ds1
−m2

Ds

)3(
mDs1

mBs1

)3

' 0.73 . (6)

Relation (3) is confirmed by the full analysis done in our framework and in other theoretical
approaches (see compilation of the results in Refs. [21, 23]). E.g. the relation explains why
most of the approaches predict that the decay width Γ(Ds1 → Dsγ) is approximately 3 − 5
times larger than Γ(D∗s0 → D∗sγ). The other relations (4)-(6) help to give predictions for the
decay widths of the bottom partners. In particular, we arrive at the conclusion that our full
predictions for Γ(B∗s0 → B∗sγ) and Γ(Bs1 → Bsγ) – a few keV – are well justified.

Also, we present our results for the leptonic decay constants: f
D∗s0

= 67.1 MeV and fDs1 =

144.5 MeV. In Table 5 we summarize the present results for f
D∗
s0

and f
Ds1

obtained in different

approaches (either on the basis of hadronic models or from the analysis of experimental data
on two-body B-meson decays). Our results are in agreement with the predictions of Refs. [4,
33, 34, 35], especially with the lower limits derived from an analysis of the branching ratios of
B → D(∗)D∗s0(Ds1) decays [33, 35].

Using the predicted decay constants f
D∗s0

and fDs1 we calculate the branching ratios of

B → D(∗)D∗s0(Ds1) decays. For this purpose we use the leptonic decay constants f
D∗
s0

, f
Ds1

and,

in addition, model-independent results for the form factors of B → D(∗)`ν̄` transitions obtained
by Caprini, Lellouch and Neubert (CLN) [36]. Latter derivations are based on heavy quark spin

HQP08 3

A. FAESSLER, T. GUTSCHE, V.E. LYUBOVITSKIJ

188 HQP08



Table 1: Strong decay widths in keV.

Approach Γ(D∗s0 → Dsπ) Γ(Ds1 → D∗sπ)

Ref. [14] 6 ± 2

Ref. [7] 7 ± 1 7 ± 1

Ref. [18] 8.69 11.41

Ref. [6] 10 10

Ref. [8] 16 32

Ref. [5] 21.5 21.5

Ref. [17] 32 35

Ref. [13] 39 ± 5 43 ± 8

Ref. [4] 10 − 100

Ref. [9] 155 ± 70 155 ± 70

Ref. [10] 129 ± 43 187 ± 73

Ref. [28] 140 140

Our results [21, 23] 46.7 − 75 50.1 − 79.2

Table 2: Radiative decay widths in keV.

Approach Γ(D∗s0 → D∗sγ) Γ(Ds1 → Dsγ)

Ref. [8] 0.2

Ref. [27] 0.49

Ref. [7] 0.85 ± 0.05

Ref. [12] 1 ≤ 7.3

Ref. [15] ≈ 1.1 0.6 − 2.9

Ref. [20] 1.3 − 9.9 5.5 − 31.2

Ref. [10] ≤ 1.4 ≈ 2

Ref. [16] 1.6 6.7

Ref. [5] 1.74 5.08

Ref. [6] 1.9 6.2

Ref. [11] 4 − 6 19 − 29

Ref. [28] < 7 ' 43.6

Ref. [9] 21 93

Our results [21, 23] 0.47 − 0.63 2.37 − 3.73
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Table 3: Ratios RD∗s0 and RDs1 .

Approach RD∗s0 RDs1

Ref. [8] 0.01

Ref. [10] ≤ 0.02 0.01 - 0.02

Ref. [28] < 0.05 ' 0.31

Ref. [5] 0.08 0.24

Ref. [11] 0.11 − 0.14

Ref. [6] 0.19 0.62

Ref. [9] 0.09 - 0.25 0.41 - 1.09

Ref. [16] 0.16 0.67

Data [3] ≤ 0.059 0.44 ± 0.09

Our results [21, 23] ' 0.01 ' 0.05

Table 4: Decay widths of B∗s0(5725) and Bs1(5778) in keV.

Approach Γ(B∗s0 → Bsπ) Γ(Bs1 → B∗sπ) Γ(B∗s0 → B∗sγ) Γ(Bs1 → Bsγ)

Refs. [18, 19] 7.92 10.36

Our results [24] 55.2 − 89.9 57.4 − 94.7 3.07 − 4.06 2.01 − 2.67

Table 5: Leptonic decay constants f
D∗s0

and f
Ds1

.

Approach f
D∗s0

(MeV) f
Ds1

(MeV)

Ref. [11] 225 ± 25 225 ± 25

Ref. [37] 206 ± 120

Ref. [38] 200±50

Ref. [39] 170 ± 20 247 ± 37

Ref. [40] 138±16 259±13

Ref. [41] 110±18 233±31

Ref. [33] > (74 ± 11)/|a1| > (166 ± 20)/|a1|
Ref. [34] 71 117

Ref. [34] 60± 13 150± 40

Ref. [35] > (58 - 86)/|a1| > (90 - 228)/|a1|
Ref. [4] 67±13

Ref. [42] 44 41

Our results [22] 67.1 ± 4.5 144.5 ± 11.1
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Table 6: Branching ratios of B → D(∗)D∗s0(Ds1) decays (in units of 10−3).

Mode Data (averaged) [3] BABAR [43] Our results [22]

B− → D∗−s0 D
0 > 0.74+0.23

−0.19 1.03± 0.14

B̄0 → D∗−s0 D
+ > 0.97+0.41

−0.34 0.96± 0.13

B− → D−s1D
0 > 1.4+0.6

−0.5 4.3± 1.6± 1.3 2.54± 0.39

B̄0 → D−s1D
+ > 2.0+0.6

−0.5 2.6± 1.5± 0.74 2.36± 0.36

B− → D∗−s0 D
∗0 > 0.9± 0.6+0.4

−0.3 0.50± 0.07

B̄0 → D∗−s0 D
∗+ > 1.5± 0.4+0.5

−0.4 0.47± 0.06

B− → D−s1D
∗0 > 5.5± 1.2+2.2

−1.67.6 11.2± 2.6± 2.0 7.33± 1.12

B̄0 → D−s1D
∗+ > 7.6± 1.7+3.2

−2.4 8.8± 2.0± 1.4 6.85± 1.05

Table 7: Ratios MD∗/MD = Γ(B →MD∗)/Γ(B →MD) for M = D∗s0, Ds1.

Mode Data [35] CLF [35] Our results [22]

D∗−s0 D
∗0/D∗−s0 D

0 0.91± 0.73 0.49 0.48

D∗−s0 D
∗+/D∗−s0 D

+ 0.59± 0.26 0.49 0.48

D−s1D
∗0/D−s1D

0 3.4± 2.4 3.6 2.9

D−s1D
∗+/D−s1D

+ 2.6± 1.5 3.6 2.9

Table 8: Decay width of X(3872)→ γJ/ψ in keV.

Approach Γ(X(3872)→ γJ/ψ)

[cc̄] , Ref. [44] 11

[cc̄] , Ref. [45] 71

[cc̄] , Ref. [45] 139

[molecule] , Ref. [45] 8

124.8 - 231.3 (ε = 0.7 MeV)

Our results 129.8 - 239.1 (ε = 1 MeV)

138.0 - 251.4 (ε = 1.5 MeV)
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symmetry, dispersive constraints, including short-distance and power corrections. In Table 6
we present our predictions for the branching ratios of two-body decays B → D(∗)D∗s0(Ds1).
For the data we use the averaged lower limits from PDG [3] and in addition for the modes
with a Ds1(2460) meson in the final state the direct results of the BABAR Collaboration.
Our predictions are in good agreement with the experimental data except for the marginal
situation in the case of the B̄0 → D∗−s0 D

∗+ decay, where our prediction is slightly lower than
the experimental limit. In Table 7 we present the results for the ratios Γ(B → D∗D∗s0)/Γ(B →
DD∗s0) and Γ(B → D∗Ds1)/Γ(B → DDs1). We also use the compilation of experimental data
and theoretical results within the covariant light-front (CLF) approach [34] summarized in Table
10 of Ref. [35]. Here, our predictions are in good agreement with the existing experimental data.
In comparison with the CLF approach our predictions are lower, although not significantly.

Finally we consider X(3872) resonance as a hadronic molecule, a loosely–bound state of
charmed D0 and D∗ 0 mesons, since its mass is very close to the D∗ 0D̄0 threshold. Assuming
structure and quantum numbers of X(3872) as (D0D̄∗ 0 − D∗ 0D̄0)/

√
2 and JPC = 1++, we

calculate the X(3872)→ γ J/ψ decay width. We also estimate the contribution of an additional
cc̄ component in the X(3872) to this decay width, which is shown to be suppressed relative to
the one of the molecular configuration.

In Table 8, we list our results for the decay width Γ(X(3872) → γJ/ψ) at the following
values of binding energy ε = 0.7, 1, 1.5 MeV. The range of values for our results is due to the
variation of the scale parameter ΛX from 2 to 3 GeV. Although the resulting decay width
is not very sensitive to a change in the binding energy ε, the result depends stronger on the
variation of ΛX . The latter result is consistent with the conclusion of Ref. [45], where the
Γ(X(3872)→ γJ/ψ) decay width is also very sensitive to details of the wave function or finite–
size effects. We obviously need more data to constrain our model parameter ΛX . We therefore
consider the present results as an estimate. For comparison we also present the results of
Refs. [44, 45]. As was stressed in [45], in the framework of the charmonium picture there is
a strong sensitivity to the model details, e.g. to the choice of binding potential, leading to a
variation of the predictions from 11 keV [44] to 139 keV [45]. On the other hand, our result is
larger than the prediction Γ(X(3872)→ γJ/ψ) = 8 keV of the other molecular approach [45].
Therefore, a future precise measurement of Γ(X(3872) → γJ/ψ) will be a crucial check for
theoretical approaches.

4 Summary

We studied the new charm-strange mesons D∗s0(2317) and Ds1(2460) in the hadronic molecule
interpretation, considering DK and D∗K bound states, respectively. Using an effective La-
grangian approach we calculated their weak, strong and radiative decays. A new impact of
their molecular structure is that the presence of u(d) quarks in the D(∗) and K meson loops
gives rise to direct strong isospin-violating transitions D∗s0 → Dsπ

0 and Ds1 → D∗sπ
0, in addi-

tion to the decay mechanism induced by η−π0 mixing as was considered before in the literature.
Also, we extend our formalism to the bottom sector: that is B∗s0(5725) and Bs1(5778) states.
We calculated weak decay properties of D∗s0(2317) and Ds1(2460): the leptonic decay constants
f
D∗
s0

, f
Ds1

and branching ratios of the two-body bottom meson decays B → D(∗)D∗s0(Ds1).

Also we estimated the X(3872)→ γ J/ψ decay width.
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B0−B̄0 mixing: hadronic matrix elements beyond

factorization in QCD sum rules analysis

Alexei A. Pivovarov

Institute for Nuclear Research, 117312 Moscow, Russia

The analysis of B-meson mixing within sum rules technique is presented. It is shown
that the factorization results are reproduced at the diagram level. The non-factorizable
contributions due to non-perturbative vacuum condensates to bag parameters are small.

1 Flavordynamics in Standard Model

There are three generations of matter fields (fermions) in the Standard Model

quarks :

(
u
d

)
,

(
c
s

)
,

(
t
b

)
+ leptons

where u, d, c . . . are flavors of quarks. Yukawa interaction with Higgs boson H gives masses to
originally massless fermions:

λfHf̄f → mf f̄f, mf = λf 〈H〉

where λf is the coupling constant and 〈H〉 is the vacuum expectation value of the Higgs field.
Gauge interaction of up, Ui = (u, c, t)L, and down, Dj = (d, s, b)L, quarks with W -bosons
includes CKM matrix V [1] in such a way that its entries Vij are effectively the coupling
constants Vij · ŪiγµDjW

µ. The interaction with nonvanishing elements Vij initiates transitions
between quark flavors b → c, s → u, c ↔ d, . . . The CKM entries Vij and quark masses
mf are parameters of SM: their numerical values are to be found from data. Masses of quarks
(or Yukawa couplings) are quite different numerically

mu,d ∼ 5× 10−3 GeV, ms = 0.1 GeV

mc = 1.3 GeV, mb = 4.2 GeV, mt = 175 GeV

that leads to a variety of flavor changing decays which are kinematically allowed. The param-
eters Vij are also different numerically: their hierarchy is governed by λ = Vus ≈ 0.22

V '




1− 1
2λ

2 λ Aλ3 (ρ− iη)
−λ(1 + iA2λ4η) 1− 1

2λ
2 Aλ2

Aλ3 (1− ρ− iη) −Aλ2 1


 (1)

This matrix determines the rates of flavor changing transitions.
In contrast to leptons (τ , µ decays, neutrino mixing) no “free” quarks have been detected in

experiments so far but only hadrons. The observed transitions are therefore between flavored
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b

s

s

b

u,c,t

u,c,t

b

s

s

b

Figure 1: Transition operator

hadrons, i.e. b→ s means B → K or B → Xs. Here QCD enters the game: it constitutes the
most difficult part of the analysis of EW flavor structure of quark sector in SM.

A specific class of ∆F = 2 transitions is represented by mixing of different flavored mesons [2]

sd : K0 − K̄0; cu : D0 − D̄0; bd, bs : B0 − B̄0

and is important as a source of CP violation studies.

2 Phenomenological description of B0 − B̄0 system

The time evolution of (B0, B̄0) system is given by

i
d

dt

(
B0

B̄0

)
= Heff

(
B0

B̄0

)

where Heff is a 2 × 2 mass operator Heff = (M − iΓ/2)ij , i, j = 1, 2. The non-diagonal
elements M12 and Γ12 are effective ∆B = 2 interactions not present in the SM Lagrangian and
calculable. Observables of B0 − B̄0 system are: the mass difference ∆m = Mheavy −Mlight ≈
2 |M12| and the decay rate difference ∆Γ = ΓL − ΓH ≈ −2 |Γ12| cos arg(−M12/Γ12). These
observables can be used to extract the CKM parameters provided that theory is able to compute
them. What are theoretical formulae?

3 B0 − B̄0 mixing in SM: operators and BB parameters

Theoretically, at the quark level in SM the ∆B = 2 processes go through a box diagram that
produces a complicated, non-local transition operator called an effective Hamiltonian, Fig. 1 [3].
It however simplifies, i.e. reduces to local operators because of mass and CKM hierarchies.

The reduction mechanisms are different for ∆m and ∆Γ.
In the ∆m case Vtb � Vcb, Vub, the top quark contribution saturates the loop in the box

diagram and because of mt � mb the loop localizes. This reduces the transition effective
Hamiltonian to a local operator. The result is known with NLO accuracy in the strong coupling
constant. It reads

M12 =
G2
FM

2
W

4π2
(Vtb

∗Vtd)
2
ηBS0(xt)

[
α(5)
s (µ)

]−6/23
[

1 +
α

(5)
s (µ)

4π
J5

]
〈B̄0|Q(µ)|B0〉
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where ηB = 0.55± 0.1, J5 = 1.627 in the NDR scheme, S0(xt) is the short distance function,
xt = m2

t/m
2
W , and Q(µ) = (b̄LγσdL)(b̄Lγ

σdL)(µ) is the local four-quark operator.
For the width difference one has ∆Γ ∼ Γ12 ∼ 〈B̄s|T |Bs〉. Final states in B0

s decays are
(c, u) “quarks”. Because mb � mc,mu the Heavy Quark Expansion in 1/mb is used [4]

〈B̄s|T |Bs〉 =
∑

n

Cn
mn
b

〈B̄s|O∆B=2
n |Bs〉

with Cn being calculable in PT. NonPT physics is contained in ME of local operators O∆B=2
n .

At LO in 1/mb two four-quark operators in T are Q = (b̄isi)V−A(b̄jsj)V−A and QS =
(b̄isi)S−P (b̄jsj)S−P . At NLO the most important new operators are [5]

R2 =
1

m2
b

(b̄i
←
Dµ D

µsi)V−A(b̄isi)V−A, R3 =
1

m2
b

(b̄iDµD
µsi)S−P (b̄isi)S−P .

Thus, M12 and Γ12 reduce to the evaluation of 〈B̄|Qi|B〉 in QCD that is a genuine nonPT task.
No direct techniques of such evaluation is known at present. In phenomenological applications
one usually uses the factorization approximation. Indeed, since Qi ∼ J ·J with J ∼ s̄b and with
understanding that the state |B〉 is somehow made from the quarks |sb̄〉 it is tempting “to fac-
torize” the matrix element in the following way 〈B̄|Qi|B〉 = 〈B̄|J ·J |B〉 = Ccomb〈B̄|J |0〉〈0|J |B〉
with Ccomb being a combinatorial factor. For J ∼ b̄LγµdL the matrix element is parametrized
through 〈0|b̄LγµdL|B0(p)〉 = ipµfB/2 where fB is decay constant into leptons. Clearly, this
approximation is rather naive and the main problem is to evaluate its accuracy in some regular
way. Still, the factorization formulae can be used for parametrization of IR dynamics. Writing
〈B̄s|Qi|Bs〉 = Bi〈B̄s|Qi|Bs〉fac one introduces bag parameters Bi which are genuine dynamical
QCD quantities controlling the accuracy of the factorization [6].

Thus, the factorization for operators Qi reads

〈B̄|Q|B〉 = f2
BM

2
B2

(
1 +

1

Nc

)
B, 〈B̄|QS |B〉 = −f2

BM
2
B

M2
B

(mb +ms)2

(
2− 1

Nc

)
BS

at the leading order and

〈B̄|R2|B〉=−f2
BM

2
B

(
M2
B

m2
b

− 1

)(
1− 1

Nc

)
B2, 〈B̄|R3|B〉=f2

BM
2
B

(
M2
B

m2
b

− 1

)(
1 +

1

2Nc

)
B3

at the subleading order.
It turns out that the main theoretical uncertainties in ∆m and ∆Γ are related to ME of

local operators Oi ∈ {Q,QS, R2, R3}, or equivalently, the bag parameters Bi. The evaluation
of bag BB parameters (as well as BK of K0− K̄0 mixing) has long history (factorization, quark
models, large Nc, lattice,...). In my talk I present an approach based on OPE and QCD sum
rules. The general features are:
• close in spirit to lattice computations, which is a first-principles method. QCD sum rule

approach relies on asymptotic expansions of a Green’s function (analytically in a small
parameter) while on the lattice the whole function can be found (numerically)

• sum rule techniques provide a consistent way of treating perturbative corrections which is
needed to retain RG invariance of physical observables usually violated in other approxi-
mations (factorization)
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4 OPE and sum rules analysis

The starting point of the analysis is a three-point correlator

T (p1, p2) = i2
∫
d4xd4yeip1x−ip2y〈Tj(x)O(0)j(y)〉

whereO ∈ {Q,QS, R2, R3} is a generic four-quark operator and j can be either AV or PS current
jµ5 = s̄γµγ5b (AV), and j5 = s̄iγ5b (PS) with a nonvanishing overlap between the vacuum
and the B-meson state 〈0|s̄γµγ5b(0)|B̄(p)〉 = ifBpµ and 〈0|s̄iγ5b(0)|B̄(p)〉 = fBM

2
B/(mb +ms).

The dispersion relation determines the spectral density ρ(s1, s2)

T (p1, p2) =

∫
ds1ds2

ρ(s1, s2)

(s1 − p2
1)(s2 − p2

2)

that is evaluated in two ways. In hadronic picture through the model B-meson pole plus
continuum

ρhad(s1, s2) = f2
Bδ(s1 −M2

B)δ(s2 −M2
B)〈B̄|O|B〉 + ρcont(s1, s2)

or theoretically in QCD using OPE that gives ρOPE(s1, s2).
The general idea of QCD sum rules is to use the quark-hadron duality in a sense that the

sum of hadronic contributions is equal to that of quarks and gluons

∫
ds1ds2 ρ

had
i (s1, s2) =

∫
ds1ds2 ρ

OPE
i (s1, s2).

In practice various “flavors” of sum rules usually used:
1. Finite Energy sum rules with the duality region ∆ being the square m2

b < si < s0 in the
(s1, s2) plane [7, 8, 9]

f2
B〈B̄|O|B〉 =

∫

∆

ds1ds2 ρ
OPE(s1, s2)

2. Borel sum rule with modeling the hadronic continuum with the OPE prediction and using
Borel transform [10, 11, 12, 13]

f2
B〈B̄|O|B〉e

−M
2
B

M2
1
−M

2
B

M2
2 =

∫

∆

ds1ds2 e
− s1
M2

1
− s2
M2

2 ρOPE(s1, s2)

4.1 Factorization in sum rules

The OPE diagrams show that one can split the three-point correlator into two pieces T (p1, p2) =
Tfac(p1, p2) + ∆T (p1, p2). The factorized part has an explicit form Tfac(p1, p2) = const ×
Π(p1)Π(p2) with the “const” and the Π(pi) specific to the operator involved. For the operators
of V-A structure one finds

TAV
fac (p1, p2) = 2

(
1 +

1

Nc

)
ΠV (p1)ΠV (p2)

with pαΠV (p) = i
∫
dxeipx〈Tj(x)b̄γα(1− γ5)s(0)〉. Sum rule for the factorized piece Tfac yields

the factorization approximation value for the bag parameters B = 1.
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Figure 2: PT diagram at LO

At LO in pQCD the three-point function factorizes T (p1, p2) = Tfac(p1, p2), ∆T (p1, p2) = 0
and TLO(p1, p2) = TLO

fac (p1, p2) = const×ΠLO(p1)ΠLO(p2). This corresponds to the naive quark
picture and one reproduces the result B = 1 that is expected for the LO analysis. However one
can do better than that even at higher orders. Some diagrams build up the full function Π(p1)
and Tfac(p1, p2) = const×Π(p1)Π(p2). Indeed, the NLO factorizable contributions are given by

Figure 3: Factorizable diagrams at NLO

the product of two-point correlation functions

Πf
NLO =

8

3
(p1.p2){ΠLO(p2

1)ΠNLO(p2
2) + symm(p1, p2)}

Since the spectral density of ΠNLO(p2) is known analytically the problem of the NLO analysis
in factorization approximation can readily be solved.

Within OPE analysis one has to take into account the condensate contributions. The
relevant diagrams can also be classified as factorizable and nonfactorizable ones. The leading
condensate contribution is given by the gluon condensate represented by the diagram on Fig. 4

g

g

JJ

Q

Figure 4: A factorizable gluon condensate diagram
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Figure 5: A non-factorizable diagram at NLO of pQCD

Factorizable diagrams form a subset of all contributions which is gauge and RG invariant.
Non-factorizable contributions in pQCD are first given by the diagram presented in Fig. 5.

Thus the NLO analysis of non-factorizable contributions within perturbation theory amounts
to the calculation of a set of three-loop diagrams [14, 15].

Non-factorizable condensate contributions are given on Fig. 6. They are technically simpler
to compute. In my present talk I discuss sum rule analysis with nonPT terms only [16].

4.2 Condensate corrections to factorization

The leading nonPT term is given by the gluon condensate defined through the vacuum matrix
element

〈GaµνGbαβ〉 =
δab

12(N2
c − 1)

(gµαgνβ − gµβgνα)〈GG〉.

Dimension-five contributions are proportional to the mixed quark-gluon condensate, which is
defined through the matrix element

〈s̄αigsGaβηtasρ〉 =
(iσβη)ρα

48
〈s̄Gs〉.

Dimension-six contributions involve four-quark matrix elements 〈s̄Γ1ss̄Γ2s〉. Thus, OPE result
for the spectral density is

∆ρi(s1, s2) = ∆ρGG
i (s1, s2)〈GG〉 + ∆ρsGs

i (s1, s2)〈s̄Gs〉+ . . .

for each of the eight cases (AV or PS) current for Q,QS , R2, R3 operators.

(a) (b) (c)

Figure 6: Non-factorizable contributions: (a) 〈GG〉, (b) 〈s̄Gs〉, and (c) the 〈s̄ss̄s〉 condensate.
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As an example here is an explicit expression for the spectral density for QS operator with
PS current (zi = m2

b/si)

∆ρPS(s1, s2) =
1

48π2
〈αs
π
GG〉 1

s1s2
(
s1s2

2
(6− 3z1 − 3z2 + z1z2) + (p1p2)2z1z2)

+
mb

16π2
〈s̄Gs〉

(
(−2 + z1)δ(s2 −m2

b) + (−2 + z2)δ(s1 −m2
b)
)
.

To show how SR analysis works I consider a case of the operator Q in HQET approximation
within finite energy sum rules for simplicity.

The hadron spectral density for this case reads ρB(s) = f2
Bδ(s1 −M2

B)δ(s2 −M2
B)〈B̄|Q|B〉.

The HQET limit is obtained by using the substitution si = (mb+Ei)
2 and expanding in Ei/mb.

Thus, the OPE spectrum in HQET limit reads

∆ρOPE(s1, s2) =
1

48π2

〈g2
sG

2〉
4π2

1

m2
b

(−6).

We write the bag parameter explicitly as B = 1 + ∆B and find the sum rule (s0 = (mb +E0)2)

8

3
∆B(2πfB)4 = −2〈g2

sG
2〉E

2
0

m2
b

.

The problem is now how to fix E0? One can do that using the two-point correlator that gives
the relation between (2πfB)2 and E0 in the form [17, 18]

(2πfB)2 =
8

mb
E3

0 .

For fBs = 240 MeV and mb = 4.8 GeV [19, 20, 21] that gives E0 = 1.1 GeV. Using this relation
one finds

∆B = − 3

256

〈g2
sG

2〉
E4

0

= − 3

16

〈g2
sG

2〉
[(2πfB)2mb]4

.

The result for the non-perturbative bag parameter is independent of mb, as it should be in
the HQET limit, where dynamical quantities depend on soft physics only. The scaling relation
fB ∼ 1/

√
mb is respected by the result from two point correlator as well. For 〈g2

sG
2〉 =

0.48 GeV4 = (0.83 GeV)4 we have ∆B = −0.006, at E0 = 1 GeV, which shows that the non-
factorizable contribution to the matrix element is tiny. Why is ∆B so small? It is because the
scale (2πfB)2mb = (2E0)3 = (2.2 GeV)3 is much larger than the scale of the gluon condensate
(0.83 GeV)4. The result for ∆B is proportional to the fourth power of a small number

∆B = −3

(
0.83 GeV

4E0

)4

≈ −3

(
0.83 GeV

4 GeV

)4

= −3(0.21)4 = −3× 0.002

with E0 = 1 GeV. This example shows that FESR are simple and give reasonable results.
However one can use a bit more sophisticated analysis based on Borel sum rules.
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Figure 7: ∆B vs. M2 (GeV2) for Q,QS, R2, R3 with the Borel sum rules in full QCD.

The results of the Borel QCD sum rules for ∆B are shown in Fig. 7. The short-dashed lines
are for AV current, and the long-dashed lines for PS current with the parametersmb = 4.2 GeV,
fBs = 240 MeV, s0 = 36 GeV2. The numerical prediction is |∆B| = 0.5% in all considered
cases.

Because the b-quark is heavy one can also use HQET approximation on the theory side.
The Borel sum rule results in HQET approximation are given in Fig. 8. We take Λ̄ = 600 MeV,
mb = 4.8 GeV, fBs = 240 MeV, 2E0 = 2.5 GeV. The short-dashed lines are obtained using an
axial vector interpolating current, and the long-dashed lines using a pseudoscalar current. The

1.5 2 2.5

0.5

1

PSfrag replacements

Q

W

−∆B (%)

1.5 2 2.5

0.5

1

PSfrag replacements

QS

W

−∆B (%)

1.5 2 2.5

0.5

1

PSfrag replacements

R2

W

∆B (%)

1.5 2 2.5

0.5

1

PSfrag replacements

R3

W

∆B (%)

Figure 8: Plots of (−)∆B vs. W (GeV) obtained with the Borel sum rules in HQET.

numerical predictions are quite consistent and give |∆B| = (0.5− 1)% in all cases. However for
the operator R2 the convergence in 1/mb is slow.
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Operator ∆B(%) QCD ∆B(%) HQET
R2 0.3± 0.3 0.8± 0.7
R3 0.3± 0.2 0.3± 0.2

Table 1: A summary of the results.

Numerical results for the most interesting operators at subleading order R2 and R3 are
presented in Table 1. The analysis of the uncertainties of our typical prediction is given in
Fig. 9 for QS operator, AV current, in the HQET sum rule. We used the following parameters:
210 MeV < fBs < 270 MeV, mb = 4.8 GeV, 1 GeV < E0 < 1.5 GeV. Condensates are varied by
±30%. The largest errors are due to fB . The uncertainty due to the condensates is comparable
with that due to fB .
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Figure 9: −∆B for QS operator, AV current, in the HQET sum rule. For the condensate
variations, the dark-gray band corresponds to the gluon condensate and the larger light-gray
band to the quark-gluon condensate variation.

5 Summary

To summarize, we demonstrated that

• Sum Rules technique is a powerful tool for analysing ME of local operators relevant to
flavor physics. Factorization results are reproduced at diagram level

• Non-factorizable contributions due to nonPT condensates to bag parameters are small:
∆Bi = (0.5− 1)% for all operators {Q,QS, R2, R3} relevant to theoretical description of
B0
s − B̄0

s mixing
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• Non-factorizable PT terms involve three-loop diagrams and their computation is a non-
trivial task. Some preliminary results are nonetheless available for the operator Q.
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Rare radiative leptonic decays of B mesons:

A review

D. Melikhov1, N. Nikitin1, D. Tlisov1, K. Toms1

1Lomonosov Moscow State University Skobeltsyn Institute of Nuclear Physics (MSU SINP),
1(2), Leninskie gory, GSP-1, Moscow 119991, Russian Federation

In this article we present few physical aspects of a rare radiative semileptonic decays
of B-mesons in the framework of the Standard Model. We concider the corresponding
transition form factors properties and contirbutions from a various processes to the decay
amptlitudes. Finally we present a few estimates for a branching ratios of such decays.

1 INTRODUCTION

Rare radiateve decays of B–mesons (Bd,s → γ`+`−) are produced by b→ d, s quark transitions
(so-called Flavor Changing Neutral Currents). Such currents are forbidden at the tree level
in the framework of the Standard Model (SM) and occur starting from the lowest order only
through the one-loop ”penguin” and ”box” diagrams (Fig 1). The branching ratios of these
decays are very small (order of 10−8 − 10−15). This makes certain parameters of these decays
very sensitive to Beyond the Standard Model physics (SUSY, Extra Dimensions, LR-models,
Two Higgs–doublet models and others), and provide us with a precision set of tests for SM
itself in a high perturbative order.

Figure 1: The lowest order Standard Model contribution to B0
s → γ`+`−

Because of the top-quark dominance in the loops it is possible to find the values of |Vts| and
|Vtd| CKM matrix elements. Also, these rare decays can provide us with a new information of the
long-distance QCD effects in a matrix elements of the effective tensor and pseudotensor currents
between initial and final hadronic states. And finally, some rare decays could provide essential
background for other rare decays with smaller branching ratios, especially, B0

s → γµ+µ− decay
will be very important for studies of pure muonic B–meson decay B0

s → µ+µ− at LHC.
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Naive estimate gives us a ratio
Br(B0

d,s→γ`+`−)

Br(B0
d,s
→`+`−)

≈ M2
B

m2
`

αem
4π . The ratio

M2
B

m2
`

corresponds to

the helicity-suppressed factor in the decay B0
s → `+`− (like in the decay π → µνµ). Decays

B0
d,s → γ`+`− are not helicity-suppressed, because in the final state we have a photon. The

constant αem corresponds to an additional γ–emission. The factor 4π corresponds to the ratio
of two-body (`+`−) and three-body (γ`+`−) phase spaces. Numerically:
1) Br(B0

q → e+e−) � Br(B0
q → e+e−γ), because M2

B0
q
/m2

e ∼ 108 � 4π/αem ∼ 103

2) Br(B0
q → µ+µ−) ∼ Br(B0

q → µ+µ−γ) ≈ Br(B0
q → e+e−γ), because M2

B0
q
/m2

µ ∼ 2.5 ×
103 ∼ 4π/αem and Br(B0

q → τ+τ−γ) ∼ αem Br(B
0
q → τ+τ−).

2 THEORETICAL FRAMEWORK

2.1 Theoretical description

From the theoretical point of view, b → d, s transitions are concidered using the effective
Hamiltonian [1]:

Heff (b→ q) =
GF√

2
VtbV

∗
tq

∑

i

Ci(µ)Oi(µ) (1)

in the form of Wilson expansion. The set of Wilson coefficients Ci(µ) depends on the current
model and contains the lowest order model contributions and perturbative QCD corrections
[1]. The scale parameter µ is approximately equal to the mass of b-quark and is about 5 GeV.
This parameter separates the perturbative and nonperturbative contributions of the strong
interactions. The nonperturbative contribution is contained in the matrix elements of basis
operators Oi(µ) between the initial and final hadronic states. For the calculation of these
matrix elements it is necessarily to use different nonperturbative methods. The accuracy of
nonperturbative calculations depends on a method, and is typically about 15%. The accuracy
of the Wilson coefficients for SM with NLO (NNLO) QCD-corrections [1] is not greater than
15% (7%) if parameter µ ∈ [mb/2, 2mb].

The nonperturbative contribution of the strong interactions are contained in the matrix
elements of these operators: 〈 final states |Oi(µ)| initial states 〉. These matrix elements can
be described in the terms of Lorentz-invariant form factors and structures constructed using
4-momentums of initial and final particles, tensors gµν and εabcd ≡ εαβµνa

αbβcµdν , where
ε0123 = −1. For the decays B̄0

d, s → γ`+`− all of the basic operators have the same form
Qi(µ) = H ...

i Li .... Therefore, the matrix elements for these decays have the form:

∑

i

〈
γ(k, ε) |H ...

i | B̄0
q (p)

〉
¯̀(p2)Li ...`(−p1).

The coefficient Ceff
9V (µ, q2) in the Hamiltonian Hb→q`+`−

eff [1] includes long-distance effects

related to the ūu and c̄c resonances in the q2–channel.
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3 FORM FACTORS CALCULATIONS

3.1 FV and FTV form factors

For the transition to a real photon, matrix elements of the vector and tensor currents are given
by the following formulas1

〈γ(k, ε)|q̄γµb|B̄0
q (p)〉 = e ε∗α εµαξηp

ξkη
FV (q2)

MB
,

〈γ(k, ε)|q̄σµνb|B̄0
q (p)〉 (p− k)ν = i e ε∗αεµαξηp

ξkη FTV (q2, 0).

We treat the penguin form factor FTV (q2
1 , q

2
2) as a functions of two variables: q1 is the

momentum of the photon emitted from the b → q vertex, and q2 is the momentum of the
photon emitted from the valence quark of the B̄0

q meson.
In the region where Eγ � ΛQCD, the form factors obey the LEET relation, which is valid

to O(ΛQCD/mb), O(ΛQCD/Eγ), and O(αs) accuracy:

FV ' FTV ∝
fBMB

Eγ
.

Near q2 = M2
B these form factors have a pole at q2 = M2

B∗ . This pole is located very
close to the upper boundary of the physical region, q2 = M2

B , since MB∗ −MB = 45 MeV ∼
O(Λ2

QCD/mb).
In the heavy quark limit mb →∞ form factors FV and FTV should be approximately equal.

Therefore, at q2 = M2
B (i.e. at small Eγ) FV ' FTV .

The calculations of FA and FTA form factors are very similar. For the details see the paper
[2, 3].

We proposed a simple parametrization for the form factors:

Fi(Eγ) = βi
MBfB

∆i +Eγ
, i = A, V, TA, TV.

The numerical parameters were calculated using the dispersion approach of the quark model
[4].

3.2 Calculations for the tensor currents

In this subsection we present the simple example of the matrix element composition. The
common formula for B̄0

q → γ∗ transition through the tensor current have the form:

〈γ∗(k, ε)|q̄σµνb|B̄0
q (p)〉 = i e ε∗α

[
εµναβp

βg1(q2) + εµναβk
βg2(q2) +

+ pαεµαξηp
ξkηg0(q2) + kαεµαξηp

ξkηg3(q2)
]

The gauge invariance

kα
[
εµναβp

βg1(q2) + εµναβk
βg2(q2) + pαεµαξηp

ξkηg0(q2) + kαεµαξηp
ξkηg3(q2)

]
= 0

1In our paper we use the following descriptions for the γ-matrix: γ5 = iγ0γ1γ2γ3, σµν = i
2

[γµ, γν ], e =√
4παem, Oµ = γµ(1 − γ5). and kinematics: p = p1 + p2 + k,= q + k, p2 = M2

B , k2 = 0, p2
1 = p2

2 = m2
`

and m2
` ≤ q2 ≤ M2

B . In the rest frame of the B̄0
q meson the photon energy is: Eγ = MB

2

„
1 − q2

M2
B

«
.
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gives the following relation between the form factors:

k2 g3(q2) = g1(q2) − (pk) g0(q2).

Therefore we have:

〈γ∗(k, ε)|q̄σµνb|B̄0
q (p)〉 = ieε∗α

[(
εµναβp

β − kα
k2
εµνσρk

σpρ
)
g1 + εµναβk

βg2

+

(
pα −

k · p
k2

kα

)
εµνρσp

ρkσg0

]
.

Multiplying this equation by pν − kν = qν we have:

〈γ∗(k, ε)|q̄σµνb|B̄0
q (p)〉 (p− k)ν = i e ε∗α εµαξηp

ξkη (− g1(q2) − g2(q2)).

For the real photon k2 = 0 and therefore g1(q2) = (pk) g0(q2). Finaly, we have

〈γ(k, ε)|q̄σµνb|B̄0
q (p)〉 (p− k)ν = i e ε∗αεµαξηp

ξkη FTV (q2, 0),

where
FTV (q2, 0) = − g2(q2) − (pk) g0(q2).

4 Decay amplitude contributions

4.1 Emission of a real photon from valence quarks

γ

l−

l+

l−

l+

bB

γ
d d

bB
b b

d
+

−l

l

B

γ
b b

d
B

γ
l

ld d
+

−

�����
�����
�����
�����

�����
�����
���
���

Figure 2: Real fotons direct emission from the valence quarks.

On the fig.2 the real photon is directly emitted from the valence b or q quarks. Dashed
circles denote the virtual photonic penguin contribution. Solid circles denote the Z-penguin

and box contributions from Hb→q`+`−
eff effective Hamiltonian.

For the description of this photon emission we use four form factors: FV (q2), FA(q2),
FTV (q2, 0) and FTA(q2, 0).

On the fig. 3 the valence quarks directly emit the virtual photon which later goes into the
final `+`− pair. Dashed circles denote the b→ qγ operator from H b→qγ

eff effective Hamiltonian.
The corresponding amplitude has the same structure as a photonic penguin amplitude with
FTA,TV (q2, 0) replaced by FTA,TV (0, q2).

The form factors FTA,TV (0, q2) for the necessary timelike momentum transfers are not
known. The difficulty with these form factors comes from neutral light vector mesons, ρ0 and
ω for Bd decay and φ for Bs decay, which appear in the physical B → γ`+`− decay region.
These resonances emerge in the amplitude of the subprocess when the photon is emitted from
the light valence d or s quark.
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Figure 3: Virtual fotons emission from the valence quarks.

We obtain the form factors FTA,TV (0, q2) for q2 > 0, using the gauge-invariant version of the
vector meson dominance (see [5] ). This allows us to express the form factors FTA,TV (0, q2) in
terms of the B → V transition form factors at zero momentum transfer and leptonic constants
fV of vector mesons:

FTV,TA(0, q2) = FTV,TA(0, 0) −
∑

V

2 fV g
B→V
+ (0)

q2/MV

q2 − M2
V + iMV ΓV

,

where MV and ΓV are the mass and the width of the vector meson resonance.

4.2 Weak annihilation and bremsstrahlung

The weak annihilation amplitude is given by a triangle diagrams when the u and c quarks in
the loop, but here it is suppressed by a power of a heavy quark mass compared to the previous
contributions of the real and virtual photon emission from valence quarks.

The final state photon emission from leptons (bremsstrahlung) can be described in the
standard way.

5 SOME APPLICATIONS

5.1 Bd,s → `+`−γ decay rates

Let’s consider the Bd,s → `+`−γ decay rates as functions of the minimal photon energy Eγmin.
The region of the J/ψ and ψ′ resonances was excluded, that corresponds to the experimental
procedure adopted at LHC. As we can see from the following table, the branching ratio of the
decays for e and µ are 10 times large than naive estimations:

Br(B0
s → µ+µ−γ) ≈ Br(B0

s → e+e−γ) ∼ Br(B0
s → µ+µ−) ≈ 10−9

m` me mµ mτ

Eγmin (MeV) 20 50 80 20 50 80 20 50 80

Br (Bd → `+`−γ) × 1010 3.95 3.95 3.95 1.34 1.32 1.31 3,39 2.37 1.87
Br (Bs → `+`−γ) × 109 24.6 24.6 24.6 18,9 18.8 18.8 11.6 8.10 6.42
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Figure 4: Dilepton mass spectrum in decays: Bd → µ+µ−γ (left) and Bs → µ+µ−γ (right) for
Eγmin = 20 MeV. Solid line – our result, dashed line – [6] dotted line – [7]

5.2 Invariant lepton pair mass spectrum

On the figure 4 we present the dilepton mass spectrum for the decays Bd → µ+µ−γ (left) and
Bs → µ+µ−γ (right) for Eγmin = 20 MeV.

In the small q2 = (p`+ + p`−)2 region, where ` = {e, µ} the photonic-penguin diagram
(like for the rare semileptonic B-decays) and vector mesons (ρ, φ) resonant contributions
(strongly different from rare semileptonic decays) are absolutely dominating. In the high q2

region the Z-penguin diagram contribution and Bremsstrahlung contribution from the leptons
in the final state start to play an important role. The box diagram with two W -bosons is
suppressed by a factor of M2

W /m
2
t ≈ 0.2 with respect to the Z-penguin diagram. In the

medium q2 region the cc̄ vector mesons contribution are dominating. This region is excluded
from numerical calculations and from the experimental studies.

References

[1] A. Buras, M. Munz, Phys. Rev. D52 186 (1995); C. Bobeth et al., JHEP 0404 071 (2004).

[2] F. Kruger, D. Melikhov, Phys Rev D67 034002 (2003).

[3] D. Melikhov, N. Nikitin, Phys Rev D70 114028 (2004).

[4] D. Melikhov, Phys Rev D53 2460 (1996); Phys Rev D56 7089 (1997).

[5] D.Melikhov, O.Nachtmann, V.Nikonov, T.Paulus, EPJ C34 345 (2004)

[6] C.Q.Geng et al., Phys Rev D62 074017 (2000),

[7] Yu.Dincer and L.M.Sehgal, Phys Lett B521 7 (2001).

6 HQP08

RARE RADIATIVE LEPTONIC DECAYS OFB MESONS: A REVIEW

HQP08 211





Heavy quark and quarkonium production

in the kT−factorization approach
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We present results of study of the heavy quark and quarkonium production in the frame-
work of the kT -factorization approach at energies of modern colliders.

1 Introduction

Heavy quark and quarkonium production at high energies is a subject of intense study on
both theoretical and experimental sides. First measurements [1] of the b-quark production
cross sections at HERA were significantly higher than QCD predictions calculated at next-
to-leading order (NLO). Similar observations were made in hadron-hadron collisions at the
Tevatron [2] and also in photon-photon interactions at LEP2 [3]. In last case, the theoretical
NLO QCD predictions are more than three standard deviations below the experimental data.
At the Tevatron, the overall description of the data has been achieved [4] by adopting the
non-perturbative fragmentation function of the b-quark into B-meson only. H1 and ZEUS
collaborations have reported important data [5, 6, 7] on the beauty photoproduction (both
inclusive and associated with hadronic jets) in electron-proton collisions at HERA which refer
to small values of the Bjorken scaling variable x. These data are in a reasonable agreement
with NLO QCD predictions or somewhat higher. Some disagreement is observed [7] mainly at
small decay muon and/or associated jet transverse momenta. But the large excess of the first
measurements over NLO QCD, reported [1] by the H1 collaboration, is not confirmed.

In the case of quarkonium production and polarization at the Tevatron energies, the situation
is more dramatic (see Sec. 6).

In the present lecture we will apply the kT -factorization [8, 9, 10] approach of QCD to analyze
the HERA and Tevatron data. The kT -factorization approach is based on the Balitsky-Fadin-
Kuraev-Lipatov (BFKL) [11] (or Ciafaloni-Catani-Fiorani-Marchesini (CCFM) [12]) gluon evo-
lution which is valid at small x. The basic dynamical object of the kT -factorization approach
is the so-called unintegrated (kT -dependent) gluon distribution (UGD) A(x,k2

T , µ
2) which de-

termines the probability to find a gluon carrying the longitudinal momentum fraction x and
transverse momentum kT at the probing scale µ2. The UGD can be obtained from the analyt-
ical or numerical solution of the BFKL (or CCFM) evolution equations. Similar to DGLAP, to
calculate the cross sections of any physical process the unintegrated gluon density A(x,k2

T , µ
2)

has to be convoluted with the relevant partonic cross section σ̂. But as the virtualities of the
interacting gluons are no longer negligible, the partonic cross section has to be taken off mass
shell (kT -dependent). It is in clear contrast with the DGLAP scheme (so-called collinear fac-
torization). Since the gluons in the initial state are not on-shell and are characterized by virtual
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masses (proportional to their transverse momentum), it also assumes a modification of their
polarization density matrix [11, 10, 8, 9]. In particular, the polarization vector of a gluon is no
longer purely transversal, but acquires an admixture of longitudinal and temporal components.

Some applications of the kT−factorization approach to the b−quark production at high
energies have been discussed in [13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23] (see also [24, 25,
26]). It was shown [15, 16, 17, 18, 19] that the beauty cross section at the Tevatron can be
consistently described in the framework of this approach. Substantial discrepancy between
the theory and experiment found [20, 21, 22] for the b-quark production in γγ collisions at
LEP2, is not confirmed in the comparison between the kT− factorization results [23] and the
last experimental data obtained by ALEPH Collaboration [27]. At HERA, the production of
beauty by quasi-real photons and in DIS have been investigated in Refs [28] and a comparison
with the ZEUS [6] and H1 [7] measurements has been done in more detail. It was concluded that
the kT -factorization approach provides a reasonable description of the HERA data (see [29]).

In next Sections we present the results from Ref. [28, 17, 30].

2 Basic formulas

We start from the gluon-gluon fusion subprocess. Let pe and pp be the four-momenta of the
initial electron and proton, k1 and k2 the four-momenta of the incoming off-shell gluons, and
pb and pb̄ the four-momenta of the produced beauty quarks. In our analysis below we will use
the Sudakov decomposition, which has the following form:

pb = α1pe + β1pp + pb T , pb̄ = α2pe + β2pp + pb̄ T , k1 = x1pe + k1T , k2 = x2pp + k2T , (1)

where k1T , k2T , pb T and pb̄ T are the transverse four-momenta of the corresponding particles.
It is important that k2

1T = −k2
1T 6= 0 and k2

2T = −k2
2T 6= 0. If we make replacement k1 → pe

and set x1 = 1 and k1T = 0, then we easily obtain simpler formulas for the photon-gluon fusion
subprocess. The Sudakov variables are defined as follows:

α1 =
mb T√
s

exp(yb), α2 =
mb̄ T√
s

exp(yb̄), β1 =
mb T√
s

exp(−yb), β2 =
mb̄ T√
s

exp(−yb̄), (2)

where mb T and mb̄ T are the transverse masses of the produced quarks, and yb and yb̄ are their
rapidities (in the ep center-of-mass frame). From the conservation laws we can easily obtain
the following relations:

x1 = α1 + α2, x2 = β1 + β2, k1T + k2T = pb T + pb̄ T . (3)

The variable xobs
γ is often used in the analysis of the data which contain dijet samples. This

variable, which is the fraction of the photon momentum contributing to the production of two
hadronic jets with transverse energies E

jet1
T and E

jet2
T , is defined experimentally [6, 7] as

xobs
γ = (E

jet1
T e−η

jet1
+E

jet2
T e−η

jet2
)/(2yEe), (4)

where yEe is the initial photon energy and ηjeti are the pseudo-rapidities of the jets. The
pseudo-rapidities ηjeti are defined as ηjeti = − ln tan(θjeti/2), where θjeti are the polar angles of
the jets with respect to the proton beam. Note that the selection of xobs

γ > 0.75 and xobs
γ < 0.75

yields samples enriched in direct and resolved photon processes, respectively.
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The main formulas for the total and differential beauty production cross sections were
obtained in the papers [17, 22]. Here we recall some of them. In general case, the cross section
σ according to kT -factorization theorem can be written as a convolution

σ = σ0

∫
dz

z
dk2

T C(x/z,k2
T , µ

2)A(x,k2
T , µ

2), (5)

where C(x,k2
T , µ

2) is the coefficient function corresponding to the relevant partonic subprocess
under consideration. The direct photon contribution to the differential cross section of γp →
bb̄+X process is given by

dσ(dir)(γp→ bb̄+X)

dyb dp2
b T

=

∫ |M̄(γg∗ → bb̄)|2
16π(x2s)2(1− α1)

A(x2,k
2
2T , µ

2)dk2
2T

dφ2

2π

dφb
2π

, (6)

where |M̄(γg∗ → bb̄)|2 is the squared off-shell matrix element which depends on the transverse
momentum k2

2T , φ2 and φb are the azimuthal angles of the initial virtual gluon and the produced
quark, respectively.

The formula for the resolved photon contribution can be obtained in a similar way. But the
convolution in (5) should be made also with the UGD Aγ(x,k2

T , µ
2) in the photon. The final

expression for the differential cross section reads

dσ(res)(γp→ bb̄+X)

dyb dp2
b T

=

∫ |M̄(g∗g∗ → bb̄)|2
16π(x1x2s)2

×

×Aγ(x1,k
2
1T , µ

2)A(x2,k
2
2T , µ

2)dk2
1T dk

2
2T dyb̄

dφ1

2π

dφ2

2π

dφb
2π

,

(7)

where φ1 is the azimuthal angle of the initial virtual gluon having the fraction x1 of the ini-
tial photon longitudinal momentum. It is important that squared off-shell matrix element
|M̄(g∗g∗ → bb̄)|2 depends on the transverse momenta k2

1T and k2
2T . The analytic expressions

for the |M̄(γg∗ → bb̄)|2 and |M̄(g∗g∗ → bb̄)|2 have been evaluated in the papers [17, 22]. Note
that if we average (7) and (8) over k1T and k2T and take the limit k2

1T → 0 and k2
2T → 0, then

we obtain well-known formulas corresponding to the leading-order (LO) QCD calculations.
The gluon-gluon fusion subprocess g ∗ g∗ → bb̄ is described by three Feynman diagrams,

which correspond to the following matrix elements:

M1 = ū(p1) (−igγµ) εµ(q1) i
p̂1 − q̂1 +m

(p1 − q1)2 −m2
(−igγν) εν(q2) v(p2),

M2 = ū(p1) (−igγν) εν(q2) i
p̂1 − q̂2 +m

(p1 − q2)2 −m2
(−igγµ) εµ(q1) v(p2),

M3 = ū(p1)Cµνλ(−q1,−q2, q1 + q2)
g2 εµ(q1) εν(q2)

(q1 + q2)2
γλ v(p2),

where εµ(q1) and εν(q2) are the polarization vectors of the initial gluons, Cµνλ(q1, q2, q3) is the
standard QCD three gluon vertex:

Cµνλ(q1, q2, q3) = i((q2 − q1)λ) gµν + (q3 − q2)µ gνλ + (q1 − q3)ν gλµ).

The differential cross section of the process pp̄ → bb̄X has the form of Eq. (7) with the
replacements γ → p andAγ(x1,k

2
1T , µ

2)→ A(x1,k
2
1T , µ

2). For a more detailed discussion of the
kT -factorization and nontrivial problems of gauge invariance in the kT -factorization approach,
especially in the hadroproduction of heavy quarks, we refer to [8, 24, 25, 31].
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3 Unintegrated gluon distributions (UGD)

Here we discuss various parametrizations of the UGD used in our calculations (see review
in [24]).

1) JB parametrization [32]. In this case The UGD is calculated as a convolution of collinear

gluon density G(x, µ2) with universal weight factors:

A(x,q2
T , µ

2) =

1∫

x

ϕ(η,q2
T , µ

2)
x

η
G

(
x

η
, µ2

)
dη,

where

ϕ(η,q2
T , µ

2) =





ᾱS
η q2

T

J0

(
2
√
ᾱS ln(1/η) ln(µ2/q2

T )

)
, if q2

T ≤ µ2,

ᾱS
η q2

T

I0

(
2
√
ᾱS ln(1/η) ln(q2

T /µ
2)

)
, if q2

T > µ2,

where J0 and I0 are Bessel functions (of real and imaginary arguments, respectively), and
ᾱs = αs/3π. The value of ᾱS is connected with the Pomeron intercept: ∆ = 4ᾱS ln 2 = 0.53
at the LO, and ∆ = 4ᾱS ln 2 −Nᾱ2

S at the NLO, with N ∼ 18. However, some resummation
procedures proposed in the last years lead to positive values: ∆ ∼ 0.2 − 0.3 [33, 11]. We
used ∆ = 0.35, obtained from the description of the pT spectrum of D∗ electroproduction at
HERA [34].

2) KMS parametrization [35]. It was obtained from a unified BFKL and DGLAP description
of F2 data and includes the so called consistency constraint [36]. The consistency constraint
introduces a large correction to the LO BFKL equation; about 70% of the full NLO corrections
to the BFKL exponent ∆ are effectively included in this constraint [37].

3) DGRV parametrization is obtained from conventional gluon density xG(x,Q2) by taking

the Q2-derivative: A(x, q2
T ) = d xG(x,Q2)/dQ2|Q2=q2

T
.

These UGD take into account the different logs terms: lnn(1/x), lnn(1/x)lnn(Q2/Λ2
QCD)

and lnn(Q2/Λ2
QCD) accodingly.

4) KMR parametrization. In Kimber-Martin-Ryskin approach [38] the UPD is constructed
from the known conventional parton distribution function. The µ dependence of the UPD
A(x,k2

T , µ
2) enters at the last step of evolution. The parameter µ plays a dual role: it acts as

the factorization scale and also controls the angular ordering of the radiated partons. Therefore
a single scale evolution equation (DGLAP or unified DGLAP-BFKL in the KMS form) can
be used up to last step. This results in a form similar to the differenial form of the CCFM
equation (with angular ordering) with the splitting function P(z) taken as in the DGLAP or
DGLAP-BFKL expression. We used the last version of KMRW UPD obtained from DGLAP
equations [39]. The KMR UPD Aa(x,k2

T , µ
2) is defined in all k2

T region.
5) J2003 parametrization. In this case the CCFM evolution equations have been solved

numerically using a Monte-Carlo method [40]. According to the CCFM equations, the emission
of gluons during the initial cascade is only allowed in the angular-ordered region of the phase
space. The maximal allowed angle Ξ for any gluon emission sets the scale µ and is defined
by the hard scattering quark box. The free parameters of the starting gluon distribution were
fitted to the structure function F2(x,Q2) (as in the KMS UPD) in the range x < 10−2 and
Q2 > 5 GeV2. Here last versions of the UPD J2003 are used from Ref. [19].
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4 Numerical results

4.1 Beauty photoproduction at HERA

The most significant theoretical uncertainties in our results are connected with the choice of
the UGD and with the factorization and renormalization scales. We chose µR = µF = µ =√
m2
b + 〈p2

T 〉, where 〈p2
T 〉 is set to the average p2

T of the beauty quark and antiquark. We
used a special choice µ2 = k2

T in the case of KMS gluon, as it was originally proposed in [35].
We took the b-quark mass mb = 4.75 GeV and used the LO formula for the coupling constant
αs(µ

2) with nf = 4 active quark flavours at ΛQCD = 200 MeV, such that αs(M
2
Z) = 0.1232.

The ZEUS data [5, 6] refer to the kinematic region defined by |ηb| < 2 and Q2 < 1 GeV2,
where ηb is the beauty pseudo-rapidity, the fraction y of the electron energy transferred to the

Figure 1: Differential cross section dσ/dpbT of inclusive b−production

Figure 2: Differential cross section dσ/dpµT (left panel) and dσ/dηµ (right panel) of dijets with
an associated muon from b decay.
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photon is restricted to the range 0.2 < y < 0.8. Fig. 1 (left panel) shows our predictions in
comparison with these ZEUS data. The solid, dashed, dash-dotted, dotted, and short dash-
dotted curves correspond to the results obtained with the J2003 sets 1 — 3, KMR and KMS
unintegrated gluon densities, respectively. One can see that the overall agreement between our
predictions and experimental data is very good. All the three sets of J2003 distribution, as well
as KMS gluon density, give results which are rather close to each other (except the large pbT
region where the KMS density predicts harder spectrum). We find also some enhancement of
the estimated cross sections as compared with the collinear NLO QCD calculations which lie
somewhat below the measurements but still agree with the data within the scale uncertainties.
This enhancement comes, in particular, from the non-zero transverse momentum of the incoming
off-shell gluons. Note that the KMR gluon distribution gives results which lie below the ZEUS
data and which are very similar to the NLO QCD predictions. Fig. 1 (right panel) shows the
results corresponding to the J2003 UGD at µ2 = 4m2

bT ,m
2
bT , (1/4)m2

bT .

The experimental data [6, 7] on the beauty and associated dijet production at HERA come
from both H1 and ZEUS collaborations. The ZEUS data [6] refer to the kinematic region

defined by 0.2 < y < 0.8, Q2 < 1 GeV2 and given for jets with p
jet1
T > 7 GeV, p

jet2
T > 6 GeV and

|ηjet| < 2.5. The measured cross sections are presented for muons coming from semileptonic b
decays in dijet events with pµT > 2.5 GeV and−1.6 < ηµ < 2.3. To produce muons from b-quarks
in our theoretical calculations, we first convert b-quarks into B-hadrons using the Peterson
fragmentation function [41] (our default set of the fragmentation parameter is εb = 0.0035) and
then simulate their semileptonic decay according to the standard electroweak theory. Figs. 2
show the transverse momentum and pseudo-rapidity distributions of the b-quark decay muon
in comparison with the ZEUS data. One can see that the calculated cross sections (using the
J2003 and KMS unintegrated gluon densities) agree very well with the experimental data.

The ZEUS collaboration have presented the data on the transverse momentum and pseudo-
rapidity distributions of jets associated with a muon (so-called µ-jet) or B-hadron (b-jet). The
µ-jet is defined as a jet containing a B-hadron that decays into a muon. Similarly, the b-jet is
defined as a jet containing B (or B̄) hadron. Figs. 3 show our predictions for the transverse
momentum distribution of the b-jet (left panel) and the xobsγ distribution (right panel). One

Figure 3: Differential cross section of inclusive b−production dσ/dxobsγ (right panel) of dijets
with an associated muon from b decay.
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can see that J2003 and KMS gluon densities give results which agree well with the ZEUS data
for the transverse momentum distribution. The J2003 and KMS gluon UPD give a reasonable
description of the data but tend to slightly underestimate them at middle and low xobs

γ . In
the case of KMS gluon this discrepancy is more significant since the contribution from the
gluon-gluon fusion subprocess (in the resolved photon part) are not taken into account here.

4.2 Beauty production at Tevatron

The problem of the b-quark hadroproduction in the framework of the kT−factorization approach
has been solved in Refs. [15, 16, 17, 19, 20]. Figs.4 show the B−meson production cross section
at the Tevatron in comparison with the CDF data.

In the papers by S. Baranov et al. [14, 17] it has been emphasized that the azimutal
bb̄−correlations manifest the effects og the inital state gluon off-shellness. Taking into ac-
count the non-vanishing initial gluon transverse momenta k1T and k2T leads to the violation of
the back-to-back symmetry in the kT -factorization approach even in the LO approximation.

5 Quarkonium production in pp̄ collisions

The production mechanism of heavy quarkonium states involves the physics of both short and
long distances, and so, appeals to both perturbative and nonperturbative methods of QCD.

This feature gives rise to two competing theoretical approaches known in the literature
as the color-singlet [42] and color-octet [43] models. According to the color-singlet approach,
the formation of a colorless final state takes place already at the level of the hard partonic
subprocess (which includes the emission of hard gluons when necessary). In the color-octet
model, also known as nonrelativistic QCD (NRQCD), the formation of a meson starts from a
color-octet QQ̄ pair and proceeds via the emission of soft nonperturbative gluons.

Originally, the color-octet model was introduced to overcome the discrepancy between the
large J/ψ production cross section measured in pp interactions at the Tevatron and the results of

Figure 4: Differential cross section of the B−meson production at
√
s = 1.8 TeV (left panel)

and µ-distribution (right panel). The curves 1, 2, 3, 4 corerspond to the GRV, KMS, JB and
DGRV gluon densities.
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theoretical calculations based on the standard perturbative QCD. The problem was apparently
solved by attributing the discrepancy to the hypothetical contributions from the intermediate
color-octet states, which must obey certain hierarchy in powers of the relative velicity of the
quarks in a bound system. However, the numerical estimates of these contributions extracted
from the analysis of the Tevatron data are at odds with the HERA data, especially as far as the
inelasticity parameter z = EJ/ψ/Eγ is concerned [44]. In the NRQCD approach, the problem
of quarkonium polarization remains unsolved [43] also. In Ref. [45] it was emphasised that the
off-shellness of the initial gluons, the intrinsic feature of the kT -factorization approach, has an
immediate consequence in the longitudinal polarization of the final state mesons.

The production of Υ mesons in pp collisions can proceed via either direct gluon-gluon fusion
or the production of P -wave states χb followed by their radiative decays χb→Υ(1S) + γ. The
direct mechanism corresponds to the partonic subprocess g + g → Υ(1S) + g with hard gluon
in the final state. The production of P -wave mesons in the kT -factorization approach is given
by g + g → χb, and there is no emission of any additional gluons. In order to estimate the
degree of theoretical uncertainty connected with the choice of UGD, we use the DGRV and JB
parametrizations. All the other parameters are the same as in our first paper from [30]. The
polarization state of a vector meson is characterized by the spin alignment parameter α which
is defined as a function of any kinematic variable as α(pT ) = (dσ/dpT − 3dσL/dpT )/(dσ/dpT +
dσL/dpT ), where σ is the reaction cross section and σL is the part of cross section correspond-
ing to mesons with longitudinal polarization (zero helicity state). The limiting values α = 1
and α = −1 refer to the totally transverse and totally longitudinal polarizations. The exper-
imental definition of α is based on measuring the angular distributions of the decay leptons
dΓ(Υ→µ+µ−)/d cos θ ∼ 1 + α cos2 θ, where θ is the polar angle of the final state muon mea-
sured in the decaying meson rest frame. Fig.5 (left panel) shows our results [30] in comparison
with the data on the spin alignment of Υ(1S) mesons obtained by the D0 collaboration [46]. A
state with purely direct production mechanism in the bottomonium family is the Υ(3S) meson.
The calculations presented here are also valid for this state. In our second paper from [30] the
predictions for the spin alignment parameter of Υ have been done in more detail (see Fig.5

D , Run 2 Preliminary, 1.3 fb—1

Figure 5: Spin alignment parameter α of Υ(1S) mesons at the Tevatron (left panel). Solid
curve, quark spin conservation hypothesis; dash-dotted curves, full depolarization hypothesis;
band - NRQCD predictions. Black points, D0 Run 2 experimental data. Rapidity dependence
of the parameter α in different helisity frames (right panel): dash-dotted histograms - recoil,
dashed - target, dotted - Collins-Soper systems.
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(righ panel)). At the LHC energies, the theoretical predictions possess less sensitivity to the
choice of UGDs [30].
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Relativistic Description of Heavy Tetraquarks

D. Ebert1, R. N. Faustov2, V. O. Galkin2

1Institut für Physik, Humboldt–Universität zu Berlin, Newtonstr. 15, D-12489 Berlin, Germany
2Dorodnicyn Computing Centre, Russian Academy of Sciences, Vavilov Str. 40, 119991 Moscow,
Russia

The masses of excited heavy tetraquarks with hidden charm are calculated within the
relativistic diquark-antidiquark picture. New experimental data on charmonium-like states
above open charm threshold are discussed. The obtained results indicate that X(3872),
Y (4260), Y (4360), Z(4248), Z(4433) and Y (4660) could be tetraquark states with hidden
charm.

Recently, significant experimental progress has been achieved in charmonium spectroscopy.
Several new states, such as X(3872), Y (4260), Y (4360), Y (4660), Z(4248), Z(4430), etc., were
observed [1] which cannot be simply accommodated in the quark-antiquark (cc̄) picture. These
states and especially the charged ones can be considered as indications of the possible existence
of exotic multiquark states [2, 3]. In papers [4, 5] we calculated masses of the ground state
heavy tetraquarks in the framework of the relativistic quark model based on the quasipotential
approach in quantum chromodynamics and then we extend this analysis to the consideration
of the excited tetraquark states with hidden charm [6]. As previously, we use the diquark-
antidiquark picture to reduce a complicated relativistic four-body problem to the subsequent
two more simple two-body problems. The first step consists in the calculation of masses, wave
functions and form factors of the diquarks, composed from light and heavy quarks. At the
second step, a heavy tetraquark is considered to be a bound diquark-antidiquark system. It is
important to emphasize that we do not consider the diquark as a point particle but explicitly
take into account its structure by calculating the form factor of the diquark-gluon interaction
in terms of the diquark wave functions.

In the quasipotential approach and diquark-antidiquark picture of heavy tetraquarks the
interaction of two quarks in a diquark and the diquark-antidiquark interaction in a tetraquark
are described by the diquark wave function (Ψd) of the bound quark-quark state and by the
tetraquark wave function (ΨT ) of the bound diquark-antidiquark state, respectively. These
wave functions satisfy the quasipotential equations of the Schrödinger type [7]

(

b2(M)

2µR

− p2

2µR

)

Ψd,T (p) =

∫

d3q

(2π)3
Vd,T (p,q;M)Ψd,T (q), (1)

where the relativistic reduced mass is

µR =
E1E2

E1 + E2
=
M4 − (m2

1 −m2
2)

2

4M3
, (2)

and E1, E2 are given by

E1 =
M2 −m2

2 +m2
1

2M
, E2 =

M2 −m2
1 +m2

2

2M
. (3)
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Here, M = E1 + E2 is the bound-state mass (diquark or tetraquark), m1,2 are the masses of
quarks (q and Q) which form the diquark or of the diquark (d) and antiquark (d̄′) which form
the heavy tetraquark (T ), and p is their relative momentum. In the center-of-mass system the
relative momentum squared on mass shell reads

b2(M) =
[M2 − (m1 +m2)

2][M2 − (m1 −m2)
2]

4M2
. (4)

The kernel Vd,T (p,q;M) in Eq. (1) is the quasipotential operator of the quark-quark or
diquark-antidiquark interaction. It is constructed with the help of the off-mass-shell scattering
amplitude, projected onto the positive-energy states. In the following analysis we closely follow
the similar construction of the quark-antiquark interaction in mesons which were extensively
studied in our relativistic quark model [7, 8]. For the quark-quark interaction in a diquark we use
the relation Vqq = Vqq̄/2 arising under the assumption of an octet structure of the interaction
from the difference in the qq and qq̄ colour states. An important role in this construction
is played by the Lorentz structure of the confining interaction. In our analysis of mesons,
while constructing the quasipotential of the quark-antiquark interaction, we assumed that the
effective interaction is the sum of the usual one-gluon exchange term and a mixture of long-range
vector and scalar linear confining potentials, where the vector confining potential contains the
Pauli term. We use the same conventions for the construction of the quark-quark and diquark-
antidiquark interactions in the tetraquark. The quasipotential is then defined as follows [9, 8].

(a) For the quark-quark (Qq) interactions, Vd(p,q;M) reads

Vd(p,q;M) = ū1(p)ū2(−p)V(p,q;M)u1(q)u2(−q), (5)

with

V(p,q;M) =
1

2

[

4

3
αsDµν(k)γµ

1 γ
ν
2 + V V

conf(k)Γµ
1 (k)Γ2;µ(−k) + V S

conf(k)

]

.

Here, αs is the QCD coupling constant; Dµν is the gluon propagator in the Coulomb gauge,

D00(k) = −4π

k2
, Dij(k) = −4π

k2

(

δij − kikj

k2

)

, D0i = Di0 = 0, (6)

and k = p− q; γµ and u(p) are the Dirac matrices and spinors,

uλ(p) =

√

ǫ(p) +m

2ǫ(p)





1
σ · p

ǫ(p) +m



χλ, (7)

with ǫ(p) =
√

p2 +m2.
The effective long-range vector vertex of the quark is defined [8] by

Γµ(k) = γµ +
iκ

2m
σµν k̃

ν , k̃ = (0,k), (8)

where κ is the Pauli interaction constant characterizing the anomalous chromomagnetic moment
of quarks. In configuration space the vector and scalar confining potentials in the nonrelativistic
limit [10] reduce to

V V
conf(r) = (1 − ε)Vconf(r),

V S
conf(r) = εVconf(r), (9)
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with
Vconf(r) = V S

conf(r) + V V
conf(r) = Ar +B, (10)

where ε is the mixing coefficient.
(b) For the diquark-antidiquark (dd̄′) interaction, VT (p,q;M) is given by

VT (p,q;M) =
〈d(P )|Jµ|d(Q)〉

2
√
EdEd

4

3
αsD

µν(k)
〈d′(P ′)|Jν |d′(Q′)〉

2
√
Ed′Ed′

+ψ∗d(P )ψ∗d′(P ′)
[

Jd;µJ
µ
d′V

V
conf(k) + V S

conf(k)
]

ψd(Q)ψd′(Q′), (11)

where 〈d(P )|Jµ|d(Q)〉 is the vertex of the diquark-gluon interaction which takes into account

the finite size of the diquark and is discussed below
[

P (′) = (Ed(′) ,±p) and Q(′) = (Ed(′) ,±q),

Ed = (M2 −M2
d′ +M2

d )/(2M) and Ed′ = (M2 −M2
d +M2

d′)/(2M)
]

.

The diquark state in the confining part of the diquark-antidiquark quasipotential (11) is
described by the wave functions

ψd(p) =

{

1 for a scalar diquark,

εd(p) for an axial-vector diquark,
(12)

where the four-vector

εd(p) =

(

(εd · p)

Md

, εd +
(εd · p)p

Md(Ed(p) +Md)

)

, εµ
d (p)pµ = 0, (13)

is the polarization vector of the axial-vector diquark with momentum p, Ed(p) =
√

p2 +M2
d ,

and εd(0) = (0, εd) is the polarization vector in the diquark rest frame. The effective long-range
vector vertex of the diquark can be presented in the form

Jd;µ =



















(P +Q)µ

2
√

EdEd

for a scalar diquark,

− (P +Q)µ

2
√

EdEd

+
iµd

2Md
Σν

µk̃ν for an axial-vector diquark.

(14)

Here, the antisymmetric tensor Σν
µ is defined by

(Σρσ)
ν

µ
= −i(gµρδ

ν
σ − gµσδ

ν
ρ ), (15)

and the axial-vector diquark spin Sd is given by (Sd;k)il = −iεkil; µd is the total chromomagnetic
moment of the axial-vector diquark.

The constituent quark massesmc = 1.55 GeV, mu = md = 0.33 GeV, ms = 0.5 GeV and the
parameters of the linear potential A = 0.18 GeV2 and B = −0.3 GeV are fixed from previous
consideration of meson properties [8] and have values typical in quark models. The value of the
mixing coefficient of vector and scalar confining potentials ε = −1 has been determined from
the consideration of charmonium radiative decays [7] and the heavy-quark expansion [11]. The
universal Pauli interaction constant κ = −1 has been fixed from the analysis of the fine splitting
of heavy quarkonia 3PJ - states [7]. In this case, the long-range chromomagnetic interaction of
quarks vanishes in accordance with the flux-tube model.
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Figure 1: The form factors F (r) for {c, q} (solid line) and {b, q} (dashed line) axial vector
diquarks.

At the first step, we calculate the masses and form factors of the heavy-light diquark. As it is
well known, the light quarks are highly relativistic, which makes the v/c expansion inapplicable
and thus, a completely relativistic treatment of the light quark dynamics is required. To
achieve this goal, we closely follow our consideration of diquarks in heavy baryons and adopt

the same procedure to make the relativistic potential local by replacing ǫ1,2(p) =
√

m2
1,2 + p2 →

E1,2 = (M2 −m2
2,1 +m2

1,2)/2M . Solving numerically the quasipotential equation (1) with the
complete relativistic potential, which depends on the diquark mass in a complicated highly
nonlinear way [12], we get the diquark masses and wave functions. In order to determine the
diquark interaction with the gluon field, which takes into account the diquark structure, we
calculate the corresponding matrix element of the quark current between diquark states. Such
calculation leads to the emergence of the form factor F (r) entering the vertex of the diquark-
gluon interaction [12]. This form factor is expressed through the overlap integral of the diquark
wave functions. Our estimates show that this form factor can be approximated with a high
accuracy by the expression

F (r) = 1− e−ξr−ζr2

. (16)

The values of the masses and parameters ξ and ζ for heavy-light scalar diquark [· · · ] and axial
vector diquark {· · · } ground states are given in Table 1. In Fig. 1 we plot the functions F (r)
for {Q, q} axial vector diquarks.

At the second step, we calculate the masses of heavy tetraquarks considered as the bound
states of a heavy-light diquark and antidiquark. For the potential of the diquark-antidiquark
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Table 1: MassesM and form factor parameters of charmed diquarks. S and A denote scalar and
axial vector diquarks which are antisymmetric [· · · ] and symmetric {· · · } in flavour, respectively.

Quark Diquark M ξ ζ
content type (MeV) (GeV) (GeV2)
[c, q] S 1973 2.55 0.63
{c, q} A 2036 2.51 0.45
[c, s] S 2091 2.15 1.05
{c, s} A 2158 2.12 0.99

interaction (11) we get [5]

VT (r) = V̂Coul(r) + Vconf(r) +
1

2

{

[

1

E1(E1 +M1)
+

1

E2(E2 +M2)

]

V̂ ′
Coul(r)

r
−

[

1

M1(E1 +M1)

+
1

M2(E2 +M2)

]

V ′
conf(r)

r
+
µd

2

(

1

M2
1

+
1

M2
2

)

V ′V
conf(r)

r

}

L · (S1 + S2)

+
1

2

{

[

1

E1(E1 +M1)
− 1

E2(E2 +M2)

]

V̂ ′
Coul(r)

r
−

[

1

M1(E1 +M1)
− 1

M2(E2 +M2)

]

×V
′
conf(r)

r
+
µd

2

(

1

M2
1

− 1

M2
2

)

V ′V
conf(r)

r

}

L · (S1 − S2)

+
1

E1E2

{

p
[

V̂Coul(r) + V V
conf(r)

]

p− 1

4
∆V V

conf(r) + V̂ ′
Coul(r)

L2

2r

+
1

r

[

V̂ ′
Coul(r) +

µd

4

(

E1

M1
+
E2

M2

)

V ′V
conf(r)

]

L · (S1 + S2)

+
µd

4

(

E1

M1
− E2

M2

)

V ′V
conf(r)

r
L · (S1 − S2)

+
1

3

[

1

r
V̂ ′

Coul(r) − V̂ ′′
Coul(r) +

µ2
d

4

E1E2

M1M2

(

1

r
V ′V

conf(r) − V ′′V
conf(r)

)]

×
[

3

r2
(S1 · r)(S2 · r)− S1 · S2

]

+
2

3

[

∆V̂Coul(r) +
µ2

d

4

E1E2

M1M2
∆V V

conf(r)

]

S1 · S2

}

, (17)

where

V̂Coul(r) = −4

3
αs

F1(r)F2(r)

r

is the Coulomb-like potential which takes into account the structure of the diquark and antidi-
quark through the corresponding form factors F1,2(r). Here, S1,2 and L are the spin operators
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of diquark and antidiquark and the operator of the relative orbital angular momentum. In the
following we choose the total chromomagnetic moment of the axial-vector diquark µd = 0. Such
a choice appears to be natural, since the long-range chromomagnetic interaction of diquarks
proportional to µd then also vanishes in accordance with the flux-tube model.

In the diquark-antidiquark picture of heavy tetraquarks both scalar S (antisymmetric in
flavour (Qq)S=0 = [Qq]) and axial vector A (symmetric in flavour (Qq)S=1 = {Qq}) diquarks
are considered. Therefore we get the following structure of the (Qq)(Q̄q̄′) ground (1S) states
(C is defined only for q = q′):

• Two states with JPC = 0++:

X(0++) = (Qq)S=0(Q̄q̄
′)S=0

X(0++′) = (Qq)S=1(Q̄q̄
′)S=1

• Three states with J = 1:

X(1++) =
1√
2
[(Qq)S=1(Q̄q̄

′)S=0 + (Qq)S=0(Q̄q̄
′)S=1]

X(1+−) =
1√
2
[(Qq)S=0(Q̄q̄

′)S=1 − (Qq)S=1(Q̄q̄
′)S=0]

X(1+−′) = (Qq)S=1(Q̄q̄
′)S=1

• One state with JPC = 2++:

X(2++) = (Qq)S=1(Q̄q̄
′)S=1.

The orbitally excited (1P, 1D . . . ) states are constructed analogously, as a result we find a rich
set of tetraquark states. However the number of states in the considered diquark-antidiquark
picture is significantly less than in the genuine four-quark approach.

The diquark-antidiquark model of heavy tetraquarks predicts the existence of a flavour
SU(3) nonet of states with hidden charm (Q = c): four tetraquarks [(Qq)(Q̄q̄), q = u, d] with
neither open or hidden strangeness, which have electric charges 0 or ±1 and isospin 0 or 1;
four tetraquarks [(Qs)(Q̄q̄) and (Qq)(Q̄s̄), q = u, d] with open strangeness (S = ±1), which
have electric charges 0 or ±1 and isospin 1

2 ; one tetraquark (Qs)(Q̄s̄) with hidden strangeness
and zero electric charge. Since we neglect in our model the mass difference of u and d quarks
and electromagnetic interactions, the corresponding tetraquarks will be degenerate in mass. A
more detailed analysis [13] predicts that the tetraquark mass differences can be of a few MeV so
that the isospin invariance is broken for the (Qq)(Q̄q̄) mass eigenstates and thus in their strong
decays. The (non)observation of such states will be a crucial test of the tetraquark model.

The calculated masses of the heavy tetraquark ground (1S) states and the corresponding
open charm thresholds are shown in Tables 2, 3. Note that most of the tetraquark states were
predicted to lie either above or only slightly below corresponding open charm thresholds. We
also calculated masses of orbitally and radially excited tetraquark states with hidden charm.
Excitations only of the diquark-antidiquark system are considered. The mass spectrum of
excited tetraquark states is shown in Table 4.

In Table 5 we compare our results (EFG) for the masses of the ground and excited charm
diquark-antidiquark bound states with the predictions of Refs. [13, 14, 15, 16] and with the
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Table 2: Masses of charm diquark-antidiquark ground (1S) states (in MeV) calculated in [4].
S and A denote scalar and axial vector diquarks.

State Diquark Mass
JPC content cqc̄q̄ csc̄s̄ cqc̄s̄
0++ SS̄ 3812 4051 3922

1+± (SĀ± S̄A)/
√

2 3871 4113 3982
0++ AĀ 3852 4110 3967
1+− AĀ 3890 4143 4004
2++ AĀ 3968 4209 4080

Table 3: Thresholds for open charm decays and nearby hidden-charm thresholds.
Channel Threshold (MeV) Channel Threshold (MeV) Channel Threshold (MeV)
D0D̄0 3729.4 D+

s D
−
s 3936.2 D0D±

s 3832.9
D+D− 3738.8 η′J/ψ 4054.7 D±D∓

s 3837.7
D0D̄∗0 3871.3 D±

s D
∗∓
s 4080.0 D∗0D±

s 3975.0
ρJ/ψ 3872.7 φJ/ψ 4116.4 D0D∗±

s 3976.7
D±D∗∓ 3879.5 D∗+

s D∗−
s 4223.8 K∗±J/ψ 3988.6

ωJ/ψ 3879.6 K∗0J/ψ 3993.0
D∗0D̄∗0 4013.6 D∗0D∗±

s 4118.8

masses of the recently observed highly-excited charmonium-like states [1, 17, 18, 19, 20, 21, 22,
23, 24, 25, 26]. We assume that the excitations occur only between the bound diquark and
antidiquark. Possible excitations of diquarks are not considered. Our calculation of the heavy
baryon masses supports such a scheme [12]. In this table we give our predictions only for some of
the masses of the orbitally and radially excited states for which possible experimental candidates
are observed. The differences in some of the presented theoretical mass values can be attributed
to the substantial distinctions in the used approaches. We describe the diquarks dynamically
as quark-quark bound systems and calculate their masses and form factors, while in Refs.[13,
14, 15, 16] they are treated only phenomenologically. Then we consider the tetraquark as
purely the diquark-antidiquark bound system. In distinction, Maini et al. consider a hyperfine
interaction between all quarks which, e.g., causes the splitting of 1++ and 1+− states arising
from the SA diquark-antidiquark compositions. From Table 5 we see that our dynamical
calculation supports the assumption [13] that X(3872) can be the axial vector 1++ tetraquark
state composed from the scalar and axial vector diquark and antidiquark in the relative 1S
state. Recent Belle and BaBar results indicate the existence of a second X(3875) particle a few
MeV above X(3872). This state could be naturally identified with the second neutral particle
predicted by the tetraquark model [14]. On the other hand, in our model the lightest scalar 0++

tetraquark is predicted to be above the open charm threshold DD̄ and thus to be broad, while
in the model [13] it lies a few MeV below this threshold, and thus is predicted to be narrow.
Our 2++ tetraquark also lies higher than the one in Ref.[13], thus making its identification with
Y (3943) less probable, especially if one averages the original Belle result with the recent BaBar
value which is somewhat lower.

The recent discovery in the initial state radiation at B-factories of the Y (4260), Y (4360)
and Y (4660) indicates an overpopulation of the expected charmonium 1−− states [1, 19, 20, 22,
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Table 4: Masses of charm diquark-antidiquark excited 1P , 2S states (in MeV). S and A denote
scalar and axial vector diquarks; S is the total spin of the diquark and antidiquark.

State Diquark Mass
JPC content S cqc̄q̄ csc̄s̄ cqc̄s̄
1P
1−− SS̄ 0 4244 4466 4350

0−± (SĀ± S̄A)/
√

2 1 4269 4499 4381

1−± (SĀ± S̄A)/
√

2 1 4284 4514 4396

2−± (SĀ± S̄A)/
√

2 1 4315 4543 4426
1−− AĀ 0 4350 4582 4461
0−+ AĀ 1 4304 4540 4419
1−+ AĀ 1 4345 4578 4458
2−+ AĀ 1 4367 4598 4478
1−− AĀ 2 4277 4515 4393
2−− AĀ 2 4379 4610 4490
3−− AĀ 2 4381 4612 4492
2S
0++ SS̄ 0 4375 4604 4481

1+± (SĀ± S̄A)/
√

2 1 4431 4665 4542
0++ AĀ 0 4434 4680 4547
1+− AĀ 1 4461 4703 4572
2++ AĀ 2 4515 4748 4625

23, 24]. Maini et al. [16] argue that Y (4260) is the 1−− 1P state of the charm-strange diquark-
antidiquark tetraquark. We find that Y (4260) cannot be interpreted in this way, since the mass
of such ([cs]S=0[c̄s̄]S=0) tetraquark is found to be ∼ 200 MeV higher. A more natural tetraquark
interpretation could be the 1−− 1P state ([cq]S=0[c̄q̄]S=0) (SS̄) which mass is predicted in our
model to be close to the mass of Y (4260) (see Table 5). Then the Y (4260) would decay
dominantly into DD̄ pairs. The other possible interpretations of Y (4260) are the 1−− 1P
states of (SĀ− S̄A)/

√
2 and AĀ tetraquarks which predicted masses have close values. These

additional tetraquark states could be responsible for the mass difference of Y (4260) observed in
different decay channels. As we see from Table 5, the recently discovered resonances Y (4360)
and Y (4660) in the e+e− → π+π−ψ′ cross section can be interpreted as the excited 1−− 1P
(AĀ) and 2P (SS̄) tetraquark states, respectively. The peak X(4630) very recently observed
by Belle in e+e− → Λ+

c Λ−
c [26] is consistent with a 1−− resonance Y (4660) and therefore has

the same interpretation in our model.

Recently the Belle Collaboration reported the observation of a relatively narrow enhance-
ment in the π+ψ′ invariant mass distribution in the B → Kπ+ψ′ decay [1, 25]. This new
resonance, Z+(4430), is unique among other exotic meson candidates, since it is the first state
with a non-zero electric charge. Different theoretical interpretations were suggested [1]. Maiani
et al. [15] give qualitative arguments that the Z+(4430) is the first radial excitation (2S) of a
diquark-antidiquark X+

ud̄
(1+−; 1S) state (AĀ) with mass 3882 MeV. Our calculations indicate

that the Z+(4430) could be the 1+ 2S [cu][c̄d̄] tetraquark state, namely the first radial excitation
of the ground state (SĀ− S̄A)/

√
2 degenerate with X(3872). The other possible interpretation

is the 0+ 2S [cu][c̄d̄] tetraquark state (AĀ) which has a very close mass. Measurement of the
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Table 5: Comparison of theoretical predictions for the masses of the ground and excited charm
diquark-antidiquark states (in MeV) and possible experimental candidates.

State Diquark Theory Experiment
JPC content EFG [13, 14, 15] state mass
1S
0++ SS̄ 3812 3723

1++ (SĀ+ S̄A)/
√

2 3871 3872†
{

X(3872)
X(3876)

{

3871.4± 0.6 [1]
3875.2± 0.7+0.9

−1.8 [1]

1+− (SĀ− S̄A)/
√

2 3871 3754
0++ AĀ 3852 3832
1+− AĀ 3890 3882

2++ AĀ 3968 3952 Y (3943)

{

3943± 11± 13 [16]
3914.3+4.1

−3.8 [17]
1P

1−− SS̄ 4244 Y (4260)

{

4259± 8+2
−6 [18]

4247± 12+17
−32 [19]

1−

0−
SS̄

(SĀ± S̄A)/
√

2
4244
4267

}

Z(4248) 4248+44+180
−29−35 [20]

1−−

1−−
(SĀ− S̄A)/

√
2

AĀ
4284
4277

}

Y (4260) 4284+17
−16±4 [21]

1−− AĀ 4350 Y (4360)

{

4361± 9± 9 [22]
4324± 24 [23]

2S
1+

0+
(SĀ± S̄A)/

√
2

AĀ
4431
4434

}

Z(4430) 4433±4±2 [24]

1+ AĀ 4461 ∼ 4470
2P

1−− SS̄ 4666

{

Y (4660)
X(4630)

{

4664± 11± 5 [22]
4634+8+5

−7−8 [25]

† input

Z+(4430) spin will discriminate between these possibilities.

Encouraged by this discovery, the Belle Collaboration performed a study of B̄0 → K−π+χc1

and observed a double peaked structure in the π+χc1 invariant mass distribution [21]. These two
charged states, Z(4051) and Z(4248), are explicitly exotic. We find no tetraquark candidates
for the Z(4051) peak. On the other hand, we see from Table 5 that Z(4248) can be interpreted
in our model as the charged partner of the 1− 1P state of the SS̄ tetraquark or as the 0− 1P
state of the (SĀ± S̄A)/

√
2 tetraquark.

In summary, we calculated the masses of excited heavy tetraquarks with hidden charm in the
diquark-antidiquark picture. In contrast to previous phenomenological treatments, we used the
dynamical approach based on the relativistic quark model. Both diquark and tetraquark masses
were obtained by numerical solution of the quasipotential wave equation with the corresponding
relativistic potentials. The diquark structure was taken into account in terms of diquark wave
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functions. It is important to emphasize that, in our analysis, we did not introduce any free
adjustable parameters but used their values fixed from our previous considerations of heavy and
light hadron properties. It was found that the X(3872), Z(4248), Y (4260), Y (4360), Z(4430)
and Y (4660) exotic meson candidates could be tetraquark states with hidden charm.

The authors are grateful to Profs. A. Ali and M. Ivanov for the invitation to HQP08
and for the hospitality. This work was supported in part by the Russian Science Support
Foundation (V.O.G.) and the Russian Foundation for Basic Research (RFBR), grant No.08-02-
00582 (R.N.F. and V.O.G.).
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Heavy Baryons in the Relativistic Quark Model
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2Dorodnicyn Computing Centre, Russian Academy of Sciences, Vavilov Str. 40, 119991 Moscow,
Russia

The masses of the ground state and excited heavy baryons consisting of two light (u, d, s)
and one heavy (c, b) quarks are calculated. The heavy-quark–light-diquark picture is used
within the relativistic quark model. The semileptonic heavy-to-heavy decay rates of these
baryons are also calculated both in the heavy quark limit and with inclusion of first order
1/mQ corrections. An overall good agreement of the obtained predictions with available
experimental data is found.

During last few years a significant experimental progress has been achieved in studying heavy
baryons with one heavy quark. At present masses of all ground states of charmed baryons as well
as of their excitations are known experimentally with rather good precision [1]. The bottom
sector is significantly less studied. Only half of the ground state bottom baryon masses are
known now. The rate of the semileptonic decay Λb → Λceν has been also measured. The
Large Hadron Collider (LHC) will provide us with much more data on properties of ground
state and excited bottom baryons. Here we review our studies of masses of the ground state
and excited heavy baryons containing one heavy quark and their semileptonic decays. All
calculations [2, 3, 4] were performed in the framework of the relativistic quark model based on
the quasipotential approach in QCD. We used the heavy-quark–light-diquark approximation to
reduce a complicated relativistic three-body problem to the subsequent solution of two more
simple two-body problems. The first step is the calculation of the masses, wave functions and
form factors of the diquarks, composed from two light quarks. Next, at the second step, a
heavy baryon is treated as a relativistic bound system of a light diquark and heavy quark. It is
important to emphasize that we do not consider a diquark as a point particle but explicitly take
into account its structure through the diquark-gluon vertex expressed in terms of the diquark
wave functions.

In the adopted approach the diquark is described by the wave function (Ψd) of the two-
quark bound state and the baryon is described by the wave function (ΨB) of the quark-diquark
bound state, satisfying the quasipotential equations of the Schrödinger type

(

b2(M)

2µR
− p2

2µR

)

Ψd,B(p) =

∫

d3q

(2π)3
Vd,B(p,q; M)Ψd,B(q), (1)

where the relativistic reduced mass is

µR =
M4 − (m2

1 −m2
2)

2

4M3
, (2)

and the on-mass-shell relative momentum squared

b2(M) =
[M2 − (m1 + m2)

2][M2 − (m1 −m2)
2]

4M2
. (3)
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Table 1: Masses of light ground state diquarks (in MeV). S and A denotes scalar and axial
vector diquarks antisymmetric [q, q′] and symmetric {q, q′} in flavour, respectively.

Quark Diquark Mass
content type [2] [7] [8] [9] [10]

our NJL BSE BSE Lattice
[u, d] S 710 705 737 820 694(22)
{u, d} A 909 875 949 1020 806(50)
[u, s] S 948 895 882 1100
{u, s} A 1069 1050 1050 1300
{s, s} A 1203 1215 1130 1440

The kernel Vd,B(p,q; M) in Eq. (1) is the QCD motivated operator of the quark-quark (d)
or quark-diquark (B) interaction. It is constructed with the help of the off-mass-shell scattering
amplitude, projected onto the positive energy states. In the following analysis we closely follow
the similar construction of the quark-antiquark interaction in mesons which were extensively
studied in our relativistic quark model [5]. For the quark-quark interaction in a diquark we use
the relation Vqq = Vqq̄/2 arising under the assumption about the octet structure of the colour
quark interaction. An important role in this construction is played by the Lorentz-structure
of the nonperturbative confining interaction. In our analysis of mesons we adopted that the
effective quark-antiquark interaction is the sum of the one-gluon exchange term and the mixture
of long-range vector and scalar linear confining potentials with the vector confining potential
containing the Pauli term. We use the same conventions for the construction of the quark-quark
and quark-diquark interactions in the baryon. The explicit expressions for the quasipotential
of the quark-quark (qq) interaction in the diquark and quark-diquark (Qd) interaction in the
baryon are given in Refs. [2, 3]. The values of model parameters can be also found in these
references.

At the first step, we calculate the masses and form factors of the light diquark. As it is
well-known, the light quarks are highly relativistic, which makes the v/c expansion inapplicable
and thus, a completely relativistic treatment is required. To achieve this goal in describing
light diquarks, we closely follow our recent consideration of the spectra of light mesons [6] and
adopt the same procedure to make the relativistic quark potential local by replacing ǫ1,2(p) =
√

m2
1,2 + p2 → E1,2 = (M2 −m2

2,1 + m2
1,2)/(2M) (see discussion in Ref. [6]).

The quasipotential equation (1) is solved numerically for the complete relativistic potential
which depends on the diquark mass in a highly nonlinear way [2]. The obtained ground state
masses of scalar and axial vector light diquarks are presented in Table 1. These masses are
in good agreement with values found within the Nambu–Jona-Lasinio model [7], by solving
the Bethe-Salpeter equation with different types of the kernel [8, 9] and in quenched lattice
calculations [10]. It follows from Table 1 that the difference between the scalar and vector
diquark masses decreases from ∼ 200 to ∼ 120 MeV, when one of the u, d quarks is replaced
by the s quark in accord with the statement of Ref. [11].

In order to determine the diquark interaction with the gluon field, which takes into account
the diquark structure, it is necessary to calculate the corresponding matrix element of the quark
current between diquark states. Such calculation leads to the emergence of the form factor F (r)
entering the diquark-gluon vertex [2]. This form factor is expressed through the overlap integral
of the diquark wave functions.
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At the second step, we calculate the masses of heavy baryons as bound states of a heavy
quark and light diquark. For the potential of the heavy-quark–light-diquark interaction we use
the expansion in p/mQ. The light diquark should be treated fully relativistically. To simplify
the potential we follow the same procedure, which was used for light quarks in a diquark, and
replace the diquark energies Ed(p) =

√

p2 + M2
d by Ed = (M2−m2

Q+M2
d )/(2M) in expressions

for the quark-diquark quasipotential. This substitution makes the Fourier transform of the
potential local. At leading order in p/mQ the resulting quasipotentials can be presented in the
following forms:
for the scalar diquark

V (0)(r) = V̂Coul(r) + Vconf(r), (4)

and for the axial vector diquark

V (0)(r) = V̂Coul(r) + Vconf(r) +
1

Md(Ed + Md)

1

r

[

Md

Ed
V̂ ′

Coul(r)

−V ′

conf(r) + µd
Ed + Md

2Md
V ′V

conf(r)

]

LSd, (5)

V̂Coul(r) = −4

3
αs

F (r)

r
, Vconf(r) = Ar + B, V V

conf(r) = (1− ε)(Ar + B),

where V̂Coul(r) is the smeared Coulomb potential (with the account of the diquark structure).
Note that both the one-gluon exchange and confining potentials contribute to the diquark spin-
orbit interaction. In the heavy quark limit the heavy baryon levels are degenerate doublets with
respect to the heavy quark spin, since the heavy quark spin-orbit and spin-spin interactions
arise only at first order in p/mQ. Solving Eq. (1) numerically we get the heavy quark spin-
independent part of the baryon wave function ΨB. Then the total baryon wave function is a
product of ΨB and the spin-dependent part UB [12].

The leading order degeneracy of heavy baryon states is broken by the p/mQ corrections.
The explicit expression for the quark-diquark potential up to the second order in p/mQ is given
in Ref. [3].

The calculated values of the ground state and excited baryon masses are given in Tables 2-5
in comparison with available experimental data. In the first two columns we put the baryon
quantum numbers and the state of the heavy-quark–light-diquark bound system (in usual no-
tations nL), while in the rest columns our predictions for the masses and experimental data are
shown.

At present the best experimentally studied quantities are the mass spectra of the ΛQ and
ΣQ baryons, which contain the light scalar or axial vector diquarks, respectively. They are
presented in Tables 2, 3. Masses of the ground states are measured both for charmed and
bottom ΛQ and ΣQ baryons. Recently the masses of the ground state Σb and Σ∗b baryons
were first reported by CDF [16]: MΣ+

b
= 5807.5+1.9

−2.2 ± 1.7 MeV, MΣ−

b
= 5815.2+1.0

−0.9 ± 1.7 MeV,

MΣ∗+

b
= 5829.0+1.6

−1.7±1.7 MeV, MΣ∗−

b
= 5836.7+2.0

−1.8±1.7 MeV. CDF also significantly improved

the precision of the Λb mass [13]. For charmed baryons the masses of several excited states
are also known. It is important to emphasize that the JP quantum numbers for most excited
heavy baryons have not been determined experimentally, but are assigned by PDG on the
basis of quark model predictions. For some excited charm baryons such as the Λc(2765),
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Table 2: Masses of the ΛQ (Q = c, b) heavy baryons (in MeV).

Q = c Q = b
I(JP ) Qd state M M exp [1] M M exp [1] M exp [13]

0(1
2

+
) 1S 2297 2286.46(14) 5622 5624(9) 5619.7(2.4)

0(1
2

−
) 1P 2598 2595.4(6) 5930

0(3
2

−
) 1P 2628 2628.1(6) 5947

0(1
2

+
) 2S 2772 2766.6(2.4)? 6086

0(3
2

+
) 1D 2874 6189

0(5
2

+
) 1D 2883 2882.5(2.2)? 6197

0(1
2

−
) 2P 3017 6328

0(3
2

−
) 2P 3034 6337

Λc(2880) and Λc(2940) it is even not known if they are excitations of the Λc or Σc.
1 Our

calculations show that the Λc(2765) can be either the first radial (2S) excitation of the Λc with

JP = 1
2

+
containing the light scalar diquark or the first orbital excitation (1P ) of the Σc with

JP = 3
2

−
containing the light axial vector diquark. The Λc(2880) baryon in our model is well

described by the second orbital (1D) excitation of the Λc with JP = 5
2

+
in agreement with

the recent spin assignment [15] based on the analysis of angular distributions in the decays
Λc(2880)+ → Σc(2455)0,++π+,−. Our model suggests that the charmed baryon Λc(2940),
recently discovered by BaBar[14] and then also confirmed by Belle [15], could be the first radial

(2S) excitation of the Σc with JP = 3
2

+
which mass is predicted slightly below the experimental

value. If this state proves to be an excited Λc, for which we have no candidates around 2940
MeV, then it will indicate that excitations inside the diquark should be also considered. 2 The
Σc(2800) baryon can be identified in our model with one of the orbital (1P ) excitations of the

Σc with JP = 1
2

−
, 3

2

−
or 5

2

−
which predicted mass differences are less than 15 MeV. Thus

masses of all these states are compatible with the experimental values within errors.

Mass spectra of the ΞQ baryons with the scalar and axial vector light (qs) diquarks are given
in Tables 4, 5. Experimental data here until recently were available only for charm-strange
baryons. In 2007 the D0 Collaboration [18] reported the discovery of the Ξ−b baryon with the
mass MΞb

= 5774 ± 11 ± 15 MeV. The CDF Collaboration [19] confirmed this observation
and gave the more precise value MΞb

= 5792.9± 2.5± 1.7 MeV. Our model prediction MΞb
=

5812 MeV is in a reasonable agreement with these new data. In the excited charmed baryon
sector we can identify the Ξc(2790) and Ξc(2815) with the first orbital (1P ) excitations of the

Ξc with JP = 1
2

−
and JP = 3

2

−
, respectively, containing the light scalar diquark, which is

in agreement with the PDG [1] assignment. Recently Belle [20] reported the first observation
of two baryons Ξc(2980) and Ξc(3077), which existence was also confirmed by BaBar [21].
The Ξc(2980) can be interpreted in our model as the first radial (2S) excitation of the Ξc with

JP = 1
2

+
containing the light axial vector diquark. On the other hand the Ξc(3077) corresponds

to the second orbital (1D) excitation in this system with JP = 5
2

+
. Very recently the BaBar

Collaboration [17] announced observation of two new charmed baryons Ξc(3055) with the mass

1In Tables 2, 3 we mark with ? the states which interpretation is ambiguous.
2The Λc baryon with the first orbital excitation of the diquark is expected to have a mass in this region.
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Table 3: Masses of the ΣQ (Q = c, b) heavy baryons (in MeV).

Qd Q = c Q = b
I(JP ) state M M exp [1] M exp [14] M exp [15] M M exp [16] M exp [16]

1(1
2

+
) 1S 2439 2453.76(18) 5805 5807.5(2.6) 5815.2(2.0)

1(3
2

+
) 1S 2518 2518.0(5) 5834 5829.0(2.4) 5836.7(2.6)

1(1
2

−
) 1P 2805 6122

1(1
2

−
) 1P 2795 6108

1(3
2

−
) 1P 2799 2802(47) 6106

1(3
2

−
) 1P 2761 2766.6(2.4)? 6076

1(5
2

−
) 1P 2790 6083

1(1
2

+
) 2S 2864 2846(13) 6202

1(3
2

+
) 2S 2912 2939.8(2.3)? 2938(35)? 6222

1(1
2

+
) 1D 3014 6300

1(3
2

+
) 1D 3005 6287

1(3
2

+
) 1D 3010 6291

1(5
2

+
) 1D 3001 6279

1(5
2

+
) 1D 2960 6248

1(7
2

+
) 1D 3015 6262

M = 3054.2± 1.2± 0.5 MeV and Ξc(3123) with the mass M = 3122.9± 1.3± 0.3 MeV. These
states can be interpreted in our model as the second orbital (1D) excitations of the Ξc with

JP = 5
2

+
containing scalar and axial vector diquarks, respectively. Their predicted masses are

3042 MeV and 3123 MeV.

For the ΩQ baryons only masses of the ground-state charmed baryons are known. The Ω∗c
baryon was recently discovered by BaBar [22]. The measured mass difference of the Ω∗c and Ωc

baryons of (70.8± 1.0± 1.1) MeV is in very good agreement with the prediction of our model
70 MeV [2].

The detailed comparison of our predictions for the heavy baryon mass spectra with results
of other calculations can be found in Refs. [2, 3].

In order to calculate the exclusive semileptonic decay rate of the heavy baryon, it is necessary
to determine the corresponding matrix element of the weak current between baryon states. In
the quasipotential approach, the matrix element of the weak current JW

µ = Q̄′γµ(1 − γ5)Q,
associated with the heavy-to-heavy quark Q → Q′ (Q = b and Q′ = c) transition, between
baryon states with masses MBQ

, MBQ′
and momenta pBQ

, pBQ′
has the form

〈BQ′(pBQ′
)|JW

µ |BQ(pBQ
)〉 =

∫

d3p d3q

(2π)6
Ψ̄BQ′ pB

Q′
(p)Γµ(p,q)ΨBQ pBQ

(q), (6)

where Γµ(p,q) is the two-particle vertex function and ΨB pB
are the baryon (B = BQ, BQ′)

wave functions projected onto the positive energy states of quarks and boosted to the moving
reference frame with momentum pB.

The wave function of the moving baryon ΨBQ′ ∆ is connected with the wave function in the
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Table 4: Masses of the ΞQ (Q = c, b) heavy baryons with scalar diquark (in MeV).

Q = c Q = b
I(JP ) Qd state M M exp [1] M exp [17] M M exp[19]
1
2 (1

2

+
) 1S 2481 2471.0(4) 5812 5792.9(3.0)

1
2 (1

2

−
) 1P 2801 2791.9(3.3) 6119

1
2 (3

2

−
) 1P 2820 2818.2(2.1) 6130

1
2 (1

2

+
) 2S 2923 6264

1
2 (3

2

+
) 1D 3030 6359

1
2 (5

2

+
) 1D 3042 3054.2(1.5) 6365

1
2 (1

2

−
) 2P 3186 6492

1
2 (3

2

−
) 2P 3199 6494

rest frame (∆ = 0) ΨBQ′ 0 ≡ ΨBQ′
by the transformation

ΨBQ′ ∆(p) = D
1/2
Q′ (RW

L∆
)DI

d (RW
L∆

)ΨBQ′ 0(p), I = 0, 1, (7)

where RW is the Wigner rotation, L∆ is the Lorentz boost from the baryon rest frame to a
moving one, D1/2(R) and DI(R) are rotation matrices of the heavy quark and light diquark
spins, respectively.

The hadronic matrix elements for the semileptonic decay ΛQ → ΛQ′ are parameterized in
terms of six invariant form factors:

〈ΛQ′(v′, s′)|V µ|ΛQ(v, s)〉 = ūΛQ′
(v′, s′)

[

F1(w)γµ + F2(w)vµ + F3(w)v′µ
]

uΛQ
(v, s),

〈ΛQ′(v′, s′)|Aµ|ΛQ(v, s)〉 = ūΛQ′
(v′, s′)

[

G1(w)γµ + G2(w)vµ + G3(w)v′µ
]

γ5uΛQ
(v, s), (8)

where uΛQ
(v, s) and uΛQ′

(v′, s′) are Dirac spinors of the initial and final baryon with four-
velocities v and v′, respectively; q = MΛQ′

v′ − MΛQ
v, and w = v · v′. In the heavy quark

limit mQ → ∞ (Q = b, c) the form factors (8) can be expressed through the single Isgur-Wise
function ζ(w) [23]

F1(w) = G1(w) = ζ(w); F2(w) = F3(w) = G2(w) = G3(w) = 0. (9)

At subleading order of the heavy quark expansion two additional types of contributions arise
[24]. The first one parameterizes 1/mQ corrections to the heavy quark effective theory (HQET)
current and is proportional to the product of the parameter Λ̄ = MΛQ

− mQ, which is the
difference of the baryon and heavy quark masses in the infinitely heavy quark limit, and the
leading order Isgur-Wise function ζ(w). The second one comes from the kinetic energy term
in 1/mQ correction to the HQET Lagrangian and introduces the additional function χ(w).
Therefore the form factors are given by [24]

F1(w) = ζ(w) +

(

Λ̄

2mQ
+

Λ̄

2mQ′

)

[2χ(w) + ζ(w)] ,

G1(w) = ζ(w) +

(

Λ̄

2mQ
+

Λ̄

2mQ′

)[

2χ(w) +
w − 1

w + 1
ζ(w)

]

,
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Table 5: Masses of the ΞQ (Q = c, b) heavy baryons with axial vector diquark (in MeV).

Q = c Q = b
I(JP ) Qd state M M exp [1] M exp [20] M exp [21, 17] M
1
2 (1

2

+
) 1S 2578 2578.0(2.9) 5937

1
2 (3

2

+
) 1S 2654 2646.1(1.2) 5963

1
2 (1

2

−
) 1P 2934 6249

1
2 (1

2

−
) 1P 2928 6238

1
2 (3

2

−
) 1P 2931 2931(6) 6237

1
2 (3

2

−
) 1P 2900 6212

1
2 (5

2

−
) 1P 2921 6218

1
2 (1

2

+
) 2S 2984 2978.5(4.1) 2967.1(2.9) 6327

1
2 (3

2

+
) 2S 3035 6341

1
2 (1

2

+
) 1D 3132 6420

1
2 (3

2

+
) 1D 3127 6410

1
2 (3

2

+
) 1D 3131 6412

1
2 (5

2

+
) 1D 3123 3122.9(1.4) 6403

1
2 (5

2

+
) 1D 3087 3082.8(3.3) 3076.4(1.0) 6377

1
2 (7

2

+
) 1D 3136 6390

F2(w) = G2(w) = − Λ̄

2mQ′

2

w + 1
ζ(w),

F3(w) = −G3(w) = − Λ̄

2mQ

2

w + 1
ζ(w). (10)

In our model we obtain the following expressions for the semileptonic decay ΛQ → ΛQ′ form
factors up to subleading order in 1/mQ

F1(w) = ζ(w) +

(

Λ̄

2mQ
+

Λ̄

2mQ′

)

[2χ(w) + ζ(w)]

+4(1− ε)(1 + κ)

[

Λ̄

2mQ′

1

w − 1
− Λ̄

2mQ
(w + 1)

]

χ(w),

G1(w) = ζ(w) +

(

Λ̄

2mQ
+

Λ̄

2mQ′

)[

2χ(w) +
w − 1

w + 1
ζ(w)

]

−4(1− ε)(1 + κ)
Λ̄

2mQ
wχ(w),

F2(w) = − Λ̄

2mQ′

2

w + 1
ζ(w)

−4(1− ε)(1 + κ)

[

Λ̄

2mQ′

1

w − 1
+

Λ̄

2mQ
w

]

χ(w),

G2(w) = − Λ̄

2mQ′

2

w + 1
ζ(w) − 4(1− ε)(1 + κ)

Λ̄

2mQ′

1

w − 1
χ(w),

F3(w) = −G3(w) = − Λ̄

2mQ

2

w + 1
ζ(w) + 4(1− ε)(1 + κ)

Λ̄

2mQ
χ(w), (11)
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where the leading order Isgur-Wise function of heavy baryons

ζ(w) = lim
mQ→∞

∫

d3p

(2π)3
ΨΛQ′

(

p + 2ǫd(p)

√

w − 1

w + 1
e∆

)

ΨΛQ
(p), (12)

and the subleading function

χ(w) = −w − 1

w + 1
lim

mQ→∞

∫

d3p

(2π)3
ΨΛQ′

(

p + 2ǫd(p)

√

w − 1

w + 1
e∆

)

Λ̄− ǫd(p)

2Λ̄
ΨΛQ

(p), (13)

here e∆ = ∆/
√

∆2 is the unit vector in the direction of ∆ = MΛQ′
v′−MΛQ

v. It is important
to note that in our model the expressions for the Isgur-Wise functions ζ(w) (12) and χ(w) (13)
are determined in the whole kinematic range accessible in the semileptonic decays in terms of
the overlap integrals of the heavy baryon wave functions, which are known from the baryon
mass spectrum calculations. Therefore we do not need to make any assumptions about the
baryon wave functions or/and to extrapolate our form factors from the single kinematic point,
as it was done in most of previous calculations.

For (1 − ε)(1 + κ) = 0 the HQET results (10) are reproduced. This can be achieved either
setting ε = 1 (pure scalar confinement) or κ = −1. In our model we need a vector confining
contribution and therefore use the latter option. This consideration gives us an additional
justification, based on the HQET, for fixing one of the main parameters of the model κ. In the
heavy quark limit the wave functions of the initial ΨΛQ

and final baryon ΨΛQ′
coincide, and thus

the HQET normalization condition ζ(1) = 1 is exactly reproduced. The subleading function
χ(w) vanishes for w = 1. The function χ(w) is very small in the whole accessible kinematic
range, since it is roughly proportional to the ratio of the heavy baryon binding energy to the
baryon mass.

The Λb → Λc differential decay rate at zero recoil (w = 1) [24]:

lim
w→1

1√
w2 − 1

dΓ(Λb → Λceν)

dw
=

G2
F |Vcb|2
4π3

M3
Λc

(MΛb
−MΛc

)2|G1(1)|2 (14)

is governed by the square of the axial current form factor G1, which near this point has the
following expansion

G1(w) = 1− ρ̂2(w − 1) + ĉ(w − 1)2 + · · · , (15)

where in our model with the inclusion of the first order heavy quark corrections (11)

ρ̂2 = 1.51, and ĉ = 2.03.

This value of the slope parameter of the Λb-baryon decay form factor is in agreement with the
recent experimental value obtained by the DELPHI Collaboration [25]

ρ̂2 = 2.03± 0.46+0.72
−1.00

and lattice QCD [26] estimate
ρ̂2 = 1.1± 1.0.

Our prediction for the branching ratio of the semileptonic decay Λb → Λceν for |Vcb| = 0.041
and τΛb

= 1.23× 10−12s [1]
Brtheor(Λb → Λclν) = 6.9%
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Table 6: Comparison of different theoretical predictions for semileptonic decay rates Γ (in
1010s−1) of bottom baryons.

Decay this work [27] [28] [29] [30] [31] [32] [33] [34]
Λb → Λceν 5.64 5.9 5.1 5.14 5.39 6.09 5.08± 1.3 5.82 5.4± 0.4
Ξb → Ξceν 5.29 7.2 5.3 5.21 5.27 6.42 5.68± 1.5 4.98
Σb → Σceν 1.44 4.3 2.23 1.65
Ξ′b → Ξ′ceν 1.34
Ωb → Ωceν 1.29 5.4 2.3 1.52 1.87 1.81
Σb → Σ∗ceν 3.23 4.56 3.75
Ξ′b → Ξ∗ceν 3.09
Ωb → Ω∗ceν 3.03 3.41 4.01 4.13

is in agreement with available experimental data

Brexp(Λb → Λclν) =

{ (

5.0+1.1
−0.8

+1.6
−1.2

)

% DELPHI [23]
(

8.1± 1.2+1.1
−1.6 ± 4.3

)

% CDF [25]
(16)

and the PDG branching ratio [1]

Brexp(Λb → Λclν + anything) = (9.1± 2.1)%. (17)

The comparison of our model predictions with other theoretical calculations [27, 28, 29, 30,
31, 32, 33, 34] is given in Table 6. In nonrelativistic quark models [27, 28, 29] form factors of the
heavy baryon decays are evaluated at the single kinematic point of zero recoil and then different
form factor parameterizations (pole, dipole) are used for decay rate calculations. The relativistic
three-quark model [30], Bethe-Salpeter model [31] and light-front constituent quark model [32]
assume Gaussian wave functions for heavy baryons. The nonrelativistic quark model [33] uses
for the form factor evaluations the set of variational wave functions, obtained from baryon
spectra calculations without employing the quark-diquark approximation. Finally, Ref. [34]
presents the recent QCD sum rule prediction. Calculations of Refs. [29, 30, 31] are done in
the heavy quark limit only, while the rest include first order 1/mQ corrections for the decays
of Λ-type baryons. From Table 6 we see that all theoretical models give close predictions for
the semileptonic decays of heavy baryons with scalar diquark (Λb → Λceν and Ξb → Ξceν),
which are consistent with the available experimental data (16) and (17) for the Λb → Λceν
semileptonic decay. Thus one can conclude that the precise measurement of the semileptonic
Λb → Λceν decay rate will allow an accurate determination of the CKM matrix element Vcb

with small theoretical uncertainties.
All predictions for heavy baryon decays with the axial vector diquark listed in Table 6 were

obtained in the heavy quark limit. Here the differences between predictions are larger. The
nonrelativistic quark model [27] gives for these decay rates the values more than two times larger
than other estimates. Our model values for these decay rates are the lowest ones. Among the
relativistic quark models the closest to our predictions are given in [31]. Unfortunately, it will
be difficult to measure such decays experimentally. Only Ωb will decay predominantly weakly
and thus has sizable semileptonic branching ratios, since a scalar ss diquark is forbidden by
the Pauli principle. All other baryons with the axial vector diquark will decay predominantly
strongly or electromagnetically and thus their weak branching ratios will be very small.
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In summary, we find that all presently available experimental data for the masses of the
ground state and excited heavy baryons can be accommodated in the picture treating a heavy
baryon as the composite system of the light diquark and heavy quark, experiencing orbital and
radial excitations only between these constituents. The data on semileptonic decays of heavy
baryons are also well described in this approach.

The authors are grateful to Profs. A. Ali and M. Ivanov for the invitation to HQP08
and for the hospitality. This work was supported in part by the Russian Science Support
Foundation (V.O.G.) and the Russian Foundation for Basic Research (RFBR), grant No.08-02-
00582 (R.N.F. and V.O.G.).
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Heavy-quark contributions to the ratio FL/F2 at

low values of the Bjorken variable x
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1SISSA, via Beirut, 2-4, 34014 Trieste and INFN, Sezione di Trieste, Trieste, Italy
2II. Institut für Theoretische Physik, Universität Hamburg, 22761 Hamburg, Germany
3BLThPh, JINR, 141980 Dubna (Moscow resion), Russia

We study the heavy-quark contributions to the proton structure functions F i

2(x, Q2) and
F i

L(x, Q2), with i = c, b, for small values of Bjorken’s x variable and provide compact
formulas for their ratios Ri = F i

L/F i

2 that are useful to extract F i

2(x, Q2) from measure-
ments of the doubly differential cross section of inclusive deep-inelastic scattering at DESY
HERA. Our approach naturally explains why Ri is approximately independent of x and
the details of the parton distribution functions in the low-x regime.

1 Introduction

The totally inclusive cross section of deep-inelastic lepton-proton scattering (DIS) depends on
the square s of the centre-of-mass energy, Bjorken’s variable x = Q2/(2pq), and the inelasticity
variable y = Q2/(xs), where p and q are the four-momenta of the proton and the virtual photon,
respectively, and Q2 = −q2 > 0. The doubly differential cross section is parameterized in terms
of the structure function F2 and the longitudinal structure function FL, as

d2σ

dx dy
=

2πα2

xQ4
{[1 + (1− y)2]F2(x,Q2)− y2FL(x,Q2)}, (1)

where α is Sommerfeld’s fine-structure constant. At small values of x, FL becomes non-negligible
and its contribution should be properly taken into account when the F2 is extracted from the
measured cross section. The same is true also for the contributions F i

2 and F i
L of F2 and FL

due to the heavy quarks i = c, b.
Recently, the H1 [1, 2, 3] and ZEUS [4, 5, 6] Collaborations at HERA presented new data

on F c
2 and F b

2 . At small x values, of order 10−4, F c
2 was found to be around 25% of F2, which

is considerably larger than what was observed by the European Muon Collaboration (EMC) at
CERN [7] at larger x values, where it was only around 1% of F2. Extensive theoretical analyses
in recent years have generally served to establish that the F c

2 data can be described through
the perturbative generation of charm within QCD (see, for example, the review in Ref. [8] and
references cited therein).

In the framework of Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) dynamics [9],
there are two basic methods to study heavy-flavour physics. One of them [10] is based on
the massless evolution of parton distribution functions (PDF) and the other one on the photon-
gluon fusion (PGF) process [11]. There are also some interpolating schemes (see Ref. [12] and
references cited therein). The present HERA data on F c

2 [2, 3, 5, 6] are in good agreement with
the modern theoretical predictions.
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In earlier HERA analyses [1, 4], F c
L and F b

L were taken to be zero for simplicity. Four years
ago, the situation changed: in the papers [2, 3, 5, 6], the F c

L contribution at next-to-leading
order (NLO) was subtracted from the data.

In this paper, we present compact low-x approximation formulae [13] for the ratio Ri =
F i

L/F i
2 at leading order (LO) and NLO, which greatly simplify the extraction of F i

2 from mea-

surements of d2σii/(dx dy).

2 Parton distribution functions at small x

The standard program to study the small x behavior of quarks and gluons is carried out
by comparison of the data with the numerical solution of the DGLAP equations fitting the
parameters of the x profile of partons at some initial Q2

0 and the QCD energy scale Λ (see, for
instance, [14, 15]). However, in analyzing exclusively the small x region (x ≤ 0.01), there is
the alternative of doing a simpler analysis by using some of the existing analytical solutions
of DGLAP in the small x limit (see [16] for review). It was done in Refs. [17]-[19], where
it was pointed out that the HERA small x data can be interpreted in the so called doubled
asymptotic scaling (DAS) approximation related to the asymptotic behavior of the DGLAP
evolution discovered in [20] many years ago.

Here we illustrate results obtained in [18, 19]: the small x asymptotic PDF form in the
framework of the DGLAP equation starting at some Q2

0 with the flat function:

xfa(x,Q2
0) = Aa (hereafter a = q, g), (2)

where xfa are the leading-twist PDF parts and Aa are unknown parameters that have to be
determined from data. We neglect the non-singlet quark component at small x.

We would like to note that HERA data [21] show a rise of F2 at low Q2 values (Q2 < 1GeV2)
when x → 0. This rise can be explained naturally by incorporation of higher-twist terms in the
analysis (see [19] and Fig.1).

We shortly compile the LO results (the NLO ones may be found in [18, 19]), which are:

fa(x,Q2) = f+
a (x,Q2) + f−a (x,Q2) , (3)

f+
g (x,Q2) =

(

Ag +
4

9
Aq

)

I0(σ) e−d+(1)s + O(ρ) , (4)

f+
q (x,Q2) =

f

9

(

Ag +
4

9
Aq

)

ρ I1(σ) e−d+(1)s + O(ρ) , (5)

f−g (x,Q2) = −4

9
Aqe

−d
−

(1)s + O(x), (6)

f−q (x,Q2) = Aqe
−d
−

(1)s + O(x) , (7)

where where e = (
∑f

1 e2
i )/f is the average charge square and d+(1) = 1 + 20f/(27β0) and

d−(1) = 16f/(27β0) are the regular parts of d+ and d− anomalous dimensions, respectively, in
the limit n → 1 1. The functions Iν (ν = 0, 1) are the modified Bessel functions Iν and the

1For a quantity k(n) we use the notation k̂(n) for the singular part when n→ 1 and k(n) for the corresponding
regular part.
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Figure 1: The structure function F2 as a function of x for different Q2 bins. The solid and
dashed lines are obtained without and with higher-twist terms, respectively.

variables σ and ρ are given by

σ = 2

√

d̂+s ln(x) , ρ =

√

d̂+s

ln(x)
=

σ

2 ln(1/x)
, d̂+ = −12

β0
, (8)

where β0 is the first coefficient of the QCD beta function and s = ln[as(Q0)/as(Q)], with Q0

being the initial scale of the DGLAP evolution, and as(µ) = αs(µ)/(4π) is the couplant with
the renormalization scale µ.

3 Master formula

We now derive our master formula for Ri(x,Q2) appropriate for small values of x, which has
the advantage of being independent of the PDFs fa(x,Q2). In the low-x range, where only the
gluon and quark-singlet contributions matter, while the non-singlet contributions are negligibly
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small, we have2

F i
k(x,Q2) =

∑

l=+,−

Cl
k,g(x,Q2)⊗ xf l

g(x,Q2), (9)

where l = ± labels the usual + and− linear combinations of the gluon contributions, Cl
k,g(x,Q2)

are the DIS coefficient functions, which can be calculated perturbatively in the parton model of
QCD, and the symbol ⊗ denotes convolution according to the usual prescription, f(x)⊗g(x) =
∫ 1

x
(dy/y)f(y)g(x/y). Massive kinematics requires that Cl

k,g = 0 for x > bi = 1/(1+4ai), where

ai = m2
i /Q2. We take mi to be the solution of mi(mi) = mi, where mi(µ) is defined in the

modified minimal-subtraction (MS) scheme.
Exploiting the low-x asymptotic behaviour of f l

a(x,Q2) [22],

f l
a(x,Q2)

x→0→ 1

x1+δl

f̃ l
a(x,Q2), (10)

where the rise of f̃ l
a(x,Q2) as x → 0 is less than any power of x, Eq. (9) can be rewritten as

[23, 24]

F i
k(x,Q2) ≈

∑

l=+,−

M l
k,g(1 + δl, Q

2)xf l
g(x,Q2), (11)

where

M l
k,a(n,Q2) =

∫ bi

0

dx xn−2Cl
k,a(x,Q2) (12)

is the Mellin transform, which is to be analytically continued from integer values n to real values
1 + δl [25].

In the DAS approach 3, one has M+
k,a(1, Q2) = M−

k,a(1, Q2) if M l
k,a(n,Q2) are devoid of

singularities in the limit δl → 0, as we assume for the time being. Such singularities actually
occur at NLO, leading to modifications to be discussed in Section 5. Defining Mk,a(1, Q2) =
M±

k,a(1, Q2) and using (9), Eq. (11) may be simplified to become

F i
k(x,Q2) ≈ Mk,g(1, Q

2)xfg(x,Q2). (13)

In fact, the non-perturbative input fg(x,Q2) does cancels in the ratio

Ri(x,Q2) ≈ ML,g(1, Q
2)

M2,g(1, Q2)
, (14)

which is very useful for practical applications. Through NLO, Mk,g(1, Q
2) exhibits the structure

Mk,g(1, Q
2) = e2

i as(µ)

{

M
(0)
k,g(1, ai) + as(µ)

[

M
(1)
k,g(1, ai) + M

(2)
k,g(1, ai) ln

µ2

m2
i

]}

+O(a3
s). (15)

where Inserting Eq. (15) into Eq. (14), we arrive at our master formula

Ri(x,Q2) ≈
M

(0)
L,g(1, ai) + as(µ)

[

M
(1)
L,g(1, ai) + M

(2)
L,g(1, ai) ln(µ2/m2

i )
]

M
(0)
2,g (1, ai) + as(µ)

[

M
(1)
2,g (1, ai) + M

(2)
2,g (1, ai) ln(µ2/m2

i )
] +O(a2

s). (16)

2Here and in the following, we suppress the variables µ and mi in the argument lists of the structure and
coefficient functions for the ease of notation. Moreover, a further simplification is obtained by neglecting the
contributions due to incoming light quarks and antiquarks in Eq. (9), which is justified because they vanish at
LO and are numerically suppressed at NLO for small values of x. One is thus left with the PGF contribution.

3The singular PDF behavior has been considered recently in [26].
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We observe that the right-hand side of Eq. (16) is approximately independent of x, a remark-
able feature that is automatically exposed by our procedure. In the next two sections, we

present compact analytic results for the LO (j = 0) and NLO (j = 1, 2) coefficients M
(j)
k,g(1, ai),

respectively.

4 LO results

The LO coefficient functions of PGF can be obtained from the QED case [27] by adjusting
coupling constants and colour factors, and they read [28, 29]

C
(0)
2,g (x, a) = −2x{[1− 4x(2− a)(1− x)]β − [1− 2x(1− 2a) + 2x2(1− 6a− 4a2)]L(β)},

C
(0)
L,g(x, a) = 8x2[(1− x)β − 2axL(β)], (17)

where

β(x) =

√

1− 4ax

1− x
, L(β) = ln

1 + β

1− β
. (18)

Performing the Mellin transformation in Eq. (12), we find (see details in [13])

M
(0)
2,g (1, a) =

2

3
[1 + 2(1− a)J(a)], M

(0)
L,g(1, a) =

4

3
b[1 + 6a− 4a(1 + 3a)J(a)], (19)

where

J(a) = −
√

b ln t, t =
1−

√
b

1 +
√

b
, (20)

At LO, the low-x approximation formula thus reads

Ri ≈ 2bi

1 + 6ai − 4ai(1 + 3ai)J(ai)

1 + 2(1− ai)J(ai)
. (21)

5 NLO results

The NLO coefficient functions of PGF are rather lengthy and not published in print; they are
only available as computer codes [30]. For the purpose of this letter, it is sufficient to work in
the high-energy regime, defined by x ≪ 1, where they assume the compact form [31]

C
(j)
k,g(x, a) = βR

(j)
k,g(1, a), (22)

with

R
(1)
2,g(1, a) =

8

9
CA[5 + (13− 10a)J(a) + 6(1− a)I(a)], R

(2)
k,g(1, a) = −4CAM

(0)
k,g(1, a),

R
(1)
L,g(1, a) = −16

9
CAb{1− 12a− [3 + 4a(1− 6a)]J(a) + 12a(1 + 3a)I(a)}, (23)

where CA = N for the colour gauge group SU(N), J(a) is defined by Eq. (20), and

I(a) = −
√

b

[

ζ(2) +
1

2
ln2 t− ln(ab) ln t + 2Li2(−t)

]

. (24)
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Here, ζ(2) = π2/6 and Li2(x) = −
∫ 1

0
(dy/y) ln(1− xy) is the dilogarithmic function.

As already mentioned in Section 3, the Mellin transforms of C
(j)
k,g(x, a) exhibit singularities

in the limit δl → 0, which lead to modifications in our formalism, namely in Eqs. (13) and (16).
As was shown in Refs. [24, 18, 19], the terms involving 1/δl depend on the exact form of the
subasymptotic low-x behaviour encoded in f̃ l

g(x,Q2), as

1

δl

=
1

f̃ l
g(x̂, Q2)

∫ 1

x̂

dy

y
f̃ l

g(y,Q2), (25)

where x̂ = x/b. In the generalized DAS regime, given by Eqs. (3)-(7), we have

1

δ+
≈ 1

ρ̂

I1(σ(x̂))

I0(σ(x̂))
,

1

δ−
≈ ln

1

x̂
. (26)

Because the ratio f−g (x,Q2)/f+
g (x,Q2) is rather small at the Q2 values considered, Eq. (13) is

modified to become
F i

k(x,Q2) ≈ M̃k,g(1, Q
2)xfg(x,Q2), (27)

where M̃k,g(1, Q
2) is obtained from Mk,g(n,Q2) by taking the limit n → 1 and replacing

1/(n− 1) → 1/δ+. Consequently, one needs to substitute

M
(j)
k,g(1, a) → M̃

(j)
k,g(1, a) (j = 1, 2) (28)

in the NLO part of Eq. (16). Using the identity

1

I0(σ(x̂))

∫ 1

x̂

dy

y
β

(

x

y

)

I0(σ(y)) ≈ 1

δ+
− ln(ab)− J(a)

b
, (29)

we find the Mellin transform (12) of Eq. (22) to be

M̃
(j)
k,g(1, a) ≈

[

1

δ+
− ln(ab)− J(a)

b

]

R
(j)
k,g(1, a) (j = 1, 2). (30)

The rise of the NLO terms as x → 0 is in agreement with earlier investigations [32].

6 Results

As for our input parameters, we choose [13] Q2
0 = 0.306 GeV2, mc = 1.25 GeV and mb =

4.7 GeV. While the LO result for Ri in Eq. (21) is independent of the unphysical mass scale
µ, the NLO formula (16) does depend on it, due to an incomplete compensation of the µ
dependence of as(µ) by the terms proportional to ln(µ2/Q2), the residual µ dependence being
formally beyond NLO. In order to estimate the theoretical uncertainty resulting from this, in
[13] we put µ2 = ξQ2 and vary ξ. Besides our default choice ξ = 1 + 4ai, we also considered
the extreme choice ξ = 100, which is motivated by the observation that NLO corrections are
usually large and negative at small x values [33]. A large ξ value is also advocated in Ref. [34],
where the choice ξ = 1/x∆, with 0.5 < ∆ < 1, is proposed.

We now extract F i
2(x,Q2) (i = c, b) from the H1 measurements of the cross sections in

Eq. (1) at low (12 < Q2 < 60 GeV2) [3] and high (Q2 > 150 GeV2) [2] values of Q2 using
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Q2 x F c
2 (x,Q2) · 103 (H1) F c

2 (x,Q2) · 103 F b
2 (x,Q2) · 104 (H1) F b

2 (x,Q2) · 104

12 0.197 435± 78 431 45± 27 45
12 0.800 186± 24 185 48± 22 48
25 0.500 331± 43 329 123± 38 123
25 2.000 212± 21 212 61± 24 61
60 2.000 369± 40 368 190± 55 190
60 5.000 201± 24 200 130± 47 130
200 0.500 202± 46 202 413± 128 400
200 1.300 131± 32 130 214± 79 212
650 1.300 213± 57 214 243± 124 238
650 3.200 92± 28 91 125± 55 125

Table 1: Values of F c
2 (x,Q2) and F b

2 (x,Q2) extracted from the H1 measurements of σ̃cc and σ̃bb

at low [3] and high [2] values of Q2 (in GeV2) at various values of x (in units of 10−3) using our
approach at NLO for µ2 = ξQ2 with ξ = 1 + 4ac. The LO results agree with the NLO results
within the accuracy of this table. For comparison, also the results determined in Refs. [2, 3]
are quoted.

the LO and NLO results for Ri derived in Sections 4 and 5, respectively. Our NLO results for
µ2 = ξQ2 with ξ = 1 + 4ai are presented for i = c, b in Table 1, where they are compared with
the values determined by H1. We refrain from showing our results for other popular choices,
such as µ2 = 4m2

i , Q
2 and even µ2 = 100Q2 because they are very similar. We observe that

the theoretical uncertainty related to the freedom in the choice of µ is negligibly small and find
good agreement with the results obtained by the H1 Collaboration using a more accurate, but
rather cumbersome procedure [2, 3].

In order to assess the significance of and the theoretical uncertainty in the NLO corrections
to Ri, we show in Fig. 2 the Q2 dependences of Rc, Rb, and Rt evaluated at LO from Eq. (21)
and at NLO from Eq. (16) with µ2 = 4m2

i , Q
2 + 4m2

i . We observe from Fig. 2 that the NLO
predictions are rather stable under scale variations and practically coincide with the LO ones
in the lower Q2 regime. On the other hand, for Q2 ≫ 4m2

i , the NLO predictions overshoot the
LO ones and exhibit a strong scale dependence. We encounter the notion that the fixed-flavour-
number scheme used here for convenience is bound to break down in the large-Q2 regime due to
unresummed large logarithms of the form ln(Q2/m2

i ). In our case, such logarithms do appear
linearly at LO and quadratically at NLO. In the standard massless factorization, such terms are
responsible for the Q2 evolution of the PDFs and do not contribute to the coefficient functions.
In fact, in the variable-flavour-number scheme, they are MS-subtracted from the coefficient
functions and absorbed into the Q2 evolution of the PDFs. Thereafter, the asymptotic large-
Q2 dependences of Ri at NLO should be proportional to αs(Q

2) and thus decreasing. This
is familiar from the Callan-Gross ratio R = FL/(F2 − FL), as may be seen from its (x,Q2)
parameterizations in Ref. [35]. Fortunately, this large-Q2 problem does not affect our results in
Table 1 because the bulk of the H1 data is located in the range of moderate Q2 values.

The ratio Rc was previously studied in the framework of the kt-factorization approach [29]
and found to weakly depend on the choice of unintegrated gluon PDF and to be approximately
x independent in the low-x regime (see Fig. 8 in Ref. [29]). Both features are inherent in our
approach, as may be seen at one glance from Eq. (16). The prediction for Rc from Ref. [29],
which is included in Fig. 2 for comparison, agrees well with our results in the lower Q2 range,
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Figure 2: Rc, Rb, and Rt evaluated as functions of Q2 at LO from Eq. (21) (dot-dashed lines)
and at NLO from Eq. (16) with µ2 = 4m2

i (dashed lines) and µ2 = Q2 + 4m2
i (solid lines). For

comparison, the prediction for Rc in the kt-factorization approach (dot-dot-dashed line) [29] is
also shown.

which supports the notion that the kt-factorization approach partially accounts for the higher-
order contributions in the low-x regime.

7 Conclusions

In this paper, we observed a compact formula [13] for the ratio Ri = F i
L/F i

2 of the heavy-flavour
contributions to the proton structure functions F2 and FL valid through NLO at small values
of Bjorken’s x variable. We demonstrated the usefulness of this formula by extracting F c

2 and
F b

2 from the doubly differential cross section of DIS recently measured by the H1 Collaboration
[2, 3] at HERA. These results agree with those extracted in Refs. [2, 3] well within errors. In
the Q2 range probed by the H1 data, NLO predictions agree very well with the LO ones and
are rather stable under scale variations. Since we worked in the fixed-flavour-number scheme,
our results are bound to break down for Q2 ≫ 4m2

i , which manifests itself by appreciable QCD
correction factors and scale dependences. As is well known, this problem is conveniently solved
by adopting the variable-flavour-number scheme, which we leave for future work. Our approach
also simply explains the feeble dependence of Ri on x and the details of the PDFs in the low-x
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regime.
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Production of Colored Scalar Particles in

pp-Collisions and Possible Mass Limits for Scalar

Gluons from LHC
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Cross sections of the colored scalar particle production in pp-collisions are calculated and
differential and total cross sections of the corresponding parton subprocesses are obtained.
The total cross section of scalar gluon production in pp-collisions at the LHC is estimated
and the dominant decays of scalar gluons are discussed. The production cross section of
scalar gluons F with masses mF . 1300 GeV is shown to be sufficient for the effective
production of these particles at the LHC.

The search for new physics beyond the Standard Model induced by higher symmetries (su-
persymmetry, left-right symmetry, etc.) is one of the modern research directions in elementary
particle physics. One such symmetry possibly existing in nature is the four-color symmetry of
quarks and leptons, where leptons are considered as the fourth color [1].

Under its own minimal unification with the symmetry of the Standard Model based on the
gauge group

SUV (4)×SUL(2)×UR(1) (1)

(the minimal quark-lepton-symmetric model - MQLS-model [2]), the four-color symmetry under
the Higgs mechanism of quark and lepton mass splitting predicts, in particular, new scalar
particles, SUc(3) octets and SUL(2) doublets, the so-called scalar gluons Fa′i (a′ = 1, 2, i = 1..8
are SUL(2) and SUc(3) indices respectively) [2, 3].

By virtue of their Higgs origin, these particles have quark coupling constants proportional
to the ratio of quark masses to vacuum expectation value of SM η and, hence, the values of
these constants are known (correct to within the quark mixing parameter), thus determining
their interaction with gluons by the known strong coupling constant gst. This makes it possible
to quantitatively estimate the cross sections of processes in which these particles participate.
Estimates of contributions by the scalar gluon doublets Fa′i to the Peskin-Takeuchi S-,T-,U-
parameters of radiative corrections, and their comparisons with experimental data on S-,T-,U
show that these scalar gluons may be relatively light (with masses of order 1 TeV or less)
[4, 5]. Scalar gluons with such masses, being colored objects of the SUc(3) group, can be
pair produced in pp-collisions through gluon fusion and, partly, through quark-antiquark pair
annihilation. The scalar SUc(3)-octets with natural suppression of FCNC have been considered
in Ref. [6]. The production of scalar SUc(3)-octets at LHC were considered in Refs.[6, 7].
The light colored scalar octets in context of Adjoint SU(5) unification have been discussed in
Ref. [8]. In the case of the scalar gluons Fa′i of MQLS-model the dominant decays of these
particles are known [9, 10], which gives the possibility of search for these particles through their
decays at LHC.

HQP08 1HQP08 253



In the present paper we calculate the production cross sections of scalar particles of an
arbitrary color representation in pp-collisions, and estimate these cross sections for Fa′i-scalar
gluons at LHC energies with discussing the possible constraints on the masses of these particles
from future LHC data with account of their dominant decay modes.

Interactions of colored scalar particles Φi with gluons is contained in lagrangian

LΦΦg =
∑

scalars

[(
Dµ
ijΦ

j
)† (

Dik
µ Φk

)
−M2

ΦΦi†Φi
]
, (2)

Dij
µ Φj =

(
∂µδ

ij − igsGaµT ija
)

Φj , (3)

where T ija are the generators of the group representation SUc(N) (a=1, 2..dA, dA - dimension
of the adjoint representation of SUc(N)), realized by the multiplets Φi, i, j - color index; in
particular (for N = 3) i, j = 1, 2, 3 for scalar leptoquarks and i, j = 1, 2, ..8 for scalar gluons.
The interactions of scalar leptoquark and scalar gluon doublets with fermions in MQLS-model
can be found in Refs. [9, 10].

In pp-collisions colored particles can be pair produced through gluon fusion and through
quark-antiquark pair annihilation. Contributions to the total production cross section for ΦΦ∗

pairs are given by the parton subprocess diagrams shown in Fig. 1, 2. Diagrams of the type
2-b give a small contribution to the cross section since the corresponding constants for scalar-
fermion interactions with ordinary quarks and leptons in MQLS are small [9, 10].

The differential and total ΦΦ∗ pair production cross sections in gluon fusion are

dσgg→ΦΦ∗

dt
=

2πα2
sdΦ

d2
Aŝ

2
C2(Φ)

(
C2(Φ)− ût̂

ŝ2
C2(A)

)[
1− 2

ŝM2
Φ

ût̂
+ 2

(
ŝM2

Φ

ût̂

)2
]
, (4)

σgg→ΦΦ∗ =
πα2

s

6ŝ

dΦC2(Φ)

d2
A

[
C2(A)β(3 − 5β2)− 12C2β(β2 − 2)+

+ ln

∣∣∣∣
β + 1

β − 1

∣∣∣∣ (6C2(Φ)(β4 − 1)− 3C2(A)(β2 − 1)2)
]
, (5)

where β =
√

1− 4M2
Φ/s is the velocity of scalar particle in the center of mass frame, and ŝ is

the squared energy in the center of momentum frame of the partons, dΦ, dA are the dimensions
of the representation the field Φ and of the adjoint representation and C2(Φ) and C2(A) are
the corresponding eigenvalues of Casimir operator. Expressions (4) and (5) agree with the
corresponding results of [6] and have the more simple form.

From formula (5) for the SU(3) group (C2(A) = 3, dA = 8) for C2(Φ) = 4/3 and dΦ = 3,
we obtain the total production cross section of scalar leptoquarks S which coincides with that
of Ref. [11]; and for C2(Φ) = 3, dΦ = 8, we obtain the total production cross section of scalar
gluons F ′a in the form

σgg→FaF∗a =
3πα2

s

16s

[
β(27− 17β2) + 3 ln

∣∣∣∣
β + 1

β − 1

∣∣∣∣ (β4 + 2β2 − 3)
]
. (6)

The production of the scalar particles Φ in quark-antiquark pair annihilation are described
by the diagram shown in Fig.2-a (the contribution of diagram 2-b from scalar leptoquark and
scalar gluon doublets of MQLS - model are small). The corresponding cross sections are
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dσqq̄→ΦΦ∗

d cos θ
=
C(Φ)πα2

s

9s
sin2θ β3, (7)

σqq̄→ΦΦ∗ =
4C(Φ)πα2

s

27s
β3, (8)

here C(Φ) are the normalization constants of the generators for the representation Φ: Tr(T aT b) =
C(Φ)δab, C(Φ) = 3 for scalar gluons and C(Φ) = 1/2 for scalar leptoquarks. For the scalar lep-
toquarks, expressions (7–8) coincide with the corresponding expressions in [11], but for scalar
gluons they give cross sections 6 times larger (having the same masses) than those for scalar
leptoquarks.

The total production cross section of scalar particles ΦΦ∗ in pp-collisions at LHC energy
σtot = σ(pp → ΦΦ∗) was calculated using the parton densities [12] in the leading order (LO)
approximation with a fixed number of quark flavors. The total cross sections of scalar leptoquark
production σtot = σ(pp → SS∗) and that of scalar gluon production σtot = σ(pp → FF ∗) for
LHC energy as functions of scalar particle masses are shown in Fig. 3. Here and below FF ∗

denotes F1F
∗
1 or F2F

∗
2 pairs without their summing.

In particular, we have found that for scalar leptoquark and scalar gluon masses

mS = 870+50
−60 GeV, (9)

mF = 1300+100
−130 GeV (10)

the corresponding cross sections are σ(pp → SS∗) = σ(pp → FF ∗) = 0.01 pb (the horizontal
dashed line in Fig. 3), which gives the number of events with production of SS∗ or FF ∗ pairs
Nevents = 100 for a luminosity L = 10 fb−1. The errors indicated in (9) and (10) arise from
errors in the distribution functions [12]. The result (9) for scalar leptoquarks S agrees with the
estimate from [11].

Among all the possible fermionic decays of the scalar gluons F1, F2 = (ϕ1 + iϕ2)/
√

2 of
MQLS-model, the most probable are the decays

F1 → tb̃, F2 → tt̃ (ϕ1, ϕ2 → tt̃) (11)

with the production of the third-generation quarks [9, 10]. In the case where mass splitting
inside the scalar doublets ∆m is small enough (∆m < mW ), the modes (11) are dominant with
widths of order of ten GeVs and with corresponding branching ratios close to unity Br(F1 →
tb̃) ≈ Br(F2 → tt̃) ≈ 1 [9, 10]. If ∆m > mW , then the weak decays

F → F ′W

are also possible with widths comparable to those of the decays (11).
Thus, observations of scalar gluons will be possible through the dominant events tt̃bb̃, tt̃tt̃,

WWtt̃bb̃ (or WWtt̃tt̃). Note that the SM background, for example, to the tt̃bb̃ events is of
about σSM (tt̃bb̃) ≈ 8 pb [13] (the darkened stripe in Fig. 3). So, the use of the appropriate cuts
can give the possibility to detect the events arising from the decays of the scalar gluons with
their masses of order (10) or below.

In conclusion, we resume the results of the work.
The cross sections of the scalar color particle production in pp-collisions are investigated.

Differential and total cross sections of the corresponding parton subprocesses (gg → ΦΦ∗) and
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(qq̄ → ΦΦ∗) are obtained. The total cross sections of production of scalar leptoquarks S and of
scalar gluons F in pp-collisions at the LHC are estimated and the dominant scalar gluon decay
modes are discussed. The production cross section of scalar gluons with masses mF . 1300
GeV is shown to be sufficient for the effective production (Nevents & 100 for L = 10 fb−1) of
these particles at the LHC.

t u + t
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u

Φ

g

u

a)

t

b) c)
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d)
g g

g gΦ
∗

Φ g

gΦ
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Φ
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Φ

Φ
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Figure 1: Diagrams of the colored scalar particle production in gg-fusion.
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Figure 2: Diagrams of the colored scalar particle production in qq̄-annihilation.
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Figure 3: The total cross sections of pair production of scalar gluons (1) and of scalar lepto-
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zontal dashed line shows σtot = 0.01 pb which gives Nevents = 100 for a luminosity L = 10 fb−1.
The horizontal darkened stripe shows the SM background for tt̃bb̃ events.
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Double charmonium production in exclusive pro-

cesses.

V.V.Braguta1

1IHEP, Protvino, Russia

In this report hard exclusive charmonia production is considered within light cone for-
malism. The key ingredient of this formalism is the distribution amplitudes, which pa-
rameterize nonperturbative effects of hardronization. The properties of S-wave charmonia
distribution amplitudes are reviewed and the models for these amplitudes are built. As an
example of the application of these models double charmonium production at B-factories
is considered.

1 Distribution amplitudes.

Exclusive charmonia production are very interesting both from theoretical and experimental
points of view. Commonly, theoretical approach to the description of such processes [1] is based
on the factorization theorem. Within this theorem the amplitude of hard exclusive process can
be separated into two peaces. The first one is partons production at very small distances,
which can be treated within perturbative QCD. The second peace is hardronization of the
partons at larger distances. This peace contains information about nonperturbative dynamic of
strong interaction. For hard exclusive processes it can be parameterized by process independent
distribution amplitudes (DA), which can be considered as hadron’s wave functions at light like
separation between the partons in the hadron.

DA is the key ingredient of the calculation of any hard exclusive process. For this reason let
us begin from the definition of DAs of S-wave charmonium states. There is one leading twist
light cone wave function (DA) of 1S0 meson φ0(ξ, µ) and there are two leading twist DAs of
3S1 meson φL(ξ, µ), φT (ξ, µ). The function φL(ξ, µ) is twist two DA of longitudinally polarized
3S1 meson. The function φT (ξ, µ) is twist two DA of transversely polarized 3S1 meson. These
DAs can be defined as follows [1]

〈0|Q̄(z)γαγ5[z,−z]Q(−z)|P (p)〉µ = ifηpα

∫ 1

−1

dξ ei(pz)ξφ0(ξ, µ),

〈0|Q̄(z)γα[z,−z]Q(−z)|V (ελ=0, p)〉µ = fLpα

∫ 1

−1

dξ ei(pz)ξφL(ξ, µ),

〈0|Q̄(z)σαβ [z,−z]Q(−z)|V (ελ=±1, p)〉µ = fT (µ)(εαpβ − εβpα)

∫ 1

−1

dξ ei(pz)ξφT (ξ, µ),

where the following designations are used: x1, x2 are the fractions of momentum of the whole
meson carried by quark and antiquark correspondingly, ξ = x1 − x2, p is the momentum of the
corresponding meson, µ is the energy scale at which DAs are defined. The factor [z,−z], makes
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the matrix elements to be gauge invariant [1]. The dependence of the DAs φ0,L,T (x, µ) on scale
µ can be found in [1].

Commonly, charmonium mesons are considered as a nonrelativistic bound states of quark-
antiquark pair. At leading order approximation in relative velocity of quark-antiquark pair 1S0

and 3S1 mesons cannot be distinguished. So within this approximation 1S0 and 3S1 mesons
have identical DAs at scale µ ∼Mc

φ0(ξ, µ) = φL(ξ, µ) = φT (ξ, µ) = φ(ξ, µ). (1)

One can expect that in the case of 2S mesons corrections to this approximation can be large.
However, present accuracy does not allow one to distinguish DAs φ0,L,T (x, µ). For this reason
the approximation (1) will be used.

In this report DAs will be parameterized by their moments at some scale: 〈ξn0,L,T 〉. It is

worth noting that, the DAs φ0,L,T (ξ, µ) are ξ-even. Thus all odd moments 〈ξ2k+1
0,L,T 〉 equal zero

and one needs to calculate only even moments.

2 Study of charmonium distribution amplitudes.

There are two approaches to the study of DAs. The first one is a functional approach. It is
based on Bethe-Salpeter equation. The second approach is an operator approach. It is based on
the possibility to parameterize DA by matrix elements of some QCD operators. In this report
these matrix elements will be studied within NRQCD or QCD sum rules.

2.1 Functional approach.

It is known that in the center mass frame Bether-Salpeter equation of nonrelativistic system
can be reduced to Schrodinger equation. Now the question arises if the solution of Schrodinger
equation is known how it is possible to find DA. The answer to this question is given by
Brodsky-Huang-Lepage (BHL) [2] which can be written [3] as

φ(ξ) ∼ (1− ξ2)

∫
dt ψ

(
t+

ξ2M2
c

1− ξ2

)
. (2)

Here Mc is a quark mass in potential model. If the DA is known than it is not difficult to
find the moments. It should be noted here that the larger the power of the moment the larger
the contribution coming from the end point regions (x ∼ 0 and x ∼ 1) to this moment. From
formula (2) one sees that the motion of quark-antiquark pair in these regions is relativistic and
cannot be considered reliably in the framework of potential models. Thus it is not possible to
calculate higher moments within potential models. Due to this fact the calculations have been
restricted by few first moments.

2.2 Operator approach: NRQCD.

As was noted above: it is possible to parameterize DA by matrix elements of some QCD
operators. For nonrelativistic system such as charmonium these operators can be expended in
relative velocity. At leading order approximation one can get simple formula that allows one to
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〈ξn〉 Buchmuller-Tye Cornell NRQCD QCD
model model sum rules

〈ξ2〉1S 0.086 0.084 0.075± 0.011 0.070± 0.007

〈ξ2〉2S 0.16 0.16 0.22± 0.14 0.18 +0.05
−0.07

〈ξ4〉1S 0.020 0.019 0.010± 0.003 0.012± 0.002

〈ξ4〉2S 0.042 0.046 0.085± 0.110 0.051 +0.031
−0.031

〈ξ6〉1S 0.0066 0.0066 0.0017± 0.0007 0.0032± 0.0009

〈ξ6〉2S 0.015 0.016 0.039± 0.077 0.017 +0.016
−0.014

Table 1: The moments of DAs of 1S and 2S charmonium states obtained within different
approaches. In the second and third columns the moments calculated in the framework of
Buchmuller-Tye and Cornell potential models are presented. In the fourth column NRQCD
predictions for the moments are presented. In last column contains the results obtained within
QCD sum rules.

connect the moments of DA with matrix element of NRQCD operators

〈ξn〉 =
〈vn〉
n+ 1

, 〈v2k〉 =
〈0|χ+((i

↔
D)2)kψ|ηc(p)〉

〈0|χ+ψ|ηc(p)〉
. (3)

Recently the matrix elements of NRQCD operators was studied in paper [4] where the following
results were obtained 〈vn〉 = γn. The constant γ can be expressed through the value of the
matrix element 〈v2〉. Substituting the last formula into (3) one has the following expression for
the moments at leading order approximation in relative velocity 〈ξn〉 = γn/(n + 1). It is not
difficult to show that this result for the moments can be reproduced by the following DA

φ(ξ) =
1

2γ
θ(γ − |ξ|), (4)

which can be considered as a DA of nonrelativistic meson at leading order approximation in
relative velocity.

2.3 Operator approach: QCD sum rules.

Another approach to the calculation of the moments is based on QCD sum rules [5]. The
application of QCD sum rules for the study of DAs was developed by Chernyak and Zhitnitsky
[1, 6]. In this report this approach will not be considered in detail. The details can be found
in papers [3, 7, 8]. Here it should be noted that the main advantage of QCD sum rules in
comparison to the approaches considered above is that in the framework of QCD sum rules
one does not treat quarkonium as a nonrelativistic system. This allows one to avoid the main
source of uncertainty – the relativistic corrections. For this reason, QCD sum rules is the most
accurate approach to the calculation of the moments.
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H1H2 σBelle ×BrH2→charged>2(fb)[10] σBaBar ×BrH2→charged>2(fb)[11] σ(fb)

Ψ(1S)η(1S) 25.6± 2.8± 3.4 17.6± 2.8+1.5
−2.1 17.1± 11.3

Ψ(2S)η(1S) 16.3± 4.6± 3.9 − 11.9± 8.5

Ψ(1S)η(2S) 16.5± 3.0± 2.4 16.4± 3.7+2.4
−3.0 14.1± 11.3

Ψ(2S)η(2S) 16.0± 5.1± 3.8 − 9.5± 8.4

Table 2: In the first and second columns the cross sections measured at Belle and BaBar
collaborations are shown. In the third column the results of the calculation are shown.

2.4 Models for the distribution amplitudes.

Numerical results of the calculation are collected in Table I. As it was shown in papers [3, 7, 8]
these results can be represented by the following models of DAs:

φ1S(ξ, µ ∼ mc) ∼ (1− ξ2) Exp

[
− β

1− ξ2

]

φ2S(ξ, µ ∼ mc) ∼ (1− ξ2)(α + ξ2) Exp

[
− β

1− ξ2

]
(5)

For 1S charmonium state the constant β can vary within the interval 3.8± 0.7. For 2S char-
monium state the constants α and β can vary within the intervals 0.03+0.32

−0.03 and 2.5+3.2
−0.8 corre-

spondingly.
In papers [3, 7, 8] it was shown that due to evolution DAs of nonrelativistic systems have very

interesting property. Because of the rapid evolution the accuracy of the any model becomes
better at large scales. Due to this property the uncertainty in the calculation of the hard
amplitudes is not very large.

3 Application of the models of DAs for double charmonia

production at B-factories.

In this section the amplitude of the process e+e− → V P , where V and P are vector and
pseudoscalar mesons, will be considered. The only formfactor F (s) that parameterizes electro-
magnetic production of vector and pseudoscalar mesons can be defined as

〈V (p1, λ)P (p2)|Jemµ |0〉 = iqc F (s) eµνρσε
ν
λp
ρ
1p
σ
2 , (6)

where qc is the charge of c quark, ενλ is the polarization vector of meson V (p1, λ). The cross
section of the process e+e− → V P can be expressed through this formfactor [9]

σ(e+e− → V P ) =
πα2q2

c

6

(
2|p|√
s

)3

|F (s)|2. (7)

In paper [9] the expression for this formfactor was derived. In the calculation this expression
with DAs (5) will be used. Thus one gets the predictions for the cross sections of double S-
wave charmonium production at B-factories Table 2. In the first and second columns the cross
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sections measured at Belle and BaBar collaborations are shown. In the third column the results
of the calculation are shown. It is seen from this table that the results are in agreement with
the experiments. More details of the calculation can be found in paper [12].
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B→Kππ decays
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We analyze the contributions of hadronic final-state interactions to the strong phases gen-
erated in B → Kππ decays. To this end, we develop an alternative approach, based upon
scalar and vector πK form factors, to the usually employed isobar model.

1 Introduction

An accurate knowledge of strong phases in weak decays is crucial in order to determine CP -
violating observables with high precision. In B decays, hadronic contributions of non-per-
turbative nature are still the main source of theoretical uncertainties. This includes strong
phases which originate in heavy-to-light transition form factors, annihilation topologies as well
as mesonic final-state interactions. In this talk, we concentrate on the latter hadronic contribu-
tion and investigate pion-kaon interactions motivated by recent experimental data on B → Kππ
decays [1–5]. In experimental analyses, these three-body decays are commonly analyzed within
the isobar model. Several resonances are observed in the experimental effective ππ and πK
mass distributions, where, in the mππ spectrum, we point out the f0(980) and ρ(770)0 and
the importance of the decay channel B± → ρ(770)0K±, ρ(770)0 → π+π− for which direct CP
violation is now firmly established [2, 3]. In this contribution, we concentrate on the invariant
πK mass distribution and in particular the K∗0 (1430) and K∗(892) resonances. The invariant
ππ mass on the Dalitz plot of B → Kππ decays was treated analogously in Ref. [6].

2 Scalar and vector form factors and πK interactions

The assumption is that QCD factorization is applicable in the kinematical configuration where
one pion and the kaon form a quasi colinear pair in the center-of-mass frame of the B; their
interaction with the second pion emitted in backward direction is suppressed in the ΛQCD/mb

expansion. We derive weak decay amplitudes for a quasi two-body state in analogy with the
usual QCD factorization approach [7]. Therefore, the decay amplitude B → Rπ, where R is the
πK resonance in the s-channel, factorizes into two hadronic currents to which non-factorizable
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radiative corrections in αs(µ) can be systematically added. The subsequent creation of a pion-
kaon pair in an S or a P wave from vacuum is mediated by the current 〈(πK)S,P |s̄γµ(1−γ5)d|0〉
and can be described by appropriate scalar or vector form factors. They are derived from
unitary coupled-channel equations, constrained by chiral perturbation theory at low energy
and experimental data on πK phase shifts and inelasticities via dispersion relations [8].

In the πK mass range below 2 GeV, the resonancesK∗(892) and K∗0 (1430) dominate the πK
vector and scalar form factors, respectively. We consider two contributions to B → Kππ decay
amplitudes: the QCD factorization amplitudes of weak b → sd̄d (B± decays) or b → sūu (B0

decays) transitions and a phenomenological long-distance amplitude with either a c- or u-quark
in the loop of the penguin topology [9], also referred to as charming penguins. We include the
latter due to the observation in Ref. [7] that the calculated O(αs) and 1/mb corrections are
insufficient to explain the experimental branching fractions and CP violation for B → K∗π.
The B− → (K−π+)Sπ

− decay amplitude reads,

AS =
GF√

2
(M2

B −m2
π)
m2
K −m2

π

q2
FB

−→π−
0 (q2)

× fK−π+

0 (q2)

{
λu

(
au4 (S)− au10(S)

2
+ cu4

)
+ λc

(
ac4(S)− ac10(S)

2
+ cc4

)

− 2q2

(mb −md)(ms −md)

[
λu

(
au6 (S)− au8 (S)

2
+ cu6

)
+ λc

(
ac6(S)− ac8(S)

2
+ cc6

)]}
, (1)

and the P -wave contribution B− → (K−π+)Pπ
− is

AP = 2
√

2GF pπ− · pπ+ FB
−→π−

1 (q2)

× fK−π+

1 (q2)

{
λu

(
au4 (P )− au10(P )

2
+ cu4

)
+ λc

(
ac4(P )− ac10(P )

2
+ cc4

)

+ 2
mK∗

mb

f⊥V
fV

[
λu

(
au6 (P )− au8 (P )

2
+ cu6

)
+ λc

(
ac6(P )− ac8(P )

2
+ cc6

)]}
. (2)

Here, q2 = (pπ+ + pK−)2 is the effective K−π+ mass squared, FB→π0 (q2) is the scalar and

FB→π1 (q2) the vector B → π transition form factor and fK
−π+

0 (q2) and fK
−π+

1 (q2) denote
the scalar and vector K−π+ form factors, respectively. The coefficients au,ci are combinations
of short-distance Wilson coefficients which include O(αs) vertex and penguin corrections in
the quasi two-body approximation of the scalar-pseudoscalar (au,ci (S)) and pseudoscalar-vector
(au,ci (P )) final states. GF is the Fermi coupling constant and the factors λi are products of
CKM matrix elements, λu = VubV

∗
us and λc = VcbV

∗
cs. The term proportional to f⊥V /fV has been

inferred from a similar term which arises at order αs in the B → PV amplitudes [7]. The long-
distance penguin amplitudes are parametrized by four complex parameters cki , i = 4, 6, k = u, c.

We stress that the form factors, fK
−π+

0 (q2) and fK
−π+

1 (q2), are the main ingredients which
allow for decay amplitudes describing in a unitary way the entire mπK range below 2 GeV
considered by us in B → Kππ decays. Note also that the q2 dependence of the S wave, in
the third line of Eq. (1), has important consequences on the behaviour of the effective mass
distribution. The CP -conjugate amplitudes B+ → (K+π−)S,Pπ

+ are obtained from complex
conjugation of λu and λc in Eqs. (1) and (2).
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3 Separation of πK resonant scattering from background

There is some ambiguity in the separation between resonant and background contributions due
to how these different contributions are parametrized in the isobar model. It is well known from
the analytical properties of the scattering matrix, though, that a resonance can be associated
with a pole in the complex energy plane of its second Rieman sheet (see, e.g., Ref. [10]).
Naturally, this pole also shows up in form factors and correlation functions. We make use of
the analytical properties of the form factors, fK

−π+

0 (q2) and fK
−π+

1 (q2), to isolate the scalar
and vector resonances K∗0 (1430) and K∗(892), respectively. In the following, we sketch the
derivation of the pole for the S wave. All details and the analogous procedure for the P wave
are presented in Refs. [8, 11].

We want to define the extrapolation to the second Riemann sheet in the complex t = q2

variable. In Ref. [8, 11], it was assumed that πK scattering is elastic up to the η′K threshold
and that this channel dominates the S wave, as experimentally confirmed [12]. Thus, a 2 × 2
T -matrix was constructed for the channels πK → πK and πK → πη′. The scalar form factor is
related to this T -matrix via unitary coupled-channel equations and dispersion relations (called
Mushkelishvili-Omnès equations [13]). The discontinuity of the form factor is,

fKπ0 (t+ iε)− fKπ0 (t− iε) = −2σπK(t+ iε)TS11(t+ iε)fKπ0 (t− iε) ,
with σπK(t) =

√
((mK +mπ)2 − t)(t− (mK −mπ)2)/t , (3)

for t real and in the range (mπ +mK)2 ≤ t ≤ (mη′ +mK)2. Here, TS11 is the S-wave πK → πK
T -matrix element, which satisfies a discontinuity equation similar to Eq. (3),

TS11(t+ iε)− T S11(t− iε) = −2σπK(t+ iε)TS11(t+ iε)TS11(t− iε) . (4)

Thus, Eqs. (3) and (4) allow us to find the extension of fKπ0 on the second Riemann sheet,

f II
0 (t) =

fKπ0 (t)

1− 2σπK(t)TS11(t)
, (5)

which, by definition, must satisfy f II
0 (t − iε) = fKπ0 (t + iε) along the cut. We deduce from

Eq. (5) that f II
0 (t) displays a pole whenever the denominator function

D(t) = 1− 2σπK(t)TS11(t) (6)

becomes zero. In a similar way, one can define the extension to the second sheet of (T S11)II

which, by virtue of Eq. (4), has exactly the same denominator function D(t). A point t0 such
that D(t0) = 0 corresponds to a pole of (T S11)II and can be associated with a resonance [10].
From this, it is simple to isolate the pole part of the form factor

fpole
0 (t) =

fKπ0 (t0)

α (t− t0)
, (7)

where α = dD(t)/dt for t = t0. In the numerator, fKπ0 (t0) can be computed using its dispersive
representation. In practice, we must have T S11(t) for complex values of t. In Ref. [11], we defined
TS11(t) on the real axis in the range 1.25 ≤

√
t ≤ 2.5 GeV from a 2 × 2 K matrix fit to the

experimental data. By construction, the elements of the K-matrix have no branch cut on the
positive real axis. The meromorphic function parametrization we use should be valid in some
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Figure 1: Modulus of the scalar form factor fKπ0 (t) compared with its pole part.

complex domain of the t variable. It seems reasonable to assume that it remains reliable in the
region of the K∗0 (1430), since its pole lies rather close to the real axis.

Numerically, the location of the pole is found to be at
√
t0 = (1.403 − i 0.136) GeV. This

result compares reasonably well with the values of the mass MR = 1.414 ± 0.006 GeV and
the half-width ΓR/2 = 0.145 ± 0.011 GeV of the K∗(1430), as listed in the Particle Data

Group review [14]. The other quantities that determine fpole
0 (t) are fKπ0 (t0) = −0.341− i 1.506

and α = (0.838 + i 1.171) GeV−2. In Figure 1, the modulus of fpole
0 (t) is compared with the

moduli of fKπ0 (t) and of the “background” which we may define as the difference fb.g.
0 (t) =

fKπ0 (t)− fpole
0 (t).

4 Concluding discussion

Once we are in the position to separate the pole from the background contribution, we are
left with an S- and P -wave amplitudes completely dominated by the K∗0 (1430) and K∗(892).
We may then compare the pole contribution to branching fractions and CP -violating asym-
metries with that obtained from experimental parametrizations of the K∗0 (1430) and K∗(892),
commonly taken to be Breit-Wigner type amplitudes determined in fits to the Dalitz plot and
integrated over the complete mπK range. We recall that experimental analyses write the non-
resonant πK amplitude separately from the coherent sum of (partially modified) Breit-Wigner
terms.

When considering the decays B± → K±π∓π±, B̄0 → K̄0π−π+ and B0 → K0π+π−, the
body of available experimental data by Belle and BaBar [2, 3, 4, 5] is comprised of branching
ratios, CP -violating asymmetries, effective πK mass and helicity angle distributions as well
as a preliminary result for the phase difference, ∆Φ0, between the decay amplitudes of B0 →
K∗+(892)π− and B̄0 → K∗−(892)π+. For the latter we use the preliminary result of Ref. [15].
Our theoretical QCD factorization amplitudes, without charming penguin contributions, predict
branching fractions for the B → K∗(892)π and B → K∗0 (1430)π decays too small by factors of
about 5 and 2, respectively. Thus, these amplitudes are short of reproducing the experimental
values despite the additional strong phases from the scalar πK form factors. If we neglect the
penguin corrections cu,c4,6 in Eqs. (1) and (2), the mass distribution mπK is altered due to the
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Figure 2: Average Kπ effective mass distributions for B± → K±π∓π± decays. The dashed line corresponds
to the S-wave, the dotted line to the P -wave and the solid one to the total amplitude. The data are from [3].

q2 dependence of the AS amplitude: the peaks of the K∗(892) and K∗0 (1430) are at the right
position but their respective heights do not correspond to those of the data bins.

In Figure 2, we display an example of our results on πK effective mass distributions. More
details can be found in Ref. [11]. The mass distributions are averaged over charge conjugate
states. In both cases, our model describes quite well the mπK distributions in the K∗(892) and
K∗0 (1430) regions. It also signals a sizable enhancement below 1 GeV related to the K∗(800)
state, also referred to as κ. Integrating over the appropriate πK mass ranges for each resonance,
we can calculate branching ratios and CP asymmetries for B → K∗(892)π and B → K∗0 (1430)π
which compare well with the experimental ones [11].
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We investigate the Mott effect for heavy quarkonia due to Debye screening of the heavy
quark potential in a plasma of massless quarks and antiquarks. The influence of residual
color correlation is investigated by coupling the light quark sector to a temporal gauge field
driven by the Polyakov loop potential. This leads to an increase of the Mott dissociation
temperatures for quarkonia states which stabilizes in particular the excited states, but has
marginal effect on the ground states.

1 Introduction

Since the suggestion of J/ψ suppression as a signal of quark-gluon plasma (QGP) formation by
Matsui and Satz [1] in 1986 the problem of quarkonium dissociation in hot and dense strongly
interacting matter has played a key role for QGP diagnostics in relativistic heavy-ion collision
experiments. The original idea was that in a QGP the string tension of the confining potential
vanishes and the residual one-gluon exchange interaction undergoes a Debye screening by the
color charges of the plasma. When the temperature dependent Debye radius rD(T ) (the inverse
of the Debye mass mD(T )) becomes shorter than the Bohr radius of the charmonium ground
state (J/ψ) then the Mott effect [2] (bound state dissociation) occurs and the corresponding

temperature is T
J/ψ
Mott. This simple idea grew up to a multifacetted research direction when not

only in the first light ion - nucleus collisions at the CERN NA38 experiment, but also in proton
- nucleus collisions at Fermilab J/ψ suppression has been found so that there is not only a QGP
but also a cold nuclear matter effect on charmonium production, see [3] for a recent review.

If one wants to explore the question of screening in a plasma more in detail then a variety
of appraoches is available in the literature, from the original Debye-Hückel approach [4] where
one can study any vacuum potential (for example the Cornell potential) and see its medium
modification, over the thermodynamic Green functions approach to the ab-initio studies of
heavy-quark potentials in lattice QCD. With the obtained medium-dependent potentials one
can then study the bound state problem by solving the nonrelativistic Schrödinger equation or,
more systematically, the thermodynamic T - matrix for quarkonia [5].

On the other hand one may calculate proper correlators directly from lattice QCD and
extract from them spectral functions [6]. There is an intriguing disagreement between the Mott
temperatures deduced from these spectral functions and those of the potential models: the
latter are much smaller than the former! From the lattice data for quarkonium correlators one
has extracted TMott

J/ψ ≈ 1.9Tc while in potential model calculations TMott
J/ψ ≈ 1.2Tc. This problem

has lead to the discussion of the proper thermodynamical function to be used as a potential
in the Schrödinger equation. Should it be the free energy or the internal energy? We will not
follow this question in the present work, but refer to [3, 7] and references therein.
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Here we examine a simple model of screening as derived from one-loop calculations in thermal
quantum field theory, and make a small extension of this result by putting the internal fermion
lines in a constant temporal gauge field which mimics confining gluon dynamics (Polyakov-
loop potential). In our approach the medium is made of plasma of massless quarks, described
by the chirally symmetric phase of the Nambu–Jona-Lasinio (NJL) model of QCD [8]. Con-
finement is implemented in the most simple way by coupling the system to the Poyakov loop
variable - resulting in the so called Polakov loop NJL-model (or PNJL model). Recently it has
been successfully used to reproduce lattice data [9] or to describe light meson physics at finite
temperatures and densities [10].

2 Debye-screening in a PNJL quark plasma

Given the self energy (polarization function) of a boson that mediates the interaction, the
screened potential is given by a resummation of one-particle irreducible diagrams (”bubble”
resummation = RPA) [11]

Vsc(q) = V (q)/[1 + F (0; q)/q2] , (1)

where we take V (q) = − 4
3g

2/q2, q2 = |q|2 as the unscreened vacuum potential. The longitudinal
gluon polarization function F (0; q) = −Π00(0; q) in the finite T case can be calculated within
perturbative thermal field theory where it takes the form

Π00(iωl; q) = Tg2
∞∑

n=−∞

∫
d3p

(2π)3
Tr[γ0SΦ(iωn; p)γ0SΦ(iωn − iωl; p− q)] , (2)

where ωl = 2πlT are the bosonic and ωn = (2n+1)πT are the fermionic Matsubara frequencies
of the imaginary-time formalism. The symbol Tr stands for traces in color, flavor and Dirac
spaces. SΦ is the propagator of a massless fermion coupled to the homogeneous static gluon
background field ϕ3. Its inverse is given by [9, 10]

S−1
Φ (p;ωn) = γ · p + γ0iωn − λ3ϕ3 , (3)

where ϕ3 is related to the Polyakov loop variable defined by [9]

Φ(T ) =
1

3
Trc(e

iβλ3ϕ3) =
1

3
(1 + 2 cos(βϕ3)) .

The physics of Φ(T ) is governed by the temperature-dependent Polyakov loop potential U(Φ),
which is fitted to describe the lattice data for the pressure of the pure glue system [9]. After
performing the color-, flavor- and Dirac traces and making the fermionic Matsubara summation,
we obtain in the static, long wavelength limit

Π00(0; q) =
2Ndofg

2

π2

∫ ∞

0

dp p2 ∂fΦ

∂p
= −4Ndofg

2

π2

∫ ∞

0

dp pfΦ(p) = −Ndofg
2T 2

3
I(Φ) = −m2

D(T ) .

(4)
where mD(T ) is the Debye mass, the number of degrees of freedom is Ndof = Nc Nf = 6 and
fΦ(p) is quark distribution function [10]. The screened potential is thus

Vsc(q) = −4πα/[q2 +m2
D(T )] . (5)
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In comparison to the free fermion case [11, 12] the coupling to the Polyakov loop variable Φ(T )
gives rise to a modification of the Debye mass, given by the integral

I(Φ) =
12

π2

∫ ∞

0

dx x
Φ(1 + 2e−x)e−x + e−3x

1 + 3Φ(1 + e−x)e−x + e−3x
. (6)

In the limit of deconfinement (Φ = 1), the case of a massless quark gas is obtained (I(1) = 1)
while for confinement (Φ = 0) one finds that I(0) = 1/9. For the temperature dependence of
Φ(T ) we employ in the following chapter the results of a nonlocal PNJL model [13].

3 Variational ansatz and estimation of Mott temperatures

Here we will use the derived potential in the quantum mechanical way to estimate the dissoci-
ation temperature. With the trial wave function for the 1S state

ψ1S(r; γ) =

√
γ3

π
exp(−γr) (7)

and the non-relativistic two-body Hamiltonian

H = − ∇
2

mQ
− α

r
e−mD(T )r , (8)

where the potential term is the Fourier transform of screened Coulomb potential (5), we obtain
the energy functional for the Ritz variational principle

E1S(γ, T ) = 〈ψ1S(γ) | H | ψ1S(γ)〉 =
γ2

mQ
− 4αγ3

(mD(T ) + 2γ)2
. (9)

Simultaneously satisfying the conditions for the ground state energy dE1S(γ, T )/dγ = 0 and
for a vanishing binding energy (Mott effect), E1S(γ, TMott) = 0, provides us with an ana-
lytic expression for the critical Debye mass mD(TMott

1S ) = 2γ . Using once again the condition
E1S(γ, TMott) = 0, results in the Mott condition for the Debye potential [2]

rD(TMott
1S ) = a0 , (10)

where a0 = 2/(αmQ) = 1/
√
ε0mQ is the Bohr radius and ε0 = α2mQ/4 the binding energy of

ground state in the vacuum (mD = 0). Due to the temperature dependence of the Debye mass,
we obtain the Mott dissociation temperature in the massless quark gas (for Φ = 1)

TMott =
√

3ε0mQ/Ndof/g =

√√
ε0m3

Q/(2πNdof) . (11)

In Tab. 1 we give the parameter values according to set (i) of Ref. [14]. The Poyakov loop
variable contribution considered in previous section affects the Mott temperature in Eq. (10)
and gives the following formula

TMott,Φ = TMott/
√
I(Φ) . (12)
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Table 1: Mott temperatures TMott (TMott,Φ) according
to Eq. (11) (Eq. (12)) for a massless ideal quark gas
(PNJL model). The critical temperature is Tc = 202 MeV
[13]. The parameters are fixed to reproduce quarkonium
states in vacuum as Coulombic bound states [14]. In the
charmonium (bottomonium) system the heavy quark mass
mQ is mc = 1.94 GeV (mb = 5.1 GeV) and the ground
state binding energy ε0 is 0.78 GeV (0.75 GeV).

TMott/Tc TMott,Φ/Tc

J/ψ 1.25 1.37
χc 0.83 1.11
ψ′ 0.66 0.99
Υ 2.50 2.50
χb 1.72 1.73
Υ′ 1.28 1.39
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Figure 1: Temperature dependence of the Debye screening radius rD(T ) for charmonium (upper
panel) and bottomonium (middle panel) with (solid lines) and without (dashed lines) coupling
to the Polyakov loop Φ(T ) shown in the lower panel (from [13]). Sequential dissociation of
quarkonia states occurs at the Mott temperatures TMott for which their Bohr radius equals
rD(T ).

This means that in the case of confining color correlations (0 ≤ Φ < 1) the Debye screening
radius is larger than in a free quark gas at the same temperature, so that bound states get
stabilized against thermal dissociation by color screening.

The influence of the Poyakov loop variable on the dissociation temperature is summarized
in Figure 1 which shows the temperature dependence of the Debye radius rD(T ) = 1/mD(T )
compared to the Bohr radii of the low-lying states of the charmonium and bottomonium family,
respectively. Due to its larger mass and smaller Bohr radius, the Υ dissociates at higher
temperatures than the J/ψ, where the free quark gas case is almost reached and the Mott
temperatures which almost coincide for the cases with and without coupling to the Polyakov
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loop field. For the lighter J/ψ there is a noticeable stabilization due to the coupling to the
Polyakov loop potential which results in an increase of the Mott dissociation temperature from
1.25 Tc to 1.37 Tc, still more similar to results of nonrelativistic potential models rather than
the still higher dissociation temperatures conjectured from the spectral functions deduced from
lattice data for heavy quarkonium correlators by the maximum entropy method. For estimating
the Mott temperatures of the excited quarkonia states we have employed the scaling of bound
state radii: rχc = 1.5 rJ/ψ, rψ′ = 2.0 rJ/ψ as obtained in the Cornell-type potential model [7].

4 Conclusions

We have applied the methods of thermal field theory to estimate the effects of Debye screening
on heavy quarkonia bound state formation. In order to account for residual effects of confining
color correlations in the deconfined phase, we have used the PNJL model in the evaluation of
the one-loop polarization function. As expected, a stabilization of bound states in the vicinity
of the critical temperature for T > Tc is obtained. We applied Ritz’ variational principle to
derive an analytical formula for the Mott criterion for heavy quarkonia ground states. The
Mott temperatures for excited states are obtained here from a criterion based on their Bohr
radii, in good agreement with results from the numerical solution Schrödinger equation for the
screened Cornell potential using the here derived Debye mass as screening parameter [15].
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In this lecture we apply a thermodynamic Green function formalism developed in the
context of nonrelativistic plasma physics for the case of heavy quarkonia states in strongly
correlated quark matter. Besides the traditional explanation of charmonium suppresion
by Debye screening of the strong interaction, we discuss further effects of relevance when
heavy quarkonia states propagate in a medium where strong correlations persist in the
form of hadronic resonances. These effects may be absorbed in the definition of a plasma
Hamiltonian, which was the main result of this work. This plasma Hamiltonian governs
the in-medium modification of the bound state energy levels as well as the lowering of the
continuum edge which leads not only to the traditional Mott effect for the dissociation
of bound states in a plasma, but can also be applied for a consistent calculation of the
in-medium modification of quarkonium dissociation rates.

1 Introduction

In developing a theoretical approach to heavy quarkonia as messengers of the deconfinement/
hadronization transition of a quark-gluon plasma formed in a heavy-ion collision, we should
aim at a unifying description where hadrons appear as bound states (clusters) of quarks and
gluons. The situation is analoguous to the problem of two-particle states in QED plasmas
where a well-developed theory in the framework of the Green function technique exists. These
methods have been widely developed for the case of the hydrogen plasma, where the electrons
and protons as the elementary constituents can form hydrogen atoms as bound states of the
attractive Coulomb interaction. The problem is tractable analytically for the isolated two-
particle system, with a discrete energy spectrum of bound states and a continuous spectrum of
scattering states. Higher complexes, such as molecular hydrogen can also be formed.

In a many-particle system, the problem of bound state formation needs to account for
medium effects. They give contributions to a plasma Hamiltonian

Hpl = HHartree +HFock +HPauli +HMW +HDebye +Hpp +HvdW + . . . , (1)

where the first three effects, the Hartree- and Fock energies of one-particle states and the
Pauli blocking for the two-particle states, are of first order with respect to the interaction and
determine the mean-field approximation. The following two terms of the plasma Hamiltonian
are the Montroll-Ward term giving the dynamical screening of the interaction in the self-energy,
and the dynamical screening (Debye) of the interaction between the bound particles. These
contributions are related to the polarization function and are of particular interest for plasmas
due to the long-range character of the Coulomb interaction. In a consistent description, both
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terms should be treated simultaneously. The last two contributions to the plasma Hamiltonian
are of second order with respect to the fugacity: the polarization potential, describing the
interaction of a bound state with free charge carriers, and the van der Waals interaction,
accounting for the influence of correlations (including bound states) in the medium on the
two-particle system under consideration, see [1, 2].

Approximations to medium effects in the self-energy and the effective interaction kernel have
to be made in a consistent way, resulting in predictions for the modification of one-particle and
two-particle states. On this basis, the kinetics of bound state formation and breakup pro-
cesses can be described, establishing the ionization equilibrium under given thermodynamical
conditions [3]. Coulomb systems similar to the hydrogen plasma are electron-hole plasmas in
semiconductors [4], where excitons and biexitons play the role of the atoms and molecules.
Other systems which have been widely studied are expanded fluids like alkali plasmas or no-
ble gas plasmas, see [1] and references therein. Applications of the plasma physics concepts
for cluster formation and Mott effect to the rather short-ranged strong interactions have been
given, e.g., in [5, 6] for nuclear matter and in [7, 8] for quark matter.

In this subsection, we want to discuss basic insights from these investigations of bound state
formation in plasmas, as far as they can concern our discussion of heavy quarkonia formation
in hot and dense matter. Before going more into the details, let us mention them. Bound state
properties remain rather inert to changes of the medium since the self-energy and interaction
effects partially compensate each other in lowest order of density. Also, the smaller size of the
bound states matters in this respect. The compensation does not hold for continuum states,
being influenced by self-energy effects only, so that a lowering of the in-medium ionization
threshold must occur which leads to a strong enhancement of the rate coefficients for bound-
free transitions and to a sequential “melting” of different bound state excitation levels into the
continuum of scattering states at corresponding critical plasma parameters (Mott effect [9]),
until even the ground state becomes unbound.

The theory of strongly coupled plasmas has been developed also for strong nonideality,
where the formation of clusters in the medium need to be taken into account. This situation
is similar to that of a hadronizing quark-gluon plasma and we will therefore refer to cluster
expansion techniques as the theoretical basis.

2 Bethe-Salpeter equation and plasma Hamiltonian

The most systematic approach to the description of bound states in plasmas uses the Bethe-
Salpeter equation (BSE) for the thermodynamic (Matsubara-) two-particle Green function

Gab = G0
ab +G0

ab Kab Gab = G0
ab +G0

ab Tab G
0
ab , (2)

which is equivalent to the use of the two-particle T -matrix Tab and has to be solved in conjunc-
tion with the Dyson equation for the full one-particle Green function,

Ga = G0
a +G0

aΣaGa , (3)

defined by the dynamical self-energy Σa(p, ω) and the free one-particle Green functionG0
a(p, ω) =

[ω − εa(p)]−1 for a particle of species a with the dispersion relation εa(p) =
√
p2 +m2

a ≈
ma + p2/(2ma), see Fig. 1.

The BSE contains all information about the spectrum of two-particle bound as well as
scattering states in the plasma. A proper formulation of the plasma effects on the two-particle
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Figure 1: The two-particle problem in the medium. Dyson equation (left) and Bethe-Salpeter
equation (right) need to be solved in consistent (conserving) approximations for self-energy (Σ)
and interaction kernel (K).

spectrum is essential to understand why bound and scattering states are influenced in a different
way by the surrounding medium, leading to the Mott-effect for bound states. We give here the
essence of a detailed discussion to be found in Ref. [2].

The homogeneous BSE associated with (2) can be given the form of an effective Schrödinger
equation for the wave function ψab(p1, p2, z) of two-particle states in the medium [4]

∑

q

{[εa(p1) + εb(p2)− z] δq,0 − Vab(q)}ψab(p1 + q, p2 − q, z) =

=
∑

q

Hpl
ab(p1, p2, q, z)ψab(p1 + q, p2 − q, z), (4)

where a, b denote a pair of particles with 3-momenta p1 and p2 which transfer a 3-momentum
2q in their free-space interaction Vab(q) and z is a complex two-particle energy variable. The in-
medium effects described by (2) have been singled out in the definition of a plasma Hamiltonian,
containing all modifications beyond the two-body problem in free space [2, 4]

Hpl
ab(p1, p2, q, z) = Vab(q) [Nab(p1, p2)− 1]︸ ︷︷ ︸

(i) Pauli blocking

−
∑

q′

Vab(q
′) [Nab(p1 + q′, p2 − q′)− 1]

︸ ︷︷ ︸
(ii) Exchange self−energy

δq,0

+ ∆Vab(p1, p2, q, z)Nab(p1, p2)︸ ︷︷ ︸
(iii) Dynamically screened potential

−
∑

q′

∆Vab(p1, p2, q
′, z)Nab(p1 + q′, p2 − q′)

︸ ︷︷ ︸
(iv) Dynamical self−energy

δq,0 . (5)

Here, ∆Vab(p1, p2, q, z) = Kab(p1, p2, q, z)−Vab(q) stands for the in-medium modification of the
bare interaction potential to a dynamically screened interaction kernel Kab(p1, p2, q, z). The
effects of phase space occupation are encoded in the function Nab(p1, p2), which for the case
of an uncorrelated fermionic medium takes the form of the Pauli blocking factor Nab(p1, p2) =
1− fa(p1) − fb(p2), where fa(p) = {exp[(εa(p) − µa)/T ] + 1}−1 is the Fermi distribution and
µa the chemical potentential of the species a. Eq. (4) is a generalization of the two-particle
Schrödinger equation, where on the left-hand side the isolated two-particle problem is described
while many-body effects due to the surrounding medium are given on the right-hand side. The
in-medium effects named in the plasma Hamiltonian (1) can be obtained from the one derived
in the Bethe-Salpeter approach (5) upon proper choice of the interaction kernel Kab so that
Eq. (1) appears a sa special case of Eq. (5).

The influence of the plasma Hamiltonian on the spectrum of bound and scattering states
can be qualitatively discussed in perturbation theory. Since bound states are localized in
coordinate space, their momentum space wave functions extend over a finite range Λ and we
may assume them to be q-independent: ψab(p1 + q, p2 − q, z = EnP ) ≈ ψab(p1, p2, z = EnP ) for
small momentum transfer q < Λ and to vanish otherwise. Assuming further a flat momentum
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dependence of the Pauli blocking factors Nab(p1 + q, p2− q) ≈ Nab(p1, p2) for small q where the
interaction is strong, we obtain a cancellation of the Pauli blocking term (i) by the exchange
self energy (ii) and of the dynamically screened potential (iii) by the dynamical self-energy
(iv). Therefore, the bound states remain largely unmodified by medium effects. For scattering
states which are extended in coordinate space and can be represented by a delta function in
momentum space, the above cancellations do not apply and a shift of the two-particle continuum
threshold results. For this mechanism to work it is important that approximation schemes for
the self-energy and the interaction kernel have to be consistent as, e.g., in the conserving scheme
of Φ-derivable theories [10].

Summarizing the discussion of the plasma Hamiltonian: bound state energies remain un-
shifted to lowest order in the charge carrier density while the threshold for the continuum of
scattering states is lowered. The intersection points of bound state energies and continuum
threshold define the Mott densities (and temperatures) for bound state dissociation.

When applying this approach to heavy quarkonia in a medium where heavy quarks (either
free or bound in heavy hadrons) are rare, then Nab = 1 so that both, (i) and (ii) can be safely
neglected. The effects (iii) and (iv) stem from the dynamical coupling of the two-particle state
to collective excitations (plasmons) in the medium. In the screened potential approximation,
the interaction kernel is represented by V Sab(p1p2, q, z) = V Sab(q, z)δP,p1+p2δ2q,p1−p2 with

V Sab(q, z) = Vab(q) + Vab(q)Πab(q, z)V Sab(q, z) = Vab(q)[1−Πab(q, z)Vab(q)]
−1 , (6)

with the total momentum P and the momentum transfer 2q in the two-particle system. The
most frequently used approximation for the here introduced polarization function Πab(q, z),
or for the equivalent dielectric function εab(q, z) = 1 − Πab(q, z)Vab(q), is the random phase
approximation (RPA). In the next two paragraphs we discuss the static, long wavelength limit
of the RPA and its generalization for a clustered medium.

Example 1: statically screened Coulomb potential. The systematic account of the
modification of the interaction potential between charged particles a and b by polarization of
the medium is taken into account in the dynamical polarization function Πab(q, z), which in
RPA reads [2]

ΠRPA
ab (q, z) = 2δab

∫
d3p

(2π)3

fa(E
a
p )− fa(Eap−q)

Eap −Eap−q − z
. (7)

For the Coulomb interaction, corresponding to the exchange of a massless vector boson, the po-
tential is obtained from the longitudinal propagator in the Coulomb gauge is Vab(q) = eaeb/q

2.
For a recent discussion in the context of heavy quark correlators and potentials see, e.g., [11, 12].
Due to the large masses of the constitutents in the heavy quarkonium case, one may use a Born-
Oppenheimer expansion to replace the dynamically screened interaction by its static (z = 0)
and long-wavelength (q → 0) limit. For nondegenerate systems the distribution functions are
Boltzmann distributions and their difference can be expanded as

fa(Eap )− fa(Eap−q) = e−E
a
p/T

(
1− e−(Eap−q−Eap )/T

)
≈ −fa(Eap )(Eap −Eap−q − z)/T , (8)

so that the energy denominator gets compensated and the polarization function becomes

ΠRPA
ab (q, z) = −2

δab
T

∫
d3p

(2π)3
fa(Eap ) = −δab

na(T )

T
. (9)

4 HQP08

D. BLASCHKE

280 HQP08



The corresponding dielectric function εRPA
ab (q, ω) takes the form

lim
q→0

εRPA(q, 0) = 1 +
µ2
D

q2
, µ2

D =
1

T

∑

a

e2
ana(T ) . (10)

The screened Coulomb potential in this approximation is therefore V S
ab(q) = Vab(q)/ε

RPA(q, 0) =
eaeb/(q

2 + µ2
D). In this “classical” example of the statically screened Coulomb interaction, the

contribution to the plasma Hamiltonian is real and in coordinate representation it is given by

∆Vab(r) = −α
r

(e−µDr − 1) ≈ αµD −
α

2
µ2
Dr , (11)

where α = e2/(4π) is the fine structure constant. For the change in the Hartree self-energy of
one-particle states due to Debye screening we can perform an estimate in momentum space

Σa =
4πα

(2sa + 1)

∫
d3q

(2π)3

[
1

q2 + µ2
D

− 1

q2

]
fa(E

a
q ) ≈ −αµ

2
D

π

∫ ∞

0

dq

q2 + µ2
D

= −αµD
2

. (12)

This entails that to lowest order in the density the shift of the one-particle energies (continuum
edge of unbound states) Σa + Σb = −αµD compensates the contribution due to the screening
of the interaction (11)

∆ab ≈ αµD = O(
√
na3

B,0) , (13)

in the wave equation (4). For the shift of the bound state energy levels follows [2, 13]

∆Enl ≈ −
α

2
µ2
D〈r〉nl = O(na3

B,0) , (14)

where aB,0 = 1/(α m) is the Bohr radius.
The Debye mass µD, equivalent to the inverse of the Debye radius rD characterizing the

effective range of the interaction, depends on the square root of the density n(T ) of charge
carriers. It is this different response of bound states and scattering continuum to an increase of
density and temperature in the medium which leads to the Mott effect (see, e.g., Refs. in [9] and
[1]) for electrons in an insulator: bound states of the Debye potential can only exist when the
Debye radius is larger than rD,Mott = 0.84 aB,0 [14]. This entails that above a certain density
even the ground state electrons become unbound and form a conduction band, resulting in an
insulator-metal transition also called Mott-transition. Further details concerning this example
can be found in Ref. [15].

In complete analogy to this electronic Mott effect it is expected that in hadronic matter
under compression the hadrons as bound states of quarks undergo a Mott transition which
results in a phase transition from the color insulating phase of hadronic matter to a color
conducting or even color superconducting phase of deconfined quark matter. This applies to
light hadrons as well as to heavy quarkonia, whereby due to the different scales of Bohr radii
the Mott dissociation of heavy quarkonia occurs at higher densities than for light hadrons.

In most approaches the quark self energy effects are neglected and one is left with the only
medium effect due to a statically screened potential. This has the consequence that in such a
picture the continuum edge of the scattering states remains unshifted and due to the lack of
compensation the effective interaction leads to a strong medium dependence of the bound state
energies (masses). For the electron-hole plasma in highly excited semiconductors it could be
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shown experimentally, however, that the compensation picture is correct and the bound state
energies remain almost unshifted [16].

One may of course absorb the self-energy effects into a redefinition of the effective interaction,
by adding a homogeneous mean-field contribution. This is equivalent to the use of the Ecker-
Weitzel potential [17]

VEcker−Weitzel(r) = −α
r

e−µDr − αµD . (15)

It is interesting to note that recent investigations of the screening problem in the context
of Debye-Hückel theory [18] and QQ̄ correlators [11, 12] have obtained this continuum shift
(−αµD) as a homogeneous background field contribution. According to the above lesson from
plasma physics, however, this contribution should be attributed to the self-energy of the con-
stituents rather than to the interaction kernel, since it determines the shift of the continuum
edge.

For the development of a comprehensive approach to heavy quarkonia in hadronizing hot,
dense QCD matter another insight from plasma physics may be of relevance and will be dis-
cussed next: the effect of strong correlations (bound states) in the medium. To this end, the
bound states will be treated like a new species occuring in the system. Accordingly, addi-
tional diagrams have to be taken into account which stem from a cluster expansion of the
interaction kernel Kab and the corresponding self-energy Σa, see Figs. 2-4. This leads in the
plasma Hamiltonian Hpl to a generalization of the self-energy contributions (cluster-Hartree-
Fock approximation), the distribution functions in the Pauli-blocking factors and the dynamical
screening (cluster-RPA). The van-der-Waals interaction in Eq. (1) appears naturally as a con-
tribution in the cluster expansion, describing polarization effects due to bound states in the
medium.

3 Cluster expansion for quarkonia in correlated medium

In the vicinity of the plasma phase transition, correlations play an important role and their
proper accounting requires rather sophisticated theoretical methods such as cluster expansion
techniques. For the problem of charmonium in dense hadronic matter at the deconfinement
transition, i.e. in the strong coupling case, we suggest a systematic Born series expansion of
collisions with free and bound states in the surrounding matter so that all terms linear in the
density of free particles and bound states are taken into account.

We describe the cluster expansion here in terms of its diagrammatic expressions for the
interaction kernel and the corresponding self-energy. The 1st Born approximation diagrams
of this expansion are given in Fig. 2, see also the monograph [2]. The wavy line denotes the
dynamically screened interaction V Sab, which in a strongly correlated plasma receives contribu-
tions from the polarization of the medium beyond the RPA, denoted as generalized (cluster-)
RPA in Fig. 4, see Ref. [19]. Bound and scattering states are described consistently in the
two-particle T-matrices. For a generalization to higher n-particle correlations, see [6, 20] and
the monograph [2]. The diagrams containing T-matrices do not contribute to the charmonium
spectrum as long as the densities of the charmed quarks and of charmed hadrons in the medium
are negligible. This is the situation expected for the rather low-energy CBM experiment. For
the discussion of charmonium production at RHIC and at LHC the inclusion of these terms can
be invoked.

At the 2nd Born order, we distinguish two classes of collisions with light clusters (hadrons)
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Figure 2: Cluster expansion for interaction kernel for the two-particle problem in a strongly
correlated medium (upper equation) and the corresponding self-energy (lower left equation)
with a dipole ansatz for the vertex (lower right equation).
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Figure 3: Alternative way of drawing the diagrams for the cluster expansion of the interaction
kernel and the corresponding self-energy of Fig. 2 in a form familiar in plasma physics and
nuclear physics.

that can give rise to spectral broadening of the charmonia. The first class concerns hadron
impact without quark rearrangement inducing transitions to excited states, shown in the left
panel of Fig. 5. These processes have been considered for charmonium-hadron interactions
within the operator product expansion techniques following Peskin and Bhanot [21, 22], see [23,
24]. The result is a deformation of the charmonium spectrum under conservation of the spectral
weight integrated over all charmonia states. In the second class are quark rearrangement (string-
flip) processes, as indicated in the right panel of Fig. 5. They induce transitions to open charm
hadrons responsible for charmonium dissociation in hadronic matter, cf. Sect. 4.

HQP08 7

CHARMONIUM IN A HOT , DENSE MEDIUM

HQP08 283



Π= +
;

Π

T
2
L

T
2
L

= + + ...

Figure 4: Left panel: The dynamically screened interaction potential V S
ab(ω, q) (wavy line),

determined by the bare potential (dashed line) and the polarization function Πab(ω, q). Right
panel: Cluster expansion for the generalized RPA, when besides free particles (RPA) also two-
particle states (cluster-RPA) contribute to the polarizability of the medium, see Ref. [19].
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Figure 5: Contributions to the dynamical self-energy of a two-particle system in a correlated
medium at 2nd Born order. Left panel: impact by two-particle states without constituent
exchange (van-der-Waals or dipole-dipole interaction). Right panel: constituent-rearrangement
collisions (string-flip process), from Ref. [25], see also [26].

Example 2: String-flip model of charmonium dissociation. Here we give a second
example for the use of insights from plasma physics by discussing charmonium dissociation
within the string-flip model of quark matter [7, 8, 27, 28]. In this model the string-type color
interactions between quarks get saturated within the sphere of nearest neighbors so that in a
dense system of overlapping quark-antiquark pairs frequent string-flip processes take place in
order to assure the system is at any time in its minimal energy configuration, see the left panel
of Fig. 6.

When considering a heavy quark-antiquark pair in dense matter with negligible heavy-flavor
fraction, the Pauli blocking and exchange self-energy contributions are negligible, but the strong
correlations with light quarks of complementary color within the nearest neighbor sphere will
result in a meanfield selfenergy shift (Hartree shift ∆H ) for all quarks [29]. This determines
the shift of the continuum edge, see the graph (b) in the right panel of Fig. 6. Because of the
compensation in the Bethe-Salpeter kernel between the effects of the screening of the interaction
and the self energy shifts calculated with it (see discussion above), it is suggested that to lowest
order the bound state energies remain unshifted when increasing the temperature and/or density
of the medium. In contrast to the first example of Debye screening of long-range Coulombic
interactions, the screening mechanism in the string flip model is color saturation within nearest
neighbors, applicable for strong, short-range interactions as appropriate for the case of the
sQGP at RHIC or dense systems at FAIR CBM. The resulting two-particle energy spectrum
for charmonium and bottomonium states is shown in the right panel of Fig. 6, where the
static screening picture (graph (a) as a function of the screening parameter µ = µD(T ) in the
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1

2

Figure 6: Left panel: String-flip process in a dense quark-antiquark system, see also [8, 26].
Right panel: Two-particle energies of charmonia and bottomonia states in a statically screened
potential (a) and in the string-flip model (b), from Ref. [31].

screened Cornell potential [30] is compared to the string-flip picture (graph (b) as a function
of the temperature T ), from Ref. [29, 31]. From this Figure one can read-off the in-medium
lowering of the dissociation threshold kdiss

0 , which is the energy difference between the considered
bound state level and the continuum edge shown as the border of the hatched region. This
lowering of kdiss

0 with increasing density and/or temperature leads to a strong increase in the
quarkonium breakup cross sections by thermal impact [31] and to the bound state dissociation,
even before the binding energies vanish at the critical Mott densities and temperatures for the
corresponding states.

4 Charmonium dissociation in a resonance gas

An interesting phenomenological guideline for the present discussion is provided by Ref. [32]
where the authors show that universal J/ψ-hadron breakup cross sections with correct kinematic
thresholds but otherwise constant at 3 mb for meson and 5 mb for baryon impact are sufficient
to explain the observed anomalous J/ψ suppression pattern of the NA50 experiment within
a multi-component hadron gas. For a recent update, see [33]. The question arises: How do
these assumptions relate to microscopic calculations of charmonium dissociation reactions in
hadronic matter? Those can generally be divided into two categories, based on hadronic or
quark degrees of freedom. We will primarily review and compare the studies of processes in a
mesonic medium (predominantly composed of pions and rho mesons) within both approaches,
including a discussion of in-medium effects.

Historically, a first calculation of the quark-exchange reaction, J/ψ + π → D + D̄∗ + c.c.,
was performed in a nonrelativistic quark model [34] based on applications of the diagrammatic
technique developed by Barnes and Swanson [35] for meson-meson scattering, see also Ref. [36].
This calculation showed a strong energy dependence of the cross section with a peak value
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Figure 7: Born diagrams for quark-exchange processes (denoted as C1, C2 for “capture” and T1,
T2 for “transfer” diagrams) contributing to heavy quarkonium dissociation by meson impact
(left panels) and the corresponding cross section for J/ψ breakup by pion impact (right panel);
from Refs. [37, 38]. Note that in the total cross section also the processes with charge conjugated
final states are accounted for.

of about 6 mb at threshold and a fast decrease due to a momentum mismatch in the overlap
integrals between the meson wave functions. The thermally averaged cross section, which is
the relevant quantity for estimating the J/ψ dissociation rate, was below 1 mb, roughly in
accordance with phenomenological expectations based on the observed suppression in heavy-
ion reactions at the SPS. These calculations were extended to other light mesons and excited
charmonia in Refs. [37, 38], where also more realistic quark-interaction potentials have been
used. In Fig. 7 we show the diagrams for quark-exchange processes at first Born order, which
are classified as “capture” (C) and “transfer” (T) diagrams depending on whether the quark
interaction can be absorbed into the external meson lines; the latter are to be understood as
a resummation of ladder-type quark-antiquark interactions. There are cancellations among
the contributions of the different diagrams due to the small color dipole of the charmonium
state. These cancellations reduce the peak value of the cross section to about 1 mb, as also
illustrated in Fig. 7. An open question in this approach is whether the double nature of the
pion – a Goldstone boson of the broken chiral symmetry and a strongly bound quark-antiquark
– has a strong influence on these results. In the nonrelativistic approach the pion emerges due
to a large hyperfine splitting in the Fermi-Breit Hamiltonian (as opposed to, e.g., instanton-
induced interactions), which is not a robust interpretation. Another question concerns the
applicability of the truncation of the transfer diagram contributions at the first Born order.
Ladder-type resummations would lead to s- and t-channel D-meson exchange processes, which
are disregarded in the nonrelativistic quark exchange. Finally, these models are beset with the
“post-prior” problem due to the ambiguity in the ordering of quark exchange and interaction
lines.

These problems can be resolved within relativistic quark models developed on the ba-
sis of Dyson-Schwinger equations [39] for applications to the charmonium dissociation prob-
lem [40, 41, 42]. In this approach, the meson-meson interactions are represented by quark-loop
diagrams with three (triangle) and four (box) meson legs. The appearance of meson-exchange
processes can be understood as a ladder resummation of quark interaction diagrams in s- and
t-channels, see Fig. 8. The results for the J/ψ dissociation cross section by pion impact within
the relativistic quark model [41], shown in Fig. 8, basically confirm those of the nonrelativistic
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Figure 8: Left panel: box and triangle diagrams for meson-meson interaction vertices contribut-
ing to J/ψ breakup by meson impact in the relativistic quark model [40] (upper part), and the
origin of D-meson exchange from ladder-type resummation (lower part). Right panel: cross
section for pion induced J/ψ dissociation into open-charm mesons (dotted line) composed of
subprocesses with different final-state D-meson pairs: D+ D̄ (solid), D+D̄∗ (dashed), D∗+D̄∗

(dash-dotted); from Ref. [41]. The total cross section includes also the subprocess with D̄+D∗

final state for which the cross section is identical to the charge conjugated one (dashed).

approaches [34, 37, 38] shown in Fig. 7; residual differences may be traced back to the treat-
ment of the transfer-type diagrams. In the relativistic treatment these diagrams are resummed
beyond the first Born approximation and result in D-meson exchange diagrams which are ab-
sent in the nonrelativistic models. This difference may explain small differences in cross section
results from both approaches.

Already in 1998, Matinyan and Müller [43] pioneered an alternative approach to charmonium
absorption by light mesons on the basis of an effective meson Lagrangian, with a local U(4)
flavor symmetry strongly broken by the pseudoscalar and vector meson mass matrices. This
initial version of the chiral Lagrangian approach gave rather small cross sections, σπψ ≈ 0.3 mb
at threshold. It turned out [44, 45] that triple vector-meson couplings and contact terms,
not included in Ref. [43], result in an increase of the breakup cross section by up two orders of
magnitude, with a rising energy dependence. A problem for the chiral Lagrangian approaches is
the treatment of hadrons as pointlike objects, which, as usual for an effective theory, becomes
unreliable at high momentum transfers (due to quark-exchange substructure effects). The
composite nature of hadrons can be accounted for in an approximate way by vertex form
factors [45, 46], which reduce the magnitude, and affect the energy dependence, of the cross
sections, see Fig. 9. The choice of the cutoff parameters in the form factors has a large effect
on the charmonium breakup cross sections and remains a matter of debate [48, 49, 50, 51].
Progress may be made by calibrating the form factors with microscopic approaches as, e.g., the
nonrelativistic or the relativistic quark models [52]. While the calculations with the relativistic
quark model are very cumbersome, the chiral Lagrangian models offer a very effective tool
to assess many other dissociation processes required for phenomenology, once the formfactor
question is settled. In particular, these applications include dissociation processes by nucleon
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Figure 9: Feynman diagrams for J/ψ breakup by meson impact in the chiral Lagrangian ap-
proach (left) and the resulting cross sections for pion- and rho-meson induced processes (right),
from Ref. [52]. The left panel illustrates the interrelation of the different approaches to charmo-
nium breakup cross sections: The nonrelativistic potential model diagrams (a) can be redrawn
as quark loop diagrams with Born order insertions (b). The latter can be either absorbed into
the nonperturbative meson-quark-antiquark vertices (c, upper line) or after partial resumma-
tion of all ladder-type diagrams of the Born series redrawn as t-channel and s-channel meson
exchanges (c, lower lines). The locan limit of the relativistic quark model diagrams (c) leads to
the chiral Lagrangian diagrams (d) with formfactors originating from the quark loop diagrams
for the meson vertices in (c).

impact [53, 54] and bottomonium dissociation [55].

The energy dependent cross sections for heavy quarkonia dissociation by hadron impact
enable to evaluate the temperature- (and density-) dependent dissociation rates in hadronic
matter. Assuming the (short-distance) vertex functions not to be altered by the surround-
ing medium, there remains the issue of mass and widths changes of open-charm hadrons with
temperature and density. These, in particular, imply modifications of the thresholds for the
breakup processes [58, 59, 60, 61, 62, 63]. In Fig. 10 we show the diagrammatic representation
of the quark-exchange contribution to the J/ψ self-energy which develops an imaginary part
(determining its width or inverse lifetime) due to the coupling to open-charm mesons. For
the interaction vertex Uex three different approaches have been discussed above and the corre-
sponding vacuum cross sections are shown in Figs. 7-9. The theoretical basis for the discussion
of quark exchange effects to the self-energy of heavy quarkonia in strongly correlated quark
matter comes from systematic cluster expansion techniques developed in the context of plasma
physics. For details, see the next subsection and Figs. 2, 3 and 5. Fig. 11 illustrates the effect
of the spectral broadening of D-mesons at the chiral phase transition due to the opening of
the decay channel into their quark constituents (Mott effect) for temperatures exceeding the
D-meson Mott temperature TMott ≈ 172 MeV. Due to an effective lowering of the J/ψ breakup
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but for quark exchange with baryons in the medium [57]. Three different approaches to the
interaction vertex Uex are discussed in the text and shown in Figs. 7-9. Diagrams of this type
appear in the cluster expansion for two-particle properties, see Fig. 5.
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Figure 11: Left panel: energy (s) and temperature (T ) dependence of the effective cross sec-
tion (σ∗) for J/ψ breakup by ρ-meson impact. We display p2σ∗(s;T ) for better visibility of
the effective lowering of the breakup threshold when temperatures exceed the D-meson Mott
temperature TMott ≈ 172 MeV; right panel: temperature dependence of the thermally averaged
J/ψ breakup cross section in a π-ρ meson gas; the calculation with vacuum D-mesons (dashed
line) is compared to one with an in-medium broadening of the D-meson spectral function (due
to the Mott effect at the chiral phase transition) which exhibits a steplike enhancement (solid
line) caused by the effective lowering of the breakup threshold; from Ref. [56].

threshold the temperature dependence of the thermally averaged J/ψ breakup cross section in a
π-ρ meson gas exhibits a steplike enhancement [56]. This effect has been discussed as a possible
mechanism underlying the threshold-like anomalous suppression pattern of J/ψ’s observed by
the CERN NA50 experiment [61, 64] and should also play a role in explaining the final state
interactions of heavy quarkonia produced in the RHIC experiments.
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5 Perspectives

In this lecture we have adapted a general thermodynamic Green function formalism developed
in the context of nonrelativistic plasma physics for the case of heavy quarkonia states in strongly
correlated quark matter. Besides the traditional folklore explanation of charmonium suppresion
by (Debye-) screening of the strong interaction, we discuss further effects of relevance when
heavy quarkonia states propagate in a medium where strong correlations persist in the form of
hadronic resonances. These effects may be absorbed in the definition of a plasma Hamiltonian,
which was the main result of this contribution. This plasma Hamiltonian governs the in-medium
modification of the bound state energy levels as well as the lowering of the continuum edge which
leads not only to the traditional Mott effect for the dissociation of bound states in a plasma, but
can also be applied to calculate the in-medium modification of quarkonium dissociation rates in
a consistent way. A detailed recent review [65] summarizes the phenomenological applications
to heavy quarkonia production heavy-ion collision experiments at CERN and RHIC. Further
developments of the presented approach shall include in particular applications to quarkonia
production in dense baryonic matter such as envisaged for the PANDA and CBM experiments
at FAIR Darmstadt and possibly also for NICA at JINR Dubna.
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Model-independent analysis indications on nature

of the scalar mesons
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The experimental data on processes ππ → ππ,KK, ηη, ηη′ in the IGJPC = 0+0++ channel
and on the Kπ scattering in the I(JP ) = 1

2
(0+) channel have been analyzed jointly for

studying the status and QCD nature of the f0- and the K∗0 -mesons. The analysis method
is based on analyticity and unitarity and uses an uniformization procedure. An evidence
for existence of the K∗0 (900) is obtained. Some spectroscopic implications from the analysis
results are discussed.

1 Introduction

We present results of the coupled-channel analysis of data on processes ππ → ππ,KK, ηη, ηη ′ in
the the channel with IGJPC = 0+0++ and on the Kπ scattering in the channel with I(JP ) =
1
2 (0+). Generally, scalar mesons are very intriguing objects constituting the Higgs sector of
strong interactions and being the most direct bearers of information on the QCD vacuum
structure. An exceptional interest to this sector is supported by the fact that there, possibly
indeed, we deal with a glueball f0(1500) (see, e.g., [1, 2]). However, as to parameters of the scalar
mesons and even the status of some of them, there is a considerable disagreement [2]. Especially
this concerns the f0(600)/σ-meson and K∗0 (900)/κ(800). In view of these circumstances, there
are the known problems as to determining a QCD nature of the observed mesonic states and
their assignment to the quark-model configurations in spite of a big amount of work devoted
these problems (see, e.g., [3] and references therein).

Here we have applied to analysis of data a model-independent method based only on ana-
lyticity and unitarity and developed in work [4]. That approach permits us to omit theoretical
prejudice in extracting resonance parameters. Considering the obtained disposition of reso-
nance poles on the Riemann surface, obtained coupling constants with channels and resonance
masses, we draw definite conclusions about nature of the investigated states.

2 The coupled-channel formalism

Our model-independent method which essentially utilizes an uniformizing variable can be used
only for the 2- and 3-channel cases where we obtain a simple (easily interpreted) picture of
the resonance poles and zeros of the S-matrix on the uniformization plane. The S-matrix is
determined on the 4- and 8-sheeted Riemann surfaces for the 2- and 3-channel cases, respectively.
The matrix elements Sαβ , where α, β = 1, 2, 3 denote channels, have the right-hand cuts along

∗On leave of absence from the Department of Physics, Tomsk State University, 634050 Tomsk, Russia
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the real axis of the s complex plane (s is the invariant total energy squared), starting with
the channel thresholds si (i = 1, 2, 3), and the left-hand cuts. The Riemann-surface sheets
are numbered according to the signs of analytic continuations of the channel momenta ki =√
s− si/2 (i = 1, 2, 3) as follows: signs (Imk1, Imk2, Imk3) = + + +,−+ +,−−+,+−+,+−
−,−−−,−+−,+ +− correspond to sheets I, II,· · · , VIII, respectively.

The resonance representations on the Riemann surfaces are obtained with using formulas
from Ref.[4], expressing analytic continuations of the S-matrix elements to unphysical sheets
in terms of those on sheet I that have only the resonance zeros (beyond the real axis), at least,
around the physical region. Then, starting from the resonance zeros on sheet I, one can obtain
an arrangement of poles and zeros of resonance on the whole Riemann surface. In the 2-channel
case, we obtain 3 types of resonances described by a pair of conjugate zeros on sheet I only in
S11 – the type (a), only in S22 – (b), and in each of S11 and S22 – (c). In the 3-channel case,
we obtain 7 types of resonances corresponding to 7 possible situations when there are resonance
zeros on sheet I only in S11 – (a); S22 – (b); S33 – (c); S11 and S22 – (d); S22 and S33 –
(e); S11 and S33 – (f); S11, S22, and S33 – (g).

The resonance of every type is represented by the pair of complex-conjugate clusters (of
poles and zeros on the Riemann surface). The cluster type is related to the nature of state.
E.g., a flavor singlet (glueball) must be represented by the type-(g) cluster (of type (c) in the
2-channel consideration) as a necessary condition. Note that whereas cases (a), (b) and (c)
can be simply related to the representation of resonances by Breit-Wigner (BW) forms, cases
(d), (e), (f) and (g) practically are lost at the BW description. We can distinguish, in a model-
independent way, a bound state of the channel particles (e.g., KK molecule) and a qq̄ bound
state [4, 5]. In analysis, we use the Le Couteur-Newton relations [6]. They express the S-matrix
elements of all coupled processes in terms of the Jost matrix determinant d(k1, · · · , kn) that
is a real analytic function with the only square-root branch-points at the channel momenta
ki = 0. The important branch points, related to the thresholds of the coupled channels and to
the crossing ones, are taken into account in the proper uniformizing variable.

3 Analysis of the isoscalar-scalar sector

Considering the S-waves of processes ππ → ππ,KK, ηη, ηη′ in the model-independent approach,
we have performed two variants of the 3-channel analysis: variant I – the combined analysis
of ππ → ππ,KK, ηη; variant II – analysis of ππ → ππ,KK, ηη′. Influence of the ηη′-channel
in the I case and of the ηη in the II one are taken into account in the background.

In the new uniformizing variable used, we neglect the ππ-threshold branch point (however,
unitarity on the ππ-cut is considered) and consider the threshold branch-points related to two
remaining channels and the left-hand branch-point at s = 0 concerned the crossed channels. It
is (all, related to variant II, are primed)

w = 2
mηk2 +mKk3√
s(m2

η −m2
K)

for variant I, w′ =
(mη +mη′)k

′
2 + 2mKk

′
3√

s[ 1
4 (mη +mη′)2 −m2

K ]
for variant II.

On the w-plane, the Le Couteur-Newton relations are

S11 = d∗(−w∗)/d(w), S22 = d(−w−1)/d(w), S33 = d(w−1)/d(w),

S11S22 − S2
12 = d∗(w∗−1)/d(w), S11S33 − S2

13 = d∗(−w∗−1)/d(w).

2
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d = dBdres is the product of the resonance part dres(w) = w−
M
2

∏M
r=1(w + w∗r) with M being

the number of resonance zeros and the background dB = exp[−i(a+
∑3
n=1(kn/mn)(αn+ iβn))]

with α(β)n = a(b)n1 +
∑

j=σ,v a(b)nj (s−sj)/sj θ(s−sj) where sσ is the σσ threshold, sv is the

combined threshold of the ηη′, ρρ, ωω ones. In variant II, the terms a′nη (s− 4m2
η)/4m2

η θ(s−
4m2

η) and b′nη (s− 4m2
η)/4m2

η θ(s− 4m2
η) should be added to α′n and β′n.

For the ππ scattering, the data from the threshold to 1.89 GeV are taken from [7]; references
to other sources of the data below the KK threshold can be find in [8]. For ππ → KK,
practically all the accessible data are used (see the references also in [8]). For ππ → ηη, we
used data for |S13|2 from the threshold to 1.72 GeV, for ππ → ηη′ the data for |S13|2 from
the threshold to 1.813 GeV [9]. A satisfactory description is obtained in both variants. In
variant I, the f0(600) is described by the cluster of type (a); f0(1370), type (c); f0(1500), type
(g); f0(1710), type (b); the f0(980) is represented only by the pole on sheet II and shifted pole
on sheet III in both variants. The total χ2/NDF is 314.452/(301− 41) ≈ 1.21 in variant I. The
background parameters are: a = 0.1199, a11 = 0.2813, a1σ = −0.008, a1v = 0, b11 = 0, b1σ = 0,
b1v = 0.0462, a21 = −1.3267, a2σ = −0.5829, a2v = −7.544, b21 = 0.0344, b2σ = 0, b2v = 6.862,
b31 = 0.6386, b3σ = 0.4384, b2v = 0; sσ = 1.638 GeV2, sv = 2.085 GeV2. In variant II, the
f0(600) is described by the cluster of type (a′); f0(1370), type (b′); f0(1500), type (d′); f0(1710),
type (c′). The total χ2/NDF is 283.151/(293− 38) ≈ 1.11. The background parameters are:
a′ = 0.2315, a′11 = 0, a′1η = −0.0616, a′1σ = 0.0298, a′1v = 0.0622, b′11 = b′1η = b′1σ = 0,
b′1v = 0.0449, a′21 = −3.1359, a′2η = 0, a′2σ = 0.4866, a′2v = −4.532, b′21 = 0, b′2η = −0.7478,

b′2σ = 2.5545, b′2v = 1.948, b′31 = 0.4489, s′σ = sσ, s′v = 2.126 GeV2. In Table 1, the obtained
pole clusters for resonances on the complex

√
s-plane are shown.

The f0(1370) and f0(1710) are represented by the pole clusters corresponding to states
with the dominant ss̄ component; f0(1500), with the dominant glueball component. This
confirms conclusions based on the coupling constants with channels, which were obtained in
our previous analysis of processes ππ → ππ,KK [8]. Note a surprising result obtained for the
f0(980). It turns out that this state lies slightly above the KK threshold and is described
by the pole on sheet II and by the shifted pole on sheet III under the ηη threshold without
the corresponding poles on sheets VI and VII, as it was expected for standard clusters. This
corresponds to describing the ηη bound state. Masses and widths of states should be calculated
from the pole positions. If the resonance part of amplitude is taken in the form T res =√
sΓel/(m

2
res − s− i

√
sΓtot), we obtain values of masses and total widths of the f0-resonances

respectively (in MeV): in variant I – 784.6 and 1118 for f0(600), 1012.6 and 72.8 for f0(980),
1406.7 and 344.6 for f0(1370), 1542.9 and 712.8 for f0(1500), 1724.5 and 299 for f0(1710); in
variant II – 769.4 and 1058 for f0(600), 1009.5 and 63.6 for f0(980), 1431 and 470 for f0(1370),
1510 and 397 for f0(1500), 1746.8 and 229.4 for f0(1710).

4 Analysis of the Kπ scattering

When analyzing data [10] for the module of the K−π+-scattering amplitude T = (S − 1)/2i
and its phase shift δ in the I(JP ) = 1

2 (0+) channel, we applied the model-independent method
taking into account in the uniformizing variable the branch-points related to the thresholds of
the Kπ and Kη channels assuming that the influence of remaining channels and the left-hand
cuts can be accounted via the background. The proper uniformizing variable has the form: v =
(
√
s− s0 +

√
s− s1)/

√
s1 − s0, where s0 and s1 are the thresholds of the K−π+ and K0η chan-

nels, respectively. The Kπ-scattering S-matrix element is taken as S = Sres exp 2iδbg where
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Table 1: Pole clusters for the f0-resonance (in MeV;
√
sr = Er − iΓr).

Sheet II III IV V VI VII VIII

Variant I

f0(600) Er 550.05±13 624±14 628.9±16 555.4±15

Γr 559±17 559±19 559±18 559±20

f0(980) Er 1011.9±4 978.2±9

Γr 36.4±6 56.3±10

f0(1370) Er 1396.1±16 1396.1±18 1396.1±18 1396.1±13

Γr 287.1±17 270.5±15 155.7±9 172.3±7

f0(1500) Er 1501.2±11 1495.8±13 1501.2±12 1497.7±12.5 1510.4±16 1502±12 1501.2±10

Γr 357.4±15 140.7±12 238±13 140.5±14 186.9±17 90.9±11 356.4±14

f0(1710) Er 1718±12 1718±10 1718±13 1718±15

Γr 149.5±9 166.3±8 321.9±14 305.1±13

Variant II

f0(600) Er 558.7±8 564.3±10 541.3±12 535.7±12.5

Γr 529±11 529±12 529±14 529±13

f0(980) Er 1009±3 986±6

Γr 31.8±4 57.4±5.5

f0(1370) Er 1411.6±9 1411.6±11 1428.4±13 1428.4±14

Γr 215.6±10 235±12 235±12 215.6±19

f0(1500) Er 1496.9±12 1503±10 1496.9±13 1496.9±14 1494.6±12 1496.9±15

Γr 198.5±15 236±10 193.1±9 198.5±11 193.7±8.5 193.1±10

f0(1710) Er 1743±12 1743±13 1743±12 1743±10

Γr 144.1±9 111.5±8 82.1±8 114.7±7

the resonance part of the form Sres = d(−v−1)/d(v) has no cuts on the v-plane. The d(v)-

function is d(v) = v−M
∏M
n=1(1− v∗nv)(1 + vnv) with M the number of pairs of the conjugate

zeros corresponding to resonances. The phase shift δbg =
√

(s− s0)/s (a + ib) describes the
background: a relates to its elastic part, b to the inelastic one.

Since the question stands about the status of the K∗0 (900), first we carried out the analysis
considering only one resonance K∗0 (1450) of type (a). It is possible to obtain a satisfactory
description with the total χ2/NDF = 92.09/(68 − 6) ≈ 1.48. The calculated mass and total
width were 1428 and 282 MeV, respectively, and the background parameters a = 0.6951 and
b = −0.0614. A negative sign of the quantity b means the increasing inelastic part of the
background. Note an important point: The increasing inelastic background part implies a
necessity to consider explicitly some physical phenomenon. In the previous analysis of scalar
sector, the analogous situation in variant II implied necessity of the explicit consideration of
the ηη-threshold branch-point. In the given case, the increasing inelastic background part
implies necessity to consider explicitly one more resonance of the expected type (b). Indeed,
it turned out that for the reasonable description two resonances, K∗0 (900) of type (b) and
K∗0 (1450) of type (a), should be considered. The total χ2/NDF is 75.707/(68− 9) ≈ 1.28, i.e.,
the description is better than without the K∗0 (900), and, furthermore and this is principal, the
background parameter b equals zero in this case. The fact, that δbg turned out to be elastic with
the only parameter a = 0.6503, means that the influence of other channels such as Kπππ and
Kπσ is negligible, except for the K0η′ channel, at opening of which there is a small deviation
of our curve for the module of amplitude from the data.

The obtained pole-clusters of resonances consist of the following poles on the lower
√
s-half-
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plane (in MeV) of the 4-sheeted Riemann surface (the conjugate poles on the upper half-plane
are not shown): for the K∗0 (900) – the poles 859.9− i221.6 on sheet III and 885.6− i280.8 on
sheet IV; for the K∗0 (1450) – the poles 1441.7− i172.3 on sheet II and 1430− i144 on sheet III.
These pole-clusters mean that the K∗0 (1450) is coupled mainly with the Kπ channel, whereas
the K∗0 (900) is coupled weaker with this channel than with other ones such as the Kη and
Kη′ channels. Masses and total widths can be calculated from the pole positions on sheet II
for resonance of type (a) and on sheet IV for resonance of type (b). The obtained values are
respectively (in MeV): 929 and 561.6 for the K∗0 (900) and 1452 and 344.6 for the K∗0 (1450).

5 Discussion and conclusions

In the combined model-independent analysis of data on the ππ → ππ,KK, ηη, ηη′ processes in
the IGJPC = 0+0++ channel, an additional confirmation of the σ-meson with mass 785 MeV
is obtained. This mass value remarkably accords with prediction (mσ ≈ mρ) on the basis of
mended symmetry by S. Weinberg [11].

Some indication for f0(980) (mres = 1012.6 GeV, Γtot = 72.8 GeV) is obtained to be the
ηη bound state. However, one can see from a consideration of the f0(980) listing in the PDG
issue [2] that the mass of this state is obtained above the KK threshold in analyses of the ππ
scattering, of the multi-channel ππ scattering (ππ → ππ,KK, ηη, ηη′) and of processes p̄p(n)→
M1M2M3, whereas below the KK threshold in analyses of the decays of D+-, B+-, J/ψ-, and
Z-bosons, of processes e+e− → M1M2γ, φM1M2γ, e

+e−M1M2,M1M2X and pp → ppM1M2.
Since the mass value below the KK threshold is important for a dynamical interpretation of
the f0(980) as the KK molecule [12], it seems that the nature of this state is more complicated
than the simply ηη bound state or KK molecule. From the point of view of quark structure,
this two possibilities are the 4-quark states. Maybe, this is consistent somehow with arguments
in favour of the 4-quark nature of f0(980) in works [13].

The f0(1370) and f0(1710) have the dominant ss̄ component. Conclusion about the f0(1370)
quite well agrees with the one of work of Crystal Barrel Collaboration [14] where the f0(1370)
is identified as ηη resonance in the π0ηη final state of the p̄p annihilation at rest. Conclusion
about the f0(1710) is quite consistent with the experimental facts that this state is observed in
γγ → KSKS and not observed in γγ → π+π− [15].

As to the f0(1500), we suppose that it is practically the eighth component of octet mixed
with a glueball being dominant in this state. Its biggest width among enclosing states tells also
in behalf of its glueball nature [16]. So, we suppose that in this energy region, indeed, there are
two states: a narrow one, seen in the decay processes [2], and a large one (glueball) dominating
in the scattering processes. This supposition is supported by results of the combined K-matrix
analysis of many processes [16].

In the model-independent analysis of the Kπ scattering data [10] in the I(JP ) = 1
2 (0+)

channel, the evidence for existence of the K∗0 (900) with the mass 929 MeV and total width 564
MeV is obtained.Our mass value differs from the average one (672±40 MeV) cited in the PDG
tables [2], whereas the width practically coincides. Our values of the mass and width correspond
most near to the ones (909+65

−30 and 545+235
−110 MeV, respectively) from work [17], obtained in the

analysis of the Kπ scattering using an so-called interfering BW amplitudes. However, unlike the
indicated work, we did not need the repulsive background, not very clear in the Kπ scattering.
The second K∗0 resonance in the Kπ scattering has the mass 1452 MeV and total width 346
MeV in some accordance with the values cited in the PDG tables.
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We propose a following assignment of scalar mesons below 1.9 GeV to lower nonets, when
excluding the f0(980) as the possible ηη bound state or other something of the non-qq̄ nature.
The lowest nonet: the isovector a0(980), the isodoublet K∗0 (900), and f0(600) and f0(1370) as
mixtures of the 8th component of octet and the SU(3) singlet. Then the Gell-Mann–Okubo
(GM-O) formula 3m2

f8
= 4m2

K∗0
−m2

a0
gives mf8 = 910 MeV. In relation for masses of nonet

mσ +mf0(1370) = 2mK∗0 , the left-hand side is by about 18 % bigger than the right-hand one.
For the next nonet of the radial excitations we find: a0(1450), K∗0 (1450), and f0(1500) and

f0(1710), the f0(1500) being mixed with a glueball which is dominant in this state. From the
GM-O formula, mf8 ≈ 1453 MeV. In formula mf0(1500) + mf0(1710) = 2mK∗0 (1450) the
left-hand side is by about 12.5 % bigger than the right-hand one.

This assignment moves a number of questions, stood earlier, and does not put the new ones.
The mass formulas indicate to non-simple mixing scheme, a search of which is complicated by
the circumstance that here there is also a remainder chiral symmetry, though, on the other
hand, this permits one to predict correctly, e.g., the σ-meson mass.
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Pair correlations of neutral K, D, B and Bs
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The phenomenological structure of inclusive cross-sections of the production of two neu-
tral K mesons in collisions of hadrons and nuclei is investigated taking into account the
strangeness conservation in strong and electromagnetic interactions. Relations describing
the dependence of the correlations of two short-lived and two long-lived neutral kaons
K0
SK

0
S, K0

LK
0
L and the correlations of ”mixed” pairs K0

SK
0
L at small relative momenta

upon the space-time parameters of the generation region of K0 and K̄0 mesons have been
obtained. It is shown that under the strangeness conservation the correlation functions of
the pairs K0

SK
0
S and K0

LK
0
L, produced in the same inclusive process, coincide, and the dif-

ference between the correlation functions of the pairs K0
SK

0
S and K0

SK
0
L is conditioned by

the production of the pairs of non-identical neutral kaons K0K̄0. Analogous correlations
for the pairs of neutral heavy mesons D0, B0 and B0

s , generated in multiple processes with
the charm (beauty) conservation, are analyzed, and differences from the case of neutral K
mesons are discussed .

1 Consequences of the strangeness conservation for neu-
tral kaons

In the work [1] the properties of the density matrix of two neutral K mesons, following from
the strangeness conservation in strong and electromagnetic interactions, have been investigated.
By definition, the diagonal elements of the non-normalized two-particle density matrix coincide
with the two-particle structure functions, which are proportional to the double inclusive cross-
sections.

Strangeness is the additive quantum number. Taking into account the strangeness conserva-
tion, the pairs of neutral kaons K0K0 (strangeness S = +2), K̄0K̄0 (strangeness S = −2) and
K0K̄0 (strangeness S = 0) are produced incoherently. This means that in the K0-K̄0- repre-
sentation the non-diagonal elements of the density matrix between the states K0K0 and K̄0K̄0,
K0K0 and K0K̄0, K̄0K̄0 and K0K̄0 are equal to zero. However, the non-diagonal elements
of the two-kaon density matrix between the two states |K0〉(p1)|K̄0〉(p2) and |K̄0〉(p1)|K0〉(p2)

with the zero strangeness are not equal to zero, in general. Here p1 and p2 are the momenta
of the first and second kaons.

The internal states of K0 meson (S = 1) and K̄0 meson (S = −1) are the superpositions of
the states |K0

S〉 and |K0
L〉, where K0

S is the short-lived neutral kaon and K0
L is the long-lived

one. Neglecting the small effect of CP non-invariance, the CP -parity of the state K0
S is equal
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to (+1), and the CP -parity of the state K0
L is equal to (−1); in doing so,

|K0〉 =
1√
2

(|K0
S〉+ |K0

L〉), |K̄0〉 =
1√
2

(|K0
S〉 − |K0

L〉).

It is clear that both the quasistationary states of the neutral kaon have no definite strangeness.

It follows from the Bose-symmetry of the wave function of two neutral kaons with respect to
the total permutation of internal states and momenta that the CP -parity of the system K0K̄0

is always positive [2] (the C-parity is (−1)L, the space parity is P = (−1)L, where L is the
orbital momentum).

The system of two non-identical neutral kaons K0K̄0 in the symmetric internal state, cor-
responding to even orbital momenta, is decomposed into the schemes |K0

S〉|K0
S〉 and |K0

L〉|K0
L〉

[2]:

|ψ+〉 =
1√
2

(|K0〉(p1) ⊗ |K̄0〉(p2) + |K̄0〉(p1) ⊗ |K0〉(p2)) =

=
1√
2

(|K0
S〉(p1) ⊗ |K0

S〉(p2) − |K0
L〉(p1) ⊗ |K0

L〉(p2)); (1)

meantime, the system K0K̄0 in the antisymmetric internal state, corresponding to odd orbital
momenta, is decomposed into the scheme |K0

S〉|K0
L〉 [2]:

|ψ−〉 =
1√
2

(|K0〉(p1) ⊗ |K̄0〉(p2) − |K̄0〉(p1) ⊗ |K0〉(p2)) =

=
1√
2

(|K0
S〉(p1) ⊗ |K0

L〉(p2) − |K0
L〉(p1) ⊗ |K0

S〉(p2)). (2)

The strangeness conservation leads to the fact that all the double inclusive cross-sections
of production of pairs K0

SK
0
S , K0

LK
0
L and K0

SK
0
L (two-particle structure functions) prove to be

symmetric with respect to the permutation of momenta p1 and p2 .

Besides, due to the strangeness conservation, the structure functions of neutral K mesons
produced in inclusive processes are invariant with respect to the replacement of the short-lived
state K0

S by the long-lived state K0
L, and vice versa [1]:

fSS(p1,p2) = fLL(p1,p2) =
1

4
[fK0K0(p1,p2) + fK̄0K̄0(p1,p2)+

+fK0K̄0(p1,p2) + fK̄0K0(p1,p2)] +
1

2
Re ρK0K̄0→K̄0K0(p1,p2), (3)

fSL(p1,p2) = fLS(p1,p2) =
1

4
[fK0K0(p1,p2) + fK̄0K̄0(p1,p2)+

+fK0K̄0(p1,p2) + fK̄0K0(p1,p2)]− 1

2
Re ρK0K̄0→K̄0K0(p1,p2), (4)

where ρK0K̄0→K̄0K0(p1,p2) = (ρK̄0K0→K0K̄0(p1,p2))∗ are the non-diagonal elements of the
two-kaon density matrix. The difference between the two-particle structure functions fSS and
fSL is connected just with the contribution of these non-diagonal elements.

2 HQP08

V.L. LYUBOSHITZ, V.V. LYUBOSHITZ

300 HQP08



2 Structure of pair correlations of identical and

non-identical neutral kaons with close momenta

Now let us consider, within the model of one-particle sources [2-7], the correlations of pairs
of neutral K mesons with close momenta ( see also [8-10] ). In the case of the identical states
K0
SK

0
S and K0

LK
0
L we obtain the following expressions for the correlation functions RSS , RLL

(proportional to the structure functions), normalized to unity at large relative momenta:

RSS(k) = RLL(k) = λK0K0 [1 + FK0(2k) + 2 bint(k)] +

+λK̄0K̄0

[
1 + FK̄0(2k) + 2 b̃int(k)

]
+ λK0K̄0 [1 + FK0K̄0(2k) + 2Bint(k)] . (5)

Here k is the momentum of one of the kaons in the c.m. frame of the pair, and the quantities
λK0K0 , λK̄0K̄0 and λK0K̄0 are the relative fractions of the average numbers of produced pairs
K0K0, K̄0K̄0 and K0K̄0, respectively (λK0K0 + λK̄0K̄0 + λK0K̄0 = 1) . The ”formfactors”
FK0(2k), FK̄0(2k) and FK0K̄0(2k) appear due to the contribution of Bose-statistics:

FK0(2k) =

∫
WK0(r) cos(2kr) d3r, FK̄0(2k) =

∫
WK̄0(r) cos(2kr) d3r,

FK0K̄0(2k) =

∫
WK0K̄0(r) cos(2kr) d3r. (6)

where WK0(r), WK̄0(r) and WK0K̄0(r) are the probability distributions of distances between
the sources of emission of two K0 mesons, between the sources of emission of two K̄0 mesons
and between the sources of emission of the K0 meson and K̄0 meson, respectively, in the c.m.
frame of the kaon pair. Meantime, the quantity bint(k) describes the contribution of the S-wave
interaction of two K0 mesons, the quantity b̃int(k) describes the contribution of the S-wave
interaction of two K̄0 mesons and the quantity Bint(k) describes the contribution of the S-wave
interaction of the K0 meson with the K̄0 meson. Due to the CP invariance, the quantities
bint(k) and b̃int(k) can be expressed by means of averaging the same function b(k, r) over the
different distributions:

bint(k) =

∫
WK0(r)b(k, r)d3r, b̃int(k) =

∫
WK̄0(r)b(k, r)d3r.

The quantity Bint(k) has the structure : Bint(k) =
∫
WK0K̄0(r)B(k, r)d3r, where

B(k, r) 6= b(k, r).
Let us emphasize that when the pair of non-identical neutral kaons K0K̄0 is produced but

the pair of identical quasistationary states K0
SK

0
S (or K0

LK
0
L) is registered over decays, the

two-particle correlations at small relative momenta have the same character as in the case of
usual identical bosons with zero spin [2].

For the pairs of non-identical kaon states K0
SK

0
L the correlation functions at small relative

momenta have the form:

RSL(k) = RLS(k) = λK0K0 [1 + FK0(2k) + 2 bint(k)] +

+λK̄0K̄0

[
1 + FK̄0(2k) + 2 b̃int(k)

]
+ λK0K̄0 [1− FK0K̄0(2k)] . (7)
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It follows from Eqs.(5) and (7) that the correlation functions of pairs of neutral K mesons
with close momenta, which are created in inclusive processes, satisfy the relation

RSS(k) +RLL(k) −RSL(k)−RLS(k) = 2 [RSS(k)−RSL(k)] =

= 4λK0K̄0 [FK0K̄0(2k) +Bint(k)] . (8)

We see that the difference between the correlation functions of the pairs of identical neutral
kaons K0

SK
0
S and pairs of non-identical neutral kaons K0

SK
0
L is conditioned exclusively by the

generation of K0K̄0-pairs.

The relations connecting the contribution of the S-wave strong interaction into the pair
correlations of particles at small relative momenta with the parameters of low-energy scattering
were obtained earlier in the papers [4-7]. It is essential that the “formfactors” (6) and the
functions bint(k), b̃int(k) and Bint(k) depend on the space-time parameters of the generation
region of neutral kaons and tend to zero at high values of the relative momentum q = 2|k| of
two neutral kaons. Concretely, the expression for the function B(k, r) in the case of the K0K̄0

system has been obtained in the paper [10]. In the same paper, the estimate of contribution of
the transition K+K− → K0K̄0 has also been presented .

3 Correlations of neutral heavy mesons

Formally, analogous relations are valid also for the neutral heavy mesons D0, B0 and B0
s .

In doing so, the role of strangeness conservation is played, respectively, by the conservation of
charm and beauty in inclusive multiple processes with production of these mesons . In these
cases the quasistationary states are also states with definite CP parity, neglecting the effects
of CP nonconservation .

For example,

|B0
S〉 =

1√
2

(|B0〉+ |B̄0〉), CP parity (+1); |B0
L〉 =

1√
2

(|B0〉 − |B̄0〉), CP parity (−1).

The difference of masses between the respective CP -odd and CP -even states is very insignif-
icant in all the cases, ranging from 10−12 MeV for K0 mesons up to 10−8 MeV for B0

s mesons .
Concerning the lifetimes of these states, in the case of K0 mesons they differ by 600 times, but
for D0, B0 and B0

s mesons the respective lifetimes are almost the same. In connection with this,
it is practically impossible to distinguish the states of D0, B0 and B0

s mesons with definite CP
parity by the difference in their lifetimes. These states, in principle, can be identified through
the purely CP -even and purely CP -odd decay channels ; however, in fact the branching ratio
for such decays is very small . For example,

Br (D0 → π+π−) = 1.62 · 10−3 ( CP = +1 ); Br (D0 → K+K−) = 4.25 · 10−3 ( CP = +1 ) ;

Br (B0
s → J/Ψ π0) < 1.2 · 10−3 ( CP = +1 ); Br (B0 → J/Ψ K0

S) = 9 · 10−4 ( CP = −1 ) .

Just as in the case of neutral K mesons, the correlation functions for the pairs of states
of neutral D, B and Bs mesons with the same CP parity ( RSS = RLL ) and for the pairs
of states with different CP parity ( RSL ) do not coincide, and the difference between them
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is conditioned exclusively by the production of pairs D0D̄0, B0B̄0 and B0
s B̄

0
s , respectively. In

particular, for B0
s mesons the following relation holds:

RSS(k) −RSL(k) = 2λB0
s B̄

0
s

[
FB0

s B̄
0
s
(2k) +Bint(k)

]
; (9)

here λB0
s B̄

0
s

is the relative fraction of generated pairs B0
s B̄

0
s ,

FB0
s B̄

0
s
(2k) =

∫
WB0

sB̄
0
s
(r) cos(2kr) d3r, Bint(k) =

∫
WB0

s B̄
0
s
(r)B(k, r) d3r,

B(k, r) = |AB0
s B̄

0
s
(k)|2 1

r2
+ 2 Re

(
AB0

sB̄
0
s
(k)

exp(ikr) cos kr

r

)
,

where AB0
sB̄

0
s
(k) ≡ AB0

s B̄
0
s→B0

s B̄
0
s
(k) is the amplitude of S-wave B0

s B̄
0
s - scattering,

k = |k| , r = |r|.

4 Summary

1. It is shown that, taking into account the strangeness conservation, the correlation func-
tions for two short-lived neutral K mesons (RSS) and two long-lived neutral K mesons (RLL)
are equal to each other. This result is the direct consequence of the strangeness conservation.

2. It is shown that the production of K0K̄0-pairs with the zero strangeness leads to the
difference between the correlation functions RSS and RSL of two neutral kaons.

3. The character of analogous correlations for neutral heavy mesons D0 , B0, B0
s with

nonzero charm and beauty is discussed . Contrary to the case of K0 mesons, here the distinction
of respective CP -even and CP -odd states encounters difficulties, which are connected with the
insignificant difference of their lifetimes and the relatively small probability of purely CP -even
and purely CP -odd decay channels .
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